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Part 0

Review of Calculus.



1. Total Derivatives

DEFINITION 0.1. Let n,m ≥ 1 be integers, let U ⊆ Rn be open, and let x0 ∈ U . A function
f : U → Rm is called differentiable at x0 if there is a linear map L : Rn → Rm so that, for
sufficiently small v ∈ Rn,

f(x0 + v)− f(x0) = L(v) + o(|v|).
More precisely, the statement is that

lim
v→0

f(x0 + v)− f(x0)− L(v)

|v|
= 0.

When this is true, the linear map L is called the derivative or total derivative of f at x0, denoted
L = Df(x0).

PROPOSITION 0.2. Let f : U ⊆ Rn → Rm, and let x0 ∈ U . The following facts are easy to
verify.

(1) If f is differentiable at a point x0, then it is continuous at x0.
(2) If f is constant then it is differentiable at all points x, and Df(x) = 0.
(3) If f is a linear map, then f is differentiable at all points x, and Df(x) = f ; that is, for

any base point x, the derivative of f based at x is the linear map [Df(x)]v = f(v).

The usual “rules” of differentiation hold for this derivative, as follows.

PROPOSITION 0.3. Let f, g : U ⊆ Rn → Rm be differentiable at x0 ∈ U . Let y0 = f(x0) ∈
V ⊆ Rm, and let h : V → Rp be differentiable at y0.

(1) f + g is differentiable at x0, and D(f + g)(x0) = Df(x0) +Dg(x0).
(2) (Product Rule) Suppose m = 1. Then fg is differentiable at x0, and D(fg)(x0) =

f(x0)Dg(x0) + g(x0)Df(x0).
(3) (Chain Rule) h ◦ f is differentiable at x0, and D(h ◦ f)(x0) = Dh(y0) ◦Df(x0).

The proofs of (1) and (2) are left as Exercises; for (3), see [3, Prop C.3, p.643].

2. Partial and Directional Derivatives

Given f : U ⊆ Rn → Rm with x0 ∈ U , and a vector v ∈ Rn, the directional derivative of f
at x0 in the direction v, should it exist, is defined to be

Dvf(x0) = lim
h→0

f(x0 + hv)− f(x0)

h
=

d

dt
f(x0 + tv)

∣∣∣∣
t=0

.

As a special case, when we let v be a standard basis vector, we get the partial derivatives. Note:
our standard notation for the coordinates in Rn is (x1, x2, . . . , xn). The standard basis for Rn is
denoted {e1, e2, . . . , en}.

DEFINITION 0.4. Let f : U ⊆ Rn → R, and let x0 ∈ U . For 1 ≤ j ≤ n, the partial derivative
∂f/∂xj = ∂jf at x0 is the ordinary derivative of f at x0 with respect to xj , holding all other
variables xi with i 6= j constant. That is

∂f

∂xj
(x0) = lim

h→0

f(x0 + hej)− f(x0)

h
=

d

dt
f(x0 + tej)

∣∣∣∣
t=0

= Dejf(x0),

should this limit exist.
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If the partial derivative ∂jf exists at each point x0 ∈ U , then we can interpret ∂jf as a function
U → R as well, and ask about its partial derivatives.

DEFINITION 0.5. Let U ⊆ Rn be open, and let k ∈ N. A function f : U → Rm is called Ck(U)
if all mixed partial derivatives of length ≤ k:

∂`f

∂xj1 · · · ∂xj`
, 1 ≤ ` ≤ k, j1, . . . , j` ≤ n

are continuous functions. If f ∈ Ck(U) for all k ∈ N, we say f ∈ C∞(U), and call such a function
smooth.

Let f : U ⊆ Rn → Rm be C1. In terms of components f = (f 1, . . . , fm), this means that the
m real-valued functions {f j : 1 ≤ j ≤ m} are in C1(U). Then we can form the m× n matrix

[Jf(x0)]ij =
∂f i

∂xj
(x0).

This is the Jacobian matrix of f . (To be clear: Aij is the entry in the ith row and jth column of
the matrix A, sometimes denoted Aij .)

PROPOSITION 0.6. Let f : U ⊆ Rn → Rm. If f is differentiable at x0 ∈ U , then the partial
derivatives ∂jf(x0), 1 ≤ j ≤ n exists, and in terms of the standard basis, the matrix of Df(x0) is
Jf(x0). Conversely, if f is C1(U), then f is differentiable at each x0 ∈ U , and so again Df(x0)
has matrix Jf(x0).

PROOF. By definition,

∂jf(x0) =
d

dt
f(x0 + tej)

∣∣∣∣
t=0

= D(f ◦ αj)(0),

where αj(t) = x0 + tej is an affine map R→ Rn with αj(0) = x0. Using Proposition 0.2, we have
[Dαj(t)](s) = sej , and so by the chain rule, this derivative exists and

∂jf(x0) = Df(x0) ◦Dαj(0).

In particular, we have [Dαj(0)](1) = ej , and so this tells us that ∂jf(x0) = [Df(x0)](ej), which is
precisely to say that ∂jf(x0) is the jth column of the matrix of Df(x0) in the standard basis. This
shows that Jf(x0) is the matrix.

For the converse, see [6]. �

We therefore usually make no distinction between Df and Jf when it is clear what basis we
are working in. Note, then, mimicking the above proof using the chain rule, we have in general

Dvf(x0) =
d

dt
f(x0 + tv)

∣∣∣∣
t=0

= [Df(x0)](v).

In other words: if f is differentiable, then v 7→ Dvf(x0) is a linear map (it is the total derivative).
The linearity of this map is not at all clear from the definition of directional derivative; and, indeed,
it is not true for non-differentiable functions (even ones with all partial derivatives existing).

COROLLARY 0.7 (Chain rule for partial derivatives). Let f = (f 1, . . . , fm) be a C1 function
U ⊆ Rn → Rm, let x0 ∈ U , and let g = (g1, . . . , gp) be a C1 function V ⊆ Rm → Rp with
f(x0) ∈ V . Then for 1 ≤ i ≤ p

∂j(g
i ◦ f)(x0) =

m∑
k=1

∂kg
i(f(x0))∂jf

k(x0).
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PROOF. We simply calculate

[∂j(g◦f)(x0)]i = ∂j(g
i◦f)(x0) = [J(g◦f)(x0)]ij = [D(g◦f)(x0)]ij =

m∑
k=1

[Dg(f(x0))]ik[Df(x0)]kj

and this is precisely what is stated above. �

COROLLARY 0.8. A composition of smooth functions is smooth.

The proof of Corollary 0.8 is left as an Exercise.

3. Taylor’s Theorem

We will have frequent use for Taylor approximations of smooth functions. In multivariate
form, it is useful to use multi-index notation. Denote [n] = {1, . . . , n}. For a positive integer k
and J = (j1, . . . , jk) ∈ [n]k, we denote for x ∈ Rn

∂J = ∂j1 · · · ∂jk , xJ = xj1xj2 · · · xjk .
Let k be a positive integer, and f ∈ Ck(U) for some open set U ⊆ Rn. For p ∈ U , the kth order
Taylor polynomial of f at p is the polynomial function

Pkf(x; p) =
k∑

m=0

1

m!

∑
J∈[n]m

∂Jf(p)(x− p)J .

Notably we have the first and second order expansions

P1f(x; p) = f(p) +
n∑
j=1

∂jf(p)(xj − pj),

P2f(x; p) = P1f(x; p) +
1

2

n∑
i,j=1

∂i∂jf(p)(xi − pi)(xj − pj).

Taylor’s theorem says, in a precise sense, that f(x) = Pkf(x; p) + o(|x− p|k). Here we will state
and prove this theorem in its most useful version: with integral remainder term.

THEOREM 0.9 (Taylor’s Theorem). Let U ⊆ Rn be open and convex, let k be a positive integer,
and let and f ∈ Ck+1(U). Then for any points x, p ∈ U ,

f(x) = Pkf(x; p) +
1

k!

∑
J∈[n]k+1

(x− p)J
∫ 1

0

(1− t)k∂Jf(p+ t(x− p)) dt. (0.1)

PROOF. We prove this by induction on k. For k = 0, the desired statement is

f(x) = f(p) +
n∑
j=1

(xj − pj)
∫ 1

0

∂jf(p+ t(x− p)) dt.

To see why this is true, let u(t) = f(p+ t(x− p)). Our assumption here is that f is C1 in a convex
neighborhood of x, p, and so the function u (defined along the line joining x to p) is C1[0, 1].
Hence, by the Fundamental Theorem of Calculus,

u(t)− u(0) =

∫ 1

0

u′(t) dt =

∫ 1

0

[Df(p+ t(x− p))](x− p) dt
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and this, together with the fact that u(0) = f(p), yields the result.
Now, suppose (0.1) holds true for a given k. Fix a J ∈ [n]k+1. Then, integrating by parts,∫ 1

0

(1− t)k∂Jf(p+ t(x− p)) dt

=

[
−(1− t)k+1

k + 1
∂Jf(p+ t(x− p))

]t=1

t=0

+

∫ 1

0

(1− t)k+1

k + 1

∂

∂t
∂Jf(p+ t(x− p)) dt.

The first term is simply 1
k+1

∂Jf(p). For the second term, we compute by the chain rule that that

∂

∂t
(∂Jf)(p+ t(x− p)) =

n∑
j=1

∂j(∂Jf)(p+ t(x− p))(xj − pj).

Thus, summing over J , we have∑
J∈[n]k+1

(x− p)J
∫ 1

0

(1− t)k∂Jf(p+ t(x− p)) dt

=
1

k + 1

∑
J∈[n]k+1

∂Jf(p)(x− p)J +
1

k + 1

∑
J∈[n]k+1,j∈[n]

(x− p)J(x− p)j∂j∂Jf(p+ t(x− p))

=
1

k + 1

∑
J∈[n]k+1

∂Jf(p)(x− p)J +
1

k + 1

∑
J ′∈[n]k+2

(x− p)J ′∂J ′f(p+ t(x− p)).

But, by the inductive hypothesis, this sum is k! times f(x)− Pkf(x). Dividing out and combining
yields (0.1) at stage k + 1, concluding the proof. �

COROLLARY 0.10. Let U be an open convex subset of Rn, let p ∈ U , and let f ∈ Ck+1(U)
for some positive integer k. If all partial derivatives of order k + 1 of f are bounded on U – say
|∂Jf(y)| ≤M for J ∈ [n]k+1 – then for x ∈ U ,

|f(x)− Pkf(x)| ≤ nk+1M

(k + 1)!
|x− p|k+1.

PROOF. There are nk+1 terms in the sum on the right-hand-side of (0.1). The J th term is
bounded by

1

k!
|(x− p)J |

∫ 1

0

(1− t)kM dt =
M

(k + 1)!
|(xj1 − pj1) · · · (xjk+1 − pjk+1)|.

Now, set y = x− p. The product term is then |yj1| · · · |yjk+1|, which can be written uniquely in the
form |y1|ε1 · · · |yn|εn for some non-negative integer exponents ε1, . . . , εn satisfying ε1 + · · ·+ εn =
k + 1. Note that

|y|2(k+1) = (|y1|2 + · · ·+ |yn|2)k+1 =
∑

r1,...,rn≥0
r1+···+rn=k+1

(
k + 1

r1 · · · rn

)
|y1|2r1 · · · |yn|2rn

≥ |y1|2ε1 · · · |yn|2εn .

Taking square roots shows that |yj1| · · · |yjk+1| ≤ |y|k+1. Combining this with the above completes
the proof. �
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Taylor’s Theorem is often stated only in the form of Corollary 0.10. This is useful for many
applications, but it fails to make clear an important regularity result: the terms in the o(|x − p|k)
remainder are all of the form (x− p)J (for some J ∈ [n]k+1) times a nice function – if the original
function is Ck+1+`, then these term are themselves C`. We record this as a proposition.

PROPOSITION 0.11. In Taylor’s Theorem 0.9, suppose f ∈ Ck+1+` for some ` > 0. Then the
remainder terms are (x− p)J times functions

x 7→
∫ 1

0

(1− t)k∂Jf(p+ t(x− p)) dt

that are C`.

PROOF. These are functions of the form
∫ 1

0
g(x, t) dtwhere g(x, t) = (1−t)k∂Jf(p+t(x−p)).

Since f ∈ Ck+1+`, ∂Jf ∈ C` for any J ∈ [n]k+1, and so g is C` in both x and t. The result then
follows by differentiating with respect to x (repeatedly) under the integral, which is easily justified
in this situation (see, for example, [6]). �

4. Lipschitz Continuity

DEFINITION 0.12. Let (X, dX) and (Y, dY ) be metric spaces. A function f : X → X ′ is called
Lipschitz if there is a constant C > 0 so that

dY (f(x), f(x′)) ≤ C · dX(x, x′), for all x, x′ ∈ X.
The function is said to be locally Lipschitz if, given x0 ∈ X , there is a neighborhood U containing
x0 such that f |U is Lipschitz.

LEMMA 0.13. Let f : X → Y be a locally Lipschitz map between metric spaces. If K ⊂ X is
compact, then f |K is Lipschitz.

PROOF. By assumption, for each x ∈ K there is neighborhood Ux of x on which f is Lipschitz;
choose a radius δ(x) so that B(x, 2δ(x)) ⊆ Ux; then there is a Lipschitz constant C(x) so that

dY (f(x), f(x′)) ≤ C(x)dX(x, x′), for all x, x′ ∈ B(x, 2δ(x)).

Note that K is contained in the union of all the balls B(x, δ(x)) for x ∈ K. Since K is compact,
there are finitely many points x1, . . . , xn ∈ K so that K ⊆ B(x1, δ(x1)) ∪ · · · ∪ B(xn, δ(xn)).
Define C = max{C(x1), . . . , C(xn)} and δ = min{δ(x1), . . . , δ(xn)}.

• Suppose d(x, x′) < δ. We know there is a points xj ∈ {x1, . . . , xn} so that dX(x, xj) <
δ(xj). Then by the triangle inequality dX(x′, xj) ≤ dX(x′, x) + dX(x, xj) < δ + δ(xj) ≤
2δ(xj). Thus, both x, x′ are in Uxj where f is Lipschitz with constant C(xj) ≤ C, and so
dY (f(x), f(x′)) ≤ CdX(x, x′).
• Suppose, on the other hand, that dX(x, x′) ≥ δ. Since f is continuous, f(K) is compact

(Exercise), and hence it is bounded. Then we have

dY (f(x), f(x′)) ≤ diamf(K) ≤ diamf(K)

δ
dX(x, x′).

This shows that f is Lipschitz on K, with constant ≤ max{C, diamf(K)/δ}. �

The most prevalent examples of Lipschitz functions Rn → Rm (equipped with their usual
Euclidean metrics) are C1 functions.



4. LIPSCHITZ CONTINUITY 13

PROPOSITION 0.14. Let U ⊆ Rn be an open subset, and let f : U ⊆ Rn → Rm be C1. Then
f is locally Lipschitz.

PROOF. Let x0 ∈ U , and fix any closed ball B centered at x0 with B ⊂ U . Note that B is
convex, so for any a, b ∈ B the whole line segment between a and b is contained in B. By the
chain rule, t 7→ f(a + t(b − a)) is differentiable, and so by the fundamental theorem of calculus
applied to its components, we have

f(b)− f(a) =

∫ 1

0

d

dt
f(a+ t(b− a)) dt.

Applying the chain rule, this gives

f(b)− f(a) =

∫ 1

0

[Df(a+ t(b− a))](b− a) dt.

We can therefore estimate

|f(b)− f(a)| ≤
∫ 1

0

|[Df(a+ t(b− a))](b− a)| dt.

Given any m× n matrix A and vector v ∈ Rn, by the Cauchy-Schwarz inequality we have |Av| ≤
|A|2|v| where |A|2 is the Hilbert-Schmidt / Fröbenius norm of A:

|A|22 ≡
m∑
i=1

n∑
j=1

|Aij|2.

Thus, we have |[Df(a + t(b − a))](b − a)| ≤ |Df(a + t(b − a))|2|b − a|. By assumption f ∈
C1(U), which means that x 7→ Df(x) is a continuous matrix-valued function, and therefore so is
x 7→ |Df(x)|2. Hence, M = maxB |Df |2 exists. Since |Df(a + t(b − a))|2 ≤ M , we therefore
have

|f(b)− f(a)| ≤
∫ 1

0

|b− a| dt = M |b− a|.

So f is Lipschitz on the neighborhood B (the interior of B) of x0, with Lipschitz constant ≤
M . �

The converse of Proposition 0.14 is true in a sense: if f is locally Lipschitz on an open set in
Rn, then the f is differentiable almost everywhere.

DEFINITION 0.15. A subset N ⊆ Rn is said to have measure zero if, for any ε > 0, there is a
countable collection of balls {Bj}∞j=1 with N ⊆

⋃∞
j=1Bj , and

∑∞
j=1 Vol(Bj) < ε.

THEOREM 0.16 (Rademacher). Let f : U ⊆ Rn → Rm be a locally Lipschitz function. Then
f is differentiable almost everywhere: the set of points in U at which f is not differentiable has
measure zero.

This theorem is beyond our present purview; the interested reader can find several proofs
quickly by Googling.

The best kind of Lipschitz function is one whose Lipschitz constant is ≤ 1.

DEFINITION 0.17. A function f : X → Y between metric spaces is called a contraction if

dY (f(x), f(x′)) ≤ dX(x, x′), for all x, x′ ∈ X.
If there is a constant λ ∈ [0, 1) such that dY (f(x), f(x′)) ≤ λdX(x, x′) for all x, x′ ∈ X , then f is
called a strict contraction.
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The most basic result for strict contraction is the Banach fixed-point theorem.

THEOREM 0.18 (Banach). Let X be a non-empty complete metric space. If f : X → X is a
strict contraction, then f has a unique fixed-point in X: a unique point x ∈ X such that f(x) = x.

PROOF. First, uniqueness: if f(x) = x and f(y) = y, then we have

d(x, y) = d(f(x), f(y)) ≤ λd(x, y)

and since λ < 1 this is only possible if d(x, y) ≤ 0, meaning x = y.
Now for existence. Fix any initial point x0 ∈ X , and consider the sequence of iterates of f :

x1 = f(x0), x2 = f(x1), and in general xn = f(xn−1) = fn(x0). We will show that xn converges
to a point x, and that this limit is a fixed point of f (hence the unique fixed point). First, note that

d(xn+1, xn) = d(f(xn), f(xn−1)) ≤ λd(xn, xn−1).

Iterating this n times yields
d(xn+1, xn) ≤ λnd(x1, x0).

Thus, by the triangle inequality, for any m ≥ n, we have

d(xn, xm) ≤ d(xn, xn+1)+d(xn+1, xn+2)+· · ·+d(xm−1, xm) ≤ (λn+λn+1+· · ·+λm−1)d(x0, x1).

The sum is
m−1∑
j=n

λj = λn
m−n−1∑
k=0

λk <
λn

1− λ
→ 0 as n→∞.

This shows that (xn)∞n=0 is a Cauchy sequence. Since X is a complete metric space, it follows that
there is a limit x = limn→∞ xn. Now, using the continuity of f ,

f(x) = f
(

lim
n→∞

xn

)
= lim

n→∞
f(xn) = lim

n→∞
xn+1 = x.

Thus, x is a fixed-point of f . �

5. Inverse Function Theorem

Let f : U ⊆ Rn → Rm be a function differentiable at x0. Suppose that f has a differentiable
inverse in a neighborhood of x0: so f−1(f(x)) = x for x in a neighborhood of x0. Denote by In
the n× n identity matrix. Then by the chain rule

In = D(x 7→ x)(x0) = D(f−1 ◦ f)(x0) = [D(f−1)(f(x0))][Df(x0)]. (0.2)

That is: the derivative Df(x0) has an inverse matrix (which is D(f−1)(f(x0))). A matrix can only
be invertible if it is square, and so immediately we see this is only possible if n = m.

A smooth function from an open set U ⊆ Rn onto V which possesses a smooth inverse is
called a diffeomorphism. The above calculation shows that diffeomorphisms only exists between
like-dimensional open sets, and any diffeomorphism has invertible derivative at each point.

The inverse function theorem is a kind of converse to this: if the derivative Df(x0) is an
invertible matrix, then f itself has a differentiable inverse in a small neighborhood of x0: i.e. f is
a local diffeomorphism. We will state this in the smooth (C∞) category, but it holds true for Ck

or just differentiable functions just as well.
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THEOREM 0.19 (Inverse Function Theorem). Let U ⊆ Rn be open, and let f : U → Rn be
smooth. Suppose that, for some point x0 ∈ U , Df(x0) is invertible. Then there exists a connected
neighborhood U0 ⊆ U of x0, and a connected neighborhood V0 ⊆ f(U0) of f(x0), such that
f |U0

: U0 → V0 is a diffeomorphism.

PROOF. To begin, we rescale and recenter: let g(x) = [Df(x0)]−1(f(x + x0) − f(x0)); then
f(x) = [Df(x0)]g(x− x0) + f(x0), and so the statement of the theorem is equivalent to showing
that g has an inverse in a connected neighborhood of 0. Note that g(0) = 0 and Dg(0) = In.
Also note: since x 7→ Dg(x) is continuous, so is x 7→ detDg(x); since detDg(0) = 1, there is a
neighborhood of 0 where Dg is invertible, and so by shrinking the domain of g (which is U + x0)
if necessary, we will assume Dg is invertible everywhere on the domain of g, which we denote U ′.

Set h(x) = x− g(x); then Dh(0) = In − In = 0. Since x 7→ Dh(x) is continuous, it follows
that for all sufficiently small x, |Dh(x)|2 ≤ 1

2
; so choose δ > 0 small enough that B(0, δ) ⊂ U ′

and |Dh(x)|2 ≤ 1
2

for |x| ≤ δ. Thus, by Proposition 0.14, if x, y ∈ B(0, δ),

|h(x)− h(x′)| ≤ 1
2
|x− x′|.

In particular, taking x′ = 0 and noting that h(0) = 0, this gives |h(x)| ≤ 1
2
|x| for |x| ≤ δ.

Now, since g(x)− g(x′) + h(x)− h(x′) = x− x′, we have

|x− x′| ≤ |g(x)− g(x′)|+ |h(x)− h(x′)| ≤ |g(x)− g(x′)|+ 1
2
|x− x′|, for x, y ∈ B(0, δ).

Rearranging this yields
|x− x′| ≤ 2|g(x)− g(x′)|. (0.3)

This shows that g is one-to-one on B(0, δ).
Claim: given y ∈ B(0, δ/2), there is a unique x ∈ B(0, δ) with g(x) = y. To see this, define

h̃(x) = y + h(x) = y + x − g(x); thus g(x) = y iff h̃(x) = x. So it behooves us to show that h̃
has a unique fixed point. First note that

|h̃(x)| ≤ |y|+ |h(x)| < δ

2
+

1

2
|x| ≤ δ, for |x| ≤ δ

and so h̃ maps the complete metric space B(0, δ) into itself. We note also that |h̃(x) − h̃(x′)| =

|h(x)− h(x′)| ≤ 1
2
|x− x′|, and so h̃ is a strict contraction. Thus, the claim follows from Theorem

0.18.
Now, set V ′0 = B(0, δ/2) and U ′0 = B(0, δ) ∩ g−1(V ′0). These are both open sets. The above

argument shows that g : U ′0 → V ′0 is a bijection. From (0.3) we see that g−1 is Lipschitz continuous,
and it follows that the preimage g−1(V ′0) is also connected. All we have left to do is show that g−1

is smooth. If we knew this, (0.2) would show immediately that D(g−1)(g(x)) = [Dg(x)]−1. In
fact, we begin by showing directly that g−1 is differentiable, with total derivative given by this
formula. That is: fix y ∈ V ′0 , and let x = g−1(y). Then for y′ 6= y in V ′0 , setting x′ = g−1(y′) 6= x,
we have
g−1(y′)− g−1(y)− [Dg(x)]−1(y′ − y)

|y′ − y|
= [Dg(x)]−1

(
Dg(x)(x′ − x)− (y′ − y)

|y′ − y|

)
= −|x

′ − x|
|y′ − y|

[Dg(x)]−1

(
g(x′)− g(x)−Dg(x)(x′ − x)

|x′ − x|

)
.

Note that |x′ − x|/|y′ − y| ≤ 2 by (0.3). Since g−1 is continuous, as y′ → y, x′ → x. Now,
as x′ → x, Dg(x′) → Dg(x) since g is C1. Since the matrix function A 7→ A−1 is continuous,
it follows that [Dg(x′)]−1 → [Dg(x)]−1. Since g is differentiable at x, the quantity inside the
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braces tends to 0 as x′ → x. All together, this shows that g−1 is differentiable at x, with derivative
[Dg(x)]−1.

Thus far, we have shown that g−1 is differentiable, and its derivative at y is given by [Dg(x)]−1 =
[Dg(g−1(y))]−1. As a function of y, this is a composition:

y
g−1

7→ g−1(y)
Dg7→Dg(g−1(y))

ι7→[Dg(g−1(y))]−1, (0.4)

where hereDg denotes the map x 7→ Dg(x), and ι(A) = A−1 is the inverse map on matrices. Each
of these functions is continuous (indeed ι is smooth by, say, Cramer’s rule, which expresses the
entries ofA−1 as rational functions of the entries ofA), and this shows that the map y 7→ D(g−1)(y)
is continuous; hence g−1 is C1.

Finally, we show g−1 is smooth inductively: suppose we have shown g−1 is Ck. Then the maps
g−1 and Dg in (0.4) are Ck, and ι is C∞, which shows that D(g−1) is Ck. Hence its components,
the partial derivatives of g−1, are Ck, which is precisely to say that g−1 is Ck+1. Induction now
shows that g ∈ C∞, concluding the proof. �

6. Implicit Function Theorem

An alternative way to view the Inverse Function Theorem is as follows: given f : Rn → Rn,
consider the function Φ: Rn × Rn → Rn given by Φ(x, y) = y − f(x). Then the level set
Φ(x, y) = 0 can be (globally) described as the graph of y as a function (f ) of x. The Inverse
Function Theorem tells us that, if Df(x0) is invertible, then this level set may also be described
(locally) as the graph of x as a function of y.

Put in those terms, there is a natural generalization to the case when n 6= m.

THEOREM 0.20 (Implicit Function Theorem). Let U ⊆ Rn × Rm be open. Denote the co-
ordinates on Rn × Rm as (x1, . . . , xn, y1, . . . , ym). Let Φ: U → Rm be a smooth function, fix
(x0, y0) ∈ U , and let z0 = Φ(x0, y0). Suppose that the m×m matrix[

∂Φi

∂yj
(x0, y0)

]
1≤i,j≤m

is invertible. Then there are neighborhoods V0 ⊆ Rn of x0 and W0 ⊆ Rm of y0, and a smooth
function f : V0 → W0 such that the level set Φ−1(z0)∩ (V0×W0) is the graph of y = f(x); that is

for all (x, y) ∈ V0 ×W0, Φ(x, y) = z0 if and only if y = f(x).

Before giving the proof, we give an example to illustrate the theorem.

EXAMPLE 0.21. Do the equations

x2 − y = a

y2 − z = b

z2 − x = 0

determine (x, y, z) implicitly as functions of (a, b) in a neighborhood of (x, y, z, a, b) = (0, 0, 0, 0, 0)?
To answer, we phrase the question in terms of the level set of a smooth function, and calculate its
derivative:

Φ(x, y, z, a, b) = (x2−y−a, y2−z−b, z2−x), DΦ(x, y, z, a, b) =

 2x −1 0 −1 0
0 2y −1 0 −1
−1 0 2z 0 0

 .
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We want to know if (x, y, z) are locally functions of (a, b); to apply the implicit function theorem,
we must consider the 3× 3 sub-matrix corresponding to ∂x, ∂y, and ∂z, which is 2x −1 0

0 2y −1
−1 0 2z

 .
We can readily compute that the determinant of this sub-matrix is 8xyz − 1. So, at the point
x = y = z = a = b = 0 (which does indeed satisfy the equations), this matrix has determinant −1
which is 6= 0. It therefore follows from the Implicit Function Theorem that, indeed, (x, y, z) can be
expressed locally as a function of (a, b) near this point. In fact, this holds true in a neighborhood
of any point (x, y, z, a, b) satisfying the equations except possibly when xyz = 1

8
.

We might ask instead if (x, z, a) can be expressed locally as a function of (y, b). To answer this
we need to look at the sub-matrix corresponding to ∂x, ∂z, and ∂a, which is 2x 0 −1

0 −1 0
−1 2z 0

 , with determinant constantly equal to 1.

So this matrix is non-singular at all points, and so indeed (x, z, a) can be expressed locally as
a function of (y, b) near any point. Indeed, a little calculation will show that (x, z, a) can be
expressed globally as

x = (y2 − b)2

z = y2 − b
a = (y2 − b)4 − y.

Caution, though: in general, even if the appropriate sub-matrix is always non-singular, the only
guarantees that there is a local impact function near each point. It does not generally imply that
there is a global implicit function, as there is in this example.

PROOF. We consider the auxiliary function Ψ: U → Rn×Rm defined by Ψ(x, y) = (x,Φ(x, y)).
Then we compute the Jacobian:

DΨ(x0, y0) =

 In 0n×m[
∂Φi

∂xj
(x0, y0)

]
1≤i≤m
1≤j≤n

[
∂Φi

∂yj
(x0, y0)

]
1≤i,j≤m

 .
This is a block lower-triangular matrix, with both (square) diagonal blocks invertible (by assump-
tion of the theorem for the lower right block) at (x, y) = (x0, y0). It follows that DΨ(x0, y0)
is invertible. It therefore follows from the Inverse Function Theorem that there exist connected
neighborhoods U0 of (x0, y0) and Y0 of (x0, z0) such that Ψ: U0 → Y0 is a diffeomorphism. U0

contains a product neighborhood V × W of (x0, y0), so shrinking U0 if necessary and setting
Y0 = Ψ(V ×W ), wlog we assume U0 = V ×W .

On this neighborhood, we have a local inverse function Ψ−1 : Rn ×Rm → Rn ×Rm. We may
then write it in the form Ψ−1(x, y) = (A(x, y), B(x, y)), and thus

(x, y) = Ψ(Ψ−1(x, y)) = Ψ(A(x, y), B(x, y)) = (A(x, y),Φ(A(x, y), B(x, y))). (0.5)

ThusA(x, y) = x, and so Ψ−1(x, y) = (x,B(x, y)) for some smooth functionB : Rn×Rm → Rm.
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Now, let V0 = {x ∈ V : (x, z0) ∈ Y0} and W0 = W , and define f : V0 → W0 as f(x) =
B(x, z0). Again from (0.5), it follows that

z0 = Φ(x,B(x, z0)) = Φ(x, f(x)), for x ∈ V0.

This shows that the graph of f is indeed contained in Φ−1(z0). Conversely, let (x, y) ∈ V0 ×W0

be any point where Φ(x, y) = z0. Then Ψ(x, y) = (x,Φ(x, y)) = (x, z0), and so

(x, y) = Ψ−1(x, z0) = (x,B(x, z0)) = (x, f(x)),

showing that y = f(x). So any such point is in the graph of f . This completes the proof. �

7. Solutions of ODEs

An initial value problem is a system of ODEs (ordinary differential equations) of the following
form: given an open interval J ⊆ R, an open subset U ⊆ Rn, a continuous function F : J × U →
Rn, an initial time t0 ∈ J , and an initial condition y0 ∈ U , we seek an Rn-valued differentiable
function y defined on (a subset of) J satisfying

ẏ(t) = F (y0, y(t)), y(t0) = y0.

Note: ẏ(t) = y′(t) = dy
dt

; the notation ẏ is convenient when there are superscript around, and is
common (especially in physics) to denote a time derivative, which will be our perspective in this
course.

The fundamental theorem, stated below, is that if the driving vector field F is sufficiently
smooth (at least locally Lipschitz), then there always exists a unique solution to the initial value
problem for any given initial data x0. (The solution may only exist for a short time.) Moreover, the
dependence of the solution on the initial data is as smooth as the driving field. This last point is not
often covered in ODE courses (because it is much harder to prove), but it will be very important to
us in this course.

The special case in which the driving field F does not depend explicitly on time t is called the
autonomous case. It turns out the general case can be reduced to the autonomous case, as we will
see later; for now, we restrict to autonomous systems.

THEOREM 0.22 (Picard–Lindelöf Theorem for Autonomous ODEs). Suppose U ⊆ Rn and
J ⊆ R are open, and F : U → Rn is locally Lipschitz. Fix a point (t0, y0) ∈ J × U , and consider
the initial value problem

ẏ(t) = F (y(t)), y(t0) = y0. (ODE)
(1) LOCAL EXISTENCE: There exists an open interval J0 containing t0, and a C1 function

y : J0 → U that solves (ODE).
(2) UNIQUENESS: Any two differentiable solutions to (ODE) agree on the intersection of

their domains.
(3) SMOOTH DEPENDENCE ON INITIAL CONDITIONS: Let J0 ⊆ R be an open interval

containing t0 and let U0 ⊆ U be open. Suppose that θ : J0 × U0 → U is a function such
that y(t) = θ(t, y0) is a solution to (ODE) with initial condition y0. Then θ is as smooth
as F (i.e. if F ∈ Ck(U) then θ ∈ Ck(J0 × U0)).

REMARK 0.23. As we will see in the proof, a priori the interval J0 on which the solution y
exists depends on the initial condition x0; however, this interval depends on x0 in a smooth way if
the boundary of U is smooth. In this common kind of situation, it then makes sense for the function
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θ in (3) to be defined on a uniform interval J0 for varying initial conditions, as we explicitly assume
there.

An important technical tool in the proof of Theorem 0.22 is the following ODE comparison
theorem (which is a generalized version of Gronwall’s inequality).

