
Given a probability kernel over 15
,
BD

,
(Sa

,
Bd

Q : S
,
xB
,
→ Cgi )

we can integrate bounded measurable functions :

I fly) Q la, dy) , fe BLS,B ) .

and the result is a new measurable function of Kes , .

This function is also bounded :

Iffley) Qlx, dy ) /

Def : Equip BB,BD with the norm 11 files : -- sup Ifl .

For fo Bolsa
,

BD
, define Laf c- IBIS, Bi) by

Thus La : 1B ( Sa
,
Bats BC Si

,
BD

.

We call this operator a
Markov generator .



Prop : Given a probability kernel Q over Isi
,
Md

,
Isa
,
BD

the associated Markov generator
La : 113152

,
Bz) → Bls ; BJ

has the following properties .

o
.

La is a linear operator .

1
. Lal 1) = I
2
. La (f) so if f 30 .

3
. If fn e- IBIS

,Bd and fn→ f boundedby , then Lafn→ Laf boundedly .
If . o .

I
.

2
.

3
.



Note : If L : IBIS,Bd → Bls , B) satisfies
0

.

L is linear
,
and

2
. Lf 30 F f so

,
then it follows that

fsg ⇒ 4. slg

)
"nndddsittnmt - g Ii's

i
.

I Lf I s Ll fl
⇒ Nfl 145417000 s L ( 11pm.)

If fe Balsa,Bd , we still have Rft s LH fl) :

I
LLflex) = Kfcso leila

.

i. IL fool -- LL fleas e-
'
'

ex



IBIS
,
B) → BCS

,
B) be a linearPrep : let t :

satisfying t -3 :operator
1. Lll) -- I

2
.

L Cf ) 30 if f so .

3 . If fn→ f boundedly in Bls,B) , then L And → hlf) bounded ly in IBIS, B) .
Then Q la

,

BJ : = LCD B) ex) defines a probability kernel
over ( S

,
Bf , and La - L

.

Bf. As noted on the last slide, t -2 ⇒ Lf s Lg when fsg .

O S D B s I
'

B -- ⇐ Bn ⇒ BB '-⇐ D
Ba .

Set fn = E. BBK



Thus Q GgB) '

-

= LLDrock) defines sea prob . kernel .
We're left to show that L -- La i ie

.

want

Ll f) = half) = f fly ) QL -

,dy)

True for f -- IB :

Now use Dynkin's multiplicative systems. theorem .

Thus
,
there is a bijection :

{ probability kernels } → { Markov generators }

We will make a lot of use of this
.

For example :

Cor : Let Q , ,Qz be prob . kernels over ( S
,
Bf .

Then 2 ! prob kernel Q sit
. La=L Qi Laz .



2Cor : Let Q , ,Qz be prob . kernels over CSB)
.

Then F ! prob kernel Q SH
. La=L Qi Laz .

Bf. O
. La , Laz is a composition of linear operates on
Bl SB) , i . is a linear operator on is, B) .

1-
.

LQ
, Loyd) =

2
. If f >o, LQzlfd.to
3

. f. → f handedly ⇒ Ladki )→ Lad f) boundedby .

We can write down the Q explicitly :

Qbs B) = La
,Ladd B) IN



Special case .

If S is countable cand B -- 250 , then

QL 's B) = Egg By)

and se
(La

,
Laz f) l 'D =



Prop : Let Qi
,
. .

,
an :B

,
BY→ 6,11 be prob . Kernels ,

and let ve Probus
,
B) .

Then F ! me Prob ( sntl, BOM
" )

sit
.

fgn ,f dy = folded §Q , ha,dad f.Qzlx, dad - - -fan Gary dad fcxgay .,xD
for ft 1131 Sntl

,
Bom" )

.

If. Begin by restricting to f- f. f, -

- - ⑦ fn
i
- Isn" fdue


