
Tail Events

Let
n! be a sequence of random variables

defined on a common probability space Crisp) .

The tail o- field T of these ru 's is

T : = %
,

G ( Xn
,
Xnxi
,
Xun
,

-
. - )

Events E e T are called tail events for the sequence Nudie ,
.

Eg
.

I ftp.xn exists I
e y

& { kiss Xn > 0 }

Eg . Let Sn = Hit " -Nn
.

{ LIT.Sn exists ) e T

{ kingsP Sn > o }



Be careful !
obviously ,
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Theorem
. ( Kolmogorov 's o - l Law )

If lxnli , are independent random variables
on a probability space (r,8, P) , then
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so A = ⇐Bn is an algebra - in particular , a o - system .
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The Borel - Cartelli lemma ( Il HII)
together say : if { Anti , are independent events
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What kinds of random variables are T -measurable ?
To get some intuition, recall the Doob -Dynkin representation .
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for a Bord function t.tk→ IR .

What about ol x ,x, . . . ) - measurable functions ?

Proposition : Let Hani , be random variables .

Let e >o.

If Y is DX, X, . . . ) - measurable and bounded ,
there is some Net
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So
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This suggests that Y is a
" function of nothing
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If WE ,
are independent, this is rigorous .

Proposition : Let Nut , be independent .
If Y is a

Bi- valued random variable that is tail -measurable ,
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