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,
7) be the Lebesgue measure

on Borel sets in IR .

We now know how

to define ⇐ DX for felt Cr,B. 1123 .

Eg
.

f =D hell

so we can integrate non - Riemann integrable things .



Thm : Cll .SI Let B denote the completion of BCR)
wrt X

.

Then a bounded function f : Lgbt → IR is
Riemann integrable iff it is BoB measurable

,

and X { xecgbl : f is discontinuous@ a } = o .

In this case
, ↳f

,

DX = fabfixsdx
.
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Partial Proof :

r



The Lebesgue integral also allows us to handle
i. improper integrals " .
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what about other Bord measures on R ?
So long as µ I -n, ng e as the H

,
we mean

Raden measures
,
and so µ -up i.e

. µ lgbt = Fcb)
- Fla) .

F is right - continuous . Suppose that F is



of course
,
not every Radar measure has a density .

Eg . µ
-

- 8
.
= Mp with F = It

# .

We see that F had better be continuous ( it . he has no point mass )
if we want Me to possess a density .

To mimic the calculations on the last page , we may not need
Fact, but we at least need the Fundamental Theorem of
calculus to hold



In general : if F is continuous
,
dfferentiable a. e.

,

and nice enough that
Fla) = I F

'

DX for A - a. e
.

x

capo

then we can mini the preceding to see that

MF CA) = ↳ F'DX
If F e- Ct

,
this is fine .

It works much more generally - but
it doesn't always work , even if F is continuous

,
and dffble a - e

.
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The Devil 's staircase F dff-ble a. e.
,
F
'
- O

.


