
If r is a topological space , any measure on Btr)
will be referred to as a Bord Measure .

We will principally work with Borel measures
throughout this course .

Radon Measures ( § 6.5 in Driver)
A Borel measure ( IR

,
BURT

,µ ) on IR is called a
Radar measure if

µ , qq.bg )
cos f aab E IR

.

( there generally , a Radar measure on a topological space
r is a Bord measure µ at

. Mlk ) < as for all
compact K ( and satisfies some regularity conditions
that turn out be be automatic when r- IR ) .

Eg .

The Stieltjes pro measures Miska,bi) - Fb)-Fla)
for F : RNR increasing and right continuous .



Theorem
. If µ is a Raden measure on R

,
then

there exists a non
- decreasing , right - continuous

function F : IRS IR langue up to an additive
constant ) s . t .

µ ( la
,
b ) ) = Fcb ) - Fla) , -cssasbsos

.

Pf .



Right continuity :

We saw ( Lecture 3.1) that th
, Bcs , ME) is a premeasure

for every right - continuous increasing F : IRS IR .

i
. By the

extension theorem
,
we now have a characterization of Radar

measures on IR
.



Re : convergence of µ ( And , more generally
: [Driver

, Prep .

6.3 )

Prof : Let µ be a finitely additive measure on LR
,
A)

.

TFA E :

( D M is a promeasure on A
.

(2) If An
,

A E A and An TA
,
then HAD THA) .

Moreover
,

in the case mis) cos, the folkwing are also equivalent :

(3) If Ant A in A
,
then µ (AD by CA) .

(4) If An tr in A , then Ml And T m th) .
(5) If An Id in A

,
then plan) t o .

Pf : ( 1) ⇒ 12)

⑦⇒ us

To include 13 - s )
, use the fact Ame in the finite measure case) that
A SB ⇒ µCBIA) = MLB) -MIA)



Def : Let µ be a Borel probability measure on R .

Fm : R → IR ; Fmlx) = µ H- es,H )
is the cumulative distribution function (CDE) of M .

By the Radar measure theorem ,
Borel probability measures on IR

are characterized by their CDF .

Note : for probability measures µ :

I 'F. es Enloe ) =

LIE Fml x ) =

Car : Any right - continuous , non - decreasing function F: R→ IR
satisfying Eye

•
Floes --o, kisses Fox) = 1

is the CDF of a unique Borel probability measure on R
.
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E.g
.

The devil 's staircase
.

Begin by constructing the canter set :

&
Cz

Cz
i
.

Now
,
let Fnlx) -- 1.

"

1351 cnltsdt .
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sa - Undergraduate
Analysis Exercise :'
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- continuous
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non -decreasing

tip ,
function
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• Continuous

i.are
.

. so I testability measure
with CDF F

• FCK ) =L
,
X 31 .

" F is non - decreasing Manter


