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Notation : Given a collection M of R - valued
bounded functions on r

,
let

IH (M ) := the s makes subspace of Btr)
containing 1MUSD ,

and

closed under bounded convergence .

Theorem . I 12.51 (Dynkin s Multiplicative systems Theorem)
Let htt s Bl r) be a subspace , containing 1 , and
closed under bounded convergence .

Let IM s IH be a multiplicative system : f. go.IM ⇒ f.ge IM .

Then Itt contains all bounded o l IM ) - measurable functions :

1130461114 )) s IH .

In fact
,

1130461114 )) = All IM ) .



Cor : All GUR)) = BAR
,BIRD .

I.e. the bounded convergence closure of
the compactly - supported continuous functions is all bounded

Barrel measurable functions
.
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Cor : Suppose v.µ are Bond probability measures on R , and

ffdµ = ffdv Tff Cd IR)
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Proof of Dynkin's Multiplicative Systems Theorem
we will prove that NUM ) = Bcr

, HIM) ) . Whoa : the IHHM)
.

Step l : IH is an algebra of functions .

We already know IH is a subspace ; need to show it is a multiplicative system .

Fix ft IH
,
and define Atf : = { go- IH : fge HB .

Must show Alf -- IH
.
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Stop 2 . I := {Asr : the IH) is a 6- field
.
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Step 4 . 611M) s I
.

GCM) = of Ulf
*

BAR) '

- ft IM}) = of U { f- ' la,es) : FHM, aGIRI)
i
. Suffices to show { f > a } C- 8

,

i.e
. Def > ay

G IH V-fo.IM
,
aER

.

'

a



Steps .
AKIM )= Bcr , HM)) .

By step 4 , HIM) SF
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