
Markov chain : (Xn) he µ : ( r
, I, I new ,

P) → IS
,
B)

Hitting time TBH ) -- min In >o : Xnc- B }

We'd like to understand the distribution of TB :
e.g .

P
"

CTB -o)
,

⑤
"

(TBI .

we can study more general quantities ;
think in terms of games .

Eg .

E
" l h ( XTB) : I

↳ start at x
,
continue until you

hit B
.

At the point y where you enter B ,
collect $ hey]

Eg . IET !E
.

gcxdg
'

↳ start at x
,
follow random path reply . . , an

until acne B .
Pick up $ glad each time

you visit me .
How much do you collect total ?



l

sub - Probability kernels .

Let BeB
.

Recall that BIB : = { EeB : ESB 's
a o - field over B .

If g : SMB → cell is a probability kernel , we can restrict it to B :

QB
: B ' BIB → cell .

9Blk, E )
=

Note : f q B Cx, dy) =

As usual
,

we identify QB
with an operator

QB : IBCS
,
B) → BCS

,
B)

(QB fun = I 9 Bca, dy) fly)

Has all the same regularity properties as a ,
except Qpoll )



Prop : Let ht BBB) or h :S → Ceos ] BIBBO -measurable
.

Let (Xn)nex be a Markov process in CS
,
B) with

t - step transition operator Q .

Let Be B
. Define

ulx) :
-

- E
"

( HCXTB) : TBC Al
,
KES

.

Then ue IBIS
,

B) or u : Ss Ceos ] is BIBG.es] - measurable
,

and u --Qu on B
'

,
U=h on B

.

Mere ever
,
u = QB h + QB . U on B

'

.



Pf. we use first step analysis :

F.
"

( Flxgxyxz
,
.
.
-I = f que,dy) FM FCB Xo, Hi ,Xz . . .) ) .

Here F ( Xo
,

Xi
,
Xz
,
. . .) = h LXTB ) ITB < es

.

Note
,
if xe Be

,
then

and

i
. FCK

,
Xo
,
Xi
,Xz . .) =

So ucxj = E
"

LF No
,

Xi
,
Xz . - l l

= f qui,dy ) E
's LFCx. Xo,Xi ,K, I



Prop : Let g : Be → egos ] be BING.es) ) - measurable .
Set

Vex E
"

(En
, ,ggCXD ] ,

sees

Them 0=0 on B ,
V = Qvtg = on B

'

.

If . Set Fl Xo,XyXz . .) =o§%gND .

Take KGB
'

.

i. Flask
,
Xi
,
Ha
,

=

i. vous = #
"

IF He.HR?l=fglBdy0lEYlFcsgXgXyXg . . .) )



So, we have to solve recursive equations
U = Q Bc u t QB h on B

'

,

V = Q Be v t g on Bc

If I - QB is invertible
,

and we can compute its inverse , we're geed .

This is tree if PM TB < es) -- l Vice B
'

Sese (Driver
,
Cor 22.58 )

but otherwise is generally false .

In that case
,
we need to characterize which solution

is the right one .

Theorem : In the problems considered in the
last two prepositions , u and v ane the

unique minimal solutions of the recursion equations .

See [Driver
, § 22.8 I


