
Orthogonal Projection
.

If H is a finite dimensional inner product space ,
and K s H is any subspace , there is an
orthogonal projection

Pk : H → k

with the properties that
Kt n Palu ) - v fue k

\ Pk l w) = o if we KT

k

If we can find an orthonormal basis { en } for K
,
then

Pk ( v) =

We will use this same idea in the Hilbert space H - 54k¥ IP ) .



Hilbert spaces
A Hilbert space is a complete inner product space .

Eg .
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,
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In any inner product space , we have Pythagoras ' thin :

if X t Y ,
H X TTIP

Also
,
we have the Parallelogram Law :

H Xt4112 THX -4112

If K SH is a linear subspace, it is also an
inner product space ( in the same inner product) .

K is a Hilbert space iff



Prop : If Ks H is a subspace , and XE tf
there is a unique closest element Tek to X

:
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,
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G K
,
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Uniqueness : If dlx
,
KJ = NX- Hell X - -2112

,

Existence : Let Yn Ek with H X - Vinh 's dlx, K)'t th .
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Prop : The unique closest point Ye k te X
is also the unique element te

k satisfying
x - Y + K

Pf
. If Y is the closest point , for any Ze k ,

consider

IR at ↳ alt) = H X - HttZ) 112
'

by assumption, No) = mind

conversely , if Ye k with x -T t k
,
then for any Ze k

,

H X - ZIP



Theorem . Given a Hilbert space H and a
closed subspace KSH , there is a un que
linear transformation Pk : H → k s - t

.

• Pk is hip ,
- continuous

.

. Pk (Y ) = TYE K

. Pk ( 2-7=0 f- ZE K
t

• ( Pdx,Y >
= LX.PK#txuYeH

Moreover
,
if L s k is another closed subspace, then PkPERPER

.

The transformation Pk
,

the orthogonal projection onto K
,
can be

defined by PHX) = the unique element in k closest to X
.

Pf . We've shown that there is a unique closest point * PNH to K
,

and it is characterized by IPkN - X ) t k .

If Xi
,
# H and a

, , the IR , and Ye k ,
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If X e H
,

X = X - Pdx) + Prix)

V

( PKLXI ,Y > = ( Prix , Y ) t l Reno , PHY) -47

Finally , if L s KS H
,
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For the reverse
, for Xie H ,
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