
We've seen that weak convergence is weaker than

a.s . convergence , LP convergence , convergence in probability .

There is a connection to as . convergence that is

useful in many contexts , however .

Theorem : ( Skarohad )

Let s be a separable metric space , and Mn,y e. Prob( SBGD .

If Mn→up , then
there exists a probability space or,I, P)

and random variables Yn
,
Y : oh

,
F) → ( S

,
Bls)) with

Yip 'Mxn
= Mn , Y

"
IP =

My
= µ , and Yn→ Y as .

( The proof is quite involved .

The probability space can be
chosen to be re lo

,
if S

"
,
I = Big Ox SM )

,
and IP

a well - chosen infinite product measure lethal introduces lots of
complicated correlations between the Tns ) .
We'll prove Skaro had's Theorem in the case S - IR

.



"

Inverting
"

the CDF

suppose F : IR→ 6,11 is a CDF

If F is strictly increasing ,

meaning µ la,bi -e Tacb , then
F is an invertible function

,

F-
'

-

- lo
,
l ) → 112

Equip 112 with Lebsegue measure X ; then F
" becomes a random variable

.

Thus
, my

=

It turns out we can make this work even if F is not

strictly increasing .



Def. Let F : IR→ 6,11 be a CDF
. Define

F-
←
: co

, 1) → IR F'Tx) :- sup { YER : Fly) ex}
f-
→

: lo
,
1) → IR F' la) := inffye.IR : Fly) >x)

7

tansy ik i

-81
.

f-
←
Ck) SF-7k)
< iff

2 .
E = { Ktla, D : f-Tx) - f-

→
Cx) } is countable

.

3
. ly'jTq⇒F Sas FCF 'TxD faeces)



Lemma : Let me Prob HR,BAR)) with CDF Fr 't .
Define Y : lo

,
1) → IR to be Y -

- F←

YIK) = sup { YER
: Fly) ex}

Then Y://go.BG,D)→ ( IR
,
BAR) ) is measurable

,

and art Lebesgue measure X on R
,

Y " X =

My =µ .

Pf
.

For te IR
, suppose Ths s t .

Then as FLYIN)

In fact : { see 6,1) : Tx) St } =

Cor : If me
. Prob ( IR

,
BURD with Fn - F , and U El Unf Kgv) ,

then F
←

l U) El
µ .



Baby Skorohod Theorem
Let Mn,y

e-Prob 1112
,
BURD with an →up .

Let Yn
,

Y be the random variables

Yn = Fin , Y - Fi
on 490 , BAD , X ) . Then Ynet Mn , Y

#
µ , and Yn→ Y as

.

Pf . To complete the proof , we will show that Tn bed → tix)
for ¢ E -

- { c- Cgl) : F
←

c ) 2 f-
→

}
• If ye

"

contrast with y
int, n

't

. If y t Cent ( Fm ) with y >
tix) = Fm

←
Cx) - ticx )



Cor : ( continuous mapping theorem)
Let f : IRS R be Borel measurable .

Let Xn →w X
,
and suppose PLX e- Disc ( ft -- o .

Then fcxn) → w fCX) .
If in addition f is bounded ,

then ⑤Lf → Elf .

Pf. Replace xyx with Yn
,
Y on a probability space

where Tn El Xn ,
Y EX

,
and Yn→ Y a. s

.

Let go- Cb CIR) ; then


