
When is there a Density ?
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There is one fairly straightforward
necessary condition
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Theorem 1 Radar - Nikodym)
Let µ , v

be o - finite measures on left) .

Then v ⇐µ if and only if I e :r→ Leos)
measurable set .
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Moreover
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this density e is uniquely defined
up to a µ -null set

.
It is called the

Radon - Nikodym derivative
net
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Theorem ( Lebesgue) (20.81
Let µ , v

be o - finite measures on left) .

Then v has a unique Lebesgue decomposition
v = Va t Vs

where

• Va ←µ (and i . 3- eeltlr,F) et . dki.edu)
• Us 1-µ

: Us andµ are mutually singular ,
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Not every singular measure is discrete !

Eg
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The Devil 's Staircase

is The Radon measure ME
has no point masses -

F is continuous
.
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More Precise Lebesgue Decomposition :

V = Va t Upp t Use ← singular continuous
T ^ Vsc 1-M , Vsc Kw} ) =0 Twtr .

" "Maputo point " EESwi