LEMMA 0.24 (Gronwall’s Lemma). Let J ⊆ R be an open interval, and let f : [0,∞) →
[0,∞) be Lipschitz. Suppose u : J → Rn is a differentiable function which satisfies the differential
inequality

|u̇(t)| ≤ f(|u(t)|), for all t ∈ J.
Fix t0 ∈ J , and suppose v : [0,∞) → [0,∞) is continuous, and differentiable on (0,∞), and
satisfies the initial value problem

v̇(t) = f(v(t)), v(0) = |u(t0)|.
Then, for all t ∈ J , it follows that |u(t)| ≤ v(|t− t0|).

PROOF. First, by shifting ũ(t) = u(t + t0) and J̃ = J − t0, we may wlog take t0 = 0 (and
so we rename J̃ to J and ũ to u). Let J+ = J ∩ [0,∞). If t is such that u(t) = 0, then the
desired inequality |u(t)| ≤ v(|t|) holds trivially as v ≥ 0; so we restrict our attention to the set
{t ∈ J+ : u(t) > 0}. Since u is differentiable, hence continuous, this is an open set; on this set,
|u(t)| is also differentiable. We can then calculate

d

dt
|u(t)| = 1

|u(t)|
u(t) · u̇(t) ≤ 1

|u(t)|
|u(t)||u̇(t)| = |u̇(t)| ≤ f(|u(t)|), (0.6)

where the first inequality is the Cauchy-Schwarz inequality, and the second is an assumption of the
lemma.

Now, letA be a Lipschitz constant for f , and definew(t) = e−At(|u(t)|−v(t)). Thenw(0) = 0,
and for t ∈ J+, the desired conclusion |u(t)| ≤ v(t) is equivalent to w(t) ≤ 0. Well, if t ∈ J+ and
w(t) > 0 (meaning that |u(t)| > v(t) ≥ 0), it follows that w is differentiable, and we can calculate

ẇ(t) = −Ae−At(|u(t)| − v(t)) + e−At
d

dt
(|u(t)| − v(t))

≤ −Ae−At(|u(t)| − v(t)) + e−At(f(|u(t)|)− f(v(t)))

which follows from (0.6) along with the assumption v̇(t) = f(v(t)). But A is a Lipschitz constant
for f , and so

f(|u(t)|)− f(v(t)) ≤ |f(|u(t)|)− f(v(t))| ≤ A||u(t)| − v(t)| = A(|u(t)| − v(t)).

This shows that ẇ(t) ≤ 0.
Since w(0) = 0, if w were differentiable for all t ∈ J+ we could now conclude that w(t) ≤ 0

which would conclude the proof. As it stands, we need to be a little more careful. Suppose, for a
contradiction, that there is some time t1 ∈ J+ where w(t1) > 0. Define

τ = sup{t ∈ [0, t1] : w(t) ≤ 0}.
Then, since w is continuous, w(τ) = 0, and by definition w(t) > 0 for τ < t ≤ t1. But then
w is differentiable on (τ, t1), and continuous on [τ, t1], and so by the Mean Value Theorem there
is some t ∈ (τ, t1) where ẇ(t) > 0, even though w(t) > 0, contradicting the above calculations
showing that if w(t) > 0 for t ∈ J+ then ẇ(t) ≤ 0. Thus, we have shown that w(t) ≤ 0 for
t ∈ J+.
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To conclude, we simply replace t by−t in the above argument to show the result also holds for
t ∈ J− = J ∩ (−∞, 0]. �

Let us now proceed to the proof of Theorem 0.22. We begin with the easy case: uniqueness.

PROOF OF THEOREM 0.22(2). Let y1, y2 be two solutions of (ODE) defined on the same in-
terval J0, but with potentially different initial conditions. Shrink the interval slightly to an open
interval J1 containing t0 such that J1 ⊂ J0. The union of the two continuous paths y2(J1) and
y2(J1) is a compact subset of U . So, by Lemma 0.13, the locally Lipschitz vector field F is
globally Lipschitz on this union of paths; let C be a Lipschitz constant. Thus∣∣∣∣ ddt(y1(t)− y2(t))

∣∣∣∣ = |F (y1(t))− F (y2(t))| ≤ C|y1(t)− y2(t)|.

Applying Lemma 0.24 with u(t) = y1(t) − y2(t), f(v) = Cv, and v(t) = eCt|y1(t0) − y2(t0)|
yields

|y1(t)− y2(t)| ≤ eC|t−t0||y1(t0)− y2(t0)|, t ∈ J1.

Thus, if the initial conditions y1(t0) = y2(t0) are the same, then y1(t) = y2(t) for all t ∈ J1. Since
every point of J0 is contained in some closed subinterval J1 of J , the result now follows. �

No we continue with the existence proof.

PROOF OF THEOREM 0.22(1). By assumption F is locally Lipschitz on U . We begin by re-
stricting to some closed ball B = Br(y0) ⊂ U that containst y0 (we choose r small enough that
this closed ball is contained in U ); by Lemma 0.13, F is Lipschitz on B.

They key idea is to rewrite (ODE) as an integral equation:

y(t) = x0 +

∫ t

t0

F (y(s)) ds. (0.7)

Eq. (0.7) is equivalent to (ODE) by the fundamental theorem of calculus. Indeed, if y is any
solution to (ODE), since F is (assumed) continuous, it follows from (ODE) that y ∈ C1(J0), and
so the fundamental theorem of calculus applies. Conversely, if y : J0 → U is any continuous
function satisfying (0.7), again the continuity of F shows that, by the fundamental theorem of
calculus, y satisfies (ODE) (and therefore is C1 as above). Henceforth, we show that (0.7) has a
solution.

We now introduce a linear operator on the space C0(J0;B) of continuous maps J0 → U :

(Iy)(t) = x0 +

∫ t

t0

F (y(s)) ds.

(Note that we have not yet defined the interval J0; for the time being, the definition depends on an
arbitrarily chosen open interval J0 ⊆ J .) For any continuous y, as F is continuous, the integrand
of Iy is continuous, and hence (by the fundamental theorem of calculus) Iy ∈ C1(J0;Rn) ⊂
C0(J0;Rn). That is,

I : C0(J0;B)→ C0(J0;Rn)

is a linear operator. Note that any solution of (0.7) is a fixed point for I , and vice versa. To
prove such a fixed point exists (and conclude the proof), we want to put a metric space structure
on C0(J0;U) and show that I is a strict contraction, to use the Banach fixed point theorem. The
delicate point is that I does not a priori map C0(J0;U) back into itself. This is where the choice
of J0 comes in: we can make it small enough that I does map it into itself, simply because F is
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bounded. Let M = supB |F |, and choose 0 < ε < r/M . We will take J0 = (t0 − ε, t0 + ε). Then
we have the following.

Claim. The linear operator I maps C0(J0;B) into itself. To see this, since we’ve already
discussed above that I maps continuous functions to continuous functions, it suffices to show that
Iy(t) ∈ B for any t ∈ J0. To that end, we estimate as follows:

|Iy(t)− y0| =
∣∣∣∣y0 +

∫ t

t0

F (y(s)) dx− y0

∣∣∣∣ ≤ ∫ t

t0

|F (y(s))| ds ≤
∫ t

t0

M ds < Mε ≤ r.

This proves the claim.
Now we must introduce a metric on C0(J0;B) and show that I is a strict contraction, which

will allow us to use the Banach Fixed Point Theorem 0.18 to prove that I has a unique fixed point,
concluding the proof. There is a standard metric for continuous functions on a compact set, given
by the sup-norm: ‖y‖∞ ≡ supJ0 |y|. Thus, we define

d∞(y1, y2) ≡ sup
j∈J0
|y1(t)− y2(t)|.

It is a standard result that this is a complete metric on C0(J0;B) if J0 is compact; in our case, we
have functions y that are continuous on a bigger interval J . We are taking J0 = (t0 − ε, t0 + ε)
where (so far) we know ε < r/M . We must also choose ε small enough that the closed interval
[t0 − ε, t0 + ε] is contained in J . Then we know that our solution is in C0(J0;B), which is a
complete metric space in d∞. (Note: completeness is just the statement that any uniformly Cauchy
sequence of continuous functions has a continuous limit.)

So, we are left to show that I is a strict contraction on the metric spaceC0(J0;B). To guarantee
this, we need one more constraint on ε. : Let C be a Lipschitz constant for F on B; then we make
sure that ε < 1/C. Then we have for any two y1, y2 ∈ C0(J0;B),

d∞(Iy1, Iy2) = sup
t∈J0

∣∣∣∣∫ t

t0

F (y1(s)) ds−
∫ t

t0

F (y2(s)) ds

∣∣∣∣ ≤ sup
t∈J0

∫ t

t0

|F (y1(s))− F (y2(s))| ds

≤ sup
t∈J0

∫ t

t0

C|y1(s)− y2(s)| ds

≤ C · sup
t∈J0

∫ t

t0

d∞(y1, y2) ds

= C|t− t0|d∞(y1, y2) < Cε · d∞(y1, y2).

Since we choose ε < 1/C, the constant Cε is strictly < 1, and hence, by the Banach fixed point
theorem, I possesses a unique fixed point in C0(J0;B). As discussed above, this fixed point is the
desired solution to (ODE).

To summarize: we have shown that for any ε > 0 small enough that J0 = (t0 − ε, t0 + ε) is
contained in J , and satisfying Cε < 1 and Mε < r (where C is a Lipschitz constant for F , M is
the maximum of F , and r is the distance from y0 to the boundary of U ), it follows that (ODE) has
a solution which exists on the interval J0. �

REMARK 0.25. This proof is often called “Picard iteration”: we showed there is a solution by
appealing to the Banach fixed point Theorem 0.18. The proof of that theorem is by iteration. So, in
total, the above proof shows that the solution to (ODE) can be achieved by iteration of the operator
I starting at any continuous function: i.e. the solution is given by y(t) = limn→∞ I

n(y0)(t) (where,
for convenience, we choose our starting point to be the constant function y = y0).
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For extra nerdiness, we will refer to this proof as “the Picard maneuver”. :)

As for Theorem 0.22(3), which is an important result for us: the proof is quite involved and
technical, so we will leave it for the time being. The interested reader may find it on [3, pp.
667-672].

We conclude this section by showing how the general (non-autonomous) case follows as a
special case of the autonomous case (in one dimension higher).

THEOREM 0.26 (Full Picard–Lindelöf Theorem). Suppose U ⊆ Rn and J ⊆ R are open, and
F : J × U → Rn is locally Lipschitz. Fix a point (t0, y0) ∈ J × U , and consider the initial value
problem

ẏ(t) = F (t, y(t)), y(t0) = y0. (ODE’)
(1) LOCAL EXISTENCE: There exists an open interval J0 containing t0, and a C1 function

y : J0 → U that solves (ODE).
(2) UNIQUENESS: Any two differentiable solutions to (ODE) agree on the intersection of

their domains.
(3) SMOOTH DEPENDENCE ON INITIAL CONDITIONS: Let J0 ⊆ R be an open interval

containing t0 and let U0 ⊆ U be open. Suppose that θ : J0 × U0 → U is a function such
that y(t) = θ(t, y0) is a solution to (ODE) with initial condition y0. Then θ is as smooth
as F (i.e. if F ∈ Ck(U) then θ ∈ Ck(J0 × U0)).

PROOF. Let F = (1, F ) be the Rn+1-valued vector field whose first component (which we
label F 0 for convenience) is constantly 1; this vector field is locally Lipschitz since F is. Consider
the following autonomous ODE in Rn+1:

ẏ(t) = F(y(t)) = (1, F (y0(t), y(t))), y(t0) = (t0, y0). (0.8)

The first component of this equation is simply y0(t) = t with initial condition y(t0) = t0, whose
unique solution is y(t) = t. Hence, given the unique solution y = (y0, y) of (0.8) (guaranteed to
exist by Theorem 0.22(1)), the last n components y give a solution to (ODE’), which is unique by
Theorem 0.22(2) (since uniqueness of y clearly implies uniqueness of y), and depends as smoothly
as F on initial conditions by Theorem 0.22(3) since F ∈ Ck iff F ∈ Ck. �
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CHAPTER 1

Smooth Manifolds

1. Smooth Surfaces in Rd

A smooth manifold is a generalization of a classical smooth surface. The most basic kind of
surface is the graph of a smooth function. That is: if f : U ⊆ Rn → Rm is smooth, then the graph
Γ(f, U) = {(x, y) ∈ U ×Rm : y = f(x)} is a smooth surface. What does this mean? Consider the
associated function ψ : U → Rn × Rm given by

ψ(x) = (x, f(x)).

By definition, ψ is a bijection between U and Γ(f, U). In fact, it is more than a bijection: it is a
homeomorphism. The set Γ(f, U) is a (topological) subspace of Rn×Rm, and it inherits a topology
from this imbedding; the function ψ is a continuous bijection from U onto this space Γ(f, U), and
its inverse is also continuous. (This is left as an exercise.) So, the surface Γ(f, U) is, topologically,
the same as the open set U in Rn.

Not every surface is the graph of a function, globally.

EXAMPLE 1.1. The n-sphere is the subset of Rn+1 of points unit distance from the origin:
Sn = {x ∈ Rn+1 : |x| = 1}. It is not the graph of any function of any variable xj in terms of the
other n variables, as any coordinate line xj = c with |c| < 1 passes through Sn in two points. In
terms of coordinates, Sn is the set of points (x1, . . . , xn+1) such that (x1)2 + · · · + (xn+1)2 = 1;
that is, Sn is the level set of the function Φ(x1, . . . , xn+1) = (x1)2 + · · ·+(xn+1)2 at height 1. Now,
DΦ(x) = 2[x1, . . . , xn+1]. This row matrix is never 0 for x ∈ Sn, which means that it is always
full rank. Thus, at every point x0 ∈ Sn, we can find some coordinate xj such that ∂Φ

∂xj
6= 0, and by

the Implicit Function Theorem, there exists a smooth local function f : V ⊆ Rn → R so that, near
x0, Sn is the graph of xj = f(x1, . . . , xj−1, xj+1, . . . , xn). Thus, even though Sn is not the graph
of a smooth function globally, it is locally.

This motivates our more general definition.

DEFINITION 1.2. Let n < d be positive integers. A smooth n-dimensional surface in Rd

is a set S ⊂ Rd with the property that, for each point x0 ∈ S, there is an open set Vx0 ⊆ Rn,
and a smooth function f : Vx0 → Rd−n, and some partition of coordinates v = (xj1 , . . . , xjn)
and w = (xk1 , . . . , xkd−n) (where {j1, . . . , jn, k1, . . . , kd−n} = {1, . . . , d}), such that x ∈ S with
x ∼ (v, w) and v ∈ Vx0 if and only if w = f(v). In other words, a smooth n-dimensional surface
in Rd is a subset which is locally the graph of d− n variables as functions of the other n.

This definition is set up precisely to conform to the Implicit Function Theorem. Indeed, let us
make one more definition.

DEFINITION 1.3. Let Φ: Rn × Rm → Rm be a smooth function. A point c ∈ Rm is called a
regular value for Φ if, for any x in the level set Φ−1(c), the derivative DΦ(x) has full rank m.

COROLLARY 1.4. If Φ: Rn × Rm → Rm is a smooth function and c ∈ Rm is a regular value
of Φ, then the level set Φ−1(c) is a smooth n-dimensional surface in Rn+m.

25
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PROOF. Choosem pivotal columns in the matrixDΦ(x); then them×m submatrix composed
of these columns is invertible. The Implicit Function Theorem therefore implies that the level set
Φ−1(c) is locally the graph of a function of these pivotal m variables in terms of the remaining n
variables. This is the definition of a smooth n-dimensional surface. �

EXAMPLE 1.5. The Orthogonal Group O(n) consists of those n× n real matrices Q with the
property thatQ>Q = In (i.e. invertible matrices withQ−1 = Q>). Note that the condition is that, if
Qi is the ith column ofQ, then [Q>Q]ij = 〈Qi, Qj〉 = δij; so the columns ofQ form an orthonormal
basis for Rn. Of course, since Q−1 = Q> we also have QQ> = In, and so the rows of Q also
form an orthonormal basis for Rn. It is a group under matrix multiplication: if Q1, Q2 ∈ O(n),
then (Q1Q2)−1 = Q−1

2 Q−1
1 = Q>2 Q

>
1 = (Q1Q2)>; and (Q−1)> = (Q>)−1 = Q, so O(n) is closed

under product and inverse (and clearly contains the identity In). Note that, if x, y ∈ Rn are vectors,
and Q ∈ O(n), then 〈Qx,Qy〉 = 〈Q>Qx, y〉 = 〈x, y〉; that is, O(n) consists of linear isometries
of Rn. In fact, it is the group of all linear isometries of Rn.

By definition, O(n) is the level set Φ−1(In) where Φ(A) = A>A. The function Φ is a smooth
map from Mn → Mn (indeed, all its entries are polynomial functions); here Mn is the n2-
dimensional vector space of n × n real matrices. It is better to view this map having a smaller
codomain: the set Msa

n of self-adjoint (i.e. symmetric) matrices, since Φ(A)> = (A>A)> =

A>A = Φ(A) ∈ Msa
n . It is easy to check that the dimension of Msa

n is n(n+1)
2

. So we have a
smooth function

Φ: Mn →Msa
n

and our set of interest is the level set O(n) = Φ−1(In). Now, let us compute the derivative of Φ.
For any given A ∈Mn, DΦ(A) : Mn →Msa

n is the linear map given by

[DΦ(A)](H) = A>H +H>A.

(Showing this is the case, from the definition of the derivative, is left as an exercise.) Now, consider
this derivative at any point Q ∈ O(n). In fact, if X is any symmetric matrix X ∈ Msa

n , then by
taking H = 1

2
QX , note that

[DF (Q)](1
2
XQ) = 1

2
Q>QX + 1

2
X>Q>Q = 1

2
(X +X>) = X.

This shows that the linear map DΦ(Q) : Mn →Msa
n is surjective, i.e. full-rank, for any Q ∈ O(n).

Thus, In is a regular value of Φ, and so by Corollary 1.4, O(n) is a smooth surface in Mn, whose
dimension is n2 − n(n+1)

2
= n(n−1)

2
.

2. Topological Manifolds

A smooth manifold is a generalization of a smooth surface. In fact, we will eventually see that
it is no generalization at all: every n-dimensional smooth manifold is a smooth surface in Rd for
some d ≤ 2n. However, we do not want to be biased by the imbedding of our manifold, and instead
view it as an abstract space. Before we get to smooth manifolds, we must first define (topological)
manifolds.

DEFINITION 1.6. An n-dimensional manifold M = Mn is a second-countable Hausdorff
space that is locally Euclidean. To be precise: M is

• SECOND-COUNTABLE: there is a countable collection U = {Un}n∈N of open sets in M
with the property that any open set in M is a union of elements of U .
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• HAUSDORFF: given any two distinct points p, q ∈ M , there are two open sets U, V ⊂ M
so that p ∈ U , q ∈ V , and U ∩ V = ∅.
• LOCALLY EUCLIDEAN: given any p ∈ M , there is an open neighborhood U ⊆ M of
p that is homeomorphic to an open set in Rn. Let Û be such an open set in Rn, and let
ϕ : U → Û be a homeomorphism. The pair (U,ϕ) is called a coordinate chart near p.

The second-countability condition is a requirement to prevent exotic topological spaces that
are “too big” from being manifolds. The Hausdorff condition is there to prevent us from including
exotic, pathological spaces (like the real line with two origins) from being manifolds. These are
technical conditions; the heart of the definition is (3), that M is locally Euclidean.

PROPOSITION 1.7 (Smooth surfaces are manifolds). If S is an n-dimensional smooth surface
in Rd, then S in an n-dimensional manifold.

PROOF. Since Rd is second-countable and Hausdorff, so is any subspace, including S. Now,
from the definition of smooth surface, we know that, for any x0 ∈ S, there is a partition of co-
ordinates x ∼ (v, w) with v ∈ Rn and w ∈ Rd−n, and an open set V ⊆ Rn, and a smooth
function f : V → Rd−n, so that the graph Γ(f, V ) coincides with the surface S near x0. The func-
tion ψ(x) = (x, f(x)) is a homeomorphism onto its image, and so the set U = ψ(V ) is an open
neighborhood of x0 in S, with a homeomorphism ϕ = ψ−1 : U → V . �

EXAMPLE 1.8 (The n-sphere). As shown in the previous section, the n-sphere Sn is a smooth
surface, and so by the previous proposition, Sn is an n-dimensional manifold. Let’s looks specif-
ically at some standard coordinate charts on it. For each j ∈ {1, . . . , n + 1}, consider the (open)
half spaces:

H±j = {(x1, . . . , xn+1) ∈ Rn : ± xj > 0}.
Define U±j = H±j ∩ Sn, the northern and southern hemispheres. It is easy to check that U±j
is the graph of the function xj = ±f(x1, . . . , x̂j, . . . , xn+1), where f : Bn → R is the smooth
function f(u) =

√
1− |u|2. Here Bn = {u ∈ Rn : |u| < 1} is the unit ball, and the notation

(x1, . . . , x̂j, . . . , xn+1) means xj is omitted from the list: i.e. this is the point

(x1, . . . , x̂j, . . . , xn+1) = (x1, . . . , xj−1, xj+1, . . . , xn+1) ∈ Rn.

Now, any point x ∈ Sn is contained in at least one of the hemispheres U±1 , . . . , U
±
n+1. Thus, for a

point in U±j , we have the coordinate chart ϕ±j : U±j → Bn given by

ϕ±j (x) = (x1, . . . , x̂j, . . . , xn+1)

which is a homeomorphism whose inverse is y 7→ (y,±f(y)) (reordered so that the f(y) coordinate
is in the jth entry).

Now, let’s consider a manifold that is not evidently a subset of a Euclidean space.

EXAMPLE 1.9 (Real Projective Space). The real projective space RPn is defined to be the
set of all 1-dimensional subspaces of Rn+1; that is, points in RPn are lines through the origin in
Rn+1. It is made into a topological space via the quotient map π : Rn+1 \ {0} → RPn, where
π(x) = span{x}. (This means that a set U in RPn is open iff π−1(U) is open in Rn+1 \ {0}.) Note
that RPn can also be thought of as the quotient of the n-sphere by the equivalence relation x ∼ −x
(i.e. antipodal points are identified). It is left as an exercise to the topologically-minded reader to
prove (or look up the proof) that RPn is second-countable and Hausdorff.
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For 1 ≤ j ≤ n + 1, let Vj ⊂ Rn+1 \ {0} be the set of points where xj 6= 0, and let Uj =
π(Vj) ⊂ RPn. Thus Uj is the set of 1-dimensional subspaces of Rn+1 that are not parallel to the
xj = 0 plane. The preimage π−1(Uj) is easily seen to precisely equal Vj , which is open, and so
by definition Uj is open in RPn. Since no 1-dimensional subspaces of Rn+1 are parallel to all
coordinate planes, it follows that every point in RPn is contained in at least one of the Uj .

Now, define ϕj : Uj → Rn by

ϕ(π(x1, . . . , xn+1)) =
1

xj
(x1, . . . , x̂j, . . . , xn+1).

This map is well-defined since π(x) = π(λx) for any non-zero scalar λ. Note that ϕ : π : Vj → Rn

is continuous, and so by the definition of the (quotient) topology on RPn, it follows that ϕj is
continuous. What’s more, it is a homeomorphism: it is straightforward to verify that its inverse is
given by

ϕ−1
j (u1, . . . , un) = π(u1, . . . , uj−1, 1, uj+1, . . . , un),

which is also evidently continuous. Hence, RPn is locally Euclidean (with patches in Rn), and
hence is an n-dimensional manifold.

Finally, an example for building manifolds out of others.

EXAMPLE 1.10 (Product Manifolds). Let M1, . . . ,Mk be manifolds of dimensions n1, . . . , nk.
Then M1×· · ·×Mk is a manifold of dimension n1 + · · ·+nk. Indeed, the product of any finite (or
countable) collection of second-countable Hausdorff spaces is second-countable Hausdorff. For
the local Euclidean property, if (p1, . . . , pk) ∈M1×· · ·×Mk is a point in the product, then choose
a coordinate chart (Uj, ϕj) near each pj , and note that (U1×· · ·×Uk, ϕ1×· · ·×ϕk) is a coordinate
chart near (p1, . . . , pk).

In particular, taking the circle S1 (which is the n-sphere in the case n = 1), the n-torus is the
product Tn = S1 × · · · × S1 = (S1)n. It is a (fun) n-dimensional manifold.

3. Smooth Charts and Atlases

Näively, we might expect that a smooth manifold should be one where the charts (U,ϕ) come
with smooth functions ϕ. (This is certainly the case for the hemisphere charts on the n-sphere
given in Example 1.8.) However, this doesn’t really make sense in general: a manifold M is
an abstract topological space, and so we do not know how to define smoothness for a function
ϕ : U ⊆ M → Rn. In Example 1.8, the set M was constructed already as a subset of Rn+1, and
so the notion of smoothness is present. In general, we want to avoid this case, and work with
manifolds abstractly.

In fact, we are going to turn this question around: the point will be to define what it means for a
function f : M → Rn to be smooth. Again, the näive choice is to define this locally: taking p ∈M
and a chart (U,ϕ) at p, we should insist that the composite function f ◦ϕ−1 : ϕ(U) ⊆ Rn → Rn be
smooth. This is, in fact, the definition we will use, but we must be careful. In general, there will be
many charts at p, and the definition of smoothness should not depend on which one we use. Thus,
for this notion of smoothness to be well-defined, we require a consistency condition.

DEFINITION 1.11. Let M be a manifold, and let (U,ϕ) and (V, ψ) be two charts such that
U ∩ V 6= ∅. The transition map from (U,ϕ) to (V, ψ) is the composite map

ψ ◦ ϕ−1 : ϕ(U ∩ V )→ ψ(U ∩ V ).



4. SMOOTH STRUCTURES 29

Note that ϕ(U ∩ V ) and ψ(U ∩ V ) are open subsets of Rn, and ψ ◦ ϕ−1 is a homeomorphism
between them. The two charts are said to be smoothly compatible if the transition map ψ ◦ ϕ−1

is a diffeomorphim.
A collection of charts whose domains cover all of M is called an atlas A . If all the charts in

A are smoothly compatible, we call it a smooth atlas.

EXAMPLE 1.12. Following Example 1.8, consider the two charts (U+
1 , ϕ

+
1 ) and (U+

2 , ϕ
+
2 ).

Note that U+
1 ∩ U+

2 is the portion of the circle in the first quadrant, and we have ϕ+
1 (U+

1 ∩ U+
2 ) =

ϕ+
2 (U+

1 ∩ U+
2 ) = (0, 1), and ϕ+

1 (x, y) = y while ϕ+
2 (x, y) = x. Then (ϕ+

2 )−1(x) = (x,
√

1− x2),
and so the transition map from ϕ+

2 to ϕ+
1 is

ϕ+
1 ◦ (ϕ+

2 )−1(x) =
√

1− x2.

This is a smooth map on the unit interval; in fact it is a diffeomorphism there. Similar calculations
show that all the transition maps in the atlas A = {(U±j , ϕ±j ) : 1 ≤ j ≤ n + 1} are diffeomor-
phisms, making this a smooth atlas on Sn+1.

EXAMPLE 1.13. Following Example 1.9, consider the atlas of charts (Uj, ϕj) on RPn. Assum-
ing, for convenience, that i > j, we can compute that

ϕj ◦ ϕ−1
i (u1, . . . , un) =

1

uj

(
u1, . . . , ûj, . . . , ui−1, 1, ui, . . . , un

)
,

which is a smooth map from ϕi(Ui∩Uj) onto ϕj(Ui∩Uj). The inverse is given by a similar formula
(with the 1 first and omitted variable second), and so the transition maps are all diffeomorphisms.
Hence, this is a smooth atlas for RPn.

EXAMPLE 1.14. Given smooth atlases on M1, . . . ,Mk, their products give a smooth atlas on
M1 × · · · ×Mk.

We would now like to define a smooth manifold to be a manifold in possession of a smooth
atlas. But this is not careful enough, for two reasons.

• It is possible for a manifold to possess two or more smooth atlases that are not smoothly
compatible with each other. This means that the definition of smooth function on the
manifold will again be ill-defined: a given function’s smoothness depends on which atlas
one chooses to use. Hence, the smooth atlas itself must be a part of the definition –
different smooth atlases on the same manifold define different smooth manifolds.
• On the other hand, it may well be that two distinct smooth atlases give rise to precisely

the same class of smooth functions. In this case, we do not wish to consider the two
manifold-atlas pairs to be distinct smooth manifolds. We could address this point by
defining a smooth manifold to be an equivalence class of manifold-atlas pairs, but there
is an easier way, as follows.

4. Smooth Structures

DEFINITION 1.15. Let M be a manifold. A smooth atlas A on M is called complete or
maximal if it is not properly contained in any larger smooth atlas. That is, A is complete if, given
any chart (U,ϕ) that is smoothly compatible with all the charts in A , it follows that (U,ϕ) ∈ A .

A complete atlas on M is called a smooth structure on M . A smooth manifold is a pair
(M,A ), where M is a manifold, and A is a smooth structure on M .



30 1. SMOOTH MANIFOLDS

The apparent disadvantage of the complete atlas definition of a smooth structure is that such
objects are very large, and difficult to describe. For example, the set of all charts smoothly compat-
ible with the 2(n+ 1) charts in the “hemispheres” atlas of Sn in Example 1.8 includes charts with
all possible open sets U as domains, and then on each one a huge uncountable mess of coordinate
chart functions ϕ. Not to worry, though: we can still talk about the smooth structure on the sphere
by specifying only those 2(n+ 1) charts, due to the following.

LEMMA 1.16. LetM be a manifold, and let A be a smooth atlas onM . Then there is a unique
smooth structure A on M that contains A . (It is called the smooth structure determined by
A .)

PROOF. We define A be be the set of all charts that are smoothly compatible with every chart
in A . Since A is a smooth atlas, A ⊆ A . In particular, A is an atlas. We need to show three
things.

(1) A is a smooth atlas (i.e. all its charts are smoothly compatible).
(2) A is a smooth structure (i.e. it is complete).
(3) A is the unique smooth structure containing A .

(1) We must show that if (U,ϕ) and (V, ψ) are two charts in A with U ∩ V 6= ∅, they are
smoothly compatible. That is, we must show that ψ ◦ ϕ−1 : ϕ(U ∩ V ) → ψ(U ∩ V ) is smooth.
(We actually need to show it is a diffeomorphism, but in the proof we do this for all pairs of charts,
including these two in reverse, showing that the inverse is also smooth.)

Fix a point p ∈ U ∩ V , and let x = ϕ(p) ∈ ϕ(U ∩ V ). Since A is an atlas, there is some
chart (W,ϑ) ∈ A with p ∈ W . By the definition of A , (U,ϕ) and (V, ψ) are both smoothly
compatible with (W,ϑ). Hence, both of the maps ϑ ◦ ϕ−1 and ψ ◦ ϑ are smooth on their domains.
Thus ψ ◦ϕ−1 = (ψ ◦ ϑ−1) ◦ (ϑ ◦ϕ−1) is smooth on a neighborhood of x. This was for an arbitrary
point x ∈ ϕ(U ∩V ), and smoothness is a local property, so ψ ◦ϕ−1 is indeed smooth on ϕ(U ∩V ).
This shows that the two charts are smoothly compatible, and so A is an atlas.

(2) We now show that A is a complete smooth atlas. But this is pretty easy: since A ⊆ A ,
if (U,ϕ) is any chart that is smoothly compatible with every chart in A , then it is automatically
smoothly compatible with every chart in A – which means, by definition, that (U,ϕ) ∈ A .

(3) Let B be any smooth structure containing A . Since B is an atlas, all its charts are smoothly
compatible, and so in particular every chart in B is smoothly compatible with every chart in A .
But that means, by definition, that B ⊆ A . But B is assumed to be complete, and since every
chart in A is smoothly compatible, it follows that B = A , concluding the proof. �

EXAMPLE 1.17. The Euclidean space Rn comes with a standard smooth structure, which is
the smooth structure determined by the single coordinate chart (Rn, IdRn). But there are other
distinct smooth structures on Rn as well. For example when n = 1, consider the chart (R, ψ)
where ψ(x) = x3, which is a homeomorphism R→ R. By Lemma 1.16, there is a unique smooth
structure on R containing this chart. It is not the standard smooth structure; for, if it were, the
two charts (R, IdR) and (R, ψ) would be smoothly compatible. But note that IdR ◦ ψ−1 is the map
y 7→ y1/3, which is not smooth.

Let’s consider now a few more examples of smooth manifolds.

EXAMPLE 1.18. Let M be a smooth manifold, with complete smooth atlas A . If W ⊆ M is
any open subset, then W is also a smooth manifold, with smooth structure determined by the atlas
{(U,ϕ) : (U,ϕ) ∈ A , U ⊆ W}. Note: since A is complete, its coordinate charts that happened
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to be contained in W already included a covering of W , so the resulting collection of restricted
charts is indeed an atlas.

So, in particular, any open subset of Rn is a smooth manifold. An example of this form gives
us another member of the classical family of Lie groups: GL(n), the group of all invertible n× n
matrices. Since it can be described as det−1(R\{0}), and det is continuous while R\{0} is open,
it follows that GL(n) is an open subset of Mn

∼= Rn2 . Thus, GL(n) is a smooth manifold (with
the subspace smooth structure).

In fact, GL(n) is an open dense subset of Mn. To see this, let A ∈ Mn be any matrix. Let
pA(λ) = det(A− λIn) be its characteristic polynomial. This polynomial has n complex roots (the
eigenvalues of A). Let r = min{|λ| : λ 6= 0, pA(λ) = 0}. Then A− εIn is invertible for 0 < ε < r.
This shows GL(n) is dense in Mn.

