
Independent Random Variables

Xi- trip)→ ( Si
,

Bi = ( Rdi, Bardi ))
G Nil = minimal o - field SF st

.
Xi is 81 Bi - measurable

= x # Bi -

- E Xi
' (Bi ) : Bit Bi}

Def : Random variables Hike, are independent
if the o - fields {o Hillier are independent .
It

.

I Bit Bi
,
{ Xi

'

( Bi) }
,
are independent' -

Pl Xi ' l Biloxi
'

CRI e - - -Ni
' IBD)

= Ipl Xi
'

IRD PHI
' CB)) . - - PHI ' IBD)

it
. Blyth, KtB, - n

,
the Bn) -- Blye BD PNE Bd -

- - IPCXNEBD



Lemma : Given random Variables Xi : tr,8. B) → ( Si ,BD ,

if Ei SB; are it -systems set
. skid -- Bi , then

{XilieI am independent iff
{ XIII:Hitt are independent V-E it Ei

Pf
. Ci = XIE ;

-

- { Xi't Eid : Eit Ei }
.

. Ei is a o-system : A
,
BE Ei AaB -

- Xi exit) --XIYEGF)
Kitts )

'

Hills) E
,
Foti c- Ei

- Oki) -

- o (XiEi) -

-Xilai) -- xigzieocxi
i - tei

.

"

Eg .
(Si

,
Bi - ( IR

,
BIRD

.

Take E
.

-

= { tests : talk} L- es
, tinfoil

Thus
,
112 - valued Bonet r

.

v. is Xi are independent
= ↳ " 61 '

iff { Xi
'

I - es , tf } are independent ft -HR

PIX , sty ! . . , Xnstn = pox , sty . .
- plxn.in) = Fx , Hit

- Fxnltn)



Given I -- Hi
,
- .

. ,Xn)
,
Xi :X ,8

,
B)→ IS;Bi

their joint law pix is the probability measure
on B ,

- -
- Bn defined by µx POI

' If 15;BifUR
,
BIRD

6lBpBn ? Bit Bi )
,
o - fielder six- - xsn } B

,
-
-⑦Br -- BURN )

.

I.e
. µ# 1B) -- PCIe B) .

Theorem : Xi
.
. . .in are independent iff ⑤ ✓

Mx
. .
.> Xu =µx , - -- 0µm .

(⇒ ✓

Pf . Let Bio- Bi , iecnl . Then PIX
,
t Bi

.

.
-,XntBJ= IPL # GBP . - ' BD .

If M# =µ× ,
@ -
- Alexis J

-

-M$113 , '
-
-XBD

Conversely , if X
,>
X. are ndep ,

= My LBO
- Malkin)

PCIe Bx - - IBD = lplx
,
oh
,
→
xnc.ph)

= PIXIE BD -

" PLXNEBD

MILBY -→ Bn) = Ply c-BO . . IPCXNEB)
in Xy . -

,
Xn adept.

=MqlBd -
- -fun LBD =p ,

- - gene BP ' Bud
.



Cor : If X
,

Y : oh,9
,
P) → UR

,
BUD) are k

then xp independent ⇒ Cov H,N=o .

Pf
.

Cov HY ) = ENN - ENNEN

Cox. El XY ) = fry up, ldady) -

- fay Mildewy)
= fffoypeyldsd) by Idg)
= Symmetry) - faux lobe)
= #CHECK

The converse is generally fate .

I we'll see later this lecture?



Prop : If Xi
,
.
.
. ,XnE Lt are independent ,

then XML- - -Yn e- Lt
,
and

Ely - -Xnf- END -
-
- LECH

.

Pf . Let I -- Hi , . . ; Xn) . By the independence assumption , M # ' Mx , - -qua .

By Tonelli 's theorem and the change of variables formula :

EllXi - -Xnll = fix , - - - xn 1M¥ (dog . -
dm)
-

IR
"

Mx, ⑦
-
- ⑦Mxn

= f - -- (fix,
I - - - HnlMaidan) ) -

-
-

Mx , Kha) .

