
Pre image Set Map
Let f :S→ S be a function between sets

.

It induces a map 2h → zs ( image )
and a map 25 → 22 ( pre image)

The image set map is not very well-behaved .

But
pre image Bts f-

'
IB) is very well-behaved

- f. Driver
, § 4.2]

Def .

Let th,8 ) and IS
,

B) be measurable spaces .

The pull - back of B to his

f-
"

B .

-

= { f-
'

(B) er : BE B} f
:

The push -forward of F to S is
t s

f-
*
F : = { Ess : f

- '

(E) c- I } f
,

Both of them are s- fields [ HWI .

s s



f :r→S
.

More generally , f*E=ff
- '

IE ) Sr : EEE} szr
makes sense for any subset Es 25

.

Lemma : off *E) =f*lolE)) .

Pf
.



Def : bi) , Is ,B) measurable spaces)
f : r- S is 18 1B) - measurable if f.

*BEF .

Ie
.

TBC-B
,
f- ' (B) C-8

.

Eg . Indicator functions Ip : IR
,
Asr

.

Prep : Let ESB set
.
HE) > B .

Then

f is measurable iff f*E SE .

Pf . Follows bk CSB
.
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Important Example :
X :S→ R is 9- IBAR) -measurable iff

Def : Given a probability space or,§lP ) ,
a ( Borel ) random variable is a FlBlk)
measurable function X :S→ 112

.



Prep : compositions of measurable functions are measurable
.

Cor : Let x.plz
,
. .

,
Xd be random variables en Cr

,
F)

.

If f : Ird → IR is continuous (or more generally Borel measurable )
then Y = flxy . . , Xd) is a random variable

.

(Eg
.

X
,
the
,

X
,
K
,
. . .)

Pf .
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Cr
,Ssp)

"

background
" probability space

( inaccessible )
.

xp, . ..Xd rn .

's on r
.

What is actually knowable ?
Two things .

I
.

"

Current information !

Def : The o - field generated by EX
,-3,7 ,

is

oxy . .,Xd ) : = Xf
'

BAR) )



2.
" Distribution "

Prop : If let
,

P) is a probability space,
and f :S→ S is measurable Curt CSB) ) ,

then µ, :B → ↳ 11

Mf =pof
' '

is a probability measure on IS
,
B)

.

Pf .

Special case : IS
,
B) a HR

,
BUR)) .

Here f- X is a r
- v

.

Mx = Box
- '

ie
. Mx ( Ba )

-

- IP ( XE B)
Blk)

so


