
i id Random Variables

A sequence { Xn} E.
,

of random variables

Xn : -038, IP) → IS
,
B)

is called iid -

- independent and identically distributed
if all the Xn are independent , and Mxn -- fix , the N

.

But how do we know such things exist ?
In general

,
we would like to construct sequences

Exist
,
of independent random variables 1 vectors

with any proscribed laws : fun3nF , on CSB )

Mxn
-

- Mn
For finite sequences , this is easy , and instructive .



Lemma : Let µ .
. . . .mn be probability measures

on Csi
,
BD , - . - , Csn ,Bd . Define
A =

F =

p =

Then the random variables Xn : r→ Sn

are inden dent , and Mxn
-

-

Mn .
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Eg . To construct d iid 16,1 ) random variables
,

set 8 boy = both e-
""L

,
and dm = j dy

en ( IR
,
BURD

.

Then equip (Ird
,
Bard)) with p -- mold

.

i
. I = Hi

,
Xd) with Xnlxi

,
. .

.xd)
-

- kn ane it'd . NG e) .

Since Mx; has a density 8 wrt X ,

⇒ p -

-mold has density 8 - - -08
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Kolmogorov 's Extension Theorem
we'd like to construct ii.d. sequences by
taking products .

That means we need
to be able to take infinite products of
probability spaces .

Setup .

Want a probability measure on I say )

IRA = f Gedi , i knelt theH }

To take advantage of compactness results, we replace R with Ce
,
is

.

A :
-

- Ce
,

is
"

.

← we give it a topology consistent with
the above inclusions co

,
l Id ↳ Q

.

Def : Q is given the topology of pointwise convergence :

od
,
x? .

. .

,
at e- Q converge to a c-Q iff



Theorem : (Tychonaff )
Q is (sequentially ) compact .

Ie
.

If Cam ) in. , is a sequence in Q ,

it has a convergent subsequence CamryE. .
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C Finite Intersection Property ) m
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If km SQ are closed subsets set
. f.

,

Ki 't d Amo N
,
then §

,
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Theorem : ( Kolmogorov)
Let u n be a probability measure on do, it ,Bks NY) ,
and suppose these measures satisfy the following
consistency condition :

Unt , ( Bx co, H) = Vn CB) FBEB ( co
.

un)

Then there exists a unique probability measure
IP on (Q

,
BLQD sit

.

Pl B x Q) = Vn CB) f-BE BIG.vn)
.

Once we prove this , it will generalize almost instantly
from co

,
is to IR (and then to IRD )

.


