
Markov chain : (Xn) he µ : ( r
, I, I new ,

P) → IS
,
B)

Hitting time TBH ) -- min In >o : Xne B } BE B .

A offs} ⇐ as if Xnel Btn .

We'd like to understand the distribution of TB :
e.g .

P
"

CTB -o)
,

⑤
"

(TBI .

we can study more general quantities ;
think in terms of games .

Eg .

B
" l h ( XTB) : TB- as ) e Eg . h

± I
,
E
"

( Dinged = probes)

↳ start at x
,
continue until you

hit B
.

At the point y where you enter B ,
collect $ hey]

Eg .

E' iii. gain g

i

↳ start at x
,
follow random path reply . . , an

until acne B .
Pick up Is glad each time

you visit me .
How much do you collect Kabal ?



Sub - Probability kernels .

bk B 's afield .

Let BeBe
.

Recall that BIB : = { EEB : ESB 's ¥ { FOB : FEB]
a o - field over B .

If g : SMB → cell is a probability kernel , we can restrict it to B :

QB
: B " BIB → cell .

7 g
-

- qrgtgrge

9Blk, E)
= qlx, E ) Act B

,
I e- BIB

.

Q
-

-QBTQBE

Note : 19 B "' dy) =

9! ? ⇒ t n"
. 19 "'s §As usual

,

we identify QB
with an operator

QB : IBCS
,
B) → BCS

,
B) (or QB:{ someas . fns }

(QB fun -

- f 913cg dy) fly) =Ql B) Gd .

B

Has all the same regularity properties as a ,
except ABCD - QUID ¥1



Prop : Let ht BBB) or h :S → Ceos ] BIBBO -measurable
.

Let (Xn)nex be a Markov process in CS
,
B) with

t - step transition operator Q .

Let Be B
. Define

ulx) :
-

- E
"

( HCXTB) : TBC Al
,
KES

.

Then ue IBIS
,

B) or u : Ss Ceos ] is BIBCgas ] - measurable ,
and u --Qu on B

'

,
uh on B

.

← fat B , Try : h NTD-1%1
.

Mere ever
,
u = QB h t QB . U on B

'

.

Ie . und -
- fpgqcsgdy) h ly) tfpgqlsgdyucy)

txt Bc
.

④partruler : if het , um - P
"

( TBH
,

U -- QBe a + QB 11) on B
'

.

Q LAB)
UI t on B

.



Pf. we use first step analysis :

E
"

IFHe
,Xyxz, . . -I = f que,dy) BY FCB Xo, Hi ,Xz . . .) ) .

Here F ( Xo
,

Xi
,
Xz
,
. .) = h LXTB ) ITB < es

.i. . ÷: ÷:÷÷¥÷÷÷÷÷ni¥¥:*. "o .. .
i
. FCK

,
Xo
,
Xi
,Xz . .) = FC Xgxyxz .)

so uCx) = IE
"

LF No
,
kHz . -

d l

= Ss q la,dy ) E
's LFCx. Xo,Xi , Xz, I

= fgglsgdy) EYE Fcxo, Xy Xy .

-

- f. gig dying)
= Quad . = Be D Gy t (QBDoD

Iq by dy) Ky)
B
-
(QB h) 021 . 111



Prop : Let g : Be → egos ] be BING.es) ) - measurable .
Set

Vex E
"

(En
, ,ggCXD ] ,

sees Eg. get. Bo , Nxt #
"

( TBI
.

Then 0=0 on B ,
V = Q V t g

-

- Qpgvtg on B
'

.

If GI AB
'

,

Tx c- B '
,
EYTBI -- Vix) = aye u ng tf -

- fpgq Bdp #YCTBI tf .

If . Set Fl Xo,Xi ,Xz . .) = ¥%gND .

Take see B
'

.

i. Flask
,

X
,
K
,

= { god ,
f Xo EB

guest FCX,Xi,K, . .) f#
B
.

= g GD
t DX

. EB
- FlXo

, Xyxz, - . . ) .

i. vous = #
"

IF He.HR?l=fqlBdy0EYlFcsgXgXyXg...dl--gcoDtfspgqbgdDEYlD¥BFCXgXyK, . . .) )
= god t QBev PD = god + QC u GD N



So, we have to solve recursive equations
U = Q Bc u t QB h on B

'

,
a- b on B i

- u

"

=

"

CI- QBet
'

QBh

V = Q Bev t g on B
'

v - O on B
.

V
"
e
"

LI -①By-1g
" B

"

-

If I - QB is invertible
,

and we can compute its inverse , we're geed .

This is tree if PM TB < es) -- l Vice B
'

Sese (Driver
,
Cor 22.58 )

but otherwise is generally fake .

In that case
,
we need to characterize which solution

is the right one .

Theorem : In the problems considered in the
last two prepositions , u and v ane the

unique minimal solutions of the recursion equations .

See [Driver
, § 22.8 I


