
Generators and uniform ) Continuity
Given Marko transition operators *on en BCS

,
B)
,

the generator ( should it exist ) is the linear operator A on Bls
,
B)
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,
it must be continuous @ o

.

There are many possible notions of continuity we could demand
.

The strongest one , operator norm continuity
,
will lead to the

nicest results
.
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Lemma : If A
,

B are bounded linear operators .

Then the composition AB
is also bounded

,
and HAB Hop S HA Hop H B Ibp -
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} THE "f9# ' " Allop
w 14

i.

¥: " Eff " -- £¥d"if¥i "Rft ) s EEE
"943k¥ 'S.¥o" Biff .¥, ":*, ⇒ay .

Cer : If It is bounded , so is An
,
and 11 An Hop s HAITI .

Moreover
,
et A : = ⇐ tnt

.

An converges to a bounded

operator , and H e OA Hop s e
't" A hop

.

Pf . 11 An Hop s 11 Allof by induction on the Lemma .
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11 lls) is a Banach space , so the second

claim follows from the Weierstrass M - test :
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Eg . If S is countable (and B - 29 , we can produce operators on BB)
through matrices : a : Sxs →Q

,
defining

Afc is = .¥ acisjofij .
If S is infinite , we need some conditions on a so that this sum
makes sense, and produces a new function Af e BCS) .

↳ Make sure qglaci.jo l is finite
,

and uniformly bounded in i
.

Define Halles : = sieuspf.es/aci.jo1 .
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In fact, Hallo = H A Hop .



Prep : Let s be countable
,
and a :S 's → Q

. If Halles < es
,
then

CA f) lil = Egan;D kid
defines a bounded linear operator on IBB) , and HAH
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Pf. e showed on the previous slide that 11 Af Hes shall all files
conversely , for each ies , let fit Bls) be given by

Hftto -- t . I ficjo-sgnhaci.jo) = { a Tali,jot of an :p -to .

Then Kafi) it = ↳ aci.jo/.iLj )
t 'f acid↳

n Afllolnfllo
= gelatin'll"

Sgp IA fils
'll z A ti

i . HA Hep 3 Sip? tallis'll -- Hallo . µ

Caution : Not every bounded linear operator on
Bls) has a matrix !



Theorem
.

Let Capt> o be Markov transition operators over Is,B) .

Suppose that is operator norm continuous @ 6=0 :

fgf Hat -I Hop = 0 .

Then that is operator norm differentiable on egos ) .

Let A : = dat Qt It⇒+ = FYI ¥ Cao -I] .

Then 11 All
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a,
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In particular, Qt satisfies the Kolmogorov forward and backward ODES :

dat at = Qt A = AQt
,
Qo - I .

Remarks : t
. Using power - series methods , it's standard
to check ETA is the unique Solin .
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.
Without op .

nom continuity ,
A might still

exist
,
but may be unbounded / map into

unbounded functions .


