
Frequent isin
The SUN justifies the " frequentist

"

philosophy
of probability and statistics ( and is the basis

of all scientific experiments) .

Given an event A
,
what does PLA) mean ?

↳ Do repeated trials of an experiment to test A .

↳ Record 1 if A occurs in a trial ,
{ record 0 if A does not occur in a trial .

↳ Average the results .G X
n

E AA independent .
Shld ⇒ k¥5 Xit--ntXn_ = IEC IAI = PLA) a.s

.

More practically : the universality of the SUN ( depending only
on ECW) makes it useful when we know little about Mxn .



Renewal Theory
Eg . Hisno
,

i id Lt random variables with Xn> o
,
&

° Littletime of lightbulb # n .

Mxn> 0>0
.

• All the same design , manufacture , so identically distributed .

• The time @ Which bulb n burns out is not influenced by
the lifetimes of the other bulbs - independent .

• Assume we replace each bulb the instant it burns out .
.

Sn '- X ,tht -

-
- tXn

Question : How many bulbs de we need to last for time t 2

Nt : = sup { net
: Sn s t }

-

random integer determined by Msn -

-thin , t .

Answerable question : how does Nt behave as t→ as ?



" Back of an envelope " calculation :
If Xn is

"

not very random
"
,
then Xna Xm Agm ,

so Sn '- X , t - -

- txn = nX
,

i
- Nt = sup Int x : Sns t} - sup { n : nx , St} a ¥

,
.

Ie
.

It z t
t Xi

Prep : EW > o
,
and find ¥ =

.

Pf . . X
,
> e i

.

#Hito
.

Also
,
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⇒ X. ' o as . #Pan>e) se
. observe : knelt

,
so knees as . i . Sn < es a. s .
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,
en r , otherwise , if Nbs no ft>o i. Sn .+ , - es .

- By SLLN , re { syn → LECH} has Ptr. ) = ! .
Work on PX. or,) =L .



By definition ,

so
, stash.tl

a. a. a.

" HE.sn#egwshninsnftq .

4ms:P # stress:p %¥, dont .int.
→I

.

= END .

i. fins
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More Realistic Example .

Lightbulbs burn out after independent lid times Xn >o .

After each bulb burns out
,

there's a waiting time Yn> o
before it is replaced .

{ Xin
,
i id Lt

,
{ Ynlii

,
i id Lt

Pkn> o) > 0
,
Pkn >e) 30

.

Time until Intl ft bulb is replaced = Hit4) t - -
- t ( xntYD-i.sn

Number of bulbs needed through time t : = Nt = sup en EN -

- Sns t }
From the last example , we know fins ¥ =

#exitxp = it#%
Question : what fraction of the time is there light ?
" Back of an envelope " calculation : .

Time with light = xp -
- - thin re n X , }

rathore

Total time = X
,
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,
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th Y,



Lemma :

If Xe L
"
and Antti , are id with KEX

,

then Xd → o as .

N

Pf. We proved ( Lemma 26.261 in Lecture 18.1 that
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Back to the " realistic " lightbulb problem :
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'

¥ → I# pit #HD)
"
as .

Sn = XPT, t -
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,
ti that a working lightbulb is installed
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