
The Lebesgue Integral for R - Valued Functions
Let f : trips → ftp.BURD be measurable

.

ft -- ftp.g f. = - ftp..az f- fo - f .

Def : f is called integrable ,
f e ft tr,Iµ) ,

if ff±dµ cos .

In this case
,

we define
If dm :

-

- fftdm - Sf-du
Note : since Ifl e fttf , alternatively we have

£149
,g) = { f :r→TR meas

.

sit
. flfkfe -as}

Note also : ble (A)
,
f± < as a -

S
. Therefore , we can

restrict our attention to the complement ofa nullset and assume f is IR- valued .



Proposition .
He.2o ] L' trip) is a IR - vector space ,

f : fillips→ IR is linear
,
and

fsg as
.

⇒ ffefrsfgdntf.ge I
'

.
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" Lt alt ' Lt

i
. flaftbgldmsflallfltlbllgbdfr.la/flfldwtlblflgldu

Tos as
i
- Tos

fafefe-flafltofu-flafl.gr
&>⇒

= faftofu - faf- du -

- affifi-aff.fr
-

- affft -SH

flftg)
-

- flft- f- tgt-g ) -

- ftp.go.fcf.iq
-

- aff '

= Sfi. +Sgt - Sf. - Sg-
-

- -- recombine .



fsg as
.

⇒ ffefrsfgdntf.ge I
'

.

f.
.

- f - -

- f s g
-

- gt - g - ⇒ fig . sgttf -

⇒ Slfttg - I sflgttf)

If+
"

+ Sg - sfgtt.fi
. If, - Sf . s Sgt - Sg -

Sf
'

g"g . H

Bonus : I ffdmls Slf tofu
.

I f ft
"
- Sf- I s lfftltlff- I

= f ft tff-
= fl ft tf) N
t



Now we knew how to
"

compute " expectations :

if X e Str
,Tsp) then ENI -- fax dB .

( As to how to actually compute it, we'll discuss that
in the following lectures . )

(
t

Recall the pseudo -metric dm CA
,
B) = MY AaB)

if A.BE E :
=

µ. ( AaB) =/ IDA - ABI du
we can think of 9-

"

c
"

htt ) by AN DA .

This presents a natural way to extend dm to Lt m)
'

ii 'llgot

Def : The Lt - norm 11 Hu. is defined on Lt by

H f Hu. := ft fl dm
r

du IA,B)
'
- fl DA - IBI du = 111A - ABHI



A norm on a vector space V is a function H - il : V → Egos) st .
• Haft = IN Hfll tftt, at IR

• llftgll s Hftltllgll tf,get
• Hf H - o if and only if f - o .

i'part is missing , 11 It is a semi norm

If A H is a semi norm
,

then dlf
,g) = Hf - GH is a pseudo

'

- metric
.

11 He is a seminorm on Lt
.

" file flfl du llftglki
'

- fi ftp.ldnsflflt/gDdu--flfkfutflg1efrltltlglsllfllutllglk

But it is not a norm . no.eu

Hf Hu -

- o ⇒ 11ft du -o ⇐ If 1=0 a.s.CN#f=0a.s.gul .



Def : The relation fygifff-ga.s.CN is an

equivalence relation on d
'

IBF
,m) .

tortoni := shrink 4ft ftp.ff } well -defied .

Elemtents are equivalence classes lflnns.t.ffElflnu@f.ga.s .go .

Given Lfl e- Lt trip) , a function f. e- Cfl is called a version of HI
.

Note : if fire f.
,
If, der = ffs dm .

Thus
, f If left ff, dm

"o -N for any f, c- Ifl makes sense .

All the properties of f - dm on ftbit
,y) descend nicely to Ecr,§µ) .

And
,
even better :

11 the is a genuine norm on Lt
.

i
. del Hl , lgl) = H Cfl - Cgl Hu

-

- Hlf - gilly -- ft f- g 1dm is a genuine metro on Lt
.



Going forward : we forget ft ,
i

.

and treat the elements of Lt as functions .

( Just keep in mind the
" versions " business

.)

We can also define LP - norms : fer l specs ,

LP 148
,y
) = try equiv . classes of ) { meas . f :r→Rst . flfl Pees }

H f the : = ( fl flPdp)
"
P

.

Theorem : ht
.271 LP thism) is a complete normed space .

Hftgllhp S H f the t Hglkp (Minkowski 's inequality)

we will come back to LP and completeness (and extending to p -- es )
later when we talk about different modes of convergence of random variables

-



For Lt
,
we have two integral convergence results :

the Mctheorem
,
and Fatou 's Lemma

.

( Both can be partially extended to Lt , but they
are not sufficiently powerful for most applications . )
The Dominated Convergence Theorem CDCT) 110.287

Suppose fn , gn,get , with
Typical statement : gig Tn .

• fn→ f a.s
.

and gn→g as .

• 990 and lfnlsgn as .

Ifn / s g e- Lt

. fgndn → Sg du < es
.

fn→f as .
⇒ felt , ffn→fg .

Then felt , and Ifn of → ffdµ .

Special case' noses .

const . s Mees are n L
'

.

Bounded corn
.

4hm : fumes)
. fmofr = MyoD cos .

fat L
'

tf ISM
f.→ f a. s .

⇒ HSM as

joffrey → fffu



.

In fn , gn, geht lo gn> o and lfnlsgn as .

(2) fn→ f as
.

and g.→gas .
④ fgndn → Sg du Ces

.

⇒ felt , and Sfnofn → If du .

(2) 13) 12) ( D

Pf
. Ifl -- final ful s finlgnl -- Igt a. s .

so flflsflgl cos i - felt
.

fgisfsefbnmnfcgntfn) slinging flgntfnfk.sn/gntfinngf4ffn) .

(Fatou] (4)

ll://gtffs.gg/fhmmfffnSg
t.by#Pffn.:-SfTfmgypSfng.f.@shninIsfffnslninssp ffn

H


