
A Marker process ( taking values in a regular Beret space IS , B) ) comes

with transition operators Qs ,t on IBIS,B) , satisfying the Chapman - Kolmogorov
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This is analogous to saying : a sequence of i 'd random variables comes

with a sequence of joint laws une Prob ( Sh ,B
n) satisfying

Mn Mm = µ ntm

In [Lectures 16.1
,
16.21 we considered the reverse question :

given
" consistent " measures Mn

can we actually find a sequence of iid random

variables where the joint law d- the first w is Mn ?

The answer was yes , and we constructed the Iid
variables on the probability space S

"

via Kolmogorov 's Extension Theorem .



Constructing Markov Processes

Let IS
,
B) be a standard Borel space

suppose V e- Prob B.B) , and { as.tl sst et are Markov transition operators
lie

. probability kernels over ↳B) 2 satisfying the Chapman - Kolmogorov eg 's ) .

We're going to construct a Markov process Hotel on some probability space
152,8
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LaWp ( Xo) -- V and the transition operators of X .

are

the given { Qs, t } .

We'll do this by taking f- ST = { w :Tss}
We construct Xt as the coordinate process

Xy ( w ) = w Cf) .

Thus
,

we need to define a o - field on ST
and a probability measure p -- pv on that o-field
s . t . the coordinate process has the right initial
distribution and transition operators .



Let IS
,
B) be a measurable space , and T any set .

ST = { w :Tss } is the product .
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the projection Pt : St → S is the map reins -- wot ) .
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Need : A's A ⇒ Itai Ma
-

-

Ma
'

T

Katsina
"



Theorem : ( Kolmogorov 's (Extended) Extension Theorem)
Let G.B) be a standard Borel space
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We've constructed a finitely -additive IP on A
,
and

it (by design) has the
"

right
" finite - dimensional

.

marginals .

Now
,
all we have to do is show IP is countably additive

on A .



Let A net
,
An Iud -

↳ An = Diii ( Bn) for some finite An ST , Brie B An
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.

Use the [ Lecture 16.21 version of the Kolmogorov Extension Theorem !
The same consistency conditions implies
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Theorem : Let ve Probe
.

B) and let @s.tlsc.t et be Markov transition operates
on CS.BY . Then there exists a unique probability measure
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By Kolmogorov , we just need te show consistency of these Ma .

To avoid a rotational nightmare , let 's just consider the example
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Following this calculation , we see that the

Chapman - Kolmogorov equations imply consistency ,

giving us our measure PV by Kolmogorov 's Extension .



So
,
we have a process Xt with the right f.d. distributions ,

and i . the right transition operators .

It remains to show Xt has the Markov property Curt #Get)
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