= JIN 'M xpdad -
-
- flan1µxnkbD = EIHT - -

- ElHnl) des .

Repeat
, using Fubini

. x,



Theorem : Let Xii th,8 ,D)→ Isi
,
Bi) be ru 's

,
it Cnl

.

Set I -- uh
,

. .
.

,XD .

TFAE :

t
.

Xi
,
.
.
.,Xn are independent .

2
. Me = Mx , - -

- ⑦ Mxn

3
. Elf , NO - -

- fnlxn) f- Elf
,Hill - - - Effnhhdl tf.- e Bl Si

,

Bi)
.

Moreover
,
f- each Csi

,
BielRdi ,Bardi'D ,

we also have the equivalent conditions
4

.

holds ffie Cel Rdi)
5. (Rd holds t fi of the form f- = Dies

,
tix .

-
- x C- es, tail , t.stdic.IR

Pf
.

We've already shown 1.⇐ 2
.

2=73,45 follow from car . + Fubini 's theorem ,
much like the previous proposition . 4,5 ⇒ 3 follow from Dynkin's mutt . syst . th m .

3.⇒ 1 : fi = I Bi
,
Bie Bi

Effi Hill
-

- Ef AB ;Ail -- ftp.idlexis-fq.dhxi-plxic-BD
Effi CXD- - - fnlkd) = fDB,-DBn0W Ida

.
.
--dad = PLIGB ," Dq

DB
,
atBn



Groupings and Functions
Lemma If I , . . . ,8n are independent o - fields lovers) ,

and n= nitnzt - -
- tha , then

G ,

' 618,0 - - 08h
,) ,
Ge 8/9*0 - - - Hn .tn) , GodInit . -ma.mu - - U Fn)

are independent co - fields
.

Pf
. Gi -- GCI, o - - u Fml, GE NEM.io -

- UF)

Ip -
- Ufm Z E

,

= { Air - - - atom : AiEti Hisn)

In.io .- rtn see Samm . - - An : Ait 't . * isn} .
} "indlpstdmml

.

Gee
, g -- A ,

e - Hm D Ned
, Ned ndgp .

E- Ez g. = Amt , o
- - n An Fi Aoi -Dab -anti --or

i . P( Gacy - plan .

- name Anne-- An)
• Q

-

- MADINAT - - - Phan)P1Amw) -
- MAD

=MA,TPLEIAD. IPLGIIPCCD %



Cer : Let Xi : Ir,§P) → Isi,Bi) be independent , iecnl .

Let m n , that - -
-

+ me .
Let

fj :( Snit . - tnj.ms/---xSnit-tnj ,B .

- - ④ B.)→ IR be measurable
, je Lkl .

Then f- = fjlxmt-tnj.in , . . . , knit . - - tnj ) are independent , jelkl .

Eg .
If xyxa.xs.lk, ,Xs are independent, so are

Ktxa
, 1/31/4 ,

0×5

Pf . Xi
,
-

,
Xm

,
Xmm

, →
Xn

Y
,

- filk, > And E- falling> XD

614,7 sock, XD s a Xmas .> XD

( Deeb - Dynkin) 1/1



Uncorrelated us
. Independent

Eg . NY ) = CX
,XD , X , Z Independent, X et , 12-151 with #Etta .

Then Cod X
,
Y ) = # IMI - BEXLEY
= IECXZZI - EEN #GET
= #cxzgiefz-ECHF.CH#fH--7p.xnxmeLelELXnYMI--If xnxmzmf =#fxntmzmj-sfxntmjlff.fm/

.

#Hnl EH MI = ⑤↳ ng#Amy# Com) XYXMGL
"

.

X
=D Me
,
D Zed IS

,

+ IS - i

E. ( X 2+21 = 4 -D ! ! =3 - f =3 .

IECX 4¥04 = I -1=1 A



Method of Moments
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