
How many
times do

you need
to toss a fair coin to get to Heads ?

If we toss it n times
,
El# Heads) = F- HE Xj / = ,§ EH;] = I .

✗
g-
=D Berck)

so
,
we want E-- lo

,
n =D . . .

But that's not really answering
the question .

{ X :X, - . . } ii.d. Bert 's) E. = ocx ; Xg , XD

g Th
= Inf { rise : §gXj = k }

The question is : what is F-He] ?( {ten} = { Éxj -- k , ÉX,- = k - I } c- Fn
.
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stopping time .



Theorem :(Wald's Identity)
Let {XIE

,
be i. i.d. random variables

,
and let c- be a stopping time

relative to 8n=HXi
, XD

. If f > o , or if fcxn) e- Lt and Egos ,
then

Éfcxn ) = EIFCXD ] # It]
-

{ net } -- peen - rin=\

Pf
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First
,
assume fzo

.

Fubini /Tonelli . e. guy

El É.tn/n1--En&fcxw1nsi-/!&*ElfLXn)1ns i. by Deeb - Dynamo
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n -4 An Plo-_n) n= ,=§§pceD|=É,

EIFCXDIIEIFNLX, >Xn$
A- I risk

=§kPlate = EIFLXO)&E[ Insel
k= ,

= #led . Thepeat, apply to Ifl . %
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F-g. Roll a die , yielding some value D e- { 1,334,56} .

Now not the die D times
,

and add up
the D values .

What's the expected sum of these D rolls ?

Do =D , D.) n% lid die rolls E-- olds D; - > Dnd .

Dnd Unf { 1
,
- >
6)

.

{D= k} e- 5-
.
SF
,
i. D is a stopping time .

# [ § Dj / = F- [ Do] EID] = EID}
j=o

11 D

EID
.] + E¥D;]

↳
= EIDf- EID]
= 8.75 .



F-g. 1 Gambler's Ruin , revisited )
Let ☒non? , be a random walk on 2-

,
P(Xnn= ktl /Kik) =p c- 190

.

Then we can construct it as Xn = §
,
} a { a i. d, feed ps ,

+ a-pls -1

How long does it take, starting at o , to reach k.to ? X
.

-
- o

-

I = Inf {n> 1 : Xn=k }

k = Eko I = El§
,
}n ] = El } , / Ece] = (p - 4-POEM .

F- IT ] =
k

p - a-p)
! .

.
-

But this is <o if
k
, p

- I have opposite signs .

7

If El e)¥, then k - E-☒ E- [ 0]
v p=E : 8

with p=tz , we coin conclude ECE 1=00 .


