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P) and At F with BCA) so
,

we have the conditioned probability measure
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-

We can then take integrals of random variables Kelter
,
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PA)
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If X is simple , X = § g- DB; , then
f XdPa =



If { Anti
,

is a partition of r by events

with IPC And so
,
we can string the Afferent

Ean functionals together into a single function :

F-
sang;

l Xl =
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.

w ↳ { !

Labeling : instead of indexing this by the partition { Anti
, ,
it

is more convenient e and suggestive) to label it by G = assign;) .

This makes sense because :

Exercise : If An C- I with re Ed
,

An
,
then

G l l Antti ) = {
,

An : A E N }
Thus

,

we can "
recover

" the partition from G



Cer : If G -

- ocean's for some partition { Anti ,
then EglXl is G - measurable

.

Bf. Ey HI = ⇐ Earl XI Dan is a linear combination

of the indicator functions AA
.

N

Note : even in this special case where G is generated
by a countable partition , it is not practically possible
to recover the partition from G C unless G , and
i. the partition , is finite )



( Motivating ) Eg . Suppose Y
'

- r → S is a random

variable whose state space S is countable
,
and

ply - s ) >o for each SES .
Then { Y

-'

Iss '

- Ses }
terms a partition of r .

1
For Xt L Crisp) ,
El x KI - El X lolol = I # sums} Nl test = ¥ ElYpI 1¥S ES

EL XI YI is ok) - measurable
-

'

- by Doob -Dynkin , IECXHI = g H) for some g
: s → IR



There is a more " invariant " way to define
conditional expectation , owing to the following .

Prop .
Let s An}! be a partition of r by positive
probability events , and set D= ol {Antti ) .

If X t 2478
,

P) and Year
,
G
,
B )
,
then

El xx I = Ef EgKI Y l .

If. Step 1 : the case that Y is simple .

So F- § Pit Bo. ← Bj TG
es

-

: IELXYI = S pi El XD And
K - I

Eg LXI = JI, F- Aj ( Xd D Aj

so El ESCH Y l =



Step 2 : If Ye L4r,G
,

B) s Lt th,G , P) ,
3- sequence of simple Yn at

.

Yn → Y a. s
.

and Ants 141

-

'

. XYN → XY a. s .

"

and Ntn IS NYI E Lt b/c X Yet

i
. By DCT , El Xin

→ IECXY )
H
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