
Robustness of Measurability [Driver § e.I -9.21
We showed last time that if f. Rds IR
is Bard) IBAR) measurable

,
then

X
,
.
. .,Xd are 81 BUR) measurable ⇒ fix, Xd ) is g- IBAR) measurable

In particular , applies to continuous f : Rd → IR .

Important Examples :
"

Issy ,
Max egg) = xvy'

mink , y )
-
- ray

are continuous
.

:
. X, := max IX. o)

are measurable .

X - : = - min (X
,
o)



If f : Kd→ IR is Bard) IBAR) -measurable , then

X.
,

.
. .,Xd are 81 BUR) measurable ⇒ fix, Xd ) is g- IBAR) measurable

often useful in dealing with some discontinuous functions of random variables
.

Eg . The function i.bg . {
'

by , 7¥ is Blk) IBAR) -measurable
.

A Ifor any at IR)

i . If f :STR is 8/831112) -measurable
,

so is iaaf



Measureability and " Limits "

Proposition 19.143 If fn : 1781→ (IR
,
BARD

are measurable
,
then so are

sump fn , inf fn , kingship fn , lniminffn .

Pf . (supnfnj
'

l - es
,
t ] = { seek : supnfnst}

live.sgpfn-innfg.y.B.fi



Simple Functions
A function g. ask is called simple if 904 is a finite set .

Eg
. Cf = xD,

a- •to • •

T
E Bo . .

TIBUR) -measurable #
Iff A

Lemma
'

A simple function a :D
,
F)→ ( IR

,

BURD
is measurable iff 9-

' Ha} ) e g fat IR .



Simple Approximation
Theorem : I 9.411 If f : tr,8) → ( IR,BARD
is measurable

,
there is a sequence een

of simple measurable functions s .

t
.

11%9102) = fix) faces
Moreover

,
eh → f uniformly on f

"
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Pf . Suffices to assume f- so

9nlxt-a.EE
'

kznltgrgnafskzlny Mt 2nd spell'd



Factoring Random Variables ( Doob - Dynkin Representation )
f : Rd → IR Borel measurable

,
and

Xi
,

.
. .,Xd are 81 Bar) measurable

⇒ fth
,

Xd ) is EIBAR) measurable .

Cor
. 19.431 Xi

,

-

→
Xd EIBAR) - measurable

& Y '

-re IR och
,

-

→Xd ) IBAR)
- measurable

⇒ F Borel measurable f : Rd→ IR St. Y '- fck, . . . .Xd) .

To prove this , we need another characterization of ax, . . .. Xd) .
Lemma Let I =L If :S→ Rd

.

Then

GCX
, Xd) =

It

smallest o - field over r Pf . [ Hw) .

art which Xi
.

.

-

,
Xd are

measurable ( with respect to BAR) )



Cor
. 19.431 Xi

,

-

→
Xd EIBAR) - measurable

& Y '

-re IR och
,

-

→Xd ) IBAR)
- measurable

⇒ F Borel measurable f : Rd→ IR St. Y '- fck, . . . ,Xd) .

Pf. To begin , assume Y -- D. A
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