
Convergence in Measure ( Driver
, 317.2 ]

Def : Let or ,§µ) be a measure space .
Given measurable functions fu ,f:r→lR ,
we say fn→µf ( converges in measure )

if ye> o
, 1¥Ey{ lfn- flee} - O -

Ifm is a probability measure , we call this

convergence in probability .
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Usually ,
"

convergence
"
is Wrt a metric

.

deff,g) : = us If .gl > e} is not a metric .

It's not even a pseudo metric .

But
. .

.

de tf, h) - µ{ If - ht > e) = µ fl tf- g) tlg-DI se}

Theorem : d. If,g) : = µ { If -g I > e)

defines a metro on the space of measurable functions
and fn→uf iff dock

,
f) → 0

.



Def . Lola
,
8
,y) : = { f :A→ R measurable } fu - null sets

equipped with the metric do .

In a probability space , there are other ways to
metrise convergence in probability .

Ees
.

is a metric on till
,
EP)

,
and Xn→pX iff dNyx) -70 .

L HWI

In fact
,
Lo is a complete metric space : Cauchy sequences

converge .

Let's write this without explicit reference to do
.

Def .

A sequence fn E ti is Cauchy in measure
( aka Lo - Cauchy ) if

YE> e T.es ME Ifn- fml Be} = o
.



Theorem : ( 17.91 Let fn
,gn , f,get th, 8 ,m) .

1. ( Uniqueness of limits) If fn→gf and fan -7µg , then f- gas.Gus .

2. ( Limits and vector space ops) If ape IR , fry f , and gnFug , then afntpgnnaftpg .

3
. If f.→af , then ffn} is Cauchy in measure .

Pf .



Theorem :( 17.91 If is an Lo - Cauchy sequence, then
1- ft te et

. some subsequence fun→ f a. S .

Pf .

Moreover
,
f. →af .



Now we must show that the full sequence fn →n f .
Claim : for any l ER , MI tf - free, , I 32
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l
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we've seen that convergence in measure
does not imply a.s . convergence ; however,
it does imply a.s . convergence of a subsequence .

In the converse direction
,
we have :

Theorem : I 17.61 If fn→ f a. s . Cell , then fn→uf .

Pf
.