The next example, the Grassmannian manifold of k-planes in Rn, is a generalization of real
projective space.

EXAMPLE 1.19 (Grassmannians). For 0 ≤ k ≤ n, let Gr(n, k) denote the set of all k-
dimensional subspaces of Rn. (So, for example, Gr(n+ 1, 1) = RPn as in Example 1.9.) Problem
7 on Homework 1 shows how to define the standard smooth structure on the Grassmannian that
makes it into a smooth manifold.

In fact, Homework 1 Problem 7 relies on Homework 1 Problem 6, which is essentially the
same as Lemma 1.35 (the “Smooth Manifold Charts Lemma”) in [3]. We state this again as a
proposition here, since it allows us to dispense with a lot of the separate topological preliminaries
when working with a smooth manifold. Also, to be slightly more general, instead of using a fixed
Euclidean space Rn, we allow the actual model Euclidean space to vary from point to point (as long
as the dimension is fixed), specifying a Hilbert space for each chart. Note that all the usual notions
(the norm topology, open sets, continuous and smooth maps) make sense in a finite-dimensional
Hilbert space, without imposing the coordinate structure of Rn.

PROPOSITION 1.20. Let M be a nonempty set. Let J be an index set. Let n be a positive
integer. For each j ∈ J , suppose

• Uj is a nonempty subset of M ,
• Hj is a real Hilbert space of dimension n, and
• ϕj : Uj → Hj is an injective map whose image is open in Hj .

Furthermore, suppose that
• there is a countable subset I ⊂ J so that

⋃
i∈I Ui = M , and

• for any two points p 6= q in M , either there is a single Uj with p, q ∈ Uj , or there are
disjoint Uj ∩ Uk = ∅ with p ∈ Uj and q ∈ Uk.

Finally, suppose that each of the transition maps

ϕk ◦ ϕ−1
j : ϕj(Uj ∩ Uk)→ ϕk(Uj ∩ Uk), j, k ∈ J

is smooth (as a map from an open subset of Hj to Hk). Then there is a unique topology on M for
which each ϕj is a homeomorphism onto its image, making M a topological manifold. Moreover,
if λj : Hj → Rn is a given isometric isomorphism, then the set A ≡ {(Uj, λj ◦ ϕj) : j ∈ J} is a
smooth atlas on M .

The proof of Proposition 1.20 is left as Problem 6 on Homework 1. We will use this proposition
frequently. Moreover, from here on, we will use the terms chart and smooth atlas to refer to the
nominally more abstract objects above, where the coordinate patches are in finite-dimensional
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Hilbert spaces (of fixed dimension) whose representation may vary from chart to chart, rather than
necessarily a fixed Rn.

REMARK 1.21. We could even loosen the a priori requirement that all the model spaces Hj

have the same dimension n, only requiring that they be finite dimensional. In this case, it follows
from the last requirement (that the transitions maps be smooth) that the dimension ofHj is constant
along each connected component of M ; the proof of this is also part of Problem 6 on Homework
1. But this definition would allow, for example, the disjoint union of S1 and S2 to be considered a
smooth manifold, meaning dimension would not be well-defined for disconnected manifolds. We
will exclude this possibility.



CHAPTER 2

Smooth Maps

Now having defined a smooth manifold (with the idea of giving meaning to smooth functions
on said manifolds), we can define smooth maps. Note: the words map and function are usually
used interchangeably; here, we will try to be consistent about reserving the word function for a
map whose codomain is a Euclidean space Rn, while map could mean a function between any two
manifolds.

NOTATION 2.1. A smooth manifold is a pair (M,A ) where A is a smooth structure on M . It
will be more convenient to just say “let M be a smooth manifold,” with the given smooth structure
understood as part of the given data. In this case, if we must refer to the smooth structure explicitly,
we will use the notation AM .

1. Definitions, Basic Properties

DEFINITION 2.2. Let M and N be smooth manifolds. A map F : M → N is called smooth
if, for each p ∈ M , there is a chart (U,ϕ) ∈ AM with p ∈ U , and a chart (V, ψ) ∈ AN with
F (p) ∈ V , such that F (U) ⊆ V , and the composite map

ψ ◦ F ◦ ϕ−1 : ϕ(U)→ ψ(V )

is smooth.

In other words: a smooth map is a map that is smooth in local coordinates. This is well-defined:
suppose we have two charts (Uj, ϕj) at p and (Vj, ψj) at F (p) for j = 1, 2. Since they are each
chosen from a smooth atlas, the transition maps between them are smooth. Thus, if F is smooth
(in the above sense) with respect to (U1, ϕ1) and (V1, ψ1), then on U1 ∩ U2

ψ2 ◦ F ◦ ϕ−1
2 = (ψ2 ◦ ψ−1

1 ) ◦ (ψ1 ◦ F ◦ ϕ−1
1 ) ◦ (ϕ1 ◦ ϕ−1

2 )

is a composition of smooth maps, and is also smooth. This is precisely the reason for the smooth
compatibility condition in the definition of smooth atlas to begin with.

There is one slight subtlety in the definition: we require that the chart in the codomain (V, ψ)
satisfy F (U) ⊆ V . This is necessary to even make sense of the composition ψ ◦ F on all of U .

PROPOSITION 2.3. Let M,N be smooth manifolds. A smooth map F : M → N is continuous.

PROOF. Fix a point p ∈ M . Choose charts (U,ϕ) at p and (V, ψ) at F (p) so that F (U) ⊆ V
and ψ ◦ F ◦ ϕ−1 is smooth on ϕ(U). This composite map is therefore continuous. Thus, on U , we
have

F |U = ψ−1 ◦ (ψ ◦ F ◦ ϕ−1) ◦ ϕ
is a composition of continuous maps, and hence is continuous. This shows that F is continuous on
a neighborhood of the arbitrary point p ∈M ; thus F is continuous. �

33
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Using the continuity of F , the following alternate characterization of smoothness is often use-
ful.

PROPOSITION 2.4. Let M,N be smooth manifolds. A map F : M → N is smooth if and only
if the following holds true. For every p ∈ M , there is a smooth chart (U,ϕ) at p and a smooth
chart (V, ψ) containing F (p) such that U ∩ F−1(V ) is open in M and

ψ ◦ F ◦ ϕ−1 : ϕ(U ∩ F−1(V ))→ ψ(V )

is a smooth map.

The proof is left as an exercise. Note: the condition that U ∩F−1(V ) is open here is a replace-
ment for the choice of U, V with F (U) ⊆ V in the definition. Without this explicit requirement,
the alternate characterization of smoothness would allow for discontinuous maps.

EXAMPLE 2.5. Let F : R→ R be F = 1[0,∞): F (x) = 0 if x < 0 and F (x) = 1 if x ≥ 1. Here
we take the usual smooth structure determined by (R, IdR) for R in the domain and codomain. For
any x 6= 0, one can take either (−∞, 0) or (0,∞) (equipped with the identity map) as a chart in
the domain, and R in the codomain, to see that F is smooth (of course) near x. For x = 0, take
U = (−1

2
, 1

2
) and V = (1

2
, 3

2
). Then F−1(V ) = [0,∞), and so U ∩ F−1(V ) = [0, 1

2
), which is not

open in R. Ignoring this condition, however, and noting that all the coordinate functions are IdR,
the composition ψ ◦F ◦ϕ−1 on ϕ(U ∩F−1(V )) = [0, 1

2
) is just the map ψ ◦F ◦ϕ−1(x) = x, which

is smooth (in the sense that it is the restriction of a smooth function on R to the set [0, 1
2
)). Hence,

the condition U ∩F−1(V ) be open is crucial for smoothness to carry its usual meaning (and imply
continuity).

The next lemma follows immediately from the definition of smoothness, and its proof is left as
an exercise.

LEMMA 2.6 (Smoothness is Local). Let M,N be smooth manifolds. A map F : M → N is
smooth iff for every p ∈ M , there is an open neighborhood U ⊆ M containing p so that F |U is
smooth.

COROLLARY 2.7 (Smooth Gluing Lemma). Let M,N be smooth manifolds. Let {Uj : j ∈ J}
be an open cover of M . For each j, suppose Fj : Uj → N is a smooth map. Moreover, suppose
that Fj|Uj∩Uk = Fk|Uj∩Uk for all j, k ∈ J . Then there is a unique smooth map F : M → N so that
F |Uj = Fj for each j ∈ J .

PROOF. For any p ∈ M , choose some Uj 3 p, and define F (p) = Fj(p). This is well-defined
by the overlapping consistency condition: if p ∈ Uk as well, then Fk(p) = Fj(p) = F (p). Clearly
this is the unique function F with the desired property, so it remains only to show that F is smooth.
This follows from Lemma 2.6: for any p ∈ M , choose some Uj 3 p; on this open neighborhood,
F |Uj = Fj is smooth, and hence F is smooth. �

2. Smooth Functions, and Examples

In the special case that our target manifold is a Euclidean manifold, we refer to a smooth map
f : M → Rk as a smooth function. By definition, this means that, for each p ∈ M , there is a chart
(U,ϕ) at p, and a chart (V, ψ) at f(p) in Rk, such that f(U) ⊆ V and ψ ◦ f ◦ ϕ−1 is smooth on
ϕ(U). In fact, it suffices to always take V = Rk and ψ = Id, giving the following apparently
stronger definition.



2. SMOOTH FUNCTIONS, AND EXAMPLES 35

DEFINITION 2.8. Let M be a smooth manifold, and let k be a positive integer. A function
f : M → Rk is called smooth if, for each p ∈M , there is a chart (U,ϕ) so that the function

f ◦ ϕ−1 : ϕ(U)→ Rk

is smooth. This composite function is called the coordinate representation of f in the chart
(U,ϕ).

If this holds true, then evidently f is smooth in the sense of Definition 2.2 (taking (V, ψ) =
(Rk, Id)). Conversely, if f : M → Rk is smooth in the sense of Definition 2.2 with some codomain
chart (V, ψ) satisfying f(U) ⊆ V , then note that

f ◦ ϕ−1 = ψ−1 ◦ (ψ ◦ f ◦ ϕ−1)

is well-defined since f(U) is contained in V , and is a composition of smooth functions, thus is
is smooth. Thus, the two definitions are equivalent. A similar argument shows that if M is also
an open subset of a Euclidean space Rn, then this notion of smoothness coincides with the usual
calculus definition.

In the special case k = 1, the set of smooth functions f : M → R is denoted C∞(M). In this
case, since we can add and multiply the valued f(p) for any p ∈ M , C∞(M) has the structure
of a commutative algebra. This algebra can be used to recover the topological properties of the
manifold; this approach is the beginning of algebraic geometry.

Let us now consider some examples of smooth maps.

EXAMPLE 2.9. Let M = {(x, y) ∈ R2 : x > 0}. The function f(x, y) = x2 + y2 is smooth
in the classical sense. Let’s consider its coordinate representation in a different chart (other than
the identity chart on M , which is an open subset of R2. Let ϕ : (−π

2
, π

2
) × (0,∞) → M be the

global polar coordinate chart ϕ(r, θ) = (r cos θ, r sin θ). Then the coordinate representation of f ,
f̂ = f ◦ ϕ−1 : (−π

2
, π

2
) × (0,∞), is given by f̂(r, θ) = r2 (which is, just as clearly, smooth). It is

not uncommon in differential geometry to confuse the notations f and f̂ , and simply refer to local
coordinate representation of f in the (r, θ) coordinate as f(r, θ) = r2. (This is common even in
most multivariate calculus classes.) We will try to avoid this, as it is confusing; but you will come
across it at some point, so try not to be afraid of what will look like obvious nonsense.

EXAMPLE 2.10. It is easy to verify that all of the following maps are smooth on any manifold
M :

• Any constant map.
• The identity map M →M .
• If U ⊆M is open, then the inclusion map U ↪→M is smooth.

EXAMPLE 2.11. Let ι : Sn ↪→ Rn+1 denote the inclusion. Then, using the atlas of hemispheres
(cf. Example 1.8) with ϕ±j (x1, . . . , xn+1) = (x1, . . . , x̂j, . . . , xn+1), we have the coordinate repre-
sentations of ι, ι̂ : ϕ±j (U±j )→ Rn+1 given by

ι̂(u1, . . . , un) = (u1, . . . , uj−1,±
√

1− (u1)2 − · · · − (un)2, uj, . . . , un)

which is smooth on the domain ϕ±j (U±j ) = Bn = {(u1, . . . , un) : (u1)2 + · · ·+ (un)2 < 1}. Thus,
ι is a smooth map.
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EXAMPLE 2.12. Let π : Rn+1 \ {0} → RPn be the defining projection π(x) = spanR{x}.
Then, in the coordinate charts (Uj, ϕj) for RPn given in Example 1.9, and using the identity coor-
dinates on Rn+1 \ {0} (restricted to the set {xj 6= 0} so that π maps them into Uj), we have

ϕj ◦ π(x1, . . . , xn+1) =
1

xj
(x1, . . . , x̂j, . . . , xn+1).

This is a smooth map on its domain, and so π : Rn+1 \ {0} → RPn is smooth.

We can also build new smooth functions from old ones in the usual ways.

PROPOSITION 2.13. Let M,N,P be smooth manifolds. Let k be a positive integer.
(a) If f, g : M → Rk are smooth functions, then f + g : M → Rk is a smooth function, and

f · g : M → R (the dot product in the range) is a smooth function.
(b) If F : M → N and G : N → P are smooth, then so is G ◦ F : M → P .

PROOF. Part (a) is left as an exercise. For part (b): fix a point p ∈ M . By smoothness of G,
there is a chart (V, ψ) at F (p) in N , and a chart (W,ϑ) a G(F (p)) in P with G(V ) ⊆ W , such that
ϑ ◦ G ◦ ψ−1 : ψ(V ) → ϑ(W ) is smooth. Since F is smooth, it is continuous, and so F−1(V ) is
an open neighborhood of p in M . By the completeness of the atlas on M , we may choose a chart
(U,ϕ) at p so that U ⊆ F−1(V ), which implies that F (U) ⊆ V . By the smoothness of F (and
the smooth compatibility of the atlas AM ), we have ψ ◦ F ◦ ϕ−1 : ϕ(U)→ ψ(V ) is smooth. Now,
(G ◦ F )(U) = G(F (U)) ⊆ G(V ) ⊆ W , and on ϕ(U),

ϑ ◦ (G ◦ F ) ◦ ϕ−1 = (ϑ ◦G ◦ ψ−1) ◦ (ψ ◦ F ◦ ϕ−1)

is a composition of smooth maps between Euclidean spaces, and so is smooth. Thus, by definition,
G ◦ F is smooth. �

EXAMPLE 2.14. The composition π ◦ ι : Sn → RPn, with ι and π from Examples 2.11 and
2.12, is therefore a smooth map. This is the map which sense x ∈ Sn to spanR{x} ∈ RPn. It is a
2-to-1 covering map, since the preimage of any element π(x) ∈ RPn consists of the two antipodal
points {x,−x} in Sn. This is the usual map by which we visualize RPn, as the quotient of Sn by
identifying antipodal points. We now see that this quotient map is smooth.

As usual, “vector-valued” maps are smooth iff all their components are smooth.

PROPOSITION 2.15. LetM1, . . . ,Mk andN be smooth manifolds. Let πj : M1×· · ·Mk →Mj

be the projection map. Then πj is smooth for each j. Moreover, if F : N → M1 × · · ·Mk is any
map, then F is smooth if and only if Fj = πj ◦ F : N →Mj is smooth for 1 ≤ j ≤ k.

The proof of Proposition 2.15 is left as an exercise.

3. Diffeomorphisms

Now that we know what “smooth” means for maps between manifolds, we can define the basic
morphism in the category of smooth manifolds.

DEFINITION 2.16. Let M,N be smooth manifolds. A diffeomorphism F : M → N is a
smooth map that possesses a smooth inverse. If there exists a diffeomorphism M → N , we say
that M and N are diffeomorphic; we write M ∼= N .
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EXAMPLE 2.17. (1) The open unit ball Bn is diffeomorphic to the whole Euclidean space
Rn, via the map

F (x) =
x√

1− |x|2
, whose inverse is F−1(y) =

y√
1 + |y|2

.

So Bn ∼= Rn.
(2) Let M be a smooth manifold and let (U,ϕ) be a chart in a smooth atlas. Then ϕ : U →

ϕ(U) is a diffeomorphism (its local coordinate representation in the ϕ-coordinates is the
identity map, in either direction). So: a smooth manifold is locally diffeomorphic to Rn.

One key immediate property of diffeomorphisms is invariance of dimension (which is ex-
tremely hard to prove for homeomorphisms).

THEOREM 2.18 (Invariance of Dimension). Let M,N be smooth manifolds. If M ∼= N , then
dimM = dimN .

(Here dimM = n if M is an n-dimensional manifold.)

PROOF. Let F : M → N be a diffeomorphism. For any point p ∈ M , choose smooth charts
(U,ϕ) at p and (V, ψ) and F (p) with F (U) ⊆ V . Because F is a homeomorphism, it is an open
map, and so F (U) is open; by restriction if necessary, wlog we may therefore take V = F (U).
Then ψ ◦ F ◦ ϕ−1 : ϕ(U) → ψ(V ) is a diffeomorphism between Euclidean spaces, with inverse
ϕ ◦ F−1 ◦ ψ−1. But we know (cf. Section 5) that diffeomorphisms can only exist between same-
dimensional Euclidean spaces. This concludes the proof. �

Here is a list of basic properties of diffeomorphisms that are straightforward to verify.

PROPOSITION 2.19. (1) A composition of diffeomorphisms is a diffeomorphism.
(2) A finite Cartesian product of diffoeomorphisms is a diffeomorphism.
(3) A diffeomorphism is a homeomorphism.
(4) If F : M → N is a diffeomorphism between smooth manifolds, and U ⊆M is open, then

F |U : U → F (U) is a diffeomorphism.
(5) The relation M ∼= N (diffeomorphic) is an equivalence relation on smooth manifolds.

The last point in the proposition shows that we really want to think of a smooth manifold as
an equivalence class under the diffeomorphism relation: we don’t want to consider two smooth
manifolds to be different if they are, in fact, diffeomorphic.

EXAMPLE 2.20. Consider the alternate smooth structure on R from Example 1.17, where the
smooth atlas is determined by the global chart (R, ϕ(x) = x3). Denote this smooth manifold by
R̃. This is not the standard smooth structure on R. However, consider the map

F : R→ R̃, F (x) = x1/3.

Then in local (i.e. global) coordinates, with (R, Id) be the chart on R, we have

ϕ ◦ F ◦ Id−1(x) = ϕ(x3) = x, Id ◦ F−1 ◦ ϕ−1(y) = F−1(y1/3) = y.

Thus, in local coordinates, F is the identity map, which is clearly a diffeomorphism. We have
therefore shown that R ∼= R̃.

So R and R̃ are “the same” after all (as smooth manifolds, they are diffeomorphic). This leads
naturally to the question: are there any smooth structures on the topological manifold R that are
not diffeomorphic to the standard smooth structure? It turns out the answer is no (and we may get
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to develop all the tools needed to prove that theorem in this course). A wider question is: given two
topological manifolds M and N that are homeomorphic, is it possible to find smooth structures on
them that are not diffeomorphic? This is a very difficult question in general, and is still a topic of
much current research. Here are are few answers in specific cases that are pretty mind-blowing.

• If dimM ≤ 3, then there exists a unique (up to diffeomorphism) smooth structure on M .
[Munkres 1960; Moise 1977]
• If n 6= 4, then the standard smooth structure on Rn is the only one up to diffeomorphism.

However, there are uncountably many non-diffeomorphic smooth structures on R4. These
are called “fake R4s”. [Donaldson and Freedman, 1984].
• There are exactly 15 non-diffeomorphic smooth structures on S7. [Milnor, 1956; Kervaire

and Smale, 1963].
• If n > 3, there exists a compact topological n-manifold which possesses no smooth

structures at all.

4. Partitions of Unity

Since we must always work locally on a manifold, we want to be able to put local objects
together into a global object. The “smooth gluing lemma” Corollary 2.7 is an example. But it
is too weak for most purposes: there we must know how to extend our smooth function from
one neighborhood to another where they are identical on the (big) intersection; this turns out to
be generally impossible to arrange if we didn’t already know of the existence of a global smooth
function in the first place. If we only wanted continuity, we only need to arrange agreement on the
intersections of closed sets, and this is much easier. But there’s no way to get smoothness this way.

The main tool that we will use throughout this course to overcome this technical problem is
called a partition of unity. The first step is to refine our cover of coordinate charts so that they do
not overlap too much, and the resulting diffeomorphic patches of Rn are open balls.

Let M be a manifold, and let O be an open cover. Another open cover O ′ of M is called a
refinement of O if, for any U ∈ O ′, there is some V ∈ O with U ⊆ V . A cover O is called locally-
finite if, for any p ∈ M , there is a niehgborhood of p that only intersects finitely many U ∈ O .
Our first lemma here shows the real reason we need to assume our manifolds are second-countable:
this guarantees the existence of locally-finite open covers.

LEMMA 2.21. Let M be a smooth manifold, and let O be an open cover of M . Then there is
an open cover O ′ of coordinate charts that refines O , is locally-finite, and each coordinate chart
in O ′ has compact closure, and is diffeomorphic to Rn (or Bn).

PROOF. By second-countability, M is σ-compact (Exercise): there is a countable collection of
compact sets K1, K2, K3, . . . so that M =

⋃
nKn. Now, let V1 ⊃ K1 be an open set with compact

closure. Then V1 ∪ K2 is compact, and similarly has an open neighborhood V2 with compact
closure. Continuing this way, we produce a nested sequence V1, V2, V3, . . . of open sets, with
Vn ⊂ Vn+1, each with compact closure, such that K1∪ · · · ∪Kn ⊂ Vn. It follows that M =

⋃
n Vn.

Then we also have M =
⋃
nAn where An are the closed annular regions An = Vn \ Vn−1 (where

we take V0 = ∅). These are all compact.
Fix n ≥ 1. For each p ∈ An, there is some W ∈ O with p ∈ U . There is also some chart

(U,ϕ) at p, and so U ∩W is an open set containing p. Let B be a ball in ϕ(U ∩W ) small enough
that ϕ−1(B) ⊆ Vn+1 \ Vn−2 (this is possible by the continuity of ϕ); then Bp = ϕ−1(B) is a
neighborhood of p that is diffeomorphic to a ball (via ϕ) and is contained in U and in Vn+1 \ Vn−2.
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(We call such neighborhoods coordinate balls.) Now, since An is compact, we may choose finitely
many Bp of these that cover An. Take O ′ to be this countable collection of open sets for n ≥ 1,
which are all by construction diffeomorphic to balls (and since each element is contained in some
Vn+1, it has compact closure). This gives an open cover of M subordinate to O; we need only
show it is locally-finite.

Fix any p ∈ M , and let B ∈ O ′ be a coordinate ball containing p, that was introduced at stage
n above. Then B ⊆ Vn+1. Now, if B′ ∈ O ′ was introduced at stage m, then it is not in Vm−2, so as
long as m− 2 > n+ 1, B does not intersect B′. Thus, the set of elements B′ that do intersect the
given neighborhood B of p are among those that were introduced at stages 1, 2, . . . , n + 2. There
are only finitely many of these, and so O ′ is locally-finite, as desired. �

EXERCISE 2.21.1. The above construction produced a locally-finite open cover O ′ that is
countable. In fact, in any second-countable space, any locally-finite open cover is countable.
Prove this.

Another technical result that will be useful in what follows is the shrinking lemma: any locally-
finite open cover can be shrunk a little bit (in the sense of shrinking each open set in the cover) and
still remain an open cover.

LEMMA 2.22 (Shrinking Lemma). Let O be a locally-finite open cover of M . Then each
U ∈ O contains a subset U ′ with U ′ ⊂ U such that the collection of U ′ is also a locally-finite open
cover.

PROOF. As discussed above, the cover O is countable, so list it O = {U1, U2, U3, . . .}. Con-
sider the set

C1 = U1 \
⋃
j≥2

Uj.

This set is closed: indeed, it is equal to U1 \
⋃
j≥2 Uj , for if p ∈ ∂U1 then, since U1 is open, p /∈ U1,

and so p ∈
⋃
j≥2 Uj . This shows U1 \

⋃
j≥2 Uj ⊆ U1 \

⋃
j≥2 Uj , and the reverse containment is

immediate.
ThusC1 is a closed set which is closed and contained inU1, and satisfiesM = C1∪U2∪U3∪· · · .

Choose any open set U ′1 with the property that C1 ⊂ U ′1 ⊂ U ′1 ⊂ U1. Then {U ′1, U2, U3, . . .} is an
open cover of M . Now proceed by induction: having produced U ′1, . . . , U

′
k, let

Ck+1 = Uk+1 \ (U ′1 ∪ · · · ∪ U ′k ∪ Uk+2 ∪ Uk+3 ∪ · · · ).
By the same argument as above, Ck+1 is closed, contains U2, and M = U ′1 ∪ · · · ∪ U ′k ∪ Ck+1 ∪
Uk+2 ∪ Uk+3 ∪ · · · . Choose any open set U ′k+1 which satisfies Ck+1 ⊂ U ′k+1 ⊂ U ′k+1 ⊂ Uk+1.

We need to show that {U ′1, U ′2, U ′3, . . .} is an open cover; this is where local-finiteness comes
in. Fix p ∈M ; then there is a finite collection of Uj containing p, and so let n = max{j : p ∈ Uj}.
By the above induction argument, {U ′1, . . . , U ′n, Un+1, Un+2, . . .} is an open cover of M , and so
p ∈ U ′1 ∪ U ′2 ∪ · · ·U ′n ∪ Un+1 ∪ Un+2 ∪ · · · . But since p is not in Uj for j > n, it follows that
p ∈ U ′1 ∪ · · · ∪U ′n. This holds for any p, and so {U ′1, U ′2, U ′3, . . .} indeed form an open cover. (That
it is locally-finite follows from the fact that it is a refinement of a locally-finite open cover.) �

This brings us to our local tool for building smooth functions: a (smooth) partition of unity.

DEFINITION 2.23. Let O be an open cover of M . A partition of unity subordinate to O is a
collection of functions {ψU : M → R : U ∈ O} with the following properties:

• suppψU ⊂ U
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• 0 ≤ ψU(p) ≤ 1 for all p ∈M
• The refinement O ′ of O , given by U ∈ O ′ iff ψU is not identically 0, is locally-finite.
•
∑

U∈O ψU(p) = 1 for each p ∈M .

Note that the last condition (that the functions sum to 1) makes sense in light of the other
conditions: for any fixed p ∈ M , the set of U ∈ O ′ containing p is finite, and so the set of ψU for
which ψU(p) 6= 0 is finite; hence the sum is always a finite sum.

The main theorem of this section is the assertion that every smooth manifold admits a smooth
partition of unity subordinate to the open cover of its smooth structure. This is an enormously
powerful theorem for building global smooth functions out of local ones. Indeed, let {(Uj, ϕj)}j∈J
be the smooth structure of M . For each j, choose some smooth function f̂j : Rn → R. Then
fj = f̂j ◦ϕj is a smooth function on the smooth manifold Uj . We can extend it to a function on all
of M by setting fj = 0 on M \Uj . This is not generally a smooth function, but that doesn’t matter:
we can define the global function f =

∑
j ψjfj for a smooth partition of unity subordinate to the

open cover {Uj}j∈J , and then f will be smooth (because the non-smooth parts of fj are smashed
to 0 by the compact support of ψj inside Uj).

We will see how to use this technique in many important examples in what follows. First, we
need to see why a smooth partition of unity exists. The key is the existence of “smooth bump
functions” on Rn.

PROPOSITION 2.24. Let 0 < r < R < ∞. There exists a smooth function h : Rn → R with
the following properties:

(1) h(x) = 1 for |x| ≤ r.
(2) h(x) = 0 for |x| ≥ R.
(3) 0 < h(x) < 1 for r < |x| < R.

PROOF. First, it suffices to prove the proposition in the case n = 1: if h1 is such a function in
the n = 1 case, then we can set h(x) = h1(|x|), which clearly possesses properties (1)–(3). The
function x 7→ |x| is smooth on Rn \ {0}, and so h (being a composition of a smooth function with
x 7→ |x|) is as well; it is also smooth at 0 since it is, by construction, = 1 on a neighborhood of 0.

To prove the existence of such an function h1 : R → R, we first build a smooth version of a
cutoff function. Set f(t) = e−1/t

1t≥0. Then f is smooth on R \ {0}. In fact, it is also smooth
at 0. First, continuity at 0 follows by l’Hôpital’s rule since limt→0 e

−1/t = 0 = f(0). Continuing
by induction, it is straightforward to verify that, for t 6= 0 and any positive integer k, f (k)(t) =
pk(t)e

−1/t/t2k for some polynomial pk. This means, by l’Hôpital’s rule, that limt→0 f
(k)(t) = 0.

On the other hand, we also have

f (k)(0) = lim
t→0

f (k−1)(t)− f (k−1)(0)

t
= lim

t→0

pk−1(t)e−1/t/t2(k−1)

t
= 0

again by induction. Thus, f (k) exists and is continuous, for each k, and so f is smooth, as desired.
Note that f(t) = 0 for t ≤ 0, while f(t) > 0 for t > 0. It is easy to then verify that

h1(t) =
f(R− |t|)

f(R− |t|) + f(|t| − r)
has the desired properties, concluding the proof. �

COROLLARY 2.25. Let M be a smooth manifold. Let K ⊂ U ⊂ M with K compact and U
open. Then there is a smooth function f : M → [0, 1] with f ≡ 1 on K and f ≡ 0 on M \ U .
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PROOF. For each p ∈ K, choose a chart (Up, ϕp) at p such that Up ⊆ U , and ϕp(p) = 0. Let
Rp > 0 be such that the ball B(0, 2Rp) is contained in ϕp(Up). Choose some rp ∈ (0, Rp), and let
hp be a smooth bump function as in Proposition 2.24 with radii rp and Rp. Then gp = hp ◦ ϕp is a
smooth function onUp. We can extend it to all ofM by setting gp(q) = 0 for q ∈M\ϕ−1

p (B(0, Rp))

(this agrees with the bump function on the preimage of the annulus B(0, 2Rp) \ B(0, Rp), and so
the function is smooth by the smooth gluing lemma, Corollary 2.7). Hence, for each p we have
a smooth function gp which is 0 outside Up, and hence outside U , and gp is strictly positive on
U ′p = ϕ−1

p (B(0, Rp)).
Now, as K is compact, we can choose finitely many p1, . . . , pk so that K ⊂ U ′p1 ∪ · · · ∪ U

′
pk

.
Thus, the function g = gp1 + · · · + gpk is a smooth function on M which is 0 outside U , and
which is strictly positive on K. By the compactness of K, this means that there is some δ > 0
with g(p) ≥ δ for all p ∈ K. Let k : R → R be a smooth transition function on the interval [0, δ]:
k(x) = 0 for x ≤ 0 and k(x) = 1 for x ≥ δ, while 0 ≤ k(x) ≤ 1 for all x. For example, if h1 is a
bump function as in Proposition 2.24, with inner radius δ and outer radius 2δ, then we could take

k(x) =

{
h1(δ − x), x ≤ δ

1, x ≥ δ
.

Then the function f = k ◦ g has the desired properties. �

THEOREM 2.26. Let M be a smooth manifold, and let O be an open cover. There is a smooth
partition of unity subordinate to O .

PROOF. To begin, refine the open cover of smooth charts to a locally finite one O all of whose
elements are coordinate balls with compact closure, cf. Lemma 2.21, and define ψU ≡ 0 for
U /∈ O . Now, apply the shrinking lemma to produce a new locally-finite cover O ′ refining O so
that for each U ∈ O there is a U ′ ∈ O ′ with U ′ ⊂ U . By our construction, the open sets U ∈ O
have compact closure, and therefore U ′ is compact. By Corollary 2.25, there is a smooth function
fU : M → [0, 1] such that fU ≡ 1 on U ′ and supp fU ⊂ U . Define f =

∑
U∈O fU . As the cover is

locally-finite, this is a finite sum at each point. For each p, there is some neighborhood V so that
only finitely many U ∈ O intersect V ; thus, on V , f is this fixed finite sum of smooth functions,
and so is smooth. Moreover, Since the U ′ cover M , it follows that f > 0 on M . Thus, we may
define ψU = fU/f . These are smooth functions, whose supports are subordinate to the locally-
finite cover O; they clearly take values in [0, 1], and have been designed so that

∑
U∈O ψU = 1. �

5. Applications of Partitions of Unity

PROPOSITION 2.27. Let M be a smooth manifold, and let A,B ⊂ M be disjoint closed sets.
There exists a smooth function f : M → [0, 1] such that f−1(0) = A and f−1(1) = B.

PROOF. This is an exercise on Homework 2. �

We may talk about smooth functions on any subset of a smooth manifold.

DEFINITION 2.28. Let M,N be smooth manifolds, and let A ⊆ M be any subset. A map
F : A → N is called smooth if, for each p ∈ A, there is an open neighborhood Up ⊆ M and a
smooth map Fp : Up → N so that F |A∩Up = Fp|A∩Up .
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One might expect the definition of smoothness on A to be the nominally stronger statement
that F is the restriction of a smooth function on a neighborhood of all of A. As it turns out, these
are equivlalent for closed sets A and functions taking values in Rk.

PROPOSITION 2.29. Let A ⊆ M be closed, and let f : A → Rk be a smooth function in the
sense of Definition 2.28. Let U be any open neighborhood of A. Then there is a smooth function
f̃ : M → Rk such that f̃

∣∣∣
A

= f and supp f̃ ⊆ U .

