
Given a Hilbert space H ( like Hrt
,

IP) )
,

and a closed subspace KSH , we have the

orthogonal projection :

Pk : H → K

a linear transformation
,

with HPKAOHSHXH
,

characterized by
• PHX) is the unique Ze k minimizing H X - ZH

• Pdx) is the unique Ze k s . t
.

X - Z t k

↳
Ie

.

( PHX)
,

Y ) = ( x
,
T ? Tye K

if H -

- 2448
,

B)

Recall : if G-- ok Adn for a partition skins ,
of r

,
then

Ef Eg HIT ) = IECXYI Hye Elr
,
G
,
P)



Prep : Let try
,
B) be a probability space,

and let GSI be a sub - o - field .

Then Hr
,
G
,
IP ) s toys

.

IP) is a

closed subspace .

Pf . We're identifying Hr,G, P) ? HE 4049117 : X is G - measurable }

Subspace :

closed :

Def : If Xe Eth
,
EP) and if SF is any sub - o-field

,

the conditional expectation Esko is the randan variable

-



Eg .

A = { 1,333 , I
-

- 2h

G -- 661,23
,
133 )

If X is G - measurable
,
then X

- '
et} ED

for each talk
.

In particular , with f- X11)

In fact, for any P
,

L4r
,
I
,

IP ) = 11215333

L' try
,
IP )

Take IP = Un f- 42,3} .

Then ENT I = t CXCDYCDTXI 2)Nyt Xl 314131)

)



What is #gall ? It is the G -measurable rv
.

that is closest to X

" X - EgCHIK = ftp.qp, MY " .

Ie
.

it is the best guess for X , using only the information in G .

Question : does it only make sense for L2 ?
Lemma : If XENA,E, P) , then left EplXIII S #CHU .

Bf : set y -- Ey LXI . Take 2- = sgn Y
' f d ; 4?E

'

-1
, y so

i
.

Ze L4r.G.PT
,
and so

E CHI I = El Fsgnfl



The lemma shows that It EgGl Hu s 11414 txth .

Ie
. if we equip 1438, P) with the L

'
- norm
,

Eg is still Lipschitz , .

Note that K s Lt is dense : given XE Lt
,

XD sin is bded and i
.
in L2

,

and H X - XD plan the = #Axl Hixon ) #

Def : If X e L' left
,
P) and if SF , define Ep [Xl as follows :

↳ Take any sequence Xnt Ltr,8. IP ) s . t
. Mn-X Hu → o

↳ Define Eg CH :=L
'
-kiss Eski = L

'
-finespun

,
ogpglxn)

. Exists : Hey Chi - Ey Hh Hu

. Well - defined : if xn.tn→ X in ht , then

H EgNnl
- EyeYi Hu



Prep : ( Averaging property 1 characterization )
For Xe tile

,EP) and GSI , Ey Cx ) is the unique
L' CBS, P) random variable with the property :

Illegally f- ECHL FTE Bth
,
S )

.

If . If XELZ , holds by def ' of orth - pro j . (bk Boys) stirs,Mj .
In general , Eyal -- L

'
- engines Esc Xnl for any Yn→X in Lt

i
. Ey Nnl Y → legally

in L
,

XNY → Xy

i. Ef By CXIY -HI = lasing Elley EXNIY - XNTI

Conversely , if Z
, ,Z, c- Ltcr

, G. IP ) each satisfy
Elz ,Yle ELZY f- IECXYI Fte Boys )

then Elk
, -2041=0 .



Theorem : ( Main Properties of conditional Expectation)
Let ME, P) be a probability space, and G s f a
sub - s - field .

The linear transformation
Eg : L

"

thisD) → Ltr, I , IP)

satisfies :
1
.

( Monotonicity ) if XSY a.s
.

UPI then Eyal S Eyal as . EDI .

2
. ( D - neg . ) l Eg LXII S Ey ( IX l l as . Cpl .

✓ 3
. ( Averaging ) El Eyal Y le El XYI t te Bcr,G)
4. ( Product Rule) If Ye BIGG ) , EgHtt ' EgExt - Y

.

5. ( Tower Property) If H S G SF are all G- fields
,
then

Ey HEH LXII = #x. f #yall = En. HI .

Pf. t.EC#glXlbBl--tEfX1BlSlECYdBI--EllEyCYlDBltBttf .

So
,
suffices ko show that , if Z e L'Cr

,
G
,
IP ) and ECE 131304BEG then -230 as . Cpl



2
.

X s Nl and -X s 1×1

i
. By CHS Eg ( HII and Eyal S Eg Cl I a. s .

3
.

I

4
.

Let TZE BMS)
.

Then

IE L #yall Y . 2- I = El Eight - tf - IECXYZI

i
. El HESCH - Eighth 2- I

5
. Ey HEH Gil = #x. I #gall = EACH holds for XELZ by orthproj . thin .

Now approximate XE Lt by Xne- L2 ,

and be careful .


