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Brownian Motion

An adapted stochastic process (Belt> o is called a Cstandard) Brownian motion
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Incorporating Continuity will take some major work .
One possibility : explicit construction of Bt , like
we did with the Poisson process .
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Compare to Poisson process ( NH o

We explicitly constructed it as
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Properties : I . Independent Increments
2. Nt - Ns ~ Poisson (Ht -O)

;
;

3
.

t → Nt is right - continuous , t ;
;

From l -2 :

qstln,B) = EIDB Int Nt
- Ns) )

get In,m) = # LD m Int Nt - Ns) )
= IP ( ht Nt - Ns -- m )
= Poisson (Ht-O) {m -n}

If Mj # Poisson (a;) are independent , Mit Med Poisson (apg)
i. Can verify C- K

.



Prop : Let Nt)to be a process satisfying Ct -27
.

Set Xn -- inf { t > o : Nen}
,

and In
-

- Xu- Xn - I , n> o .

Then 13,35, are it'd Explx) ru's .

Pf
.

Partition an interval cs.tl into finitely many intervals :
S , Sz Ss S4 Ss

•

l l l l K l l l l l
t
, to tz by ts

= s
, at , s sucks -

- - s snctn = Ji = Isi
,
til

We will compute p( yet, ., Xnejn)
ki - Itis Sil

{ X
,
TJ

,
,
.,XnEJn) = { NIKI = - -- = Nlkn) -- o)

f y
of NC = - - - =NlJn -D= If

→
a { Nl Tn) 31 }

all independent !



{ X
,
TJ

,
,
-

,
KE Jn)

= { N CK D= - -- = N LK
n
) -- o} of NC = . . - = N (Jn - J -- tf n f N l Jn) 31 }

PCN ( J ) = n )-1

IPC NIJ ) > 1 ) =

i. PCH e-Ji
.
. .,XntJn) = II fit

,

i
.

= in
- ' II 1J; I letshe

't
n

)



Thus
,
PUK

,
. .

,
XD c- Jp - - xJn) -- f line- '"" doc

,
-
- doin

.

Ji - - 'Jn

Now
,
ol l Ji -→Jn)) = BLAD

-

: t BE Bland
,

Plex
,
-in e- B)

'

- ↳ME
'"
dog -- dan .

It now fellows from your HW ( c.on
.) that the fake- they are iid Exp 40 .

However
, property 3 (that t ↳ Nt is right- continuous.)

DOES NOT FOLLOW .

Eg . Mt : = Ei B ↳ to 40 has the same f.d. distributions
,

but is not right- continuous .

Moral : path properties are outside the purview
of the Marker transition kernels
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