
Martingales
crit,{Fttet , D) filtered probability space .

Sa Banach space ; usually IRD
.

E-quipped w.BG) )
Def: An adapted process lxttet in HIR,#ttt,P;s) is a

martingale if 11=-1×+18,1 __ Xs Ys -t fair games
sub " " if " " Z " " favors the player
super

" " if " " f " " fares the house
.

Thinking in terms of earnings while betting on a gambling game ,
In the special case F- A lwhicb we'll focus on
for now )

, by induction the lsublsupor ) martingale
property reduces to ⇐ Is>

F- ( Xntil Fnl = Xn

We also have the equivalent forms
F- lxnti -Xn1In¥%

,
or Elxtlts / = Xsnt



If ( Xttet is a martingale , Eat ] = ELENI 8s If = IECXSI tsst
* cxtl sub

F- Hot super
}

We can shrink the filtration down to lorrything containing) 18¥ )ne☒ .

Lemma : Let lxttet be a bub/ super) martingale wrt 8) tet .
Let tet be a filtration with 8,3Gt ? 8¥ = ocxs : Sst)

Then (✗t.at is a / sub / super) martingale Wrt 1Gt )teT .

Pf
. By definition Xt is 95 -measurable . Gt 385

i. lxtttt is 1Gt)tet - adapted .

For sst
,

F- [ Xtl Gs / =F-G.IE#sfXtDbkGssFsM--lEysCXs7eXs
.
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%



Examples .

1. Let ☒that be an adapted process with independent increments .

If El Xt- Xs 1=0 1391 so tsst
,
then Cxttet is a lsublswpan) martingale .

b/c F- 1×+1%1 = EIXt-xstk.IE/--1ECXt--Xs1FsltF-CXs#tsI
• ( pre

-) Brownian motion . Elitist
✗f-Xs

=D No
,
b- s)

,
mean a

= o
.

%
i. martingale .

• Poisson process tt-ds-dpoisslxlt-oi.IE/No-ds)zo submartingale
↳ compensated Poisson process
Xt = Nt - it Xt- Xs = Nt- Ns - ✗ It -0 ndep .

martingale .

Eat -Xu = 0 .
n

• { {Drax independent Lt rv 's ,
Xn = ⇐ { n .

↳ if El }W=o He, martingale .
( Eg 8kW )

↳ if Ethel > o tk, sub martingale . ( RW p > t )
↳ if El }r1 so tk, super martingale .

CRW petz )



2. A gambler's earnings employing a batting strategy in a casino .

[ Lee 47 . 1)

3
.

Let ✗ c- L ' crit, P) .

For the given filtration 99-+7 tet
,
define

Xp : = El X 1 Ft ) ( came up in our analysis of El - to ] .

We know Eqt is an Lt ( LP ) contraction
,
so 11×+11<1 511×114 < as

.

By definition ,

F- 1×19-+1 is Ft - measurable ; i. ☒yet is adapted .

For Sst
, 11=-1×+1%1 = Egg t.ES

,
[xp ] = Egg CXI - Xs .

.
: martingale .

A martingale of this form is called a regular martingale .

↳ Not all martingales are regular .
F-g. SRW . If Xn = F- [ X 1 Fnl fer ✗ c- Lt

,
then

as > SIP F- 11h11
,
i. if bntos

, EllXnlbn 11 → 0 .

✗
n
- §z{ n Tid 11 RV 's

i. by CLT, ¥ → NGO
.



4. Product martingales . { Znlii
. independent , Lt .

Set Xn=Z ,
- - Zn

8nF 012-5-4 , - , Zn) I KXgXy>XD E [1%11--18117,1--12,1]

F- [ Xntil Fnl = El Xnzno , I %) = Xn # [zm, , 1¥]
=E[1711- ¥1BN <as .

= Xn Is [Znxi 1 .

Thus lXñn=o is a martingale iff ECZnj =p fn)=
"
.

If we take Zn> 0 a. s . then ☒use is also Ze as -

,
and

is a sub/super martingale
Iff Ellen ] 3/51 .

Yn
.

In the case Chinese is a martingale , Ellin / 1=1 tn
,

so the process is Lt - bounded ( unlike SRW ) .

But does that mean it is regular ?

I.e. ÉFXEL' sit
. Xn= F-CHIN ?

No .