PROOF. For each p ∈ M , choose a neighborhood Up and a local smooth extension f̃p of f
to Up, as in Definition 2.28; wlog assump Up ⊆ U (i.e. replace Up by Up ∩ U if necessary).
Then the collection {Up : p ∈ M} ∪ {M \ A} is an open cover of M . Fix a smooth partition
of unity {ψp : p ∈ M} ∪ {ψ0} subordinate to this cover (so, in particular, suppψp ⊂ Up and
suppψ0 ⊂M \ A).

For each p ∈ A, the function ψpf̃p is smooth on Up and 0 outside the closed subset suppψp ⊂
Up; hence, we can extend it to a smooth function on all of M by setting it equal to 0 outside
suppψp. Then define

f̃ =
∑
p∈A

ψpf̃p.

By local-finiteness, at each point q ∈ M there is a neighborhood where this is a fixed finite sum,
and thus defined a smooth function on that neighborhood; thus f̃ ∈ C∞(M,Rk). Note that ψ0 = 0
on A. Thus, by the partition of unity property, we have for q ∈ A,

1 =
∑
p∈M

ψp(q) + ψ0(q) =
∑
p∈M

ψp(q),

and so since f̃p(q) = f(q) for q ∈ A, we have

f̃(q) =
∑
p∈M

ψp(q)f̃p(q) =
∑
p∈M

ψp(q)f(q) = f(q).

This shows f̃ is a global smooth extension of f as desired. We need only show that supp f̃ ⊆ U .
This is left as an exercise. �

REMARK 2.30. We may use a partition of unity here since the codomain of f is Rk where we
can employ vector space operations. If we don’t have this, not only does the above proof not work,
but the result is generally false. For example: the identity map f : S1 → S1 is smooth, both in the
intrinsic sense of a smooth map between smooth manifolds, and in the above sense of a map being
smooth on a closed subset of R2; but this map has no smooth (or even continuous) extension to a
map R2 → S1. Indeed, suppose f : R2 → S1 is C1 and satisfies f(u) = u for u ∈ S1. Then the
curve γr(t) = (r cos t, r sin t) in R2 has a C1 image f ◦ γr in S1. We can compute the winding
number n(γr, 0) of this curve about 0 in the usual way:

n(γr, 0) =

∮
f◦γr

x√
x2 + y2

dy − y√
x2 + y2

dx.
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By assumption f ◦ γr has image contained in S1, so this is the same as

n(γr, 0) =

∮
f◦γr

xdy − ydx

=

∫ 2π

0

[
f1(r cos t, r sin t)

d

dt
f2(r cos t, r sin t)− f2(r cos t, r sin t)

d

dt
f1(r cos t, r sin t)

]
dt

=

∫ 2π

0

f1(r cos t, r sin t)[−∂1f2(r cos t, r sin t)r sin t+ ∂2f2(r cos t, r sin t)r cos t] dt

−
∫ 2π

0

f2(r cos t, r sin t)[−∂1f1(r cos t, r sin t)r sin t+ ∂2f1(r cos t, r sin t)r cos t] dt.

Because fj and ∂ifj are continuous functions for i, j ∈ {1, 2}, this is evidently a continuous func-
tion of r. It is also integer valued (as a winding number), so it must be constant. By assumption,
when r = 1, n(γ1, 0) = 1, and so n(γr, 0) = 1. But, by inspection, n(γ0, 0) = 0, a contradiction.

Another application of partitions of unity that demonstrates their typical application is the
existence of a smooth exhaustion function. This is a smooth function f : M → R with the property
that f−1(−∞, c] is compact for each c ∈ R. Since f is defined everywhere, each point in M is
in one (and hence all larger) of these sublevel sets. On Rn, f(x) = |x|2 is a smooth exhaustion
function; on Bn, f(x) = 1

1−|x|2 is one.
For any such function, the collection Kn = f−1(−∞, n] forms a nested sequence of compact

sets that coversM . So a smooth exhaustion function is a kind of smooth version of such a sequence.
(Of course, this only really makes sense for a non-compact M .)

PROPOSITION 2.31. Let M be a smooth manifold. Then there exists a strictly positive smooth
exhaustion function f : M → (0,∞).

PROOF. Let {Vj} be a locally-finite (thence countable) open cover of M , such that each Vj
has compact closure. Let {ψj} be a smooth partition of unity subordinate to this cover. Define
f =

∑
j jψj . For any p ∈M , there is a neighborhood on which only finitely many ψj are non-zero,

and so f is smooth on a neighborhood of p, thus f ∈ C∞(M). Moreover, f(p) ≥
∑

j ψj(p) = 1,
so f is strictly positive.

Now, fix c ∈ R, and let N > c be a positive integer. If p /∈
⋃n
j=1 Vj , since suppψj ⊂ Vj , it

follows that ψj(p) = 0 for 1 ≤ j ≤ N . Thus

f(p) =
∞∑

j=N+1

jψj(p) ≥ N
∞∑

j=N+1

ψj(p) = N
∞∑
j=1

ψj(p) = N > c.

That is: if p /∈
⋃n
j=1 Vj then f(p) > c. The contrapositive statement is: if f(p) ≤ c, then

p ∈
⋃N
j=1 Vj . So the sublevel set f−1(−∞, c], which is closed since f is continuous, is contained in

the compact set
⋃N
j=1 Vj , and hence is compact. This shows f is a smooth exhaustion function. �





CHAPTER 3

Tangent Vectors

1. Tangent Spaces

We typically view element in Rn with dual meaning: either as points in the metric space, or as
vectors in the vector space. In particular, if f : Rn → Rm, then the derivative in a direction v ∈ Rn

at a point x ∈ Rn is Dvf(x) = [Df(x)]v. Here we view v as a vector in Rn, which we must
therefore draw as an arrow anchored at the origin; but geometrically we think of it as anchored at
the point x. We could be more formal about this.

DEFINITION 3.1. The tangent space to Rn as a point x ∈ Rn is the vector space {x} × Rn.
We denote it by TxRn.

This notation helps us record that the vectors are tangent to the point x. This is helpful when
we want to talk about vectors tangent to a surface, for example.

EXAMPLE 3.2. The smooth surface Sn ⊂ Rn+1 has a tangent space at each point x, consisting
of those vectors that are orthogonal to the position vector x itself. That is:

TxSn = {(x, v) ∈ TxRn+1 : v ⊥ x} ⊂ TxRn,

a subspace of the tangent space to Rn+1 at x.

This notation allows us to conveniently talk about tangent spaces to smooth surfaces imbedded
in Rn. We would like to talk about tangent vectors to manifolds that are not (a priori) imbedded in
Rn. The presentation above of TxSn requires the imbedding: the tangent vectors live in the larger
space Rn+1 (even if they form an n-dimensional subspace thereof). We therefore need another way
to talk about such tangent vectors that is intrinsic to the manifold itself.

There are many different (but, in the end, isomorphic) ways to do this. The one we will follow
is the most common: having essentially defined the smooth structure on M by selecting which
functions will be called smooth, we also define tangent vectors in terms of smooth functions. The
key observation is that the space TxRn can be identified with the space of directional derivative
differential operators Dv|x at the point x, for v ∈ Rn. We will therefore define tangent vectors to
be such operators. The question is: how can we intrinsically define such operators without already
having an explicit v ∈ Rn to deal with? The answer lies in the product rule: for any directional
derivative Dv|x at the point x ∈ Rn (acting on C∞(Rn)), we have the product rule

Dv(fg)|x = f(x) Dvg|x + g(x) Dvf |x .
It will turn out that this property uniquely defines all directional derivative operators at x. We call
operators satisfying this property derivations.

DEFINITION 3.3. Let M be a smooth manifold, and p ∈ M . The space of derivations
Derp(M) at p is the space of linear operators Xp : C∞(M)→ R with the property

Xp(fg) = f(p)Xpg + g(p)Xpf.

45
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Let us record two key properties of derivations that follow immediately from the definition.

LEMMA 3.4. Let M be a smooth manifold and p ∈M , and let Xp ∈ DerpM . Then
(a) for any constant function f ∈ C∞(M), Xpf = 0, and
(b) if f, g ∈ C∞(M) with f(p) = g(p) = 0, then Xp(fg) = 0.

PROOF. For part (a), note that if f ≡ c then f = c · 1 where 1 is the constant function taking
value 1. Thus, by linearity Xpf = Xp(c1) = cXp1, and so it suffices to prove that Xp1 = 0. This
follows from the fact that 1 = 1

2 and the derivation property:

Xp1 = Xp(1
2) = 1(p)Xp1 + 1(p)Xp1 = 2Xp1

and this implies that Xp1 = 0. Part (b) follows directly from the derivation property:

Xp(fg) = f(p)Xpg + g(p)Xpf = 0 + 0 = 0.

�

Elementary as these properties are, they actually allow us to prove that, on Rn, DerxRn consists
exactly of the directional derivative operators Dv|x for v ∈ Rn.

PROPOSITION 3.5. Fix p ∈ Rn. The map ϑp : (p, v) 7→ Dv|p is an vector space isomorphism
TpRn → DerpRn.

PROOF. We already noted that directional derivative operators Dv|p are derivations at p, and
so the map is well-defined. It is straightforward to verify that it is a linear map. Now, let v ∈
kerϑp, so that Dvf(p) = 0 for all f ∈ C∞(Rn). Taking f(x) = xj for 1 ≤ j ≤ n, we have
0 = [Df(p)]v = ej · v = vj , the jth component of the vector in the standard basis. This shows that
v = 0, and so ϑp is one-to-one.

It remains only to show that it is onto. Fix Xp ∈ DerpRn. Motivated by the previous argument,
define the vector v by taking its jth component in the standard basis to be Xp(x 7→ xj). We will
show that Xp = ϑp(p, v) = Dv|x. By Taylor’s Theorem 0.9, we have

f(x) = f(p) +
n∑
i=1

∂if(p)(xi − pi) +
1

2

n∑
i,j=1

(xi − pi)(xj − pj)
∫ 1

0

(1− t)∂i∂jf(p+ t(x− p)) dt.

From Proposition 0.11, the functions x 7→
∫ 1

0
(1 − t)∂i∂jf(p + t(x − p)) dt are smooth. Thus,

setting gi(x) = xi− pi and hj(p) = (xj − pj)
∫ 1

0
(1− t)∂i∂jf(p+ t(x− p)) dt, the functions gi, hj

are smooth and satisfy gi(p) = hj(p) = 0 for 1 ≤ i, j ≤ n, and we have

f(x) = f(p) +
n∑
i=1

∂if(p)(xi − pi) +
1

2

n∑
i,j=1

gi(x)hj(x).

By Lemma 3.4, it follows that

Xpf =
n∑
i=1

Xp

(
∂if(p)(xi − pi)

)
=

n∑
i=1

∂if(p)vi = Dvf |p

as desired. �

We thus have an intrinsic realization of the geometric tangent space TpRn: we can view it as
the space of derivations DerpRn. So, for example, instead of talking about the vector [1, 0,−2]>

tangent to p ∈ R3, we could instead think of this vector as the first-order differential operator
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(∂1 − 2∂3)|p acting on C∞(R3). With this description in mind, we are prompted to define tangent
spaces on manifolds accordingly.

DEFINITION 3.6. Let M be a smooth manifold, and p ∈ M . The tangent space TpM to M at
p is defined to be the space DerpM of derivations at p. That is, the tangent space is the set of linear
operators Xp : C∞(M)→ R satisfying Xp(fg) = f(p)Xpg + g(p)Xpf for all f, g ∈ C∞(M).

There is an important technical point to understand here: while the derivations formally act on
smooth functions defined on all of M , they really only depend on the behavior of the functions in
an arbitrarily small neighborhood of p.

LEMMA 3.7. Let Xp ∈ DerpM , let f, g ∈ C∞(M), and let U be any open neighborhood of p
in M . If f |U = g|U , then Xp(f) = Xp(g).

PROOF. Let h = f − g, so h ∈ C∞(M) satisfies h = 0 on U . The support supph is a closed
set disjoint from U . Now, let ψ be a bump function that is identically equal to 1 on supph, and
satisfies ψ(p) = 0. Then ψh is identically equal to h: if h(p) 6= 0, then (ψh)(p) = 1 ·h(p) = h(p),
and otherwise (ψh)(p) = 0 = h(p). But then, by Lemma 3.4, since ψ(p) = h(p) = 0, we have
Xp(h) = Xp(ψh) = 0. By linearity of Xp, this means 0 = Xp(h) = Xp(f − g) = Xp(f)−Xp(g),
so Xp(f) = Xp(g) as desired. �

By virtue of Proposition 3.5, when M = Rn, DerpM is an n-dimensional vector space. A
priori, it may not be clear that this space is finite-dimensional (or non-zero) on a general manifold.
We will shortly see that it has the same dimension at every point p, equal to dimM . Indeed, this
will follow from the fact that M looks like Rn in some neighborhood of p. To understand how this
works, we first need to understand the generalized version of the total derivative.

2. The Differential / Tangent Map

For smooth functions F : U ⊆ Rn → Rm, we have the total derivative DF (p) : Rn → Rm, the
best linear approximation of F near p. In fact, in our new language of anchoring vectors at base
points, it is clear that we should think of DF (p) as a linear map from TpRn to TF (p)Rm. That is,
after all, how we draw the associated vectors. It also makes a great deal of sense in terms of the
chain rule: if we have F : Rn → Rm and G : Rm → Rk, then we have D(G ◦ F )(p) : TpRn →
TG◦F (p)Rk satisfies D(G◦F )(p) = DG(F (p))◦DF (p), where DF (p) : TpRn → TF (p)Rm, and so
we see that the evaluation point F (p) in DG is necessary for the composition to even make sense,
so that DG(F (p)) : TF (p)Rn → TG◦F (p)Rk.

Now, by Proposition 3.5, we may view TpRn as DerpRn via the isomorphism ϑp. Thus, we can
view DF (p) : TpRn → TF (p)Rm as a linear map DerpRn → DerF (p)Rm; i.e. let us define

dFp : DerpRn → DerF (p)Rm, dFp = ϑF (p) ◦DF (p) ◦ ϑ−1
p . (3.1)

This conjugated total derivative is called the differential of F at p. That is, for any Xp ∈ DerpRn,
dFp(Xp) is a derivation in DerpRm. So

dFp(Xp) = ϑF (p)

(
DF (p)(ϑ−1

p (Xp))
)
.

Let ϑ−1
p (Xp) = (p, v). Then DF (p)(ϑ−1

p (Xp)) = [DF (p)](p, v) = (F (p), [DF (p)]v) ∈ TF (p)Rm.
The action of ϑF (p) is to convert a vector into the directional derivative operator in the direction of
that vector, and so

dFp(Xp) = D[DF (p)]v

∣∣
F (p)

.
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In other words, if f ∈ C∞(Rm), then dFp(Xp) is the derivation in DerF (p)Rm with action

dFp(Xp)(f) = D[DF (p)]v(f)
∣∣
F (p)

= [Df(F (p))][DF (p)]v.

Now, employing the chain rule, this means that

dFp(Xp)(f) = [D(f ◦ F )(p)]v. (3.2)

On the other hand, näively, given an elementXp ∈ DerpM , how could we make it act onC∞(Rm)?
Well, for any f ∈ C∞(Rm), the push-forward function f ◦ F is in C∞(Rn), which is the domain
of the operator Xp. Since we have Xp = ϑp(p, v) = Dv|p, we have

Xp(f ◦ F ) = Dv(f ◦ F )|p = [D(f ◦ F )(p)]v. (3.3)

Comparing (3.2) and (3.3) leads to the following immediate, but deep, observation.

PROPOSITION 3.8. Let F : U ⊆ Rn → Rm be smooth. The differential map dFp : DerpRn →
DerF (p)Rm of (3.1) is given by

dFp(Xp)(f) = Xp(f ◦ F ), Xp ∈ DerpRn, f ∈ C∞(Rm).

In other words: by building the derivatives right into the definition of the vectors, the total
derivative map becomes nothing more than the (pointwise) push-forward by F : the natural com-
position map needed to fit the pieces together (thanks to the chain rule).

We can thus discuss the differential of a smooth map between manifolds.

DEFINITION 3.9. Let M,N be smooth manifolds, and let F : M → N be smooth. For p ∈M ,
the differential dFp is the map TpM → TF (p)N defined by

dFp(Xp)(f) = Xp(f ◦ F ), Xp ∈ TpM, f ∈ C∞(N).

Note that, if f, g ∈ C∞(N), then setting YF (p) = dFp(Xp) we have

YF (p)(f · g) = Xp((f · g) ◦ F ) = Xp((f ◦ F ) · (g ◦ F ))

= (f ◦ F )(p)Xp(g ◦ F ) + (g ◦ F )(p)Xp(f ◦ F )

= f(F (p))YF (p)(g) + g(F (p))YF (p)(f).

That is: YF (p) is indeed in DerF (p)N , and so dFp is well-defined.
The collection of names/notations for this map is essentially uncountable. Some authors call it

the differential, others the total derivative, still others the unimaginative tangent map. You might
see it denoted as dFp = DF (p) = F ′(p) = TpF , or even as dF = DF = F ′ = TF with
the p suppressed. Another popular notation is F∗, which highlights the fact that the map (in this
language) is nothing more than the (pointwise) push-forward from DerpM to DerF (p)N , via the
map F . We will try to be consistent with the notation dFp, and the name differential.

Here are some basic properties of differentials of smooth maps than can be readily verified
from the definition.

PROPOSITION 3.10. Let M,N,P be smooth manifolds, with F : M → N and G : N → P
smooth maps. Let p ∈M .

(a) dFp : TpM → TF (p)N is a linear map.
(b) d(G ◦ F )p = dGF (p) ◦ dFp.
(c) d(IdM)p = IdTpM .
(d) If F is a diffeomorphism, then dFp is a linear isomorphism, and (dFp)

−1 = d(F−1)F (p).
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PROOF. We will prove (d), leaving the other parts to the reader. Let q = F (p); then we have
dFp : TpM → TqN and d(F−1)q : TqN → TpM . We compose them: for Xp ∈ TpM , Yp ∈ TqN ,
f ∈ C∞(M), and g ∈ C∞(N),

[d(F−1)q ◦ dFp(Xp)](f) = [dFp(Xp)](f ◦ F−1) = Xp((f ◦ F−1) ◦ F ) = Xp(f)

[dFp ◦ d(F−1)q(Yq)](g) = [d(F−1)q(Yq)](g ◦ F ) = Yq((g ◦ F ) ◦ F−1) = Yq(g).

Thus d(F−1)q ◦ dFp = IdTpM and dFp ◦ d(F−1)q = IdTqN . �

From our (pre-derivation) definition of the tangent space TpRn to Rn, it’s clear that if we restrict
to an open subset U 3 p, TpU = TpRn. In terms of derivations, this equality cannot be strictly
true (since derivations in DerpRn act on a different space than those in DerpU ). Nevertheless, the
differential allows us to identify them in a natural way, on a general smooth manifold. After all,
Lemma 3.7 shows that derivations act locally.

PROPOSITION 3.11. LetM be a smooth manifold, and let U ⊆M be open. Denote by ι : U ↪→
M the inclusion map (which is smooth). For any p ∈ U , the differential dιp : TpU → TpM is a
linear isomorphism.

PROOF. Suppose Xp ∈ TpU is in ker(dιp). Fix any f ∈ C∞(U), and some open neighborhood
B of p such that B ⊂ U . By Proposition 2.29, there is a smooth extension f̃ ∈ C∞(M) so that
f̃|B = f |B. Then f and f̃|U are smooth functions in C∞(U) that agree on the open neighborhood
B of p, and so by Lemma 3.7 Xp(f) = Xp(f̃|U). But f̃|U = f̃ ◦ ι, and so

Xp(f) = Xp(f̃ ◦ ι) = dιp(Xp)(f̃) = 0.

This shows that Xp = 0. Thus, dιp is injective.
For surjectivity, let Yp ∈ TpM . We define Xp ∈ TpU as follows: as above, fix some open

neighborhood B of p with B ⊂ U , and for f ∈ C∞(U), define Xp(f) = Yp(f̃) where f̃ is any
smooth function on M which agrees with f on B. This is well-defined by Lemma 3.7, and it is
easy to verify that Xp is a derivation. We claim that dιp(Xp) = Yp. Indeed, for any g ∈ C∞(M),
we have

dιp(Xp)(g) = Xp(g ◦ ι).
By definition, Xp(g ◦ ι) = Yp(h) for any smooth extension of g ◦ ι|B to M . The function g is
such an extension, and so dιp(Xp)(g) = Yp(g), as desired. Thus, dιp is surjective, completing the
proof. �

We therefore canonically identify TpU ∼= TpM , keeping in mind that the derivations in TpU
act on functions in the larger space C∞(M) by acting on any smooth extension from a function in
a neighborhood of p in U .

REMARK 3.12. One way to avoid this slight complication is to define derivations a little dif-
ferently: in light of Lemma 3.7, we may think of the domain of a derivation Xp not as the space
C∞(M), but as the space of equivalences classes of smooth functions that agree on any neigh-
borhood of p. Such an equivalence class is called a germ, and the space of germs at p is usually
denoted C∞p (M). Then we might define the tangent space to be the set of derivations of C∞p (M).
This makes the local nature of the tangent space clearer, and it greatly simplifies the proof of
Proposition 3.11 (since C∞p (M) = C∞p (U)). In particular, this means we don’t need to use smooth
extensions, whose existence depends on bump functions. If we were interested in analytic mani-
folds, we would have no choice but to use the germ definition, since analytic functions are too rigid
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to allow the kinds of restriction/extension arguments above. But we will stick with the present
formalism, since the topic is already highly abstract, and we don’t want to complicate it more than
necessary.

With this precise statement that the tangent space is local, combined with the local Euclidean-
ness of the manifold, we can quickly prove that TpM is an n-dimensional vector space at each
p ∈M (where n = dimM ).

COROLLARY 3.13. If M is an n-dimensional smooth manifold, then for each p ∈ M , TpM is
an n-dimensional vector space.

PROOF. Fix p ∈ M , and let (U,ϕ) be a chart at p. Then ϕ : U → Û is a diffeomorphism onto
an open set Û ⊆ Rn. By Proposition 3.10(d), it follows that dϕp is an isomorphism TpU → Tϕ(p)Û .
By Proposition 3.11, we have TpU ∼= TpM , and Tϕ(p)Û ∼= Tϕ(p)Rn. By Proposition 3.5, the latter
is isomorphic to Rn, concluding the proof. �

One more general useful identification is the tangent space to a product, which can be thought
of as the direct sum of the tangent spaces.

PROPOSITION 3.14. Let M1, . . . ,Mk be smooth manifolds, and let M = M1 × · · · × Mk.
Denote by πj : M → Mj the projection map for 1 ≤ j ≤ k. Fix a point p = (p1, . . . , pk) ∈ M .
Then the map

d(π1)p ⊕ · · · ⊕ d(πk)p : TpM → Tp1M1 ⊕ · · · ⊕ TpkMk

is a linear isomorphism.

The proof is left as an exercise.

3. Local Coordinates

Tangent vectors are now viewed as abstract derivations. However, we can make these concrete
in local coordinates. Fix p ∈M , and let (U,ϕ) be a chart at p. Denote by p̂ = ϕ(p) and Û = ϕ(U).
Let ι : U ↪→ M and ι̂ : Û ↪→ Rn to be the inclusion maps. Then, following the proof of Corollary
3.13,

dι̂p̂ ◦ dϕp ◦ (dιp)
−1 : TpM → Tp̂Rn

is a linear isomorphism. Note: we will usually ignore the maps dι and dι̂ and consider them to be
the identity: that is, we use the isomorphism property of Proposition 3.11 to identify the tangent
space of an open subset of a manifold with the tangent space of the manifold. Thus, we will
(somewhat informally, but consistently) think of dϕp as an isomorphism from TpM onto Tp̂Rn.

Now, Tp̂Rn has a canonical basis: starting with the canonical basis {e1, . . . , en} of Rn, the
images under the isomorphism ϑp̂ are the derivations Dej |p̂ = ∂

∂xj

∣∣
p̂

for 1 ≤ j ≤ n. Since dϕp is
an isomorphism, the preimages of these derivations form a basis for TpM . Here is another standard
abuse of notation: we denote these preimages ∂

∂xj

∣∣
p
:

∂

∂xj

∣∣∣∣
p

≡ (dϕp)
−1

(
∂

∂xj

∣∣∣∣
p̂

)
= d(ϕ−1)p̂

(
∂

∂xj

∣∣∣∣
p̂

)
.
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So ∂
∂xj

∣∣
p

is a derivation acting on C∞(M) (or C∞(U)). How does it act? Untwisting the definition,

given f ∈ C∞(U), we write it in local coordinates as f̂ = f ◦ϕ−1 : Û → R. Then by the definition
of the differential, we have

∂

∂xj

∣∣∣∣
p

(f) = d(ϕ−1)p̂

(
∂

∂xj

∣∣∣∣
p̂

)
(f) =

∂

∂xj

∣∣∣∣
p̂

(f ◦ ϕ−1) =
∂f̂

∂xj
(p̂).

In other words: a canonical basis for TpU ∼= TpM is given by the n derivations whose ac-
tions are to take the partial derivatives of smooth functions in the chart coordinates. The vectors
∂
∂x1

∣∣
p
, . . . , ∂

∂xn

∣∣
p

are called the coordinate vectors at p; it is important to note that they depend
on the chart ϕ of choice.

EXAMPLE 3.15. Let M = R3, and consider the chart (U,ϕ) where U = {(x, y, z) ∈ R3 : x >
0}, andϕ : U → (0,∞)×(−π

2
, π

2
)×(0, π) is the spherical polar map whose inverse isϕ−1(ρ, θ, φ) =

(ρ cos θ sinφ, ρ sin θ sinφ, ρ cosφ). Fix a point p = (x0, y0, z0) ∈ U , with spherical polar coordi-
nates p̂ = ϕ(p) = (ρ0, θ0, φ0). The 3 coordinate vectors at this point are the derivations

∂

∂ρ

∣∣∣∣
p

,
∂

∂θ

∣∣∣∣
p

,
∂

∂φ

∣∣∣∣
p

∈ Tp̂Û . (3.4)

These are just the images, under the isomorphism ϑp̂, of the standard basis vectors e1, e2, e3 in
(ρ, θ, φ)-space. The more interesting question of expressing them as vectors in terms of the original
(x, y, z)-coordinates is discussed below, in Example 3.18.

Thus, every vector Xp ∈ TpM can be expressed uniquely as a linear combination

Xp =
n∑
j=1

Xj
p

∂

∂xj

∣∣∣∣
p

, Xj
p ∈ R, 1 ≤ j ≤ n.

How do we compute the components Xj
p for a given Xp? Well, for any f ∈ C∞(U),

Xp(f) =
n∑
j=1

Xj
p

∂

∂xj

∣∣∣∣
p

(f) =
n∑
j=1

Xj
p

∂f̂

∂xj
(p̂).

So, in particular, taking f̂(x) = xj yields simply Xp(f) = Xj
p . Thus, we compute the components

by evaluating Xp on the n smooth functions f for which f̂ = f ◦ ϕ−1(x) = xj , 1 ≤ j ≤ n.
What are these functions? They are f(p) = ϕj(p), where ϕ = (ϕ1, . . . , ϕn) (the n component
functions of ϕ : U → Rn). So Xj

p = Xp(ϕ
j); this is often (abusively) written as Xp(x

j), writing
ϕ(p) = (x1(p), . . . , xn(p)).

EXAMPLE 3.16. Following Example 3.15, consider the derivation ∂
∂z

∣∣
p
∈ TpU (where U is the

x > 0 open half-plane). We want to express ∂
∂z

∣∣
p

as a linear combination of the coordinate vectors
(3.4). To do this, we need expressions for the coordinates (ϕ1, ϕ2, ϕ3) = (ρ, θ, φ) (rather than the
inverse ϕ−1(ρ, θ, φ) = (x, y, z)). Once we have these, we then have

∂

∂z

∣∣∣∣
p

=
∂ρ

∂z

∣∣∣∣
p̂

∂

∂ρ

∣∣∣∣
p

+
∂θ

∂z

∣∣∣∣
p̂

∂

∂θ

∣∣∣∣
p

+
∂φ

∂z

∣∣∣∣
p̂

∂

∂φ

∣∣∣∣
p

.

(For example, we know ρ =
√
x2 + y2 + z2 so ∂ρ

∂z
= z

ρ
= cosφ; so the coefficient of ∂

∂ρ

∣∣∣
p

is

cosφ0.) Of course, what we see is simply the chain rule again.
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Now that we can express vectors in local coordinates, we can also write the differential in local
coordinates. Let F : Mm → Nn be a smooth map between smooth manifolds. Let (U,ϕ) be a
chart at p, and let (V, ψ) be a chart at F (p). Then we have a coordinate representation of F :

F̂ = ψ ◦ F ◦ ϕ−1 : ϕ(U ∩ F−1(V ))→ ψ(V ).

As above, let p̂ = ϕ(p). We denote the components of ϕ as (x1, . . . , xm) and the components of ψ
as (y1, . . . , yn).

PROPOSITION 3.17. In terms of the coordinate bases
{

∂
∂xj

∣∣
p

}
1≤j≤m

for TpM and
{

∂
∂yj

∣∣∣
F (p)

}
1≤j≤n

for TF (p)N , we have

dFp

(
∂

∂xj

∣∣∣∣
p

)
=

n∑
k=1

∂F̂ k

∂xj
(p̂)

∂

∂yj

∣∣∣∣
F (p)

, 1 ≤ j ≤ m.

In other words: in local coordinates, the matrix of dFp is precisely the Jacobian matrix of the
coordinate representation F̂ of the function. The differential has been cooked up to be a coordinate-
independent version of the Jacobian matrix.

PROOF. By definition,

∂

∂xj

∣∣∣∣
p

= d(ϕ−1)p̂

(
∂

∂xj

∣∣∣∣
p̂

)
,

and so

dFp

(
∂

∂xj

∣∣∣∣
p

)
= d(F ◦ ϕ−1)p̂

(
∂

∂xj

∣∣∣∣
p̂

)
.

Now, since F ◦ ϕ−1 = ψ−1 ◦ F̂ , we therefore have

d(F ◦ ϕ−1)p̂

(
∂

∂xj

∣∣∣∣
p̂

)
= d(ψ−1 ◦ F̂ )p̂

(
∂

∂xj

∣∣∣∣
p̂

)
= d(ψ−1)F̂ (p̂)

(
dF̂p̂

(
∂

∂xj

∣∣∣∣
p̂

))

Now, the inside expression is the differential dF̂p̂ of a map between Euclidean spaces, acting on
a derivation on Euclidean space. By definition (3.1), this is the total derivative DF̂ (p̂) acting on
the vector corresponding (via ϑp̂) to ∂

∂xj

∣∣
p̂

(which is the unit basis vector ej) expressed in terms

of derivations in the coordinates ∂
∂yk

∣∣∣
F̂ (p̂)

. The matrix of the total derivative is just the Jacobian

matrix, and so we have

dF̂p̂

(
∂

∂xj

∣∣∣∣
p̂

)
= ϑF̂ (p̂)([DF̂ (p̂)]ej) =

n∑
k=1

ϑF̂ (p̂)

(
∂F̂ k

∂xj
(p̂)ek

)
=

n∑
k=1

∂F̂ k

∂xj
(p̂)

∂

∂yk

∣∣∣∣
F̂ (p̂)

.

Using linearity and the fact (by definition) that

d(ψ−1)F̂ (p̂)

(
∂

∂yk

∣∣∣∣
F̂ (p̂)

)
=

∂

∂yk

∣∣∣∣
F (p)

proves the result. �
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As a final exercise in our discussion of tangent vectors in local coordinates, let us consider a
change of coordinates. That is: consider two charts (U,ϕ) and (V, ψ) at p ∈ M , and as usual
denote the components of ϕ as (x1, . . . , xn) and the components of ψ as (y1, . . . , yn). Then the
transition map ψ ◦ ϕ−1 is the map taking (x1, . . . , xn) to (y1, . . . , yn). This is a special case of the
above discussion, where we take the identity function F = IdM : M → M and express it in these
local coordinates: ψ ◦ ϕ−1 = ψ ◦ IdM ◦ ϕ−1 = ÎdM . Hence, from Proposition 3.17, we have

∂

∂xj

∣∣∣∣
p

= d(IdM)p

(
∂

∂xj

∣∣∣∣
p

)
=

n∑
k=1

∂(ÎdM)k

∂xj
(p̂)

∂

∂yk

∣∣∣∣
IdM (p)

=
n∑
k=1

∂yk

∂xj
(p̂)

∂

∂yk

∣∣∣∣
p

. (3.5)

Again, this is just another statement of the chain rule.

EXAMPLE 3.18. Continuing Examples 3.15 and 3.16: our manifold is M = R3, and we have
some base point p in the x > 0 half-plane. We have two sets of coordinates: ϕ = (ρ, θ, φ) and
ψ = (x, y, z). From (3.5), we can express the coordinate vectors in the spherical coordinates in
terms of the Euclidean ones, via

∂

∂ρ

∣∣∣∣
p

=
∂x

∂ρ
(p̂)

∂

∂x

∣∣∣∣
p

+
∂y

∂ρ
(p̂)

∂

∂y

∣∣∣∣
p

+
∂z

∂ρ
(p̂)

∂

∂z

∣∣∣∣
p

∂

∂θ

∣∣∣∣
p

=
∂x

∂θ
(p̂)

∂

∂x

∣∣∣∣
p

+
∂y

∂θ
(p̂)

∂

∂y

∣∣∣∣
p

+
∂z

∂θ
(p̂)

∂

∂z

∣∣∣∣
p

∂

∂φ

∣∣∣∣
p

=
∂x

∂φ
(p̂)

∂

∂x

∣∣∣∣
p

+
∂y

∂φ
(p̂)

∂

∂y

∣∣∣∣
p

+
∂z

∂φ
(p̂)

∂

∂z

∣∣∣∣
p

where p̂ = ϕ(p) = (ρ0, θ0, φp) is the base point’s spherical coordinates. In this case, we have the
explicit coordinate transformation (x, y, z) = ψ◦ϕ−1(ρ, θ, φ) = (ρ cos θ sinφ, ρ sin θ sinφ, ρ cosφ),
and so we can explicitly write down the Jacobian yielding

∂

∂ρ

∣∣∣∣
p

= cos θ0 sinφ0
∂

∂x

∣∣∣∣
p

+ sin θ0 sinφ0
∂

∂y

∣∣∣∣
p

+ cosφ0
∂

∂z

∣∣∣∣
p

∂

∂θ

∣∣∣∣
p

= −ρ0 sin θ0 sinφ0
∂

∂x

∣∣∣∣
p

+ ρ0 cos θ0 sinφ0
∂

∂y

∣∣∣∣
p

∂

∂φ

∣∣∣∣
p

= ρ0 cos θ0 cosφ0
∂

∂x

∣∣∣∣
p

+ ρ0 sin θ0 cosφ0
∂

∂y

∣∣∣∣
p

− ρ0 sinφ0
∂

∂z

∣∣∣∣
p

.

