
Regular Borel Measures
If s is a ( locally compact Hausdorff ) topological space,
a measure µ on BCS) is called

• outer - regular if MLB) = in f fuk) : BEV
,
V open }

• inner -regular if µ 1B) = supfuk ) : K SB , k compact }
We shewed ( Lecture 4.2 ) that the outer measure ofa Borel promeasure
is outer regular on Boo - the Lebesgue o - field .

Definition : A Borel measure µ is a Raden measure if
it is locally finite : Mlk ) cos Fk Sr compact ,
and it is both outer- and inner - regular .

Theorem : I 13.171 All finite leg . probability) Borel measures
on Rd are Radon measures

.



Pf . Define I { BE BARD) : too 7 open V , closed C et . C c.BSV, M INC) so } .

We will show that I e BlRd )
.

This suffices :

Cs Bsv ⇒ VIBE VIC

I

BIC C- VIC

/

We will shew that F is a o - field containing all closed sets .

1
.
F contains all closed sets : Let C be closed

.

Fix so
,

let ee ' # Blose) .



2- I is an algebra .

. def
e If AGI , find Cs Ast with pelvic ) - e .

. If A ;Aze8 , find G- C. Ajs Vj with µ ( Vjlcj) lek .

3
.

I is closed under countable disjoint union .

An GI
,
find Cnc. Ans Vn

disjoint with µ Chien)
s 42hm

.

Fix NEH
,
let Dn ' Gu - - - 0cm

" EH } Das An SV



Recall the es - cube a = Co
,
is
'

, equipped with the topology of pointwise arrogance .

We showed that Q is compact , & therefore has the finite intersection property .

Theorem : ( Kolmogorov)
Let un be a probability measure on do, it ,Bks NY) , and suppose these measures

satisfy the following consistency condition :

Unt , ( B x co, 11) = V n CB) FB EB ( co
.

un)
Then there exists a unique probability measure IP on (Q

,
BLQD sit

.

Pl B x Q) = Un CB) f-BE BIG.vn)
.



Pf
.

Set Bn = { Bx Q : BG Blk
,
ND}

= 6110 , ,
- . .

, ion } where itr :@→ cell

Hr ( cardio ,
I ' Kk

.

Let A := ¥
,

Bn
.

Thus A is an algebra
.

Also
,
if

C E Q is closed
,
let

n

= tix - - - xan ( C ) s Gun
,

closed
.

Then C = § hip -

-
- x Bn) ⇒ C E G fan : no- HI = 6 (A)

.

⇒ B ( Q) = 6 CA)
.

Now
,
define : P ( A x Q) : -- un CA) IAEA

.

④

Using the consistency condition , we see that
P is a finitely - additive measure on A .

I HW ]

Thus
,
it suffices to show that P is a premeasure on A

.

Then it extends to a measure D on A-
.

Set P : = Plow . Blas .

^

Then ⑧ will hold for all Ae SLA) leg . by the MCT ) .



Thus
,
suffices to show Pl AD to whenever Anto

,
An EA .

I.e
.

: we will show that
, if Bn e-A

,
But
,
and inn f Pl BD -- e >o ,

Claim : suffices to assume Bn ⇐ gzn
.

then B :=pBn ¥4
.

So
,
Bnf Bn

,

i
. Bri Bix Q

. By regularity , find compact kn
'
c. Bn

'

s
.

t
.

Un (Bil kn
' ) s Elzntl

i. kn : = kn
'
xQ ⇒ Pl Bnl kn) s elznti



i
. if Bnt Ben

,

t Knt Bn kn ' kn'd a set
. Pl Bnl kn) L Eno , .

Thus
,
Pl Bnl fi

,
kid =P I Bi ki )) s Pl Bri ki) s Eg PlBil ki) f¥, c E -

But we assumed inf Pl BD
-

- E > 0
.

Thus

Pl ki)

In particular, we conclude that I
,

Ki



Cor : Consider 1112
,
BUR))

In : # → IR the projection Hnl lake ,
I = an

Bn : = 6 { Ite : Ksn } , B : = 8 ( Bn : n E N )

Let Vw be Borel probability measures on Rn sit .
Until Belk) = Vn ( B) f BENCHED

Then I ! probability measure IP on art
,
B) sit .

IP ( Bx 112
"
) = Vn ( B) t BE BURN

.

Pf
.

Fix a homeomorphism A : IR→ Ce
,
D

.

: an : IR
"
→ 6. Dn is a homeomorphism .

Thus BE BURNT ⇐ A = an ( B) EB ( le
,
it ) S B ( co

,
ein)

.

Set In CA) :-.
.

This
, ( Axe, =



Cor : Let Mn be Borel probability measures on IR .

There exists a probability space crit, P) and
a sequence Xn : Cr ,I, P) → ( IR

,
Blk) ) of

independent random variables , sit .
M X n

= Mn An E N
.

Pf
.

Take A = IRN
,
I = of itn : ne- N }

. Define Un = Mio -
- - gun .

Then

Until 13×112)

i
. By Kolmogorov ,

F p c- Prob( F ) s
.

t
.

IP ( Bx R" I = Unl B) ABE BURD

claims : Xn =
-


