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Genuine measures ( defined on full o - fields ) are often
dff , cult to construct

, owing to all the wild sets in a
G - field .

To approach this problem, we often start with weaker

notions of "
measure

" that we later build up to the

full deal .

Def : A pair In , A ) is a premeasurable space
if A is a * field over r

.

A countably additive function µ :A→ Lois]
is a premeasure .

If we assume µ is only finitely - additive

µ law B) =p I A)
+MLB )

we call it a finitely - additive measure .



Proposition : Let tr
,
A
,

X) be a finitely - additive
measure space .

If I Aila are disjoint in A , and
it so happens that A-- It

,

Ai C- A
,

then x (A) > In
,

HAD .

Pf
. Finitely - additive measures are monotone
(proof identical to the

'

measure
'

case )
.



A"BorelFiBR)

Among the many natural generating sets for the
Borel o - field BC IR) is

d
, if Ca, b s : - o s as b Ses }

What about the field generated by these intervals ?
A (de g) 3 { finite unions of intervals in de , }

Prep :



semi-Algebras-o.es
A collection S s 2h is a semi - algebra
or elementary class if
I 1) ¢ ES
(2) If A

,
Be S then An B ES

(3) If At S then A
'
is a finite

disjoint union of elements from S .

Prof : If S is a semi -algebra ever r
,
then

the field ACS) it generates is equal to
11

{ all finite disjoint unions of sets from S}



Prep : If S is a semi -algebra ever r
,
then AIS ) is equal to

DUIS) : = { all finite disjoint unions of sets from S}

Pf . S s DU IS) s ALS)

i. Suffices to show that DU IS) is a field
.

* Closure under finite n :

Let D=
.

Ai
,
E = E. Bi E DUCS)

.

Then D nE =
nm
AinBj

* Closure under complement :
D
'
= Ai



Finitelyttdditivetheasuresandsemittlgebrasprep: Let S be a semi -algebra over r
.

Let X :S→ [ gas ] be finitely additive : X (Eu F) =XlE) txt)
, E. FES .

Then X extends to a unique finitely - additive measure on ACS) ,defined by
A = It

,

Ei ⇒ XIA) :
-

- E.XlEi) .

i

P1 This formula must hold if X is a f.a.measure
.

It .
: uniquely defines

the extended X ; and it is routine to check finite additivity .

The main issue is to shew it is well -defined :

A =
,
Ei = It, Fj



stieltjeslpreileasuresnr)
Let F : IR → IR be a non- decreasing function .

On the semi -algebra Ic , = { la ,bl : -es sa s best , define
XElla,bi ) =

This is additive on the semi - algebra do :

i
. Xp extends to a finitely -additive measure on Akhil = Bulk) .

But : is it a premeasure ? Is it countably additive ?



Eg . Fix AER
.

( gate) c- Bulk)
11

( att , > att )#

Xpfcgatll) = Flatt ) - Fla)

E. xpflat-n.at/)--n.?lFlatto-FCatntd)