Note: by transforming these derivations first via (dψ−1)ψ(p) into partial derivative operators in the
(x, y, z) coordinates, and then into vectors in Tψ(p)R3 ∼= {ψ(p)} × R3 via the isomorphism ϑψ(p),
we get the three vectors

eρ0 =

 cos θ0 sinφ0

sin θ0 sinφ0

cosφ0

 , eθ0 =

 −ρ0 sin θ0 sinφ0

ρ0 cos θ0 sinφ0

0

 , eφ0 =

 ρ0 cos θ0 cosφ0

ρ0 sin θ0 cosφ0

−ρ0 sinφ0

 .
These vectors are routinely used by physicists and engineers. They are the standard basis vectors
in spherical coordinates (at the point p whose spherical coordinates are (ρ0, θ0, φ0)).
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4. Velocity Vectors of Curves

Let M be a smooth manifold. A smooth curve in M (perhaps more accurately a smooth
parametrized curve) is a smooth map α : (a, b) → M for some open interval (a, b) ⊆ R. Fix
t0 ∈ (a, b), and let (U,ϕ) be a local chart at p = α(t0) in M ; then we can express the curve in local
coordinates as α̂(t) = ϕ ◦ α(t). The velocity vector to the curve α̂(t) = (α̂1(t), . . . , α̂n(t)) is the
vector in Rn (

dα̂1

dt
(t0), . . . ,

dα̂n

dt
(t0)

)
=

n∑
j=1

dα̂j

dt
(t0)ej.

Realizing the tangent space Tα̂(t0)Û as Derα̂(t0)(Rn), the velocity vector is
n∑
j=1

dα̂j

dt
(t0)

∂

∂xj

∣∣∣∣
α̂(t0)

(3.6)

whose action on f̂ ∈ C∞(Rn) is (by the chain rule)
n∑
j=1

dα̂j

dt
(t0)

∂

∂xj

∣∣∣∣
α̂(t0)

(f̂) =
d

dt
(f̂ ◦ α̂)

∣∣∣∣
t0

.

Now, α̂ = ϕ ◦ α, and if we take f ∈ C∞(M), restricted to U , and let f̂ = f ◦ ϕ−1 as usual, then
this means the velocity vector to the local coordinate representation α̂ of α at t0 acts as a derivation
on C∞(M) by

α̇(t0)(f) ≡ d

dt
(f ◦ α)

∣∣∣∣
t0

.

This is our definition of the velocity vector to the curve α at time t0, which is manifestly coordinate
independent. In fact, noting that α : (a, b) → M is a smooth map between manifolds, we can
interpret the velocity vector as

α̇(t0)(f) ≡ d

dt
(f ◦ α)

∣∣∣∣
t0

= dαt0

(
d

dt

∣∣∣∣
t0

)
(f).

Here we write d
dt

∣∣
t0

instead of ∂
∂t

∣∣
t0

, as is common when there is only one variable; it is the standard
basis vector for Tt0(a, b). So, to summarize:

DEFINITION 3.19. Let (a, b) ⊆ R be a nonempty open interval, let M be a smooth manifold,
and let α : (a, b) → M be a smooth curve. For any t0 ∈ (a, b), the velocity vector of α at time t0
is defined to be the derivation

α̇(t0) ≡ dαt0

(
d

dt

∣∣∣∣
t0

)
∈ Tα(t0)M.

In local coordinates, it is given by the usual expression (3.6).

In fact, we can use velocity vectors of curves to naturally characterize all tangent vectors. First
note that all tangent vectors are velocity vectors to (lots of) curves.

LEMMA 3.20. Let M be a smooth manifold, p ∈ M , and Xp ∈ TpM . There is some smooth
curve α : (−ε, ε)→M for some ε > 0 with α(0) = p so that α̇(0) = Xp.
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PROOF. Let (U,ϕ) be a chart at p, and with ϕ = (x1, . . . , xn), write Xp in coordinates
Xp =

∑n
j=1 X

j
p

∂
∂xj

∣∣
p
. Because Û = ϕ(U) is open and p̂ = ϕ(p) ∈ Û , there is some ε > 0

so that the straight curve α̂(t) = t(X1
p , . . . , X

n
p ) for : |t| < ε} is contained in Û . Define α(t) =

ϕ−1(t(X1
p , . . . , X

n
p )). The above computations (cf. e.velocity.local) show that α̇(0) = Xp, as de-

sired. �

What’s more: velocity vectors of curves transform naturally under smooth maps.

LEMMA 3.21. Let M,N be smooth manifolds, and let F : M → N be a smooth map. If
α : (a, b)→M is a smooth curve in M , then β = F ◦ α : (a, b)→ N is a smooth curve in N , and
for any t0 ∈ (a, b),

β̇(t0) = dFα(t0)(α̇(t0)).

PROOF. This is just the chain rule for differentials:

β̇(t0) = dβt0

(
d

dt

∣∣∣∣
t0

)
= d(F ◦ α)t0

(
d

dt

∣∣∣∣
t0

)
= dFα(t0)

(
dαt0

(
d

dt

∣∣∣∣
t0

))
= dFα(t0)(α̇(t0)).

�

Lemmas 3.20 and 3.21 give a method for computing differentials that is often the most effective
in practice.

COROLLARY 3.22. Let M,N be smooth manifolds, and F : M → N a smooth map. Fix
p ∈M , and Xp ∈ TpM . Then

dFp(Xp) = (F ◦ α)′(0)

for any smooth curve α : (−ε, ε)→M such that α(0) = p and α̇(0) = Xp.

(Here we have used the “prime” notation instead of the “dot” notation, since it is hard to put a dot
over top the composition. We will generally use these two interchangeably for velocity vectors of
curves.) If F is presented in a form other than an explicit coordinate representation, Corollary 3.22
is often the best way to actually calculate the differential dFp. We will use this frequently in what
comes.

REMARK 3.23. Corollary 3.22 shows us yet another equivalent construction of the tangent
space: we can define TpM to consist of equivalence classes of smooth curves α : (−ε, ε) → M
with α(0) = p. We want the equivalence relation to somehow say that all elements should have
the same α̇(0); not having defined the tangent space yet, we instead follow the above discussion
and say that two curves α, β are equivalent if, for every smooth function f : M → R, the two real-
valued curves f ◦α and f ◦β have the same velocity vector at t = 0: i.e. (f ◦α)′(0) = (f ◦β)′(0).
Thus, we think of tangent vectors based at p as “infinitesimal curves” through p. The preceding
corollary then shows that there is a bijection from this construction to the derivations we’ve chosen
to use. What’s more, as Lemma 3.21 hints at, in this construction of TpM , the differential dFp is
simply the map which sends a vector [α] (the equivalence class of some curve α) to [F ◦ α]; the
chain rule then shows this is well-defined. This is a very nice geometric way to picture the tangent
space; it has the significant disadvantage that there is no obvious vector space structure (indeed,
the best way to see that TpM is a vector space is to use the bijection to our tangent space to import
it).
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5. The Tangent Bundle

We now have a good understanding of the tangent space at a point, TpM . We can then put all
of them together to form the tangent bundle.

DEFINITION 3.24. LetM be a smooth manifold. The tangent bundle TM is the disjoint union

TM =
⊔
p∈M

TpM.

It carries a natural projection map π : TM →M , defined by π(Xp) = p for Xp ∈ TpM .

For example, as we can identify TpRn ∼= {p}×Rn, we have TRn ∼=
⊔
p∈Rn{p}×Rn = Rn×Rn.

In some sense, this should work for any manifold, since TpM ∼= Rn for every p. However, this is
purely set-theoretic; there is more interesting structure we can put on TM , and it typically will not
amount to just M × Rn. Indeed, TM can be (naturally) given the structure of a smooth manifold
of dimension 2n.

To make TM into a smooth manifold, we refer to Proposition 1.20: we can define the topology
and smooth structure all in one shot. We need to define the charts. To that end, begin by selecting
some covering set of charts (U,ϕ) of M . For each such U , let Ũ = π−1(U): the collection of all
vectors Xp anchored at all points p ∈ U . Now, let ϕ(p) = (x1(p), . . . , xn(p)) for p ∈ U . Then any
element of π−1(U) can be written uniquely in the form

Xp =
n∑
j=1

Xj
p

∂

∂xj

∣∣∣∣
p

.

We therefore define a coordinate chart ϕ̃ : Ũ → Rn × Rn by

ϕ̃

(
n∑
j=1

Xj
p

∂

∂xj

∣∣∣∣
p

)
= (x1(p), . . . , xn(p), X1

p , . . . , X
j
p) = (ϕ(p), X1

p , . . . , X
n
p ). (3.7)

Notice that the image ϕ̃(Ũ) = ϕ(U)×Rn is an open subset of Rn×Rn, and the map is a bijection
here – its inverse is given by

ϕ̃−1(x, v1, . . . , vn) =
n∑
j=1

vj
∂

∂xj

∣∣∣∣
ϕ−1(x)

, x ∈ ϕ(U).

To apply Proposition 1.20, we need to verify the last three conditions for the charts (Ũ , ϕ̃) for
TM . First, by selecting a countable set of the (U,ϕ) that cover M , the corresponding countable
collection of (Ũ , ϕ̃) cover TM . Moreover, if Xp and Yq are distinct elements of TM , then either
p = q and so Xp and Yq = Yp both lie in a single chart (Ũ , ϕ̃) (for any U containing p), or p 6= q in
which case (by the Hausdorff assumption on M ) there are disjoint charts U, V on M with p ∈ U
and q ∈ V , in which case Ũ and Ṽ are disjoint charts containing Xp and Yq.

Thus, it remains only to show that the transition maps are smooth. Let (U,ϕ) and (V, ψ) be
charts onM with U ∩V 6= ∅, and let (Ũ , ϕ̃) and (Ṽ , ψ̃) be the corresponding charts on TM . Then
ϕ̃(Ũ ∩ Ṽ ) = ϕ(U ∩ V )×Rn and ψ̃(Ũ ∩ Ṽ ) = ψ(U ∩ V )×Rn are open subsets of Rn ×Rn. We
can compute the transition map

ψ̃ ◦ ϕ̃−1 : ϕ(U ∩ V )× Rn → ψ(U ∩ V )× Rn
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explicitly. Denote the components of ϕ as x = (x1, . . . , xn) and the components of ψ as y =
(y1, . . . , yn). Then for any point p ∈ U ∩ V , and any v ∈ Rn,

ϕ̃−1(x, v) =
n∑
j=1

vj
∂

∂xj

∣∣∣∣
p

=
n∑

j,k=1

vj
∂yk

∂xj
(x)

∂

∂yk

∣∣∣∣
p

from (3.5). Hence

ψ̃ ◦ ϕ̃−1(x, v) =

(
y(p),

n∑
j=1

vj
∂y1

∂xj
(x), . . . ,

n∑
j=1

vj
∂yn

∂xj
(x)

)
.

This is evidently a smooth function of (x, v). Thus, we have satisfied all the conditions of Proposi-
tion 3.7, and so TM is a smooth manifold. What’s more: in the chart (Ũ , ϕ̃), we have π̂ = π ◦ ϕ̃−1

has the action π̂(x, v) = x, which is smooth.
Let us summarize this discussion as follows.

PROPOSITION 3.25. Let M be a smooth manifold. The charts in (3.7) define a smooth atlas
that makes TM into a smooth manifold, and the projection map π : TM →M is a smooth map.

As noted, while TM is locally isomorphic to M × Rn, this is typically not the case globally.
(We will see some examples a little later on on the course.) If TM ∼= M ×Rn, we say the tangent
bundle is trivial. One case where the tangent bundle is trivial is when the manifold itself has global
coordinates.

PROPOSITION 3.26. LetM be a smooth manifold, and suppose there is a single chart covering
M (i.e. there exists a diffeomorphism ϕ : M → Û for some open subset Û ⊆ Rn). Then TM is
diffeomorphic to M × Rn.

PROOF. In the discussion preceding Proposition 3.25, we showed that for any chart (U,ϕ), the
bundle chart (Ũ , ϕ̃) is a diffeomorphism onto ϕ(U)× Rn. Since M̃ = π−1(M) = TM , and since
ϕ(M) = Û , this proves the proposition. �

REMARK 3.27. It can happen that TM is trivial even if there is no global chart for M (indeed,
this is true for all Lie groups, which we will study in the following two quarters). But typically
TM is non-trivial. For example, it is known (due to deep work of Adams) that TSn is trivial iff
n ∈ {1, 3, 7}. The tangent bundle TS2 is not diffeomorphic to S2 × R2 (we will be able to prove
this, at least in a restricted form, in a few more pages). What 4-manifold is it? Think of it this way,
for general n: at each point p ∈ Sn, we can identify TpSn ∼= Rn. We can then further identify this
with Sn \ {−p}, via stereopgraphic projection from the point p. Gluing these together, then, we
have

TSn ∼= Sn × Sn \ {(p,−p) : p ∈ Sn}.
It is the product of two spheres with the anti-diagonal removed. When n = 1, this is a torus with
one complete (twisted) circle “unzipped”, which just gives the cylinder S1 × R as expected. For
n = 2, this unzipping does not work, and the bundle is not trivial.

Now, suppose F : M → N is a smooth map. We have studied its differential dFp : TpM →
TF (p)N pointwise. Now that we know how to glue the tangent spaces together to form a manifold,
we can glue these maps together as well to form a smooth map between tangent bundles.

PROPOSITION 3.28. Let Mm, Nn be smooth manifolds, and let F : M → N be a smooth map.
Define a map dF : TM → TN as follows: for any p ∈ M and any Xp ∈ TpM , dF (Xp) ≡
dFp(Xp) ∈ TF (p)N ⊂ TN . Then dF is a smooth map (called the global differential of F ).
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PROOF. Fix a chart (U,ϕ) in M , and look at the action of dF on the neighborhood Ũ ⊂ TM :
in local coordinates, we have

ϕ̃◦dF◦ϕ̃−1(x1, . . . , xm, v1, . . . , vm) =

(
F 1(x), . . . , F n(x),

m∑
j=1

∂F̂ 1

∂xj
(x)vj, . . . ,

m∑
j=1

∂F̂ n

∂xj
(x)vj

)
.

This is smooth (since F is smooth). �

We end this section by stating properties of the global differential, which follow immediately
from the same properties of the pointwise differential (cf. Proposition 3.10).

PROPOSITION 3.29. Let M,N,P be smooth manifolds, with F : M → N and G : N → P
smooth maps.

(a) d(IdM) = IdTM .
(b) d(G ◦ F ) = dG ◦ dF .
(c) If F is a diffeomorphism, then dF : TM → TN is a diffeomorphism, and d(F−1) =

(dF )−1.



CHAPTER 4

Vector Fields

1. Definitions and Examples

Let M be a smooth manifolds. A vector field on M is simply a choice of a tangent vector at
each point. In other words, it is a map X : M → TM , with the property that X(p) ∈ TpM for
each p ∈ M . This can be written as follows: let π : TM → M be the projection π(Xp) = p for
any Xp ∈ TpM . Then a vector field is a function X : M → TM with the property that

π ◦X = IdM .

That is: X is a right-inverse to the projection π. Such a map is generally called a section, so a
vector field is a section of the tangent bundle. While X : M → TM is not valued in Rn, we can
still talk about it roughly in those terms since, for each p, the value X(p) = Xp of X is in TpM
which is a vector space. In particular, we define as usual the support suppX of a vector field to
be the closure of the set {p ∈M : Xp 6= 0}.

We will largely be concerned with smooth vector fields (in the sense of being a smooth map
between the two smooth manifolds M and TM ). There is a simple characterization of smoothness
here (in local coordinates).

LEMMA 4.1. Let X be a vector field on a smooth manifold M ; so X is a function p 7→ Xp ∈
TpM . ThenX is smooth if and only if for any coordinate chart (U,ϕ) onM with ϕ = (x1, . . . , xn),
in the coordinate representation

Xp =
n∑
j=1

Xj
p

∂

∂xj

∣∣∣∣
p

(4.1)

the functions p 7→ Xj
p are smooth functions U → R.

PROOF. In the natural coordinate chart (Ũ , ϕ̃) on TM , the representation of the vector field at
any point p ∈ U is given by

ϕ̃

(
n∑
j=1

Xj
p

∂

∂xj

∣∣∣∣
p

)
= (x1(p), . . . , xn(p), X1

p , . . . , X
n
p ).

Thus, if we writeX in local coordinates (U,ϕ) onM and (Ũ , ϕ̃) on TM , this gives X̂ = ϕ̃◦X◦ϕ−1

is the map Û = ϕ(U)→ R2n given by

X̂(x1, . . . , xn) = (x1, . . . , xn, X̂1(x), . . . , X̂n(x))

where X̂j(x) = Xj
ϕ−1(x). By definition of smoothness, Xj

p is smooth iff X̂j
p is smooth (for every

chart), and the map X̂ between open subsets of Euclidean space is smooth iff its components are
smooth. Thus, X is smooth iff X̂ is smooth iff X̂j are smooth for 1 ≤ j ≤ n iff p 7→ Xj

p are
smooth for 1 ≤ j ≤ n, as claimed. �

59
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NOTATION 4.2. We denote the set of smooth sections of TM , i.e. smooth vector fields on M ,
as X (M). A vector field that is not in X (M) is often called a rough vector field.

EXAMPLE 4.3. Any vector field in X (Rn) has a representation of the formX =
∑n

j=1 X
j ∂
∂xj

,
for functions X1, . . . , Xn ∈ C∞(Rn). These are the kinds of vector fields discussed in vector
calculus. With the identification X ∼ (X1, . . . , Xn), one can think of such a vector field as a
transformation Rn → Rn. This is the wrong picture in general, since it means abandoning the
structure of having the vector Xp anchored at the point p.

An important specific example is the Euler field E ∈X (Rn), given by

Ex = x1 ∂

∂x1

∣∣∣∣
x

+ · · ·+ xn
∂

∂xn

∣∣∣∣
x

.

It points radially outward, with magnitude equal to the distance of the point from the origin.
Thought of as a transformation, it is just the identity map; this bears no relation to its behavior. We
will come back to this example later through the chapter.

EXAMPLE 4.4. Realize S1 as the unit circle in C: S1 = {u ∈ C : |u| = 1}. Let exp: R → S1

denote the map exp(θ) = eiθ, which is a smooth map. If a < b ∈ R and b − a < 2π, then
exp is a diffeomorphism from (a, b) onto its image exp(a, b) ⊂ S1. This gives us charts (U, θ) =

(exp(a, b), (exp|U)−1). In the associated chart coordinates (Ũ , θ̃) on TS1, any vector field has the
form X̂(θ) = f(θ) d

dθ
. Let us take f ≡ 1, so we have just the coordinate vector field d

dθ
on U .

Now, let (c, d) be any other open subset of R, and let (V, φ) = (exp(c, d), (exp|V )−1). If
U ∩ V 6= ∅, then for any point u ∈ U ∩ V we have θ = θ(u) and φ = φ(u) defined so that
eiθ = exp(θ) = exp(φ) = eiφ. It follows that φ = θ + 2nπ for some integer n (and since both
θ and φ are smooth functions, n is constant on U ∩ V ). Hence d

dθ
|u = d

dφ
|u. This means we can

define a global vector field this way: it is defined to be d
dθ
|u in any coordinate patch (U, θ) for U

an open strict subset of S1 where θ is a right-inverse to exp. It is clearly smooth in any such patch,
and the above argument shows it is well defined. Even though there is no global coordinate chart
to define it, we still commonly denote it d

dθ
.

Since a vector field is a smooth map M → TM , all our tools for smooth maps readily apply.
Additionally, since we can (almost) think of a vector field as a function (taking values in a vector
space), some of those relevant tools also apply, such as Proposition 2.29.

PROPOSITION 4.5. Let A ⊂ M be a closed set, and let X be a smooth vector field on A
(meaning that the map X : A → TM is smooth in the sense of Definition 2.28: for any p ∈ A,
there is an open neighbhoorhood V and a smooth extension of X|V ∩A to U ). If V is any open
neighborhood of A in M , there is a smooth vector field X̃ ∈ X (M) such that X̃|A = X and
suppX̃ ⊆ U .

PROOF. This is an exercise on Homework 3. �

COROLLARY 4.6. Let M be a smooth manifold and p ∈ M . Let v ∈ TpM . There is a smooth
vector field X ∈X (M) such that Xp = v.

PROOF. The set {p} is closed. Let (U,ϕ) be any chart at p; then v =
∑n

j=1 v
j ∂
∂xj

∣∣
p

for some
coefficients vj . The constant-coefficient vector field (given by the same sum) is smooth on U , and
is equal to v at {p}. Hence, by Proposition 4.5, there is a global vector field X ∈ X (M) which
agrees with X on {p}, i.e. X(p) = v as required. �
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Proposition 4.5 works here because we can use partitions of unity and “add and multiply in the
codomain”. That is, even though TM is not typically a vector space, it is still possible to use vector
space operations there locally. Another consequence of this is that X (M), the space of smooth
sections of TM , is a vector space – in fact, it is a C∞(M)-module.

PROPOSITION 4.7. Let M be a smooth manifold. Given X, Y ∈ X (M), define X + Y to
be the vector field (X + Y )p = X(p) + Y (p); for f ∈ C∞(M), define fX to be the vector field
(fX)p = f(p)Xp. These are smooth vector fields, and the operations so-defined make X (M) into
a C∞(M)-module.

PROOF. X+Y and fX are defined to be vector fields (for each p the result is a vector vield at p
because TpM is a vector space, and they are defined to be based at p). Writing in local coordinates
shows that they are smooth vector fields (because X , Y , and f are smooth). Verifying the module
properties is a trivial exercise. �

So, for example, (4.1) could be thought of not only as a decomposition at each point, but as an
equality between vector fields in X (U):

X =
n∑
j=1

Xj ∂

∂xj

where Xj is the smooth function p 7→ Xj
p , and ∂

∂xj
is the smooth vector field p 7→ ∂

∂xj

∣∣
p
.

2. Frames

Continuing the theme of vector space terminology applied to the tangent bundle, we have the
following.

DEFINITION 4.8. Let M be a smooth manifold. A collection X1, . . . , Xk ∈ X (M) of vec-
tor fields is called linearly independent if {X1(p), . . . , Xk(p)} is a linearly independent set
of vectors in TpM for each p ∈ M . (This is, of course, only possible if k ≤ dimM .) If
span{X1(p), . . . , Xk(p)} = TpM for each p, we say that X1, . . . , Xk span the tangent bundle. A
frame for M is a spanning set of linearly independent vector fields.

EXAMPLE 4.9. (1) The vector fields { ∂
∂x1
, . . . , ∂

∂xn
} form a frame for Rn. More generally,

if (U,ϕ) is any chart on an n-manifold, the coordinate vector fields (with the same notation
as above) form a frame for U .

(2) The vector field d
dθ

on S1 is a frame. Here is a nice way to view it (acting on S1 ⊂ C) that
will be useful in the next example. Writing the vector field in the original framework (i.e.
applying ϑ−1

u at each point u ∈ S1), this vector field is simply Xu = iu for u ∈ S1.
(3) The 3-sphere S3 is defined to be the set of unit-norm points in R4. There is a nice algebra

structure on R4 called the quaternions: we realize R4 as spanR{1, i, j, k} where i, j, k
are linearly independent and satisfy ij = −ji = k, jk = −kj = i, and ki = −ik =
j. Extending this product by linearity defines an associative, non-commutative division
algebra, the quaternions H (which is an example of a Clifford algebra).

We define three vector fields X, Y, Z on R4 ∼= H by X(x) = ix, Y (x) = jx, and
Z(x) = kx (where we suppress the “based at x” pair notation). These can be written
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explicitly in terms of the standard R4 coordinates x = (x1, x2, x3, x4) as

X(x) =


−x2

x1

−x4

x3

 , Y (x) =


−x3

x4

x1

−x2

 , Z(x) =


−x4

−x3

x2

x1

 .
These are linear functions of the coordinates, and so are smooth. One can readily check
that the four vectors {u,X(u), Y (u), Z(u)} form an orthonormal basis for R4 whenever
|u| = 1. This shows that the vectors X(u), Y (u), Z(u) are tangent to S3 at u, and are or-
thonormal, so linearly independent. Since dimTuS3 = 3, it follows thatX(u), Y (u), Z(u)
span TuS3. Thus, these three vector fields X, Y, Z form a frame for S3.

As part (1) above points out, it is always possible to find a local frame – i.e. a frame for an
open neighborthood of any given point. But global frames are harder to come by. One might
hope that something like the trick in part (3) of the example should work on any sphere, but this is
decidedly false. While something like this works on S7, it doesn’t work on any sphere Sn unless
n ∈ {1, 3, 7}. For example, the Hairy Ball Theorem asserts that, if n is even, there does not exist
a smooth (or even continuous) vector field on Sn that vanishes nowhere. (For an elementary proof
of this fact, see the beautiful paper [4].)

A smooth manifold that admits a global (smooth) frame is called parallelizable. Parallelizable
manifolds have trivial tangent bundles.

PROPOSITION 4.10. Let Mn be parallelizable. Then there is a diffeomorphism F : M ×Rn →
TM such that F (p, v) ∈ TpM for every p ∈M . In particular, TM is trivial.

PROOF. Fix a frame {X1, . . . , Xn} for M , and define F by

F (p, (v1, . . . , vn)) = v1X1(p) + · · · vnXn(p).

Then F (p, v) ∈ TpM as claimed. Note that F is clearly a bijection: as {X1, . . . , Xn} is a frame,
every vector Xp ∈ TpM can be written uniquely in the form v1X1(p) + · · · + vnXn(p) for some
v = (v1, . . . , vn) ∈ Rn, and so F−1(Xp) = (p, v). We need only show that F and F−1 are smooth.
This is an exercise in writing vector fields in local coordinates (and changing coordinates), and is
left to the reader. �

The converse of Proposition 4.10 is also true in the following specific sense. We call TM a
trivial vector bundle if there is a diffeomorphism F : M × Rn → TM with the properties

(1) F (p, v) ∈ TpM for all p ∈M and v ∈ Rn, and
(2) for each p ∈M , F |{p}×Rn is a vector space isomorphism Rn → TpM .

Such a diffeomorphism is called a trivilaization of TM . Proposition 4.10 really shows that if
M is parallelizable then TM is a trivial vector bundle, and the converse is also true: if F is a
trivialization, then selecting any basis {e1, . . . , en} of Rn, the vector fields Xj(p) = F (p, ej) are a
frame for M .

So, in particular, the Hairy Ball Theorem shows that TSn is not a trivial vector bundle whenever
n is even, while Example 4.9 shows that TS1 and TS3 are trivial vector bundles. The question of
whether it might still be true that TSn ∼= Sn×Rn (via a diffeomorphism that does not preserve the
bundle structure) is more delicate. The answer is still no for n /∈ {1, 3, 7}, but we don’t have the
technology to prove it just now.
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3. Derivations

A vector Xp ∈ TpM is a derivation at p. In particular, it is a certain kind of function
Xp : C∞(M) → R. Denote this function space as Xp ∈ Fun(C∞(M),R). Thus, a (rough)
vector field is a function X that takes values in Fun(C∞(M),R):

X ∈ Fun (M,Fun(C∞(M),R)) .

For any sets A,B,C, there is a natural identification

ς : Fun (A,Fun(B,C))→ Fun (B,Fun(A,C))

given by
(ς(F )(b)) (a) = (F (a)) (b).

(It is immediate to check that this is a bijection; it will also preserve any reasonable extra structure
on the spaces A,B,C, as we will see.) So, in our case, let X be a (rough) vector field on M . Then
ς(X) ∈ Fun (C∞(M),Fun(M,R)): X can be viewed as a function which eats smooth functions
f ∈ C∞(M) and spits out real-valued functions on R. The action is

(ς(X)(f)) (p) = Xp(f).

A good notation for functions that allows us to omit the explicit reference to the variable p is to
just represent it as an empty set of parentheses ( ) when needed; so we have ς(X)(f) = X( )(f).

The defining properties of Xp are that it is linear and obeys the product rule at the point p. It
then follows that, for α, β ∈ R and f, g ∈ C∞(M),

ς(X)(αf + βg) = X( )(αf + βg) = αX( )(f) + βX( )(g) = ας(X)(f) + ας(X)(g).

That is to say: both the domain C∞(M) and codomain Fun(M,R) of ς(X) are linear spaces, and
ς(X) is a linear map. As for the derivation property, we have

ς(X)(fg)(p) = Xp(fg) = f(p)Xp(g) + g(p)Xp(f) = f(p) (ς(X)(g)) (p) + g(p) (ς(X)(f)) (p).

The expression on the right is a sum of products of functions M → R; so we have the identity

ς(X)(fg) = fς(X)(g) + gς(X)(f).

DEFINITION 4.11. A rough derivation on M is a linear function D : C∞(M)→ Fun(M,R)
with the property that D(fg) = fD(g) + gD(f) for all f, g ∈ C∞(M). If D takes values in
C∞(M), we call it a smooth derivation, or just a derivation.

Our discussion above thus shows that ifX is any (possibly rough) vector field onM , then ς(X)
is a rough derivation. From now on, we will abuse notation and drop the ς , and identify the vector
field X as this rough derivation: the action of the vector field is X(f)(p) = Xp(f) (where we now
stop writing the second set of parentheses since we are identifying X(f)(p) = X(p)(f)).

Now, we know that each tangent vector Xp is locally-defined: the value Xp(f) depends only
on the germ of f at p. This gives us a restriction operation on vector fields that does not make sense
in general for functions defined on C∞(M). If U ⊆ M is an open subset, then we have a vector
field X|U which is a (rough) derivation C∞(U)→ Fun(U,R). Its action (cf. Proposition 3.11) is

X|U (g)(p) = Xp(g̃) (4.2)

where g̃ is any smooth function on M whose restriction to some neighborhood of p agrees with
g there. (Here we witness the identification of TpU with TpM .) What this means is that, viewing
X as a rough derivation, its domain is not really C∞(M); it is the “sheaf of germs of f” (an
object which formally encodes the notion of making two functions equivalent if they agree on a
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neighborhood of each point, in a way that doesn’t mean the two functions are equal). In particular,
it follows that, for any f ∈ C∞(M) and any open set U ⊆M ,

X|U (f |U) = X(f)|U .

With this in hand, it becomes easy to characterize when a (possibly rough) vector field is
actually smooth.

PROPOSITION 4.12. Let X : M → TM be a possibly rough vector field, and identify it as a
rough derivation as above. The following are equivalent.

(a) X is smooth.
(b) X(f) ∈ C∞(M) for every f ∈ C∞(M).
(c) For every open set U ⊆M and every g ∈ C∞(U), the function X|U (g) is in C∞(U).

PROOF. We prove the chain of implications (a) =⇒ (b) =⇒ (c) =⇒ (a).
• (a) =⇒ (b): If X is a smooth vector field, then for any point p ∈ M , choose a chart

(U,ϕ) and write Xp =
∑n

j=1X
j(p) ∂

∂xj

∣∣
p
. By Lemma 4.1, the coefficient functions Xj

are smooth functions on U . Thus, interpreting X as a rough derivation, we have for
f ∈ C∞(M)

X(f)(p) = Xp(f) =
n∑
j=1

Xj(p)
∂

∂xj

∣∣∣∣
p

(f) =
n∑
j=1

Xj(p)
∂(f ◦ ϕ−1)

∂xj
(ϕ(p))

which is a smooth function of p ∈ U . Thus X(f) is smooth in a neighborhood of p, for
any p ∈M , proving that X(f) ∈ C∞(M).
• (b) =⇒ (c): We assume X is a smooth derivation, so in particular X(f) ∈ C∞(M) for

all f ∈ C∞(M). Now, let U ⊆ M be open, and take any g ∈ C∞(U). Fix any p ∈ U ,
and let g̃ ∈ C∞(M) be a function that agrees with g on some neighborhood p (such a
smooth extension can be constructed with a bump function, cf. the proof of Proposition
3.11). Then by (4.2), we have

X|U (g)(p) = Xp(g̃) = X(g̃)(p)

and since X(g̃) is smooth by assumption, this shows X|U (g) is smooth at p. This holds
for every p ∈ U , so X|U (g) ∈ C∞(U).
• (c) =⇒ (a) Let p ∈M , and let (U,ϕ) be a chart at p. By assumption, for any g ∈ C∞(U),
X|U (g) is smooth at p. In particular, denoting ϕ(p) = (x1(p), . . . , xn(p)), the functions
xj are C∞ on U , and so X|U (xj) are smooth at p. But we can compute these functions
from the coordinate representation of the vector field X:

X|U (xj)(p) = Xp(x
j) =

n∑
k=1

Xk
p

∂

∂xk

∣∣∣∣
p

(xj) = Xj(p).

