
Integrating Non- Negative Measurable Functions (Driver , § lot ]
Is,§y) ms Lt = Ltl 8) = { f '

-r→ eyes) , f is FIBHR) measurable }

Def 110.1 ] For felt , the Lebesgue integral is :

Ifdu = Infuser Idw) := sup { feeder : qsf
, 9 simple, measurable}

If µ is a probability measure , also denote it Elf f- Itself ] .

Note : f f dm t co
,
as ]

Prop : I
. If felt a > a Idf due off dm
2. If f. go.LI

,
I +g) du - ffdat fgdµ

3. If osfsg . If du s Ig dm .



1
. Safdie = xffdar ,

a > o



3. fsg e Lt ⇒ ffdnsfgdu



Before proceeding to additivity ,
we need a core robustness result
for the Lebesgue integral .

Monotone Convergence Theorem I 10.43

If fnt Lt , fntf , then ffndn Tff dm .

Pf .



We can use the MCTheorem to give an

explicit limit definition of ffdµ for ft Lt :

9N : = k-znbfzncf.sk#zft2nDg.p-zng E SE

cent f I even uniformly on f-
'
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,
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i
. by MCTheorem
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- fins funder .
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If du = ¥51 En MIFits k¥1 TIME f >a} )
Note : This limit can be too

.

It always exists in egos ]
.

since it is a limit of a
non - decreasing sequence in co

,
Al

.



Additivity .

2
. fl ft g) du = If dat fgdp for f. go- ht .

Bonus : If free Lt , then ftp.gfn/dm=%ffndm .



Example .

(Discrete measures )
Let e :r→ egos

. Define µ on T by

M
- freeus Sw

For example , select {writ , in r , and let
µ = n€fn8wn where osfnsl , E

,

fn = 1

Them µ is a discrete probability measure :

Then ffdµ



µ
= feelhis Sw on T

.

We've shown that ffdµ s Safe for felt .

For the reverse ineg :
Fix an arbitrary finite set A er

,
and NEH

.
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= Da min { f
,
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