
Total variation is well-adapted to
discrete probability measures all on the
same discrete space . E.g .

Bernoulli
,
Poisson

. .
.

Theorem : (The Law of Rare Events )
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Pf . # l of Law of Rare Events :

Let Njepoisslpj) be independent Poisson ru 's .
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Coupling
Given probability measures µ , v en es

,
B)

,

a coupling is a pair LX
,
of random variables

on a common probability space , taking values in
CS,B) , such that Mx --µ , My

.

- V
.

In other words
,

a coupling is a probability measure
on lsxs, B B) whose marginals are µ and V

.

E. g . now is a l silly ) coupling of µ , v .

Lemma : ( coupling Estimate )
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Pf . # 2 of Law of Rare Events :
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By the coupling estimate :
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Couplings are important in many parts of probability .

They lead, for example , to other natural metrics on

probability measures , adapted to problems in
large deviations , optimal transport, stochastic analysis ,
etc

.

Def : For post , Prob'llRd , Blind) is the set of Borel probability measures µ
on Rd with finite p

th moment : fed by PMI doe) Les .

The p
- Wasserstein distance between two such measures µ, v is :

Wp 1µV I :'-(inf { Ell x -TIPI : IX,Y) is a coupling ofµ,of"P
Generally weaker than div
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