Hence, the conclusion is that the component functionsXj are smooth at p for each p ∈ U .
By Lemma 4.1, it follows that X is a smooth vector field.

�

Thus, if X ∈ X (M) is a smooth vector field, viewed as a rough derivation X : C∞(M) →
Fun(M,R), it is actually a derivation C∞(M) → C∞(M). This turns out to be an equivalence.
For the precise statement, it is useful to return to the ς notation one more time.
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THEOREM 4.13. LetM be a smooth manifold. A functionD : C∞(M)→ C∞(M) is a deriva-
tion if and only if D = ς(X) for some X ∈X (M).

PROOF. Proposition 4.12 shows that if X ∈X (M) then ς(X) is a smooth derivation, leaving
us only to prove the converse. Thus, given a smooth derivation D : C∞(M) → C∞(M), define
a vector field X : p 7→ Xp the only way possible: Xp(f) = (D(f)) (p) (which is precisely to say
that ς(X) = D). It is immediate that, since D is a derivation, f 7→ (D(f)) (p) is a derivation at
p, so Xp ∈ TpM , defining a rough vector field. Furthermore, since Xp(f) = (D(f)) (p) is (by
assumption) a smooth function of p, it follows from Proposition 4.12 that X is a smooth vector
field, concluding the proof. �

Henceforth, we will identify X (M) with the space of smooth derivations on M (sometimes
denoted Der(M)).

4. Push-Forwards

LetM,N be smooth manifolds, with a smooth map F : M → N . If p ∈M and v ∈ TpM , then
we transport v to a vector w = dFp(v) ∈ TF (p)N . We might then expect that we can do the same to
push forward a vector field X ∈ X (M) to a vector field on N . The näive approach doesn’t quite
work, however. The vector dFp(X(p)) it tangent to F (p) ∈ N , so the only possible choice would
be to define the pushed-forward vector field as Y (q) = dFp(X(p)) where q = F (p). But this is
problematic for two reasons: (1) if F is not onto, then there are some points q ∈ N that are not of
the form q = F (p), and so dF gives us no way to assign tangent vectors to those points. And (2)
if F is not one-to-one, there are some distinct points p1 6= p2 ∈ M for which q = F (p1) = F (p2).
But in this case, there’s no reason to expect that dFp1(X(p1)) = dFp2(X(p2)), and so this ”push-
forward” will, in general, not define a unique tangent vector at q.

This, the relation Y (F (p)) = dFp(X(p)) does not generally define a vector field Y from X .
But this relation may still hold between two vector fields. When it does, we say X and Y are
F -related. Since we now know we can view a smooth vector field as a derivation, let us translate
the notion of F -relation in that language.

PROPOSITION 4.14. Let F : M → N be a smooth map, X ∈ X (M), and Y ∈ X (N). Then
X and Y are F -related iff

X(f ◦ F ) = Y (f) ◦ F, ∀ f ∈ C∞(N).

PROOF. Simply compute that, for any p ∈M ,

X(f ◦ F )(p) = Xp(f ◦ F ) = dFp(Xp)(f),

while
Y (f) ◦ F (p) = Y (f)(F (p)) = YF (p)(f).

�

EXAMPLE 4.15. Let X be the (global) coordinate vector field on R (day X = d
dt

with global
coordinate t on R). Let F : R→ R2 be the smooth map F (t) = (cos t, sin t). Note that the image
of F is just the unit circle S1, which amply shows how there can be no (unique) way to transport X
to all of R2 via F . However, there are plenty of F -related vector fields Y toX . The most canonical
one is

Y = x
∂

∂y
− y ∂

∂x
,
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the curl field. (Note that Y |S1 is the vector field d
dθ

of Example 4.4.) To see this, we just compute:
for any f ∈ C∞(R2),

X(f◦F )(t) =
d

dt
(f(cos t, sin t)) =

∂f

∂x
(cos t, sin t)·(− sin t)+

∂f

∂y
(cos t, sin t)·(cos t) = (Y f)(F (t)).

So X and Y are F -related. Note, however, that since F can only “see” what happens to Y on S1,
if we take any smooth vector Y ′ field on R2 that agrees with Y on S1, then X and Y ′ will also be
F -related.

The one case where there is a unique F -related vector field to a given X ∈ X (M) is when F
is a diffeomorphism.

PROPOSITION 4.16. Let M,N be smooth manifolds and let F : M → N be a diffeomorphism.
Let X ∈X (M). Define F∗(X) ∈X (N) by

F∗(X)(q) = dFF−1(q)(XF−1(q)). (4.3)

Then F∗(X) is the unique smooth vector field on N that is F -related to X .

The vector field F∗(X) is called the push-forward of X by F . One might think of Y as “a
push forward of X by F ” whenever F is a smooth map and X, Y are F -related, but this is not
uniquely defined unless F is a diffeomorphism.

PROOF. Let Yq = F∗(X)(q) be the (a priori rough) vector field defined by (4.3), and let p =
F−1(q). Then (4.3) the statement Yq = dFp(Xp), which is precisely the statement thatX and Y are
F -related. This shows that Y is the unique (rough) vector field that is F -related to X . It remains
only to show that Y is in fact smooth. But by definition it is the composition

N
F−1

−→M
X−→TM

dF−→TN

which is a composition of three smooth maps, and is hence smooth. �

COROLLARY 4.17. Let F : M → N be a diffeomorphism, and let X ∈ X (M). Then for
f ∈ C∞(N),

(F∗(X)(f)) ◦ F = X(f ◦ F ).

Push forwards, and more generally F -relatedness, will be how we measure “naturality” of
transformations of vector fields. Proposition 4.16 shows the unique way to push a vector field
along a diffeomorphism, which shows that X (M) and X (N) are naturally isomorphic whenever
M and N are diffeomorphic. More generally, if we have a smooth map F : M → N between
manifolds, we will generally understand the behavior of a vector field on M to be “the same” as a
vector field on N if they are F -related.

5. Lie Brackets

We now think of vector fields in X (M) as derivations: linear operators on C∞(M) that satisfy
the product rule. Locally, we know such operators can be expressed as first-order differential
operators. Thus, the composition of two vector fields will, locally, be a second-order differential
operator. Such operators are not derivations. Indeed, let us compute in general for two derivations
X, Y ∈ Der(M): for f ∈ C∞(M),

XY (fg) = X(f · Y (g) + g · Y (f)) = [f ·XY (g) + Y (g)X(f)] + [g ·XY (f) + Y (f)X(g)]

= f ·XY (g) + g ·XY (f) +X(f)Y (g) +X(g)Y (f).
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So, we see that the defect of XY from being a derivation is

XY (fg)− [f ·XY (g) + g ·XY (f)] = X(f)Y (g) +X(g)Y (f).

This is typically not 0; it happens only when (viewed as maps M → TM ) the supports suppX
and suppY are disjoint.

So we cannot usually compose derivations to get a derivation. But we can take their Lie
bracket:

[X, Y ] ≡ XY − Y X. (4.4)

LEMMA 4.18. Let X, Y ∈X (M). Then [X, Y ] ∈X (M).

PROOF. For any linear operator A : C∞(M) → C∞(M), let ΓA : C∞(M) × C∞(M) →
C∞(M) measure the defect of A from being a derivation,

ΓA(f, g) = A(fg)− [f · A(g) + g · A(f)].

Then A ∈X (M) if and only if DA ≡ 0. As computed above, we have

ΓXY (f, g) = X(f)Y (g) +X(g)Y (f). (4.5)

Now, A 7→ ΓA(f, g) is linear, and so we have

Γ[X,Y ] = DXY −DY X .

Subbing in (4.5) yields, for all f, g ∈ C∞(M),

Γ[X,Y ](f, g) = [X(f)Y (g) +X(g)Y (f)]− [Y (f)X(g) + Y (g)X(f)] = 0.

�

EXAMPLE 4.19. Consider the following two vector fields on R2:

X =
∂

∂x
, Y = x

∂

∂y
− y ∂

∂x
.

We will call these two vector fields X =“drive east” and Y =“steer”. Let’s compute their bracket:
for f ∈ C∞(R2),

[X, Y ](f) =
∂

∂x

(
x
∂

∂y
− y ∂

∂x

)
f −

(
x
∂

∂y
− y ∂

∂x

)
∂

∂x
f

=
∂

∂x
(xfy − yfx)− (xfyx − yfxx)

= fy + xfxy − yfxx − (xfyx − yfxx) =
∂

∂y
f.

That is: the bracket of “drive east” and “steer” is “drive north”. This is why parallel parking works!
More in this later.

The Lie bracket of vector fields is a genuinely new operation: it is not just a new coordinate-free
version of some vector operation from vector calculus. Let us compute it in local coordinates.

PROPOSITION 4.20. Let M be a smooth manifold, let X, Y ∈X (M) be vector fields, and let
(U,ϕ) be a coordinate chart with ϕ = (x1, . . . , xn). Express the vector fields in local coordinates
(as usual)

X|U =
n∑
j=1

Xj ∂

∂xj
, Y |U =

n∑
j=1

Y j ∂

∂xj
.
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Then, in local coordinates,

[X, Y ]|U =
n∑

j,k=1

(
Xj ∂Y

k

∂xj
− Y j ∂X

k

∂xj

)
∂

∂xk
.

PROOF. This is an elementary (if tedious) computation. Fix f ∈ C∞(M). To save space,
denote ∂

∂xk
f = fk, and ∂

∂xj
∂
∂xk

f = fkj . Since f is smooth, fjk = fkj as usual. Then (being clever
about naming indices) we have

[X, Y ]|U f =

(
n∑
j=1

Xj ∂

∂xj

)(
n∑
k=1

Y k ∂

∂xk

)
f −

(
n∑
j=1

Y j ∂

∂xj

)(
n∑
k=1

Xk ∂

∂xk

)
f

=
n∑

j,k=1

(
Xj ∂

∂xj
(Y kfk)− Y j ∂

∂xj
(Xkfk)

)
.

The term inside the brackets expands (using the product rule) to

Xj ∂

∂xj
(Y kfk)− Y j ∂

∂xj
(Xkfk) = Xj ∂Y

k

∂xj
fk +XjY kfkj − Y j ∂X

k

∂xj
fk − Y jXkfkj.

Grouping the first- and second-order terms into two sums, this gives

[X, Y ]|U f =
n∑

j,k=1

(
Xj ∂Y

k

∂xj
fk − Y j ∂X

k

∂xj
fk

)
+

n∑
j,k=1

(XjY kfkj − Y jXkfkj).

Finally, break up the second sum and reverse the dummy indices:
n∑

j,k=1

XjY kfkj −
n∑

j,k=1

Y jXkfkj =
n∑

j,k=1

XjY kfkj −
n∑

j,k=1

Y kXjfjk = 0,

where the final equality comes from the identity fkj = fjk. �

In particular, if all the coefficients Xj and Y j are constant, then [X, Y ]|U = 0. (A special case
of this is when X = ∂

∂xj
and Y = ∂

∂xk
for some fixed j, k; then the fact that [X, Y ] = 0 is just

the statement that fjk = fkj for smooth f , which we used in the proof.) Whenever it happens that
[X, Y ] = 0, we say that the vector fields X and Y commute. Thus, coordinate vector fields (and
in general constant coefficient vector fields) commute.

What does it mean for vector fields to commute? More generally: what does [X, Y ] really
mean? Proposition 4.20 shows that it is a new vector field with components built out of the com-
ponents of X and Y together with their derivatives. In a sense, the goal of the next chapter is to
understand what this really means.

First, let us summarize some algebraic properties of the Lie bracket that will be very useful for
computations.

PROPOSITION 4.21. Let M be a smooth manifold, and let X, Y, Z ∈X (M). The Lie bracket
satisfies the following properties.

(a) BILINEARITY: for a, b ∈ R,

[aX + bY, Z] = a[X,Z] + b[Y, Z],

[Z, aX + bY ] = a[Z,X] + b[Z, Y ].

(b) ANTISYMMETRY:
[X, Y ] = −[Y,X].
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(c) JACOBI IDENTITY:

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0.

(d) For f, g ∈ C∞(M),

[f ·X, g · Y ] = fg · [X, Y ] + (f ·Xg)Y − (g · Y f)X.

PROOF. Items (a) and (b) are immediate from the definition. Item (c) is a simple if tedious
computation that is left to the bored reader. The mysterious item (d) is left as a homework exercise.

�

Let us take a moment to examine the Jacobi identity. In one sense, it is just a mnemonic for
how to “associate” three elements (the Lie bracket is non-associative). To try to make a little more
sense of it, we introduce some (important) notation. Given a vector field X ∈ X (M), denote by
adX : X →X the linear operator

LX(Y ) = [X, Y ].

Then we can rewrite the Jacobi identity as follows: first, using antisymmetry twice, write it as
[X, [Y, Z]] = [[X, Y ], Z] + [Y, [X,Z]]. This can be written as

LX([Y, Z]) = [LX(Y ), Z] + [Y,LX(Z)].

That is: if we take X (M) to be a (non-associative) algebra (called a Lie algebra), where the
product is [·, ·], then the Jacobi identity says precisely that LX is a derivation on X (M). This
suggests that we can interpret LX as a kind of “derivative with respect to X”. We will make this
precise in the next chapter. We will also return to Proposition 4.21(d) in the next chapter, where it
will also make sense as a statement about the Lie bracket being a certain kind of derivative.

Let us conclude this section (and chapter) by noting that the Lie bracket is a “natural” object:
it preserves F -relation for any smooth map F .

PROPOSITION 4.22. Let M,N be smooth manifolds and let F : M → N be a smooth map. If
X1, X2 ∈ X (M), Y1, Y2 ∈ X (N), and if (Xj, Yj) are F -related for j = 1, 2, then [X1, X2] and
[Y1, Y2] are F -related.

PROOF. We use the F -relation twice to compute, for any f ∈ C∞(N),

X1X2(f ◦ F ) = X1((Y2(f) ◦ F ) = (Y1Y2(f)) ◦ F, and

X2X1(f ◦ F ) = X2(Y1(f) ◦ F ) = (Y2Y1(f)) ◦ F.
Thus

[X1, X2](f◦F ) = X1X2(f◦F )−X2X1(f◦F ) = (Y1Y2(f))◦F−(Y2Y1(f))◦F = ([Y1, Y2](f))◦F.
�

COROLLARY 4.23. Let M,N be diffeomorphic manifolds via diffeomorphism F : M → N .
Let X1, X2 ∈X (M). Then F∗[X1, X2] = [F∗X1, F∗X2].





CHAPTER 5

Flows

1. Integral Curves

Let M be a smooth manifold, and let X ∈ X (M) be a smooth vector field. So X(p) is a
tangent vector at p; in particular, it is the tangent vector to lots of curves passing through that point.
If α is a smooth curve with the property that, for every point p it passes through, its tangent vector
is X(p), it is called an integral curve of X . That is: the condition is that for α : (t−, t+)→M ,

α̇(t) = X(α(t)), t ∈ (t−, t+). (5.1)

EXAMPLE 5.1. Let M = R2, and take X = ∂
∂x

. Then it is easy to check that any curve of the
form α(t) = p + te1, for any p ∈ R2, is an integral curve: α̇(t) = e1 ∼ ∂

∂x
= X(α(t)). It is also

easy to see that α(t) = p+ te1 is the unique integral curve passing through p at t = 0. Indeed, this
is a statement about an ODE: for any curve α(t) = (x(t), y(t)),

∂

∂x

∣∣∣∣
α(t)

= X(α(t)) = α̇(t) = dαt

(
d

dt

∣∣∣∣
t

)
=
dx

dt

∂

∂x

∣∣∣∣
α(t)

+
dy

dt

∂

∂y

∣∣∣∣
α(t)

.

This sets up the ODE
dx

dt
= 1,

dy

dt
= 0, (x(0), y(0)) = p

and it is elementary to verify that the unique solution is α(t) = (x(t), y(t)) = p+ te1.
In particular, we see that, for this example, given any p ∈ M , there is a unique integral curve

αp of X that passes through p at time t = 0, αp(0) = p; moreover, for any p, q ∈ R2, the images
of αp and αq are either identical (if p1 = q1) or disjoint (otherwise).

EXAMPLE 5.2. Let M = R2, and take Y = x ∂
∂y
− y ∂

∂x
. Any integral curve α(t) = (x(t), y(t))

is determined by

x(t)
∂

∂y

∣∣∣∣
α(t)

− y(t)
∂

∂x

∣∣∣∣
α(t)

= X(α(t)) = α̇(t) =
dx

dt

∂

∂x

∣∣∣∣
α(t)

+
dy

dt

∂

∂y

∣∣∣∣
α(t)

.

In other words, we have the ODE

dx

dt
= −y(t),

dy

dt
= x(t).

Subject to the constraint α(0) = (x(0), y(0)) = (x0, y0), the unique solution is

α(t) = (x(t), y(t)) = (x0 cos t− y0 sin t, x0 sin t+ y0 cos t).

When (x0, y0) = (0, 0), this is the constant curve α(t) = 0; otherwise, it is a counter-clockwise
circle. Once again, we see that, for every point p = (x0, y0), there is a unique integral curve αp

with αp(0) = p, and the images of any two integral curves are either identical or disjoint.
71
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EXAMPLE 5.3. Let M = R2, and let X = x2 ∂
∂x

. Then any integral curve α(t) = (x(t), y(t))
satisfies the ODE

ẋ(t) = x(t)2, ẏ(t) = 0.

The standard procedure is to “separate variables” and solve for x by dx
x2

= dt. This only works if
x 6= 0, of course; if the initial condition is of the form α(0) = (0, y0), then we can easily check that
the constant curve α(t) = (0, y0) is the unique solution. Otherwise, if x0 6= 0, the unique solution
with α(0) = (x0, y0) is

x(t) =
1

1/x0 − t
, y(t) = y0.

If x0 > 0, the domain of this curve is t ∈ (−∞, 1/x0). As t ↑ 1/x0, the curve accelerates off to∞
along the line y = y0. As t ↓ −∞, the curve approaches the point (0, y0). If x0 < 0, the betavior
is the same (in the opposite direction).

Integral curves always exist locally.

PROPOSITION 5.4. Let M be a smooth manifold and X ∈ X (M). For each point p ∈ M ,
there exists an integral curve α for X defined on some time interval (−ε, ε) such that α(0) = p.

PROOF. Let (U,ϕ) be a chart at p, with coordinate functions ϕ = (x1, . . . , xn). Write α in
local coordinates as α(t) = (α1(t), . . . , αn(t)). (Technically we should write α̂(t) = ϕ ◦ α(t),
but at this point we will start dropping that extra notation.) Also write the vector field in local
coordinates

X =
N∑
j=1

Xj ∂

∂xj
.

Then (5.1) becomes the ODE

dαj

dt
= Xj(α1(t), . . . , αn(t)), 1 ≤ j ≤ n.

By Theorem 0.22 (the Picard–Lindelöf Theorem), there is a unique smooth solution α(t) with
α(0) = p, for some time interval (−ε, ε), proving the proposition. �

REMARK 5.5. The Picard-Lindelöf theorem shows that the integral curve is unique in the chart
U . We will need more work to show that it is unique globally on M .

The next few lemmas investigate how integral curves respond to transformations of their vector
field.

LEMMA 5.6 (Dilation). Let M be a smooth manifold, and X ∈X (M). Let α : (t−, t+)→M
be an integral curve for X . For any a ∈ R, the curve δa(α) : {t : at ∈ (t−, t+)} → M defined by
δa(α)(t) = α(at) is an integral curve for the vector field aX .

PROOF. This is just a calculation: for any t0 ∈ R with at0 ∈ (t−, at+), and any f ∈ C∞(M),

δa(α)′(t0)(f) =
d

dt

∣∣∣∣
t0

f◦δa(α)(t) =
d

dt

∣∣∣∣
t0

(f◦α)(at) = a(f◦α)′(at0) = aα′(at0)f = aX(δa(α))f.

�

LEMMA 5.7 (Translation). Let M be a smooth manifold, and X ∈ X (M). Let α : (t0, t1) →
M be an integral curve for X . For any b ∈ R, the curve τb(α) : (t0 − b, t1 − b) → M defined by
τb(α)(t) = α(t+ b) is also an integral curve of X .
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PROOF. On Homework 3. �

LEMMA 5.8 (“Integral curves are natural”). Let M,N be smooth manifolds with a smooth
map F : M → N . Let X ∈ X (M) and Y ∈ X (N). Then X is F -related to Y iff F takes
integral curves of X to integral curves of Y (i.e. for every integral curve α : (t−, t+) → M of X ,
F ◦ α : (t−, t+)→ N is an integral curve of Y .

PROOF. Suppose X, Y are F -related, i.e. dFp(X(p)) = Y (F (p)) for all p ∈ M . Let α be an
integral curve of X; thus α′(t) = X(α(t)) for all t. So

(F ◦ α)′(t)dFα(t)(α
′(t)) = dFα(t)(X(α(t))) = Y (F (α(t))) = Y (F ◦ α(t)),

showing that F ◦ α is an integral curve of Y .
Conversely, suppose F maps integral curves of X to integral curves of Y . For any p ∈ M ,

choose an integral curve α of X with α(0) = p. Then

dFp(X(p)) = dFα(0)(X(α(0)) = dFα(0)(α
′(0)) = (F ◦ α)′(0).

By assumption, F ◦ α is an integral curve of Y , which means that (F ◦ α)′(0) = Y (F ◦ α(0)) =
Y (F (p)). This shows that X, Y are F -related. �

2. Flows

In Examples 5.1 and 5.2, we saw vector fields on a smooth manifold M whose integral curves
had the following property:

Given any p ∈M , there is a unique integral curve αp : R→M with αp(0) = p.
As Example 5.3 shows, this property does not always hold: in particular, the curve may not exist
for all time. Casting this aside for the moment, suppose X is a vector field with unique integral
curves {αp : p ∈M} all existing for all time. Then we can define a map

θ : R×M →M, θ(t, p) = αp(t).

For fixed t ∈ R, let θt : M → M be the map θt(p) = θ(t, p). Note that θ0(p) = θ(0, p) = αp(0) =
p by definition; so θ0 = IdM . Now, let s, t ∈ R, and consider θ(t + s, p). This is the point
αp(t + s): the point reached by the unique integral curve of X starting at p after time t + s. On
the other hand, the translation Lemma asserts that t 7→ αp(t + s) is also an integral curve of X; it
starts at q = αp(s). That is, we have the relationship

αp(t+ s) = αq(t), where q = αp(s).

Translating this into θ-language, this says that θ(t + s, p) = θ(t, q) = θ(t, αp(s)) = θ(t, θ(s, p));
or, more succinctly

θt+s = θt ◦ θs. (5.2)
We can derive a number of consequences immediately from this.

• For each t ∈ R, θt : M → M is a bijection. Indeed, θt ◦ θ−t = θt−t = θ0 = IdM , so
(θt)

−1 = θ−t.
• Given any two integral curves αp, αq, either αp(R) = αq(R), or αp(R) ∩ αq(R) = ∅.

After all, if there is some point r ∈ αp(R)∩αq(R), then there are times t0, s0 ∈ R so that
r = αp(t0) = αq(s0). This means that θt0(p) = θs0(q). Applying (5.2), we have, for any
t,

θt(p) = θt0+t−t0(p) = θt−t0(θt0(p)) = θt−t0(θs0(q)) = θt+s0−t0(q).
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I.e. αp(t) = αq(t + s0 − t0) = (τs0−t0αq)(t), so αp = τs0−t0αq. The two curves are
translations of each other, and so (since both are defined for all time) they have the same
image, as claimed.

Motivated by this discussion, we define a flow as follows.

DEFINITION 5.9. A (smooth) global flow on M is a smooth function θ : R × M → M for
which, writing θt(p) = θ(t, p), we have θ0 = IdM and (5.2) holds.

From the above discussion, we see that each map θt for fixed t ∈ R is a diffeomorphism of M : it
is a smooth map with inverse θ−t, which is (by definition) also smooth. So a smooth global flow is
a 1-parameter group if diffeomorphisms.

Given a global flow, we get a collection of curves {θp : p ∈M} defined by θp(t) = θt(p) for all
t ∈ R. (So θp is what we formerly called αp.) Since θ is smooth (in both variables), each curve αp
is a smooth curve. By the second item in the discussion above Definition 5.9, the images of these
curves are either identical or disjoint, and they (of course) cover M .

Our next proposition shows that any smooth global flow comes from a vector field as per the
discussion leading up to the definition.

PROPOSITION 5.10. Let θ be a smooth global flow onM . For each p ∈M , let θp(t) = θt(p) =
θ(t, p), and define a vector Xp ∈ TpM by

Xp = θ̇p(0). (5.3)

Then the rough vector field X : p 7→ Xp is smooth, and for each p, θp is an integral curve of X
starting at p.

We call the vector field X above the infinitesimal generator of the flow θ.

PROOF. Let f ∈ C∞(M). Then we calculate

X(p)(f) = Xp(f) = (θ̇p(0))(f) = d(θp)p

(
d

dt

∣∣∣∣
0

)
(f) =

d

dt

∣∣∣∣
0

f(θp(t)) =
∂

∂t

∣∣∣∣
(0,p)

f(θ(t, p)).

The function f ◦ θ is smooth, and hence so are its partial derivatives. This shows that X(f) is
smooth, and so by Proposition 4.12 X is a smooth vector field.

Now, we must show that θp is an integral curve of X starting at p. We have θp(0) = θ0(p) = p
by definition. Fix t0 ∈ R. Let q = θp(t0). Then we can compute, for any f ∈ C∞(M),

X(q)f = (θ̇q(0))(f) =
d

dt

∣∣∣∣
0

f ◦ θq(t) =
d

dt

∣∣∣∣
0

f(θt(q)).

But θt(q) = θt(θ
p(t0)) = θt ◦ θt0(p) = θt+t0(p) = θp(t+ t0), and so

X(q)f =
d

dt

∣∣∣∣
0

f(θp(t+ t0)) = (θ̇p(t0))(f).

That is: we have shown that, as derivations,

X(θp(t0)) = θ̇p(t0), t0 ∈ R.

This concludes the proof that θp is an integral curve of X . �
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EXAMPLE 5.11. Let M = Rn, and define θ(t, p) = etp, the dilation (by exponential time).
This is a smooth map of both variables, with θ0(p) = p and θs+t(p) = es+tp = esetp = θs ◦ θt(p);
so θ is a flow. Its infinitesimal generator E is the vector field

E(p)(f) =
∂

∂t

∣∣∣∣
(0,p)

f(θ(t, p)) =
∂

∂t

∣∣∣∣
(0,p)

f(etp) =
n∑
j=1

pjet
∂f

∂xj
(etp)

∣∣∣∣∣
t=0

=
n∑
j=1

pj
∂

∂xj
(p).

That is: E(p) =
∑n

j=1 x
j ∂
∂xj

∣∣
p

is the Euler field of Example 4.3. In other words, the Euler field is
the infinitesimal generator of dilations.

As Example 5.3 shows, not every vector field is the infinitesimal generator of a global flow.
When this happens, we call the vector field complete; more on complete vector fields later. It turns
out that the only part that fails is the definition of the integral curves for all time. To deal with this,
we weaken the definition of a flow as follows.

DEFINITION 5.12. Let M be a manifold. A flow domain D ⊆ R×M is an open set for which
each section Dp = {t ∈ R : (t, p) ∈ D} is an open interval in R containing 0. A (smooth) flow on
M is a smooth function θ : D →M defined on some flow domain, with the properties:

• θ(0, p) = p for all p ∈M , and
• for any p ∈M , if s ∈ Dp and t ∈ Dθ(s,p) satisfy s+ t ∈ Dp, then

θ(t, θ(s, p)) = θ(t+ s, p).

Some authors call such an object a local flow (to distinguish it from a global flow). As usual,
we let θt(p) = θp(t) = θ(t, p); so θp is a curve defined on the open interval Dp. For fixed t, the set
of p for which θt(p) makes sense is denoted Mt:

Mt = {p ∈M : (t, p) ∈ D}.

EXAMPLE 5.13. In Example 5.3, we found the integral curve αp of x2 ∂
∂x

starting at p = (x0, y0)
was defined on the time interval (−∞, 1/x0) of x0 > 0, on the interval (1/x0,∞) if x < 0, and on
R if x0 = 0. So we define this as our flow domain:

D = {(t, (x, y)) ∈ R× R2 : x > 0, t < 1/x} ∪ {(t, (x, y)) ∈ R× R2 : x < 0, t > 1/x} ∪ R× ({0} × R)

= {(t, (x, y)) : xt < 1, y ∈ R}.

This is an open set. The definition as a union of three pieces shows that D (x,y) for the three regions
x > 0, x < 0, and x = 0. Drawing the picture, we see that (R2)t = {(x, y) : x < 1/t, y ∈ R} if
t > 0, (R2)t = {(x, y) : x > 1/t, y ∈ R} if t < 0, and (R2)0 = R2.

Putting the integral curves of the vector field together, the flow on this domain is

θ(t, (x, y)) =

(
1

1/x− t
, y

)
for x 6= 0, and θ(t, (0, y)) = (0, y).

This is a smooth function on this domain. We can easily check that it satisfies the flow properties
(but we don’t need to, since this flow arose from the unique integral curves of a vector field).

Note that a smooth (local) flow defines a smooth vector field exactly as a global one does: if
θ : D → M is a smooth flow, then for each p there is an open neighborhood (in R ×M ) of (0, p)
contained in D . Thus, the proof of Proposition 5.10 carries through without alteration, and we find
that any flow has an infinitesimal generator defined by (5.3).

Given a flow θ on a domain D , we can always restrict it to a smaller domain D ′ ⊂ D (provided
D ′ is still a flow domain). For example, we could take the global flows of Examples 5.1 and 5.2
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and restrict them to some flow domain smaller than R2. Then the infinitesimal generator would
still be the same vector field in each case – it is determined only by the behavior of the flow in any
small tubular neighborhood of the section {t = 0} in the flow domain. This highlights that one
cannot recover the flow domain from the infinitesimal generator, as we’ve defined things. But we
can fix this by insisting the flow domain be as large as possible.

DEFINITION 5.14. A maximal flow is a flow θ on a flow domain D with the property that
the function θ has no smooth extension to any flow domain larger than D . A maximal integral
curve of a vector field is an integral curve which has no smooth extension to an integral curve on
a strictly larger interval.

With these definitions, vector fields and flows come into one-to-one correspondence.

THEOREM 5.15 (Fundamental Theorem on Flows). Let M be a smooth manifold, and let X ∈
X (M). There is a unique maximal flow θ : D →M whose infinitesimal generator isX . Moreover,
the flow satisfies the following properties.

(a) For each p ∈M , the curve θp is the unique maximal integral curve of X starting at p.
(b) If s ∈ Dp, then Dθ(s,p) = Dp − s = {t− s : t ∈ Dp}.
(c) For each t ∈ R, the set Mt is open in M , and θt : Mt → M−t is a diffeomorphism, with

inverse θ−t.

In order to prove Theorem 5.15, we will first show that every vector field has a unique maximal
integral curve starting at any given point.

LEMMA 5.16. Let M be a smooth manifold, and let X ∈ X (M). For each p ∈ M , there is a
unique maximal integral curve αp with αp(0) = p.

PROOF. For each p ∈ M , by Proposition 5.4 there is an integral curve α : (−εp, εp)→ M that
starts at p. Now, let α and α̃ be two integral curves of X defined on intervals (t−, t+) and (t̃−, t̃+)
(not necessarily containing 0). Suppose the two time intervals intersect: (t−, t+) ∩ (t̃−, t̃+) =
(a, b), and suppose there exists some t0 ∈ (a, b) with α(t0) = α̃(t0). We will show that, in fact,
α(t) = α̃(t) for all t ∈ (a, b). To do this, define T = {t ∈ (a, b) : α(t) = α̃(t)}. Then t0 ∈ T ,
so the set is nonempty. Now, fix any metric dM that metrizes the topology of M , and note that
T = {t ∈ (a, b) : dM(α(t), α̃(t)) = 0}. The function t 7→ dM(α(t), ˜α(t)) is continuous, and so
T is the preimage of {0} under a continuous map; it is therefore a closed set.

Now, let t1 is any point in T . In a chart at α(t1) = α̃(t1) ∈ M , the condition that α and α̃
are integral curves passing through the same point at time t1 shows that they are both solutions of
the same ODE, and hence they are equal in this chart (by the Picard-Lindelöf Theorem 0.22). This
shows that, for any t1 ∈ T , there is an open set of times containing t1 at which the two curves
agree, meaning that there is an open neighborhood of t1 contained in T . Hence, T is open. As
(a, b) is connected, it follows that the clopen set T ⊆ (a, b) is equal to (a, b).

Hence, we have shown that any two integral curves of X that agree at one point must agree
on their common domain. Now, for any p ∈ M , define Dp to be the union of all open intervals
containing 0 on which there is an integral curve of X starting at p. By the above, for any t ∈ Dp,
all integral curves starting at p have the same value at t; so we may define αp(t) to be this common
value. By definition, αp is an integral curve defined on this union of intervals. It is maximal: if
it could be extended, then that extension would have been included in the union. It is unique:
any other integral curve agrees with αp at the time 0, and by the above, that means they agree
everywhere. This concludes the proof. �
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PROOF OF THEOREM 5.15. For each p ∈ M , let Dp be the domain of the maximal integral
curve of X starting at p, and define D = {(t, p) ∈ R×M : t ∈ Dp}. We then define θ : D → M
by θ(t, p) = αp(t). As usual, we will write θp(t) = θt(p) = θ(t, p). So, in particular, θp = αp,
which gives part (a) by definition. We will verify the following things.

(1) For any p ∈ M , if s ∈ Dp and t ∈ Dθ(s,p) satisfy s + t ∈ Dp, then θ(t, θ(s, p)) =
θ(t+ s, p).

(2) Part (b).
(3) D is open, and θ is smooth.
(4) Part (c).

