
Summing Independent Random Variables
Let X

,
Y be two Aloi) random variables

.

What is the law of Xt Y ?

In general , this is an ill - posed question .

Mxxx is not determined by Mx
,
My .

But it is determined by Mx,y - the joint law .



Let xp be
Borel random f

> Mitt (B) = ↳ dµ×+y
vectors in IRD .

Then for BG BURD) ,

so µ×+, is completely determined by Mx,y .

Now
, if X.Y are independent ,



Def . Given two Borel probability measures
µ ,V on Rd

,
their convolution µ*V

is the probability measure on Bl Rd )

µ * V IB) : = f DB lxty) µ Vldxdy)
1122dL

= f VI doe) / GB lkty)µ Idk)
IRD pzd

As we saw Igetting here) ,
if we construct independent BY a Hu

,

Yeh
,

µ *V = Law (x ty)



µ * U (B) = fulB- y ) Vldy ) -

- f v IB - x)µ Idk)
This is the best general formula

(
'of this:::;:÷:b

convolution
.

we can do better .

du -- f DX
> du = gdydd fog t Lt ( Rd ,Bard ) , yd )

µ *v (B) = fielded / BBC xtyvldy ) =/ fix) Adidas f DB lxtylglyldldy)
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did



In the pure point measure case :

Mtv ( B) = f v ( B - x)Meda)
In particular, for any u e IRD

,

m
*VCI = Juku -a} ) plebe)

Eg . µ
-

- Poisson )
,
a- Poiss Ip) .

µ *V sik}



Eg
. µ

-

- V = N lo, 1)

ddtty Lk ) = fml x ) = ¥
,
e-
"42

d (Md cus = fu * focus = f fuk) fu tu -x) da

Aln annoying ) generalized version
of this calculation shows

Nla, s2) * Nlp,E) =



The Law of Sn
Let { Xiii

,
be iid random variables

,

with law µ .
Let Sn -- Xp -

- - txn .

Then Msn
-

-

Eg . µ -

- Po iss la) .

Then Msn =

µ
= Nco

,
sit

.

Then Msn
=

Rescaling : Snl bn for some bn→ es
.

# I = In Effi = hq #CHI
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Embryonic central Limit Theorem

{ Xn)! iid No, S2) random variables , Sn .- Ht - - txn
.

Then for the Ipos) Msn - Nco, n S2)

Pl Snlbnst)

Theorem : Under the above conditions
,

Law Isn Irn)

More generally , if Xn are independent Na, S2) random variables,
then


