
Lebesgue Measure ( § 6.6 in Driver)
he Radon measure on IR satisfying

Ika,bD = b- a
,

- es -as bees

is called Lebesgue measure .

It is the most important
measure on IR

.

Notice : if a ER ,
J -- la

,
ble du

,

then

X ( Ttt ) =

⇒ X ( Att ) = for AG Bcg ( IR)
⇒ lil Ett) = for ad E SIR [ HW 3)

Theorem : X is the unique translation invariant
Borel measure st

. 716.1151 ; if µ is

another translation invariant Borel measure ,
then µ =



Pf . Since it is translation invariant
,

A - Mazar, is too ,
and all 1) = t - 0=1

.

For the converse :



By similar reasoning : if 8 e- IR
,
BE BURJ

,

X ( 8-B) =

Pf .



Null sets ( § 6. le in Driver
In a measure space trip) , a measurable set NEF is

a null set if µ ( N ) = o
-

Eg .

If µ = 8
.
. , any

set not containing x. is null .

Lebesgue null sets :

e. If Xo IR is countable
,
then XCX) - o

.

• There are lots of uncountable null sets
,
too !
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Problem : most subsets of the Cantor set are not Borel sets .

That is : there are many sets NE BIR ) of Lebesgue measure o
that contain non - Borel sets A EN

.

This can sometimes cause
technical problems .

Definition : A measure space 038,µ) is called (null ) complete
if
,
for every N E F with µ IN)

-

-o
, every subset

As N is in I land i
. µ I A) - o ) .

Theorem For any measure space Cross
, µ
)
,
there is an

extension I 28
, it IF =p , s t . 058,9 ) is



Pf . The most obvious thing actually works :

§ = { A un : AGE
,
her
,
I N Eg s

. t.MN) of As N }
µ ( AO d) : e MCA ) .

.
I is a co - field containing 8 :



F- = { A un : AGE
,
her
,
F N EF s

. t.MN) of As N }
µ ( AO d) : - MCA ) .

• it is well - defined :

. it is a measure .

. (r
,Fyi ) is (null ) complete (by construction) .



The Lebesgue o - Field
.

often
,
when one speaks of Lebesgue measure , one implies a particular

large o - field :

M : = { E SIR : FA SIR WAH AnE) tilAnEc )}

↳ BUR) § M

↳ M is null complete land bigger than Btr )
we will never use this M . For us

, Lebesgue measure
is a Borel measure ; worst case, we may need to complete the
Bonet o - field in some applications .

BTW
, fun fact :

In a finite Lp re )measure space 03A,µ ) ,

Mm = A- I the closure in the pseudo - metric dm )
[ Driver

, Prop . 7.111