(1) Fix p ∈M , let s ∈ Dp, and set q = θ(s, p) = θp(s). The curve α : Dp− s→M defined by
α = τsθ

p is an integral curve (by the translation lemma) and starts at q. By Lemma 5.16, α agrees
with θq on their common domain, which is precisely to say that if t ∈ Dθ(s,p) with s+ t ∈ Dp then
θq(t) = τsθ

p(t) = θp(t+ s). I.e. θ(t, θ(s, p)) = θ(s+ t, p), as required.

(2) In part (1), we saw that the domain of α was Dp − s; this must be contained in the domain
of the maximal integral curve, so Dp − s ⊆ Dq = Dθ(s,p). On the other hand, since 0 ∈ Dp, and
so −s = 0 − s ∈ Dp − s, we have −s ∈ Dq, and by the group law (verified in part (1)) we get
θq(−s) = p. Thus, applying the same argument with (−s, q) in the place of (s, p), we see that
Dq + s ⊆ Dp, proving the reverse containment, and giving part (b).

(3) This is the tricky one. We define a set W ⊆ D as follows: (t, p) ∈ W iff there is some
product neighborhood J×U , where J is an open interval containing 0 and t, and U an open neigh-
borhood of p in M , on which θ is defined and smooth. Note that, with t = 0, if we take a chart at p,
then in local coordinates we may apply the Picard-Lindelöf theorem (part 3: smooth dependence
on initial conditions) to conclude that θ is defined an smooth on a product neighborhood of (0, p).
Thus, W contains {0} ×M , and so is not empty. What’s more, if (t, p) ∈ W , then all points in
the neighborhood J ×U presumed to exist are also in W (they all have neighborhood J ×U ), and
so W is open. We will show that W = D ; this will show that D is open, and (by definition of
W ) that θ is smooth on its domain. We prove this by contradiction: suppose there is some point
(τ, p0) ∈ D \W . By the above, τ 6= 0. Wlog, assume τ > 0 (the τ < 0 case is similar).

Let t0 = inf{t ∈ R : (t, p0) /∈ W}. Since θ is defined and smooth in some product neighbor-
hood of (0, p0), we must have t0 > 0. Since t0 ≤ τ and Dp0 is an open interval containing 0 and
τ , it follows that t0 ∈ Dp0 . Set q0 = θp0(t0). By the above discussion, there is some neighborhood
U0 of q0 and an interval (−ε, ε) such that (−ε, ε)× U0 ⊆ W . The idea is to now use the group law
to show that this neighborhood can be translated to give a smooth extension of θ to a neighborhood
of (t0, p0), contradicting the definition of t0.

To be precise: choose some t1 < t0 within distance ε (so t1 +ε > t0) and such that θp0(t1) ∈ U0

(possible because θp0(t0) = q0, U0 is a neighborhood of q0, and θp0 is continuous). Now, by
definition of t0, since t1 < t0 we have (t1, p0) ∈ W . This means there is a product neighborhood
(t1 − ,.t1 + ). × U1 contained in W , which means that θ is defined and smooth there – and (since
t1 − ¡.t0) also below: θ is smooth on [0, t1 + ). × U1. By taking U1 small, we may assume that
θ(t1, U1) ⊆ U0 (since θ(t1, p0) ∈ U0). Now we define our extension: θ̃ : [0, t1 + ε) × U1 → M is
defined to be

θ̃(t, p) =

{
θt(p), p ∈ U1, u ≤ t < t1,

θt−t1 ◦ θt1(p), p ∈ U1, t1 − ε < t < t1 + ε.
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The group law for θ guarantees that this is well-defined (it agrees on the overlap), and by the
preceding discussion θ̃ is smooth. Now, by the translation lemma, each curve t 7→ θ̃(t, p) is an
integral curve, and so θ̃ is a smooth extension of θ to a neighborhood of (t0, p0). This contradicts
the choice of t0. Hence, there cannot have been any point (τ, p0) ∈ D \W , concluding the proof
that W = D .

(4) Finally, we prove (c). Since D is open, Mt = {p ∈ M : (t, p) ∈ D} is open (by the
definition of the product topology on R×M ). Using part (b), we have

p ∈Mt =⇒ t ∈ Dp =⇒ Dθt(p) = Dp − t =⇒ −t ∈ Dθt(p) =⇒ θt(p) ∈M−t.
This shows that θt(Mt) ⊆ M−t. Now, the group law shows that θt ◦ θ−t(p) = p for all p ∈ M−t.
What’s more, the same argument as above with t and −t reversed shows that θ−t(M−t) ⊆ Mt. So
any p ∈ M−t is equal to θt(q) for a point q = θ−t(p) ∈ Mt. This shows θt mapso Mt onto M−t.
The argument also shows that it is a bijection with inverse θ−t. Since the flow is smooth, both θt
and θ−t are smooth, and hence they are diffeomorphisms. �

Thus, every smooth vector field X is the infinitesmal generator of a unique maximal flow θ;
we call it the flow generated by X or simply the flow of X .

To conclude our present discussion, let’s note that Lemma 5.8, which says that integral curves
are natural, implies that the collection of all integral curves together (the flow) is also a natural
construction.

LEMMA 5.17 (“flows are natural”). Let M and N be smooth manifolds, and let F : M → N
be a smooth map. Let X ∈ X (M) and Y ∈ X (N), with flows θ and η respectively. If X, Y are
F -related, then for each t ∈ R F (Mt) ⊆ Nt, and ηt ◦ F = F ◦ θt on Mt:

Mt
F //

θt
��

Nt

ηt

��
M−t

F
// N−t

PROOF. By Lemma 5.8, given ant p ∈ M , the curve F ◦ θp is an integral curve of Y , which
starts at F ◦θp(p) = F (p). By uniqueness of (maximal) integral curves, the maximal integral curve
ηF (p) is defined on at least the interval Dp, and F ◦ θp = ηF (p) on this interval. This means that

p ∈Mt =⇒ t ∈ Dp =⇒ t ∈ DF (p) =⇒ F (p) ∈ Nt,

which is equivalent to F (Mt) ⊆ Nt. What’s more, the statement F (θp(t)) = ηF (p)(t) for all t ∈ Dp

is precisely the statement that ηt ◦ F (p) = F ◦ θt(p) for all p ∈Mt, as desired. �

COROLLARY 5.18. Let M and N be a smooth manifolds, and let F : M → N be a diffeomor-
phism. If X ∈ X (M) with flow θ, then the flow of F∗(X) is ηt = F ◦ θt ◦ F−1, with domain
Nt = F (Mt) for each t ∈ R.

As we mentioned just above Definition 5.12, a vector field is called complete if it is the in-
finitesimal generator of a global smooth flow. In light of Theorem 5.15, we can phrase this more
accurately as: a vector field is complete if its flow is global, i.e. if its integral curves all exists for
all time. It is generally quite hard to decide when this is the case. Example like 5.1 and 5.2 that
can be solved completely explicitly are rare. Usually it is difficult to decide whether a given local
integral curve can be extended. We do have the following tool.
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LEMMA 5.19 (Uniform Time Lemma). Let M be a smooth manifold and X ∈ X (M). Sup-
pose there is a uniform ε > 0 so that, for every p ∈ M , the integral curve θp of X starting at p is
defined on (−ε, ε). Then X is complete.

This is a typical “bootstrapping” argument. Let q = θp(ε/2); by assumption θq also extends
past time ε/2, so let r = θq(ε/2); by assumption, θr extends past time ε/2, so let s = θr(ε/2);
and so forth. Then the group law shows that θp(t) exists up to time 3ε/2: θp(t) = θs(t − ε) for
ε ≤ t < 3ε/2. We can continue this way extending ε/2 time units at a time, out to∞. In the proof,
we give a shorter treatment of this idea by a contradiction proof.

PROOF. For a contradiction, we assume that there exists a p ∈ M for which Dp is bounded
above (a similar proof works in the case it is assumed to be bounded below). Fix some time t0 with
sup Dp − ε < t0 < sup Dp. Let q = θp(t0). By assumption, θq is defined on (−ε, ε). So we may
define a curve α : (−ε, t0 + ε) by

α(t) =

{
θp(t), −ε < t < sup Dp,

θq(t− t0), t− ε < t < t0 + ε.

By the group law, we have θq(t− t0) = θ(t− t0, q) = θ(t− t0, θp(t0)) = θt−t0 ◦ θt0(p) = θt(p) =
θp(t). This shows that the two pieces of the definition of α agree on their overlap. By the translation
lemma, α is an integral curve, and it starts at p. But α is defined on a domain strictly larger than
the maximal domain Dp of θp, which is a contradiction. �

This gives us at least one class of vector fields that are complete.

THEOREM 5.20. Every compactly supported smooth vector field is complete.

PROOF. Let X ∈ X (M) be compactly supported, with K = suppX . Let p ∈ K; then, since
the flow θ of X is defined on an open set, there is some product neighborhood (−εp, εp) × Up of
(0, p) where θ is defined. By compactness of K, there are finitely many points p1, . . . , pk ∈ K so
that the open sets Up1 , . . . , Upk cover K. Set ε = min{εp1 , . . . , εpk}. Now, for any point q ∈ K,
choose some pj such that q ∈ Upj ; then, since θ is defined on (−εpj , εpj)× Upj , it follows that the
integral curve θq is defined on (−εpj , εpj), and so therefore on the interval (−ε, ε). Hence, every
integral curve starting in K is defined on (−ε, ε). If, on the other hand, q /∈ K = suppX , then
X(q) = 0, and so the integral curve θq is constant and defined for all time (so in particular on
(−ε, ε). It follows from the uniform time lemma that X is complete. �

COROLLARY 5.21. Every smooth vector field on a compact smooth manifold is complete.

3. Lie Derivatives

Consider an old-fashioned vector field X : U ⊆ Rn → Rn. We were able to take derivatives of
such vector fields by treating them as functions: the directional derivative in some direction v was,
as usual

DvX(p) =
d

dt

∣∣∣∣
t=0

X(p+ tv) = lim
t→0

X(p+ tv)−X(p)

t
.

Indeed, this simply means taking directional derivatives of the components independently. How-
ever, this heavily depends on the vector space structure of Rn (so that we can take p+ tv).
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We could try to fix this as follows. Let X ∈ X (M), and let p ∈ M . For a vector v ∈ TpM ,
fix some curve α : (−ε, ε)→M so that α(0) = p and α̇(0) = p. Then we could try to define

DvX(p) = lim
t→0

X(α(t))−X(p)

t
.

But this is still problematic. First, which curve should we choose? There is no reason to think that
the answer will depend only on α̇(0). But the bigger problem is: the difference quotient actually
doesn’t make sense: X(α(t)) ∈ Tα(t)M while X(p) ∈ TpM , different vector spaces. If M = Rn,
we can canonically identify these two spaces, but in general, there is no coordinate-free way to do
so.

There is no solution to this problem: there is no way to take the directional derivative at some
point p of a vector field in the direction of some vector living only in TpM that is coordinate
independent (i.e. well-defined). But there is a solution if we take the directional derivative in the
direction of another vector field: the idea being that we should evaluate X at points along the flow
of the other vector field in the difference quotient. Here is the definition.

DEFINITION 5.22. Let M be a smooth manifold, and fix two vector fields X, Y ∈X (M). Let
θ be the flow of Y . The Lie derivative of X with respect to Y is defined to be the (rough) vector
field LY (X) is defined by

LY (X)(p) =
d

dt

∣∣∣∣
t=0

d(θ−t)θt(p)(Xθt(p)) = lim
t→0

d(θ−t)θt(p)(Xθt(p))−Xp

t
. (5.4)

Actually, we need to verify that this definition makes sense (i.e. that the limit exists), but at
least the difference quotient itself makes sense. We evaluate X at the point θt(p) that p flows to
under the flow of X . This gives us a vector in Tθt(p)M , which we cannot compare to X(p). So we
transform that vector back into TpM by using the backwards flow, or rather the differential of the
backwards flow, which is its infinitesimal action on vectors, giving us a vector back in TpM (since
θ−t : θt(p) 7→ p). Note: although θ is not generally globally defined, for fixed p the flow domain
Dp is an interval containing 0, and so for small enough t the difference quotient makes sense.

By Theorem 5.15, θ−t is a diffeomorphism from M−t → Mt, where M−t = {q ∈ M : − t ∈
Dq} is open. If we choose t small enough that −t ∈ Dp, then p ∈ M−t; then we can restrict X to
the neighborhood M−t of p, and we have (from Proposition 4.16)

d(θ−t)θt(p)(X(θt(p))) = (θ−t)∗(X)(p).

Thus, we can write

LY (X)(p) =
d

dt

∣∣∣∣
t=0

(θ−t)∗(X)(p), (5.5)

again, provided this limit makes sense. Note: we state this at a given point p ∈ M to emphasize
the point that the derivative being taken is of the function t 7→ (θ−t)∗(X)(p), which is a map from
some time interval into the tangent space TpM : it is a regular calculus function.

Proposition 5.24 below shows that the Lie derivative does exists, and is in fact a familiar object.
First we need the following lemma.

LEMMA 5.23. Let M be a smooth manifold, let ε > 0, and let f ∈ C∞((−ε, ε) ×M). For
each t ∈ (−ε, ε), let ft(p) = f(t, p). If X ∈ C∞(M), then (t, p) 7→ X(ft) is smooth function on
(−ε, ε)×M .
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PROOF. Let (U,ϕ) be a chart in M , with coordinate functions ϕ = (x1, . . . , xn). Then we can
write the vector field X restricted to U in the coordinate basis: for any p ∈ U ,

Xp =
n∑
j=1

Xj(p)
∂

∂xj

∣∣∣∣
p

.

Write ft in local coordinates f̂t = ft ◦ ϕ−1. Since ϕ is a diffeomorphism U → Û = ϕ(U), the
composition (−ε, ε) × Û 3 (t, x) 7→ f̂t = f(t, ϕ−1(X)) is C∞, and therefore so are all its partial
derivatives. Letting p̂ = ϕ(p), we have

X(ft)(p) =
n∑
j=1

Xj(p)
∂f̂t
∂xj

(p̂),

which is therefore C∞ in both variables. As this holds true in any chart U , it holds globally. �

PROPOSITION 5.24. For any X, Y ∈ X (M), let θ be the flow of Y . Then the function t 7→
(θ−t)∗(X)(p) is smooth for each p ∈M , and its derivative at t = 0 is LY (X) = [Y,X].

PROOF. We apply (θ−t)∗(X)|p to a function f ∈ C∞(M); this gives

(θ−t)∗(X)f(p) = d(θ−t)θt(p)(Xθt(p))f = Xθt(p)(f ◦ θ−t).

So we are supposed to take the limit as t→ 0 of the difference quotient

(θ−t)∗(X)p −Xp

t
(f) =

1

t

[
Xθt(p)(f ◦ θ−t)−Xpf

]
.

Now we play the usual trick of adding and subtracting a connecting term: the above is equal to

1

t

[
Xθt(p)(f ◦ θ−t)−Xθt(p)(f) +Xθt(p)(f)−Xpf

]
The last two terms gives us Y Xf(p) in the limit as follows:

lim
t→0

Xθt(p)(f)−Xpf

t
=

d

dt

∣∣∣∣
0

Xf(θt(p)) =
d

dt

∣∣∣∣
0

(Xf)◦θp(t) = θ̇p(0)(Xf) = Yp(Xf) = Y X(f)|p

since θp is the maximal integral curve of Y that starts at p (so in particular θ̇p(0) = Y (θp(0)) =
Y (p)). So, we have shown that

LY (X)|p (f) = lim
t→0

Xθt(p)(f ◦ θ−t)−Xθt(p)(f)

t
+ Y X(f)|p (5.6)

provided this limit exists.
The key here is Taylor’s theorem. For q ∈ M and t ∈ −Dq, let g(t, q) = f(θ−t(q)); for fixed

q ∈M , this is a smooth function −Dq → R. In particular, it is a smooth calculus function defined
on some neighborhood of 0, and so Taylor’s theorem gives us g(t, q) = g(0, q) + t∂1g(0, q) +
O(t2) = f(q) + t∂1g(0, q) + O(t2) (since f(0, q) = f(θ0(q)) = f(q)). We’ll need more precise
control over the q-dependence of the error term, so we use Theorem 0.9 which gives the error term
as an integral. In fact, we need only expand to first order:

f(θ−t(q)) = g(t, q) = f(q) + t

∫ 1

0

∂1g(ts, q) ds ≡ f(q) + tht(q).
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As g is C∞ in both variables in a neighborhood of (0, p), the same is true of its partial derivatives
and their integrals, so ht is a smooth function (for all small enough t for which it is defined). We
may apply the vector field

Xθt(p)(f ◦ θ−t) = Xθt(p)(f) + tXθt(p)(ht).

Hence, the remaining limit difference quotient in (5.6) simplifies:

lim
t→0

Xθt(p)(f ◦ θ−t)−Xθt(p)(f)

t
= lim

t→0
Xθt(p)(ht) = lim

t→0
(X(ht))(θt(p)).

By Lemma 5.23, (t, p) 7→ X(ht)(p) is a smooth function, and since θt(p) is also a smooth function
of (t, p), this limit is equal to X(h0)(θ0(p)) = Xp(h0). But

h0(p) =

∫ 1

0

∂1g(0, p) ds = ∂1g(0, p) =
∂

∂t

∣∣∣∣
t=0

f(θ−t(p)).

Applying the chain rule to the change of variables s = −t gives

h0(p) = − ∂

∂s

∣∣∣∣
s=0

f(θs(p)) = − ∂

∂s

∣∣∣∣
s=0

f(θp(s)) = −θ̇p(0)(f) = −Yp(f).

Hence, finally combining with (5.6), we have

LY (X)|p (f) = X(−Y (f))|p + Y X(f)|p = [Y,X](f)|p .
This concludes the proof. �

REMARK 5.25. The Lie bracket [Y,X] and the Lie derivative LY (X) were both known to
be coordinate independent for a long time, but the only known proof of their equality required
computations in local coordinates (which is the way [3] approaches the computation). The above
invariant proof is relatively new (less than half a century old).

While we are on the subject of Lie derivatives, we can give a similar definition of the Lie
derivative of a smooth function with respect to a vector field: the result LXf is a new smooth
function,

LXf(p) =
d

dt

∣∣∣∣
t=0

f ◦ θt(p) = lim
t→0

f ◦ θt(p)− f(p)

t
.

This, again, is an appealing interpretation of what should replace Dvf(p) = d
dt

∣∣
t=0

f(p+ tv) in the
linear case, if v = X(p). Here we can see easily that

LXf(p) =
d

dt

∣∣∣∣
t=0

f(θp(t)) = θ̇p(0)(f) = X(f).

This is consistent with our reinterpretation of tangent vectors as “directional derivative operators”.
So, in summary, we have Lie derivatives (so far) of functions and vector fields:

LXf = Xf, LXY = [X, Y ].

The formula for the Lie derivative (being simply a Lie bracket) gives rise to a whole host of
properties that are not at all obvious from the definition. We summarize them here.

PROPOSITION 5.26. Let M be a smooth manifold, and let X, Y, Z ∈X (M).
(a) LXY = −LYX .
(b) LX [Y, Z] = [LXY, Z] + [Y,LXZ].
(c) L[X,Y ](Z) = LXLYZ −LY LXZ.
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(d) If g ∈ C∞(M), then LX(gY ) = LXg · Y + gLXY = (Xg)Y + gLXY .
(e) If F : M → N is a diffeomorphism, then F∗(LXY ) = LF∗X(F∗Y ).

These are easy calculations left to the reader.

REMARK 5.27. We already saw Proposition 5.26(c) show up as the Jacobi identity of Propo-
sition 4.21(c); now we see that it really makes sense as a statement that the Lie derivative is a
Lie derivation. Similarly, the mysterious identity of Proposition 4.21(d) is just Proposition 5.26(d)
applied to [fX, gY ] = LfX(gY ) = −LgY (fX) in each variable separately. Item (e) shows that
the Lie derivative is a natural construction.

4. Commuting Vector Fields

We say two vector fields X, Y ∈ X (M) commute if [X, Y ] = 0. In light of the previous
section, this means that LX(Y ) = 0 (and also LY (X) = 0), so that “X does not vary in the Y
direction” and vice versa. This is a little cumbersome to understand since the Lie derivative is a
complicated object. In fact, it means the following.

DEFINITION 5.28. Let X ∈X (M), and let θ be a smooth flow on M . Say that X is invariant
under the flow θ if X is θt-related to itself for each t; more precisely, if X|Mt

is θt-related to
X|M−t for each t ∈ R. Equivalently, this says that

d(θt)p(Xp) = Xθt(p), (t, p) ∈ D(θ).

So, to say X is invariant under θ means that pushing it forward by the diffeomorphism θt
doesn’t change X for any t. For example, it is clear that X is invariant under its own flow (this is
precisely what it means for θp to be an integral curve of X). In fact, X is invariant under the flow
of any vector field it commutes with.

THEOREM 5.29. Let X, Y ∈X (M). TFAE:
(a) [X, Y ] = 0.
(b) X is invariant under the flow of Y .
(c) Y is invariant under the flow of X .

PROOF. We will show that (a)⇐⇒ (b); the equivalence (a)⇐⇒ (c) is the same (up to a minus
sign). Let θ be the flow of Y .

(b) =⇒ (a): By assumption, Xθt(p) = d(θt)p(Xp) whenever (t, p) ∈ D(θ). That is: Xp =
d(θ−t)θt(p)(Xθt(p)) (since θ−t = θ−1

t ). Referring the (5.4) defining the Lie derivative, it follows
immediately that LY (X)|p = 0. By Proposition 5.24, it follows that [X, Y ]|p = 0. Since every
p ∈M is in Mt and M−t for all sufficiently small t, this shows [X, Y ] = 0, confirming (a).

(a) =⇒ (b): We are assuming that LY (X) = [Y,X] = 0. Fix p ∈ M , and define a function
α : Dp → TpM by

α(t) = d(θ−t)θt(p)(Xθt(p)) = (θ−t)∗(X)|p .
Then α is differentiable: it is clearly smooth on Dp \ {0}, and by (5.5) its derivative at 0 is
LY (X)|p = 0. In fact, let us compute α′(t0) for any t0 ∈ Dp (that is, the usual derivative of a
curve in a vector space). We do this by translating t0 to 0.

α′(t0) =
d

ds

∣∣∣∣
s=0

α(t0 + s) =
d

ds

∣∣∣∣
s=0

d(θ−t0−s)(Xθt0+s(p)
).
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Now, θt0+s = θt0 ◦ θs on a neighborhood of p, and since θt0 is independent of s, we therefore have

α′(t0) = d(θ−t0)

(
d

ds

∣∣∣∣
s=0

d(θ−s)(Xθs(θt0 (p)))

)
= d(θ−t0)(LY (X)|θt0 (p)) = 0.

Hence, α is constant, and since α(0) = Xp, we have α(t) = Xp for all t ∈ Dp. This is precisely to
say that X is invariant under θ. �

EXAMPLE 5.30. We can use Theorem 5.29 to characterize what vector fields are invariant
under the flows of Examples 5.1, 5.2, and 5.11.

• Translation: the flow τt(x, y) = (x + t, y) is generated by the vector field Y = ∂
∂x

.
Let X = X1 ∂

∂x
+ X2 ∂

∂y
be a vector field on R2 that is invariant under translations in

the e1 direction, meaning invariant under the flow τ . This is the same as insisting that
[X, Y ] = 0. We can compute, for any f ∈ C∞(R2),

[X, Y ](f) =

(
X1 ∂

∂x
+X2 ∂

∂y

)
∂f

∂x
− ∂

∂x

(
X1∂f

∂x
+X2∂f

∂y

)
= −∂X

1

∂x

∂f

∂x
− ∂X2

∂x

∂f

∂y
.

In order for this to be 0 for all f , it is necessary and sufficient that ∂X
1

∂x
= ∂X1

∂x
= 0. Hence,

for a vector field X to be invariant under translations in the x-direction, it is necessary
and sufficient for its coefficients to be constant in x.
• Rotation: the flow Rt(x, y) = (x cos t−y sin t, x sin t+y cos t) is generated by the vector

field Y = x ∂
∂y
− y ∂

∂x
. A vector field X is invariant under rotations (under the flow R)

if and only if [X, Y ] = 0. Here it will be convenient to work in polar coordinates (r, θ)
(on the plane minus the negative x-axis, for example). Here Y = ∂

∂θ
, and so expanding

X = X1 ∂
∂r

+ X2 ∂
∂θ

, we have exactly the same calculation as above: [X, Y ] = 0 iff X1

and X2 are constant functions of θ. That is: a vector field is rotationally-invariant iff its
components depend only on the radial variable.
• Dilation: the Euler vector field E = x ∂

∂x
+ y ∂

∂y
generates the flow φt(p) = etp. Here

again, it will pay to convert to polar coordinates, where E = ∂
∂r

. Again by the same
argument as above, it follows that a vector field X is invariant under the dilation flow φt
if and only if [E,X] = 0, which means X (written in polar coordinates) has coefficients
that only depend on θ, not on r.

The clearest and deepest way to understand what it means for two vector fields to commute
is to say that it means their flows commute: if θ is the flow of X and φ is the flow of Y , then
[X, Y ] = 0 if and only if θt ◦ φs = φs ◦ θt for all s, t. However, in general this is quite trickly
to really make sense of: if X, Y are not complete, then the domains of the two flows may not
be very compatible, and the näive guess for what it really means for them to commute turns out
to be wrong: it is possible for [X, Y ] = 0 and yet θt ◦ φs(p) 6= φs ◦ θt(p) for some point p and
times t, s for which both sides are defined. (The trouble is that Dp(θ) and Dp(φ) must be intervals
containing 0, but when composing this recenters and one can be looking at the “wrong” integral
curve – one that doesn’t go through 0.) It is quite annoying to state and prove the right general
theorem; we will content ourselves with the statement for complete vector fields presently.

THEOREM 5.31. Let X, Y ∈ X (M) be complete vector fields. Then [X, Y ] = 0 iff their
(global) flows θ, φ commute in the sense that θt ◦ φs = φs ◦ θt for all s, t ∈ R.
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PROOF. First, assume [Y,X] = LY (X) = 0. By Theorem 5.29, this means that X is invariant
under φ, which means precisely that, for each s ∈ R, (φs)∗(X) = X . Now, by Corollary 5.18, the
flow of (φs)∗(X) is φs ◦ θt ◦φ−1

s ; but since (φs)∗(X) = X , this means that φs ◦ θt ◦φ−1
s = θt. This

shows that θ and φ commute.
Conversely, suppose the flows commute. This can be written in the form

φθt(p)(s) = θt(φ
p(s)).

Now differentiate both sides with respect to s at s = 0. Since φq(s) is an integral curve, the
left-hand side is Yθt(p). The right-hand side becomes

d

ds

∣∣∣∣
s=0

θt(φ
p(s)) = d(θt)p(φ̇

p(0)) = d(θt)p(Yp).

So Yθt(p) = d(θt)p(Yp), which means that (θt)∗(Y ) = Y holds for all t. Replacing t with −t, this
means that LY (X) = d

dt

∣∣
t=0

(θ−t)∗(Y ) = d
dt

∣∣
t=0

Y = 0, as desired. �





CHAPTER 6

The Cotangent Bundle and 1-Forms

We have thus far failed to mention what are arguably the most important vector fields from
classical vector calculus: conservative vector fields, which have the form ∇f for some smooth
function f . The reason they have not come up yet is because — spoiler alert—they are not vector
fields at all. To be clear about what this means, let’s take an example: letM = R2

+ be the right half-
plane, {(x, y) ∈ R2 : x > 0}. Let f ∈ C∞(M), and consider the vector field ∇f . In our present
notation, this should be the section of TM whose expression in the (global) local coordinates (x, y)
is given by

∇f |p =
∂f

∂x
(p̂)

∂

∂x

∣∣∣∣
p

+
∂f

∂y
(p̂)

∂

∂y

∣∣∣∣
p

(6.1)

where p̂ = (x, y) is the coordinate expression for the point p in Cartesian coordinates. Now, if∇f
is really a vector field on the manifold M , this means (cf. Section 3) that we must have the same
expression in any coordinates. For example, it must also be true that, using polar coordinates (r, θ)
on M (which are also globally defined),

∇f |p =
∂f

∂r
(p̂)

∂

∂r

∣∣∣∣
p

+
∂f

∂θ
(p̂)

∂

∂θ

∣∣∣∣
p

(6.2)

where now p̂ denotes the coordinate expression for p in polar coordinates. But we can check if this
is really the case, by using the transformation law (again cf. Section 3). In particular, we have

∂

∂x
=
∂r

∂x

∂

∂r
+
∂θ

∂x

∂

∂θ
= cos θ

∂

∂r
− sin θ

r

∂

∂θ
∂

∂y
=
∂r

∂y

∂

∂r
+
∂θ

∂y

∂

∂θ
= sin θ

∂

∂r
+

cos θ

r

∂

∂θ

Thus, from (6.1), we have

∇f |p =
∂f

∂x

(
cos θ

∂

∂r
− sin θ

r

∂

∂θ

)
+
∂f

∂y

(
sin θ

∂

∂r
+

cos θ

r

∂

∂θ

)
=

(
cos θ

∂f

∂x
+ sin θ

∂f

∂y

)
∂

∂r
+

1

r

(
− sin θ

∂f

∂x
+ cos θ

∂f

∂y

)
∂

∂θ

(where we implicitly write ∂f
∂x

to mean ∂f
∂x

(r cos θ, r sin θ) here, and similarly with ∂f
∂y

.) Now we
can also transform the derivatives in the coefficients to express them in terms of the vector fields
∂
∂r

and ∂
∂θ

, in the same manner:

cos θ
∂f

∂x
+ sin θ

∂f

∂y
= cos θ

(
cos θ

∂f

∂r
− sin θ

r

∂f

∂θ

)
+ sin θ

(
sin θ

∂f

∂r
+

cos θ

r

∂f

∂θ

)
= (cos2 θ + sin2 θ)

∂f

∂r
+

1

r
(− cos θ sin θ + sin θ cos θ)

∂f

∂θ
=
∂f

∂r
,

87
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while

− sin θ
∂f

∂x
+ cos θ

∂f

∂y
= − sin θ

(
cos θ

∂f

∂r
− sin θ

r

∂f

∂θ

)
+ cos θ

(
sin θ

∂f

∂r
+

cos θ

r

∂f

∂θ

)
= (− sin θ cos θ + cos θ sin θ)

∂f

∂r
+

1

r
(sin2 θ + cos2 θ)

∂f

∂θ
=

1

r

∂f

∂θ
.

Now combining, this shows that the gradient field ∇f , defined in Cartesian coordinates by (6.1),
converted to polar coordinates, has the form

∇f |p =
∂f

∂r
(p̂)

∂

∂r

∣∣∣∣
p

+
1

r2

∂f

∂θ
(p̂)

∂

∂θ

∣∣∣∣
p

.

This does not match (6.2) (there is a factor of 1
r2

discrepancy in the ∂
∂θ

term).
Thus, the gradient, viewed as a vector field in Cartesian coordinates, is most definitely coordi-

nate dependent: it does not generalize to well-defined map from M → TM . In older language,
we would say it is not invariant, or coordinate-dependent. There was a strong clue that this would
happen: in (6.1), there are ∂

∂x
and ∂

∂y
terms repeated; we know that, in our transformation laws

(really just the chain rule), ∂
∂x

should come with ∂x
∂u

for some new coordinate (function) u; not with
∂f
∂x

.
This is not a failing, however. Instead, it introduces us to a new kind of vector field – one

that transforms in the opposite way, with the ∂
∂x

on the bottom – meaning that it transforms “in
the same direction” as the derivatives. Such vector fields will be called covariant (transform the
same direction) as opposed to contravariant (the vector fields we’ve been working with thus far
are called contravariant in older literature). Note: these terms are unrelated to the words covariant
and contravariant as they are used in category theory, so beware!

As we’ll see, covariant vector fields are actually more natural and fundamental in many re-
spects.

1. Dual Spaces and Cotangent Vectors

Let V be a finite-dimensional real vector space. The dual space V ∗ is defined to be V ∗ =
L(V,R), the set of linear maps from V to R. This is a vector space in its own right, under the
usual operations. It is, in fact, isomorphic to V . To see this, select a basis {e1, . . . , en} for V . The
associated dual vectors {e∗1, . . . , e∗n} in V ∗ are defined by

e∗j
(
v1e1 + · · · vnen

)
= vj.

I.e. e∗j are the linear extensions of e∗j(ei) = δij . These are certainly linear functionals on V . They
form a basis:

• They are linearly independent: if
∑

j αje
∗
j = 0 (as a linear functional) this means that∑

j αje
∗
j(v) = 0 for all v ∈ V ; in particular this means that 0 =

∑
j αje

∗
j(ei) = αi for

each i, so α1 = · · · = αn = 0.
• They span V ∗: if λ ∈ V ∗, define ω = λ(e1)e∗1 + · · · + λ(en)e∗n. We compute for any
v =

∑
j v

jej ∈ V that ω(v) =
∑

j λ(ej)e
∗
j(v) =

∑
j v

jλ(ej) = λ(
∑

j v
jej) = λ(v).

