
Local Dependence
can we have a CLT with dependent random variables ?
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Eg . Let Ekin:O be iid
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Let Yn = Xnxn - i for n> I -
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Def. Let { Xj} jey be a collection of random variables .

The dependency graph for IX - lieu is the deep free)
graph ( V

,
E) with vertex set V

,
where { i , j } E E

iff Xi
,
Xj are not independent .

Eg . If sexism. µ are independent , the dependency graph is trivial E -- ¢ .

Eg . In the example It ,# L, . . . , I'd ,I? , I}, - . . . I'd, - . -
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If {Xn! are iid and Yn = Xnxn - I for n> 1
,
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The degree of a vortex ie V is the number of edges in E adjacent
to i

.

The degree deg G of a (finite ) graph is the max degree
of any vertex .



Lemma : Let {Xj } jey be independent K random variables
.

Let Iv
, E) be

the dependency graph of fxjlrev .

Let s -- ¥, Xj . Then
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Theorem Let { Xj} joy be 24 random variables

with IECX; f- o .

Let G be the dependency
graph .
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The proof is similar ( but a bit more fiddly ) to our proof
of the Wasserstein) Berry - Esseen theorem , using Stein's method .

( see ( Ross
,

83.2 ] for details )
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Note : if it j , Gv(Yi , = #Hill

i. with W = fact, t - - - ton)
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Erde"s - Renyi Random Graphs
V = { 1,2, . . . , n}
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Let {Xijl , sign be iid Bern Cp) .

The random graph Gln,p) has edge { i.j ) iff Xii
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Some statistics about these random graphs ane easy to compute :
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Harder Problem :

Let Tn
, p
-
- # triangles in Gln,p) .

t

A triangle is a triple sisjsk} w leg icjck
Sit

. fi , j} , { ish) , fish} are
all edges in Gln,p)
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A fun calculation shews that

Var (Tn
,pl
= (7) p'll - p't 3h -3) p'll - p))

Putting this all together , Stein's method shows that :
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Seeckt .21 for details .

is asymptotically normal .

This is not the optimal result . A more refined asymptotic analysis
shows Wn

, pn
→ w f lo, D iff npn

→ A
.

See ( Rucinski
,
PTRF 19881 .


