
We've seen that weak convergence is weaker than

a.s . convergence , LP convergence , convergence in probability .

There is a connection to as . convergence that is

useful in many contexts , however .

Theorem : ( Skarohad )

Let s be a separable metric space , and Mn,y e. Prob( SBGD .

If Mn→up , then
there exists a probability space or,I, P)

and random variables Yn
,
Y : oh

,
F) → ( S

,
Bls)) with

Yip 'Mxn
= Mn , Y

"
IP =

My
= µ , and Yn→ Y as .

( The proof is quite involved .

The probability space can be
chosen to be re lo

,
if S

"
,
I = Big Ox SM )

,
and IP

a well - chosen infinite product measure lethal introduces lots of
complicated correlations between the Tns ) .
We'll prove Skaro had's Theorem in the case S - IR

.



"

Inverting
"

the CDF

suppose F : IR→ 6,11 is a CDF F- Fm for some

If F is strictly increasing ,

MG Prob GR,BIRD

meaning µ la,bi -e Fasb , then
F is an invertible function

,

Y : = F-
'
: le
,
l ) → 112

Equip IR with Lebsegue measure X ; then F
" becomes a random variable

.

Ey HI
-

- IP Hst ) -

- X H -Y - qtr ) = HEtookD '

- X ( Cs Fav )
- Flt )

Thus
, My

=µ .

It turns out we can make this work even if F is not

strictly increasing .



Def. Let F : IR→ 6,11 be a CDF
. Define

f-
←
: co

, 1) → IR F'Tx) :- sup { YEIR : Fly) ex}
f-
→

: lo
,
1) → IR F-

→
be) := inf { ye- IR : Fly) >x)

3. If y > F9x) then Fly ) 3K .

i. By right continuity of F ,
y b FTW, FIFTH)

31
.

If ya FB) then Fly )
ex

,

imam Espacio, Hino F→HtD Take yPF9x)Fbla) FEET

1-
.

F-
←
Ck) SF-7k)
< iff x is the height of a flat spot .

2 .
E = { at GD : f-Tx) - toes } is countable

.

{ ( End, 15%0) :xEE}
3

- ly'Yfq⇒F Sas FCF 'TxD free, p
"

ge



Lemma : Let me Prob HR,BAR)) with CDF Fr '- F .

Define Y : k
,
D → IR to be Y -

- F←

YIK) = sup { YER
: Fly) ex}

Then Y://go.BG,D)→ ( IR
,
BAR) ) is measurable

,

and art Lebesgue measure X on R
,

Y " X =

My =µ .

Pf
.

For te IR
, suppose Ths s t .

Then as FLYIN) s t
.

In fact : { see 6,1) : Yingst } = 191 ) o ( o
,
Flt)) ¥

3 If as FH) , then Ylxj
-

- sup ly EIR : Fly) sod s t .

HEY St) = Xiao le
, FAD = Flt) = Fn H) . 111

Cor : If me
. Prob ( IR

,
BURD with Fr - F , and U =D Unf Kgv) ,

then F
←

l U) El
µ .



Baby Skorohod Theorem
Let Mn,y

e-Prob 1112
,
BURD with an →up .

Let Yn
,

Y be the random variables

Yn = Fin , Y - Fi
on 490 , Bee,D , X ) . Then Ted Mn , Y

'd
µ , and Yn→ Y as

.

-

Lemma .

Pf . To complete the proof , we will show that Yn bed → tix)
for et E -

- f e GD : F
←

c) < f-
→

} is countable i . HE ) so .
. If y

'

: contrast with yenta -

- Tuffy . .. Enugu cog
P by HDD

kisses Fml y ) -- Emig s so i. Eun ly) so t large n .

Yn Ix) -

- sup ly : t.ly)ex} sty
⇒ lnimmftnlod 3 YOD

' If yt Cent ( Fm ) with y >
Tix) = Fm
'

Casa Fica ) s
i. fins Tix) HPD

H



Cor : ( continuous mapping theorem)
Let f : Irs R be Bord measurable .

Let Xn→wX
,
and suppose PLX e- Disc ( ft -- o .

Then fcxn) → wfcx) .
If in addition f is bounded ,

then ⑤Lf → EACH] .

Pf. Replace xp with Yn,Y on a probability space
where Ynet Xn ,

Y EX
,
and Yn→ Y a. s

.
( by Skorohod)

Let go- Cb GR) ; then

DBL lgef ) C- Di self)
IP ( Y c- Disc lgefj) E Pl ye Dis off) )

= My CDs 74×6Disc f)

(gof) CYD → (go f) H) a. s .
- IPCXE Disc f) =D .

• both sides s sup Igt
i. Det⇒ Ekgof I → Eligio KD

"

Effable fg dnt fg
"

dm ,
← g"f
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