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To understand rare events without pathologies
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Moments and Cumulants
If X is exponentially integrable , its
moment generating function
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How rare is it for Isna - Eon I > E ?

Let's assume Xn is exponentially integrable .
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Legendre Transform
Let 4 :# IR be a convex function .

The Legendre transform 4
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Exo is convex for any exponentially integrable I .
Now for centered random variables
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Theorem : (Cram
'

er 's Large Deviation Theorem)
Let *Bii , be rid . experientially integrable random Variables .
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That's exactly how raise the event { Sng - team > e 's = { si > ne} is :

it is exponentially small in n , with exponential rate -Exile) .

Being so rare , Cramer referred to such events as large deviations .

In modern parlance, we would say
The family of probability measures { µ sink!
satisfies a Large Deviations Principle ( LDP )
with rate function tox
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and (exponential ) rate n .


