
We've now seen that if t > o
is operator norm continuous @ to

,

then there is a generator A - a bounded operator on BCS,B) sit .
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One case where this level of regularity is commonplace is for discrete
state spaces : s countable

, B
-

- 25
.

Here

Qtfcio = fggtci.jo fcj ) ties

where lq.lt> o are the transition kernel mass functions
Note :

qtli.jo t Egil , fess 9th:p = t ties
.

i
.

As a matrix
, 1191. Has = gyp ¥79 tligDB-sy.pl = t .

The continuity condition becomes

Hao- Ihop = H gt
- Illes = soup § I qtcv.jo - Sig

- I

= ' iup ( t - gta;D t ¥, 9th;D) = Ship 24 - qtci.io) → o as blue .



Thus
,
if I get too are Markov transition kernel mass functions

on a discrete state space S , satisfying

FIT iinef gtci.io = i
.

then the transition semigroup (att>o has a bounded generator A .

Question : what can we say about A ? QE ETA
.

Af lil = dat I↳+ Atf lid
-

- dat ↳ §, 902 fcp
÷ Fes Belt⇒+9this'd fcjl

This suggests that A has a matrix a

given by ali
, j ) = dat 9th:p that

If S is infinite
,
this takes some work to prove .



First question : does A even have a matrix ?

You might think this must always be true : that every ( bounded ) linear operator
T : 1B ( s) → Bls)

has a matrix . Following the finite - dimensional case
,
we would expand

f = Es Fcp Dej} .

If f is a simple function , so fcjo -

-
o for all but finitely many Jes ,

Tf u §, first( By'D a
')

so we would expect that T has matrix olijo
-

-

T JD lid .
But if f is not simple , there's no way to extend this :
even if Holles < as

,
we can't check if Tf lie § Oli,jflj.

Basic Problem : f- = I on N -

H f- fellas = t .

fn- Debs .-ok}
Fact : F bounded operators on Bls) that have no matrix .



Prop : Let Milner be bounded operators on BCS) , each given by a matrix on :

Tnf lil = ¥s On Li ,jlflj) .

It on Iles = HI Hep cos In .

If T is a bounded operator and H Tn -THop → O
,

then

I has a matrix 0 given by Oli
, j ) =

Bf
.

First
, This;D u'd = Es one i.Dispute , ,j¥%Q

":D
-

'

'

- fines On lisj) = nhjmes Ills ;D at = Tlldejz ) Lil .

II. He;D lid - Tlds;D lil s snip l " n
-

n al = HIM;D -TfDejDlls
F Il Tn -Mop 11 A gig Has

→ o
.

Now , ltnlney is convergent, hence Cauchy .

(Tn - Tm) full = Tnf at - Tmf Cid
-

= § Qu:pfiji
- fam limp

=

? Cenci.jo
- omli.pl tip



i. Tn -Tm has matrix a- On
,
so

11 On- Gm Has = Il Tn - In Hop→ 0 as him→ es .

It

suits glancing - 0mli.jo I

i. For each i
, § Iona;D - Ali I =§ hmhfesmflbnli.jo - Amlin'll

Fatso liminnf ? Iona;D - om list
I ffigm#HI- In Hop .
- H Tn - Tkep .

As this is true for all i
, taking ship .

: non - Alles S H Tn-THep
i. By the triangle inequality , Holles ses ,

so it defines a bounded operator

if u'd : = f. oci.jo fly'd .

But then IIT -Tn Hop = He - Antes S HT - Tn Hop → 0
Since HT -Tnlbp → o , it follows that FIT .

I.e
.

This -f. HADAD .

HI



Cor : Under the continuity condition HQEI Hop→o ie
. intq.ci, is→ 1 as tho

,

the semigroup has generater A with matrix a

al is'd = day 1¥, 9th:D .

PI
.

We proved last lecture that 11 A - Qo÷ Hop → e as tho .

Take any bn be
,

i. HA - Qtf# Hop → 0
hatmaker In ftp.enlisjd-sijl .

i. By our proposition , A has matrix

aci.jo -

- fins In [qxnli.p-S.pl
= daft # * g. flip .

N

Cer : aci.jo so for it j , and jess ali , j)
-

- o ties
.

( Exactly the same as the proof in ( Lee . 39.21
.)


