
Theorem
.

Let Capt> o be Markov transition operators over Is,B) .

Suppose that is operator norm continuous @ 6=0 :

fgf Hat -I Hop = 0 .

Then that is operator norm differentiable on egos ) .

Let A : = dat Qtl t.at .
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In particular, Qt satisfies the Kolmogorov forward and backward ODES :
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First
,
note that 11 Qtllop § l l Do sllflks ; ↳ t

-

- t )
.

ft > o
.

et t > o
. If h > o ,

11 Qtth - Qt Hop = HQHQT - Qt Hep = Han -1) Qt Hep S Han- Ihop 11¥11op
e
.

Similarly , if t > h ,
-

11Gt- h - Qt Hop = HQ t-n - QhQt - h Hop S III - Qu Hop H Qiofhlkp → e as ht e .

This shews that is operator norm continuous on co
,
es)

.

Similarly : Qtthh
- Qt

= Qh¥ at = Qt hint .

Thus
,
for any 630 , and any bounded op . B

,

µ Qtthh
- Qt

- Qb B Hop = Hat ( Qing - B) Hop
s HQ - B Hop .

This shows (dat )
+
Qt exists at any pt . t iff

A -

- dat ask.at exists
,
inmate -

- Aat .



Thus
,
to show A = day at It.at exists

it suffices to show that t↳ Qb is lright) d tf
' ble at some t > o

.

To prove this , we employ a trick due to Lars Goarding .

Gerding's trick : For e>o , define an operator Be en Bls
,
B) by

Be = { S!Qsds Be fine tf
'

Qsfexsds

Note : BeQtf = t IQs @+ fools = If tfds
Ie

. Beat =
'

g f
' Qsttds = to ft

t '

@ die .

It follows by the Fundamental Theorem of Calculus
that to Be Qt is differentiable

,
and

dat Be Qt = to Latte - Qtl .

Can we recover Qf from Be Qt ?



Claim : the operator Be : Bls
,
B) → IBIS

,
B) is invertible t small e > o

.

To see why
,
we employ the geometric series : let Te - I - Be

and define Ce = Ten - provided this sum converges .

i. Ce Be = fins Ten Be
•

Tf CI-Te )
Tn -Tnt ) -

.

e E

= albino ( I - Tf " ) = I
.

( Bele =I also) .

So : when does the geometric series defining ee
converge ? If Htc Hop 21 , then

§
.

H Te
"

Hop S §
.

Htellopw - site , leper .

By the Weierstrass M - test, Be is invertible with

inverse ee provided III- Be Hop < t .
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HI - Be Hep =

p§YB=p H f - Bet Hes SHI -Qslkp
I

.
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= H f - tfQsfds Has = H te { If- as Flds Ho SE fell ftasflhsds
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q ! " I -a dsany.fn.IT = HI - as* Hop fgsg.ge
.By the Mean Value Theorem for integrals , this equals Do

as ego
.

Thus
,
for all small e> o

,
HI - Bell

op
21
,
and so

Be is invertible with inverse Ce = E. LI-Bet .

A
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- him Qtth- Qt = Him Ce (Beatty
- Beat)h→a hero

-

- day at
= Ce dat Be Qt .
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In summary : if 11 Qt - I Hop → o as tho
,
then

t t Qy is operator norm continuous en Le
,
es)

,

A = him Qof I exists and is bounded on BCS
,
B)

,t to

and 6↳Gf is dff-ble on le
,

as )
, satisfying

f dat Qt = AQt = Qt A
,

Q
.

= I
.

This first -order ODE has a unique solution :

f-A .

.

= Is
.

Fm
.

A"

which converges L locally uniformly in t ) in
operator norm , because A is bounded

.

It is generally too strong to expect t
- I Hep → o

and for A to be bounded (or even defined everywhere)
But these conditions do make sense for discrete state spaces .


