
If Xn : (rt ) → ( SB) ane ru 's for n C- No fool
,

and T : r→ Noses} is a random time
,
then

Xo is a random variable
.

Now
,
if XDnexuses, is adapted to Hnlnex

we'd like to say Xo is
" Fa

"

measurable
.

I what should this mean ? Don't want a

To figure this out, note that
random s- field !

{ Xo GB} =

In particular, for any n, {ten} of Xo TBI
= ft -- n) of XntB}

Assume o is a sloppy time
Def : If t is a stepping time , then

Fa : = { E ER : ft --n } n E C- En Fn Scs }



Fa : = { E s r : ft --n } n E C- En Fn Scs }
.

Prep : If it is a stepping time , then Fa s Fos is a o- field , and T is Fa -measurable .
Moreover

, if o so are stepping times , then Fs s Fo
Pf
.

rn fo -

- n} = Et --y t Fn Fn so re Ft
.

If E C-Fo
,
E
'

e ft -- n}

If Erin
,
E Fo

,
It =D a fifth

Thus % is a o- field .

Now
,
stent at -- his =/ fan,III.
: ft

-

- k ) c- Fo Fk

Finally , if Sst and EE Fo .
Eatshis

-



What does Fo - me asurability mean ?

Prep : Let t be a stopping time on crit, new) and let Z :r→ IR
.

TFAE : I
.

Z is Fa - measurable
.

2
. Deo sing Z is In - measurable Ynet uses}
3
. Deo -- ng Z is In - measurable fried uses}
4
.

E- Yo for some adapted R - valued stochastic process Hn ) nexuses} .

Pf . C ⇒ 2) Since Z is go - measurable, { ZEB} n ft s n) e- In Tn
,
Be BURT

.

• Sipes e of B. Husn, ZEB }
. OTOH

, { D gosh,
-2=0 }

( 2⇒3) I go any = D gosh}
- D gosh - H

13 ⇒ 47 Define Yn : =

Yo Cw ) =



14 ⇒D we have left to prove that if Yn -

- r→ IR is adapted ( including Ysl ,
then Ya is to - measurable - To that end

,
note

Yo =

So
,
need to show that if W is Fa - measurable

,
then Aseem is E - moas

.

Suffices to prove this in the special case we be for any EeFr

WDgone }
= DE B fo 't }

So we need only check that

Cor : If (Xn) net is an adapted process in GB) and
t is a finite stopping time , then Xo is 8dB - meas

.

Pf. Be-B
,
Xo
-'

(B) =


