
Let ii. be uncorrelated random variables in L2
.

Ie
.

Cov Hn
,
Ym) = o for n # m

Prop : If Idi , are uncorrelated , and ⇐Varin) Les ,
then E. kn - ENT) converges in t .

Pf
.

Var Hn) = Cov Hn,Yn)



We would like to upgrade this convergence
from L
'

to as
.

There's no reason for that

to be true in general ( orthogonal sums in L2

usually fail to converge as . ) , unless we also

upgrade the orthogonality to super
-orthogonality

- ie
. independence .

Theorem : ( Kolmogorov 's convergence Criterion)
Let Hisn? , be independent K random variables

.

If ⇐ Var Hn) a es , then §
,

Hn - EHnl ) converges as .

In particular, if in addition Effi < es
,
then

Yn converges a. s .

and in L2
.



Maximal Inequalities
et 9%5

,
be independent ru 's , with Ehmke

set Sn -- Y ,
t - - - t Tru If Vint L2

,
then Markov

tells us pl Isnt > e ) s te ElSi )
But what can we say about

Si :
-

-

in,¥n Isil

Turns out : the Markov conclusion still applies .

Theorem : ( Kolmogorov 's Maximal Inequality )
with Yu

,
Sn as above

,

Pl Si > e) s tea # (si te > o
.



Pf
.

Fix e > o
,
and set t := inf { je N : Isil 's e }

T is a random variable
.

Note that

{ T=j }

Now
, { size}

Notation : Efx : Al - El XDAl

:# Isn
'
: Sinsel = # Isn

'
: I = E. Else : ]

Now a trick :

Sf = (Sjtsn -sit = Sj't Isn - Sil
'

t 2,5,
- ( Sh- Sid

Y ,
t . . - tyg.

T
Yj , t -

- - tYn



Else : Sinsel .- E
,

Ells;
'

ten-sit +25,- By
- S;D Deasy ) )

# flesh-Sj ) . Sjlgosjz )

= If IS;
'
: t.jltltsfsn.SN?t=jl )

is Ee
,

# Csp : t.jp



Theorem : ( Kolmogorov 's convergence Criterion)
Let Hisn? , be independent K random variables

.

JIf ⇐ Var Hn) as , then §
,

in converges as .

Pf
.

Let Sn -

- E
,
Tj .

For man
,
Sn- Sm -

- Tmnt - -
- t In

.

Apply Kolmogorov 's Maximal inequality :

IPKF'snlsj - Sml > E ) seeingElon - smog .- E. Em!,Eoij7
Now let n → es ; we have

PI EYE IS; - Sml > E ) s Ez En ,Yar Hid
Further

, j Pm IS; -Sul = fab,Pml Sj - Smt Sm- Snl s Pm Bj -Sm It k¥11 Sr- Snl
= 2 Pm IS; -Sml



i
.

We have proven that , te - o ,

pjs.nl?mlSj-Skl3e) → o as m→ as

Ie
.

the random variables Sm -

-

= ftp.m IS; -Sul → p O
.

But Smb and Sm> o
.

i
.

8 : -
- king.Sm extists I surely I .

Eg . Let isnt , be iid Rademacher ru 's .

- pl ⇒ D= 's
.

Does

'the series In converge ? is '

a

"

diverges ; converges l


