
In the continuous (homogeneous ) time case
,
the Chapman - Kolmogorov equations :

Qtts - QtQs ,
Q . -- I

The semigroup property is very suggestive of the exponential .
Eg . If the state space is finite 5- { 1,2, . . ., n} , if there is some matrix

At Mnm set
. Qt = PTA then do --I and

Qtts = petty A

How can we find A if it exists ?

Note : Qelisj) -- PlXt '- j l Xo - i ) and so we have

→ o ti . j , §Qtliijd =L ti
.

what does this say about A ?

Aij = dat Qt It, = find Qtlifjij



Prop . Let Ae IM
nxn Then QE ETA is a time - homogeneous Market

transition operator iff Aij 30 I jsn and ti Aij -- O .

Pf . Previous slide
.

(⇐ ) Hw .

Now
,
is it always true that QE et" for some operator A ?

Eg . Fix a probability mass vector i , and take Ps f t )
Then

qui , j ) = Pij Tt > o is a semigroup !

But this is not continuous :

elif ? t =P # I
.

What does this mean about the process ?
Pl Xt - j IX5- i) = qt.sli.jo =Nj)



Eg .

Poisson process revisited .

qs , t cm , n) = IP ( N t
=
n / Ns -- m)

= IP ( N t - Ns t Ns - n I Ns -- m)

= g-
Xlt - s ) (y y -D)

n-m

Cn -m) !

-
: tf ) ( k) -- §

,
9 t Ck, no fin)

Is there a generator A ? If so

LA f ) lies = adf.Q.fm It .-o



Qtf Ck) = e
't ¥7 flatro

i
- da, Gtf Ck) = - XE

't Ext f clean) t e-HE a - n ftp.n-tfcm.ro

= - AQtf Ck) thatfl . :-O

Ie
.

set LAfl CN -

- X ( facto - fck) )
.

Thus dat Gtf = Qb Af = AQef .

dat Qt
.

- Aat should mean q . et
A

In this case
,
we can make literal sense

of this by power series : GTA = Eg Y,
FT



CA f) IN = Nfl Rtl ) - fck) )
= Mtf Ck) - fck)f- ACT-I) few .

. , Tg
commutes with -I

LettTfya, = Ea int Tnf ca)
TA

= CHAI! fatI eat

:(etttfywze-ttetttfcnj-n.E.e.tt#tfnfck+D

Thus
,

A is the generator of the Markov process (Ntt >o .

LA f) Ck) = II facto - fck) )

BCH) has " basis " { In : KEN }
.

In terms of this basis, the matrix of A is



Eg .

Brownian motion Bt .

qecx,up =

,
2¥ e-

""' "ht
G.fix) -- faq.ca,yofiyody

Is there a generator A ? Ie .

Q, f -- Aat f
-

-QtAf tf e BCR,BARD .

If so, A = dat Gtf It -- o
Prep : If f e CHR) then

dat Gtf GD = AQtfcx) = at Afca)
where Afcon = If " ca ) .

"

The generator of Brownram motion is I¥ .

"

Problem : § A : BUBBURD → IBUBBURD st. Aldean ' Eddie .