Thus λ = ω ∈ span{e∗1, . . . , e∗n}.
Thus, dimV ∗ = dimV , and so V and V ∗ are isomorphic as vector spaces. Indeed, we could define
an isomorphism V → V ∗ to be the linear extension of ej 7→ e∗j , 1 ≤ j ≤ n.
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There’s nothing wrong with this, but it is not natural, which we can make sense of simply here
by saying that it is basis dependent. Indeed, define this isomorphism φ : V → V ∗ by φ(ej) = e∗j
for the given chosen basis. Let’s write this in terms of a different basis {f1 . . . , fn} for V . Since it
is also a basis, there is an invertible n× n matrix A so that fj =

∑
iA

i
jei for all j. Then we have

φ(fj) =
∑
i

Aijφ(ei) =
∑
i

Aije
∗
i . (6.3)

We might hope that this is equal to f ∗j . To check this, we must express the ei in terms of the fj ,
which means taking the inverse matrix B = A−1, so that ej =

∑
iB

i
jfi. Then we can write f ∗j in

the basis {e∗j} as follows:

f ∗j (v) = f ∗j

(∑
i

viei

)
= f ∗j

(∑
i

vi
∑
k

Bk
i fk

)
=
∑
i,k

viBk
i f
∗
j (fk) =

∑
i

viBj
i =

∑
i

Bj
i e
∗
i (v)

which shows that
f ∗j =

∑
i

Bj
i e
∗
i =

∑
i

[B>]ije
∗
i

where B> is the transpose of B (transposing rows and columns). Thus, we see that (6.3) does not
in general simplify to φ(fj) = f ∗j – this is only the case when the change of basis matrix happens
to satisfy A = B> = (A−1)>.

REMARK 6.1. Note this says that if we restrict our basis-changes to orthogonal transforma-
tions – i.e. where the change of basis matrix A is orthogonal, A>A = I – then this isomorphism is
natural. In fact, if we fix an inner product 〈·, ·〉 on V to begin with, and insist that all our bases be
orthonormal bases with respect to the inner product, then the change of basis matrix will indeed
always be orthogonal. So we see that, in the category of finite-dimensional inner product spaces,
V and V ∗ really are canonically isomorphic. It is easy to check that the isomorphism ej 7→ e∗j in
this restricted setting has the basis independent representation

v 7→ 〈·, v〉.

REMARK 6.2. The inspired reader might see similarities between the above calculations and
the ones we did changing the gradient from Cartesian to polar coordinates. This is no accident, as
we will soon explain. Let us note that the Jacobian of the polar coordinate map (r, θ) 7→ (x, y)
is not orthogonal: although its columns are orthogonal vectors, the second one is not unit length,
but rather of length r. This is why the 1

r2
comes up in the calculation there. In fact, if one were

to choose new coordinates (u, v) for which the Jacobian of the transformation (u, v) 7→ (x, y)
is orthogonal at every point, then the expression for the gradient in the new coordinates would
indeed still be ∂f

∂u
∂
∂u

+ ∂f
∂v

∂
∂v

. This turns out to be a very strong condition: it only happens for
global isometries: maps T for which |T (x)| = |x| for all x. The set of isometries of Rn consists
of the Euclidean group: transformations that are a composition of a translations, rotations, and
reflections. (In terms of a basis, this just means T (x) = Qx+ v for some orthogonal matrix Q and
some vector v.) These are the only coordinate transformations that preserve the expression for the
gradient.

Note that the transpose of the change-of-basis matrix came into play above. In fact, the trans-
pose of a matrix is closely related to the dual space. Let T : V → W be a linear map. Then there
is an induced dual map T ∗ : W ∗ → V ∗, which is simply defined by

(T ∗λ)(v) = λ(Av).
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It is easy to verify that, for any λ ∈ W ∗, T ∗λ ∈ V ∗, so this is well-defined, and moreover T ∗ is a
linear map. We record some key properties of it in the next lemma, which is left as an exercise to
prove.

LEMMA 6.3. Let V,W be finite-dimensional real vector spaces, and let S, T : V → W be
linear maps. Then we have the following.

(a) (IdV )∗ = IdV ∗ .
(b) (S ◦ T )∗ = T ∗ ◦ S∗.
(c) If {vj} is a basis for V and {wj} is a basis for W , and A is the matrix of T in terms of

these bases, then the matrix of A∗ in terms of the dual bases {v∗j} and {w∗j} is A>.

In fact, the dual map T ∗ is often called the transpose of T . This is a nice way to see that transpose is
a natural construction: it commutes with changing bases, because it is really given by a basis-free
object.

Nevertheless, even though there is a natural transpose map, it is still the case (as we saw above)
that the isomorphism ej 7→ e∗j is basis dependent. In fact, it is a theorem that there does not exist a
basis-independent isomorphism. (Also: the arguments above all fail if V is not finite-dimensional.
Although the map ej 7→ e∗j is still an injective linear map V → V ∗ in that case, it is never surjective.
But that won’t bother us presently.)

Now, we can repeat the process: having constructed V ∗, we may take its dual space (V ∗)∗ =
V ∗∗, the space of linear functionals L(V ∗,R). Again, there will be no basis-independent iso-
morphism V ∗ → V ∗∗. Somewhat miraculously, though, we may compose two basis-dependent
isomorphisms, and get a basis-independent one.

LEMMA 6.4. The canonical map ξ : V → V ∗∗ defined by

ξv(λ) = λ(v)

is an isomorphism.

PROOF. Fix a basis {ej} of V , and its dual basis {e∗j} of V ∗. Then we know α : V → V ∗

defined by α(ej) = e∗j is an isomorphism. Similarly, we define β : V ∗ → V ∗∗ by β(e∗j) = e∗∗j
(using the dual basis to {e∗j}), and this is also an isomorphism. Then β ◦ α : V → V ∗∗ is an
isomorphism. We claim that ξ = β ◦ α, and is therefore an isomorphism.

To see this, first note that ξ is linear (by elementary computation), so it suffices to check that ξ
and β ◦ α agree on a basis of V ; we will, of course, use the basis {ej}. On the one hand, we have
for any λ ∈ V ∗

ξ(ej)(λ) = λ(ej).

On the other hand,
β ◦ α(ej)(λ) = β(e∗j)(λ) = e∗∗j (λ).

Now expanding λ =
∑

i λ(ei)e
∗
i , we therefore have

β ◦ α(ej)(λ) = e∗∗j

(∑
i

λ(ei)e
∗
i

)
=
∑
i

λ(ei)δ
i
j = λ(ej).

�

Thus ξ is an isomorphism. Although our proof used a basis, the definition of ξ is manifestly
basis-independent. (Note: in the infinite-dimensional case, ξ is no longer an isomorphism, but it is
still injective; it is called the canonical embedding of V into V ∗∗.)
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Now, let M be a smooth manifold, and let p ∈M . The cotangent space at p, denoted T ∗pM , is
the dual to the tangent space:

T ∗pM ≡ (TpM)∗.

We refer to elements of T ∗pM as cotangent vectors, and frequently use lower-case greek letters
like ωp, λp ∈ T ∗pM . Fix a chart (U,ϕ) at p, with coordinate functions ϕ = (x1, . . . , xn). Then
the coordinate vectors { ∂

∂xj

∣∣
p
}1≤j≤n form a basis for TpM . To avoid messy notation, for now let

us refer to the dual basis as {λj|p}1≤j≤n. From the proof above that the dual basis spans the dual
space, we can then express any cotangent vector ωp ∈ T ∗pM as

ωp =
n∑
j=1

ωjp λj|p , where ωjp = ωp

(
∂

∂xj

∣∣∣∣
p

)
.

Now, what happens if we change coordinates? Let (V, ψ) be another chart at p with coordinate
functions ψ = (y1, . . . , yn). Denote the dual basis to { ∂

∂yj
|p}1≤j≤n as {µj|p}1≤j≤n. We want to

compute the components ω̃jp of ω in terms of this new dual basis. As above, these coefficients are
given simply by

ω̃jp = ωp

(
∂

∂yj

∣∣∣∣
p

)
.

To relate the ωjp to the ω̃jp, first convert the coordinate vectors:

∂

∂xj

∣∣∣∣
p

=
n∑
i=1

∂yi

∂xj
(p̂)

∂

∂yi

∣∣∣∣
p

.

Hence, we have

ωjp = ωp

(
∂

∂xj

∣∣∣∣
p

)
= ωp

(
n∑
i=1

∂yi

∂xj
(p̂)

∂

∂yi

∣∣∣∣
p

)
=

n∑
i=1

∂yi

∂xj
(p̂)ω̃ip. (6.4)

Now, compare this to how the components of vector change under the same coordinate change: if
TpM 3 Xp =

∑n
j=1X

j
p

∂
∂xj

∣∣
p
, then we have

Xp =
n∑
j=1

Xj
p

(
n∑
i=1

∂yi

∂xj
(p̂)

∂

∂yi

∣∣∣∣
p

)
=

n∑
i=1

(
n∑
j=1

∂yi

∂xj
(p̂)Xj

p

)
∂

∂yi

∣∣∣∣
p

which is to say that the components X̃ i
p of the vector Xp in terms of the new coordinate basis are

given by

X̃ i
p =

n∑
j=1

∂yi

∂xj
(p̂)Xj

p . (6.5)

Let us restate (6.4) and (6.5) for direct comparison in the following proposition.

PROPOSITION 6.5. Let M be a smooth manifold and p ∈M . Fix two charts (U,ϕ = (xj)nj=1)

and (V, ψ = (yi)ni=1) at p. Let Xp ∈ TpM and ωp ∈ T ∗pM . If X has coordinates Xj
p in terms of the

ϕ coordinate basis, and ωp has coordinates ωjp in terms of its dual basis, then the components X̃ i
p
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of Xp in terms of the ψ coordinate basis, and the components ω̃ip of ωp in terms of its dual basis,
are given by

X̃ i
p =

n∑
j=1

∂yi

∂xj
(p̂)Xj

p , ωjp =
n∑
i=1

∂yi

∂xj
(p̂)ω̃ip.

Thus, the two transform opposite to each other. Indeed, we could restate the ω coordinate
transformation as follows: the matrix ∂yi

∂xj
(p̂) is just the Jacobian of the transition map ψ ◦ φ−1 at

the point ϕ(p). Its inverse is the Jacobian of the inverse map at ψ(p) (which we also, somewhat
confusingly in this case, denote p̂), and so we can write the transformation law for the components
of ωp in the form

ω̃ip =
n∑
j=1

∂xj

∂yi
(p̂)ωjp.

Now the ∂xjs are on top. This is the key to understanding the invariant generalization of a gradient.

2. The Differential, Reinterpreted

Let f ∈ C∞(M), fix p ∈ M , and let q = f(p). The differential map dfp is a linear map
TpM → TqR. Of course, the tangent space TqR can be identified with R itself, in a natural way. In
terms of the näive definition of TqR = {(q, v) : v ∈ R}, we simply identify (q, v) ∼= v. In our more
invariant language, what does this mean? To see the answer, we work in local (global) coordinates:
fix the usual Cartesian coordinate x on R, also known as the identity map IdR. Then any element
Xq ∈ TqR can be written uniquely as

Xq = X1
q

∂

∂x

∣∣∣∣
q

for some coefficient X1
q ∈ R. Of course, the identification we seek is Xq

∼= X1
q . What does this

mean on the invariant level? Evidently,

X1
q = X1

q

∂

∂x

∣∣∣∣
q

(x) = Xq(x) = Xq(IdR).

Because of the 1-dimensionality, the map TqR → R given by X 7→ X(IdR) is an isomorphism.
Hence, we can think of dfq as a map TqM → R, so long as we post compose with this isomorphism.
This gives us a new interpretation of the differential, which for the moment we call d̃fp:

d̃fp(Xp) = dfp(Xp)(IdR) = Xp(IdR ◦ f) = Xp(f). (6.6)

We now immediately drop the˜and refer to this also as the differential, keeping in mind that,
although it is a different object, it is the same as the old differential modulo the identification
TqR ∼= R. And note, what kind of object is it? dfp is a linear map TpM → R: it is a cotangent
vector.

DEFINITION 6.6. Let M be a smooth manifold, p ∈M , and f ∈ C∞(M). The differential of
f at p, dfp ∈ T ∗pM is the cotangent vector defined by

dfp(Xp) = Xp(f).
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Note that, in our invariant language, TpM consists of derivations at p: a certain class of linear
functionals on the vector space C∞(M). That is: TpM is a subspace of C∞(M)∗. Thus, the
definition above is akin to the canonical embedding ξ : C∞(M) → C∞(M)∗∗. We have to be a
little careful, since we are mapping C∞(M) to the dual space of a subspace of C∞(M)∗; as such,
it is not actually one-to-one.

In local coordinates (U,ϕ = (xj)nj=1) at p ∈ M , the coordinate functions xj are smooth, and
so they have differentials dxjp. We can express them in terms of the dual basis to the coordinate
vectors ∂

∂xi

∣∣
p
:

dxjp

(
∂

∂xi

∣∣∣∣
p

)
=

∂

∂xi

∣∣∣∣
p

(xj) = δij.

This is precisely to say that

dxjp =

(
∂

∂xi

∣∣∣∣
p

)∗
.

I.e. the dual basis to the coordinate vectors is {dx1
p, . . . , dx

n
p}. Thus, we can locally express any

covariant vector ωp ∈ T ∗pM as

ωp =
n∑
j=1

ωjp dx
j
p.

Using this language, we can restate Proposition 6.5 as follows: the transformation laws for con-
travariant and covariant vector fields are mediated by the following formulas for changing coordi-
nate vectors:

∂

∂xj

∣∣∣∣
p

=
n∑
i=1

∂yi

∂xj
(p̂)

∂

∂yi

∣∣∣∣
p

, dxjp =
n∑
i=1

∂xj

∂yi
(p̂) dyip. (6.7)

3. The Cotangent Bundle, and Covariant Vector Fields

We now want to glue together covariant vectors ωp at different points into a continuous object.
The procedure will mirror what we did in Sections 5, 1, and 3 quite closely, and so we will be a lot
more brief with the exposition here.

DEFINITION 6.7. Let M be a smooth manifold. Its cotangent bundle T ∗M is the disjoint
union of all cotangent spaces

T ∗M ≡
⊔
p∈M

T ∗pM.

There is a natural projections π : T ∗M →M given by π(ωp) = p for any ωp ∈ T ∗pM .

As with the tangent bundle, we can imbue T ∗M with the structure of a smooth 2n-dimensional
manifold in essentially the same way: given a chart (U,ϕ) for M , we define a chart (Ũ , ϕ̃) for
T ∗M as follows: Ũ = π−1(U), and if the coordinate functions of ϕ are (x1, . . . , xn), then we
define ϕ̃ on any covariant vector ωp =

∑n
j=1 ω

j
p dx

j
p by

ϕ̃

(
n∑
j=1

ωjp dx
j
p

)
= (x1(p), . . . , xn(p), ω1

p, . . . , ω
n
p ) = (ϕ(p), ω1

p, . . . , ω
n
p ).
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The proof that these charts define a smooth structure on T ∗M is almost identical to the proof of
Proposition 3.25 (the corresponding statement for the tangent bundle), simply using the transfor-
mation law (6.7) for covariant vector fields (instead of contravariant vector fields) to show that the
transition maps are smooth. We leave the details to the reader.

REMARK 6.8. As differentiable manifolds, TM and T ∗M are “the same”: they are diffeomor-
phic. We do not have the tools needed yet to prove this, but the idea is just a global version of the
proof that V ∼= V ∗. As in that case, there isn’t a “natural” diffeomorphism, unless extra structure
is present. Following Remark 6.1, if we endow V with a fixed inner product, then there is a natural
isomorphism V 7→ V ∗ given by v 7→ 〈·, v〉. Similarly, suppose that, for each p, there is an inner
product gp : TpM ×TpM → R, which varies smoothly in p (meaning that the map p 7→ gp(Xp, Yp)
is smooth for any smooth vector fieldsX, Y ∈X (M)). Such a function g : X (M)×X (M)→ R
is called a Riemannian metric. If such a g exist (which is true on any smooth manifold, though we
won’t prove that presently), then it yields a map TM → T ∗M defined by Xp 7→ gp(·, Xp) which
is easily seen to be a bijection, and the smoothness of g makes it into a diffeomorphism. In fact, it
is more: it is a generalization of what we called a global trivialization, or a bundle isomorphism.
The map commutes with the projections, and its restriction to each fibre is a linear isomorphism.

It is important to note that, although TM and T ∗M is diffeomorphic, even in a strong bundle
sense, they are still different objects. And, as with V and V ∗, they are not naturally isomorphic.
As we will shortly see, the cotangent bundle is fundamentally the better object to work with.

A section of T ∗M is a continuous function ω : M → T ∗M with the property that π ◦ω = IdM :
i.e. it is a continuous choice of a covariant vector at each point. We call such sections (rough)
contravariant vector fields. As with contravariant vector fields, covariant vector fields are a
module over C∞(M) (in fact over Fun(M,R), where (fω)p(Xp) = f(p)ωp(Xp) and (ω + λ)p =
ωp + λp.

Since T ∗M is a smooth manifold, we can insist that a section be smooth.

DEFINITION 6.9. The set of smooth covariant vector fields on M is denoted by X ∗(M), or
alternatively by Ω1(M). The second notation goes along with the more common name for such
vector fields: differential 1-forms, or simply 1-forms.

Given a chart (U,ϕ = (xj)nj=1) in M , the coordinate 1-forms are dx1, . . . , dxn (i.e. the sec-
tions p 7→ dxjp); it is immediate from the definition of the smooth structure of T ∗M that these are
smoooth.

In general, any (rough) covariant vector field ω ∈X ∗(M) can be expressed locally as

ω|U =
n∑
j=1

ωj dx
j

where ωj : M → R are the functions ωj(p) = ωp(
∂
∂xj

∣∣
p
).

Given a (rough) covariant vector field ω, we can use it to eat a (rough) vector field X to get a
function on M :

ω(X) : M → R, ω(X)(p) = ωp(Xp).

As before, this allows us to think of covariant vector fields as certain kinds of functions. While a
contravariant vector fieldX ∈X (M) can be identified with a derivationX : C∞(M)→ C∞(M),
a covariant vector field ω ∈X ∗(M) can be identified with a linear map ω : X (M)→ Fun(M,R),
given by (ω(X))(p) = ωp(Xp) as above. In local coordinates, if we express ω =

∑n
j=1 ωj dx

j and



3. THE COTANGENT BUNDLE, AND COVARIANT VECTOR FIELDS 95

X =
∑n

i=1 X
i ∂
∂xi

, then since dxjp = ( ∂
∂xj

∣∣
p
)∗ we have ω(X) =

∑n
j=1 ωjX

j . This shows that, if
the components of ω and X are smooth, then so is the function ω(X).

We can now characterize smoothness of a covariant vector field in terms of its coefficients,
precisely mirroring Proposition 4.12 (the analogous statement for contraviariant vector fields).
The proof is very similar, and is left as a homework exercise.

PROPOSITION 6.10. Let M be a smooth manifold, and let ω : M → T ∗M be a (rough) covari-
ant vector field. TFAE:

(a) ω is smooth.
(b) The component functions of ω in any chart are smooth.
(c) For every smooth contravariant vector field X ∈X (M), the function ω(X) is smooth.
(d) Given any open subset U ⊆M and X ∈X (U), the function ω(X) : U → R is smooth.

The most important examples of smooth covariant vector fields are gradient fields, aka gradi-
ent 1-forms. Here we finally have the correct invariant generalization of the gradient from vector
calculus.

DEFINITION 6.11. Let f ∈ C∞(M). Following Definition 6.6, we have a covariant vector
dfp ∈ T ∗pM for each p. The differential of f df is the covariant vector field defined by df(p) = dfp.
Thinking of df as a linear function X (M)→ Fun(M,R), its action is then df(X) = X(f). If X
is smooth, then X(f) is smooth, which means that df ∈ Ω1(M): it is a smooth covariant vector
field.

Again, let us connect df with the earlier notation, where df : TM → TR is the map df(Xp) =
dfp(Xp). That is: the differential of the map f : M → R is the linear map defined by (df(Xp))(g) =
Xp(g ◦ f). Now we think of df(Xp) as a real number rather than a vector in R (which is just a real
number), and the way to do this is to evaluate the derivation at IdR. Once again, that connects the
two notations here: we have

dfnew(X) = X(f) = X(IdR ◦ f) = (df old(X))(IdR).

Referring to Definition 6.9, in local coordinates we can write

df =
n∑
j=1

(df)jdx
j, where (df)j(p) = dfp

(
∂

∂xj

∣∣∣∣
p

)
=

∂f

∂xj
(p̂),

meaning that

df =
n∑
j=1

∂f

∂xj
dxj.

Here are some elementary properties of gradient 1-forms, whose proofs are left as exercises.

PROPOSITION 6.12. Let M be a smooth manifold, and let f, g ∈ C∞(M).
(a) For constants a, b ∈ R, d(af + bg) = a df + b dg.
(b) d(fg) = f dg + g df .
(c) If Im(f) ⊂ (a, b) and h : (a, b)→ R is smooth, then d(h ◦ f) = (h′ ◦ f) df .
(d) If f is constant, then df = 0.

The converse of item (d) above is true, and it one important application of gradient 1-forms.
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PROPOSITION 6.13. Suppose f ∈ C∞(M). Then df = 0 if and only if f is locally constant: it
is constant on each component of M .

PROOF. We will assume f is connected; then the statement is df = 0 iff f is constant. Propo-
sition 6.12(d) shows the “if” part of this equivalence, so we now treat the “only if” part. Suppose
df = 0. Fix a point p ∈M , and let C = f−1(f(p)) = {q ∈M : f(q) = f(p)}, which is closed by
the continuity of f . For any point q ∈ C , let (U,ϕ = (xj)nj=1) be a chart at q, and let r ∈ U . In
this chart, df =

∑n
j=1

∂f
∂xj

dxj . As {dxjr}nj=1 form a basis of T ∗rM , in order for dfr = 0, it therefore
follows that ∂f

∂xj
(r̂) = 0 for 1 ≤ j ≤ n. Thus, ∂f

∂xj
≡ 0 on U for all j; by elementary calculus,

this means f is constant on U . This shows that C is open. Since M is connected, it follows that
C = M , concluding the proof. �

4. Pullbacks of Covariant Vector Fields

Let M,N be smooth manifolds, and F : M → N a smooth map. Given a point p ∈ M , the
(ordinary) differential map dFp is a linear transformation TpM → TF (p)N . Thus, there is a dual
(transpose) map

(dFp)
∗ : T ∗F (p)N → T ∗pM.

This is called the pullback by F at p, or the cotangent map, or the codifferential. By the defini-
tion of the transpose, its action is simply

[(dFp)
∗(ωF (p))](Xp) = ωF (p)(dFp(Xp)), ωF (p) ∈ T ∗F (p)N, Xp ∈ TpM.

That is: we pullback a covariant vector by letting it act on the push-forward of its argument. But it
turns out that this notion is better, in the following sense. Recall that vector fields generally do not
push-forward: although we can push forward any given vector, we cannot do it to a whole vector
field consistently unless that map F is a diffeomorphism. Not so with covariant vector fields.

DEFINITION 6.14. Let M,N be smooth manifolds, and let F : M → N be a smooth map.
Let ω : N → T ∗N be a (rough) covariant vector field. The pullback of ω along F is the (rough)
covariant vector field F ∗ω : M → T ∗M defined by

(F ∗ω)p = dF ∗p (ωF (p)).

I.e. the action of F ∗ω is
(F ∗ω)p(Xp) = ωF (p)(dFp(Xp)).

Note that pullback is a linear operation: F ∗(aω + bλ) = aF ∗ω + bF ∗λ for a, b ∈ R.

By pulling back a 1-form (which is already a dual object), we see there is no ambiguity about
which point to evaluate the argument vector field at, and hence we can pull back globally even if
F is not a diffeomorphism. Of course, we should expect that if ω ∈ X ∗(M) is smooth then the
pullback F ∗ω is smooth. This is true. To prove it, the following computational lemma will be
useful.

LEMMA 6.15. Let M,N be smooth manifolds and F : M → N a smooth map. Let u : N → R
be continuous, and let ω : N → T ∗N be a (rough) covariant vector field on N . Then

F ∗(uω) = (u ◦ F )F ∗ω. (6.8)

In addition, if u ∈ C∞(M), then
F ∗du = d(u ◦ F ). (6.9)
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PROOF. We compute from the definition: for any p ∈M ,

(F ∗(uω))p = dF ∗p ((uω)F (p)) = dF ∗p
(
u(F (p))ωF (p)

)
= u(F (p))dF ∗p (ωF (p))

= (u ◦ F )(p)(F ∗ω)p

which proves (6.8). Similarly, for any Xp ∈ TpM ,

(F ∗du)p(Xp) =
(
dF ∗p (duF (p))

)
(Xp) = duF (p)(dFp(Xp))

= dFp(Xp)(u)

= Xp(u ◦ F )

= d(u ◦ F )p(Xp)

which proves (6.9) �

PROPOSITION 6.16. Let M,N be smooth manifolds and F : M → N a smooth map. If
ω : N → T ∗N is a continuous covariant vector field, then so is F ∗ω. Moreover, if ω ∈ Ω1(N) =
X ∗(N) is a smooth 1-form, then so is F ∗ω.

PROOF. Fix p ∈ M , and let q = F (p). Let (V, ψ = (yj)nj=1) be a chart at q, and let U =

F−1(V ) (which is an open neighborhood of p). Then we may write ω|U in local coordinates as∑n
j=1 ωj dy

j . Applying (6.8), we then have

F ∗ω = F ∗

(
n∑
j=1

ωj dy
j

)
=

n∑
j=1

F ∗(ωj dy
j) =

n∑
j=1

(ωj ◦ F )F ∗(dyj).

Now, by (6.9), F ∗(dyj) = d(yj ◦ F ), which are smooth gradient forms. The coefficient functions
ωj ◦F are continuous if ω is continuous, and smooth of ω is smooth. This concludes the proof. �

EXAMPLE 6.17. Let F : R3 → R2 be the map (u, v) = F (x, y, z) = (yz, exyz2). Let ω ∈
Ω1(R2) be the 1-form ω = u dv + 2v du. Then

F ∗ω = F ∗(u dv) + 2F ∗(v du) = (u ◦ F )d(v ◦ F ) + 2(v ◦ F )d(u ◦ F )

= (yz)d(exyz2) + 2(exyz2)d(yz)

= yz [exyd(z2) + z2d(exy)] + 2exyx2 [y dz + z dy]

= yzexy · 2z dz + z2exy(x dy + y dx) + 2exyx2(y dz + z dy)

= yz2exy dx+ (xz2 + 2x2z)exy dy + 2(yz2 + x2y)exy dz.

EXAMPLE 6.18. Let M = R2
+ be the right half-plane {(x, y) ∈ R2 : x > 0}. Consider the

smooth map Id : M →M . Let us use Cartesian coordinates on M in the codomain of Id and polar
coordinates on the domain. Taking ω = x dy − y dx on M , we then have

ω = x dy − y dx = Id∗(x dy − y dx)

= (r cos θ)d(r sin θ)− (r sin θ)d(r cos θ)

= r cos θ · (sin θ dr + r cos θ dθ)− r sin θ · (cos θ dr − r sin θ dθ)

= (r cos θ sin θ − r sin θ cos θ) dr + (r2 cos2 θ + r2 sin2 θ) dθ = r2 dθ.
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Now, recall the definition of the Lie derivative of a vector field Y with respect to X:

LX(Y ) =
d

dt

∣∣∣∣
t=0

(θ−t)∗(Y ), where θ is the flow of X.

To be clear: this is a pointwise definition: LX(Y )(p) = d
dt

∣∣
t=0

(θ−t)∗(Y )(p), the latter being the
derivative of a map from an interval in R into the vector space TpM .

This suggests a way to define the Lie derivative of a 1-form with respect to a vector field: by
pulling back along θ instead of pushing forward.

DEFINITION 6.19. Let ω ∈ Ω1(M) be a 1-form, and let X ∈X (M) be a smooth vector field.
Define a new 1-form LXω as follows:

LXω =
d

dt

∣∣∣∣
t=0

(θt)
∗ω

where θ is the flow of X .

To show this is well-defined, we need to show that the limit exists, and indeed defines a
(smooth) covariant vector field on M . To be clear, the definition is

LXω|p =
d

dt

∣∣∣∣
t=0

θ∗tω|p = lim
t→0

d(θt)
∗
p(ωθt(p))− ωp

t
.

Note that it makes sense to use t rather than −t since we are pulling back instead of pushing
forward (either way, the difference is just a minus sign convention).

PROPOSITION 6.20. For any vector field X ∈ X (M) and any 1-form ω ∈ Ω1(M), LXω is a
1-form, and its action on vector fields is

(LXω)(Y ) = LX(ω(Y ))− ω(LXY ) = X(ω(Y ))− ω([X, Y ]). (6.10)

PROOF. Similar to the calculations in Proposition 5.24. We will see a more general result later,
called “Cartan’s magic formula”, that proves this as a special case. �

Note, rearranging (6.10) yields

LX(ω(Y )) = (LXω)(Y ) + ω(LXY ).

That is: LX is a derivation even with respect to the “product” Ω1(M)×X (M)→ C∞(M) given
by (ω, Y ) 7→ ω(Y ).

COROLLARY 6.21. If f ∈ C∞(M) and X ∈X (M), then

LX(df) = d(LXf).

PROOF. This is just a calculation: fixing another vector field Y , from Proposition 6.20 we have

[LX(df)](Y ) = LX(df(Y ))− df([X, Y ]) = LX(Y (f))− [X, Y ](f)

= XY (f)− (XY (f)− Y X(f))

= Y X(f) = [d(X(f))](Y ).

Since LXf = X(f), this concludes the proof. �

Again, we will see later a very general result that Lie derivatives commute with “exterior”
derivatives, of which d : f 7→ df is a special case.
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5. Line Integrals

What are 1-forms? Primary, they are precisely those objects that can be integrated over curves
(in a coordinate-independent fashion). Indeed, in the calculus integral∫ b

a

f(t) dt

we should really think of f(t) dt as a single object, a 1-form on [a, b]. (Since [a, b] is not a manifold,
what we really mean here is a 1-form on a slightly larger open interval restricted to [a, b].) So, we
take ω = f(t) dt for some smooth f (which is a general 1-form), and define∫

[a,b]

ω ≡
∫ b

a

f(t) dt.

This is not just a new notation. For example, it gives a very nice form for the change of variables
theorem.

PROPOSITION 6.22. Let ω ∈ Ω1([a, b]). Let ϕ : [c, d] → [a, b] be a homeomorphism, whose
restriction to (c, d) is a diffeomorphism. Then ϕ is either strictly increasing or strictly decreasing.
Moreover, we have ∫

[c,d]

ϕ∗ω = ±
∫

[a,b]

ω,

+ if ϕ is increasing, and − if ϕ is decreasing.

PROOF. Denote the (global) coordinate on [c, d] as s. First, any continuous bijection from [c, d]
to [a, b] is necessarily monotone; that is a diffeomorphism means φ′(s) 6= 0 for any s, and so it is
strictly monotone. Now, we have

(ϕ∗ω)(s) = ϕ∗(f(t) dt) = f ◦ ϕ(s) d(ϕ(s)) = f ◦ ϕ(s)ϕ′(s) ds

by Lemma 6.15. Now, if ϕ is increasing then ϕ(c) = a and ϕ(d) = b, and so by the change of
variables theorem from calculus∫

[c,d]

ϕ∗ω =

∫ d

c

f(ϕ(s))ϕ′(s) ds =

∫ b

a

f(t) dt =

∫
[a,b]

ω.

If, on the other hand, ϕ is decreasing, then ϕ(c) = b and ϕ(d) = a, and we get instead
∫ a
b
f(t) dt =

−
∫ b
a
f(t) dt. �

So, the change of variables theorem from calculus is really the statement∫
C

ϕ∗ω =

∫
ϕ(C)

ω

for sufficiently nice maps ϕ. We will now see how this generalizes beyond intervals in R. In
any smooth manifold, a piecewise smooth curve α is a continuous map α : [a, b] → M for some
nonempty interval [a, b] with the property that there are finitely many points a = a0 < a1 <
· · · < ak = b such that α|[aj−1,aj ]

is smooth for 1 ≤ j ≤ k. Note, this is slightly stronger
than insisting that γ be smooth on (aj−1, aj); it means that γ has an extension to a smooth curve
γ̃j : (aj−1− ε, aj + ε)→M for some ε > 0 (although the actual value of γ may well disagree with
this extension off the interval [aj−1, aj]).
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Now, let α be a piecewise smooth curve in M . If α : [a, b] → M is actually smooth, then we
can pullback along α: α∗ω ∈ Ω1([a, b]). This means that α∗ω = f(t) dt for some smooth f , and
so we know how to integrate it. We therefore define∫

α

ω ≡
∫

[a,b]

α∗ω.

More generally, if α is any piecewise smooth curve on [a, b] that is smooth on the intervals [aj−1, aj]
for 1 ≤ j ≤ k, then we define ∫

α

ω ≡
k∑
j=1

∫
[aj−1,aj ]

α∗ω.

This is called a line integral. Here are some basic properties that are elementary to prove from the
definitions.

PROPOSITION 6.23. Let M be a smooth manifold, and let α : [a, b] → M be a piecewise
smooth curve. Let ω, ω1, ω2 ∈ Ω1(M), and let c1, c2 ∈ R.

(a) For any c1, c2 ∈ R, ∫
α

(c1ω1 + c2ω2) = c1

∫
α

ω1 + c2

∫
α

ω2.

(b) If α is a constant curve, then
∫
α

ω = 0.

(c) If a ≤ c ≤ b and α1 = α|[a,c] and α2 = α|[c,b], then∫
α

ω =

∫
α1

ω +

∫
α2

ω.

(d) Let N be a smooth manifold and F : M → N a smooth map. For any η ∈ Ω1(N),∫
α

F ∗η =

∫
F◦α

η.

PROOF. We prove (d), leaving the others as calculations to the reader. First, it suffices to prove
in the case that α is smooth, since in general if α is smooth on the intervals [aj−1, aj] then F ◦ α is
smooth on the same intervals. Thus, if α : [a, b]→M is smooth, we have∫

α

F ∗η =

∫ b

a

α∗F ∗η.

Note that, for any X ∈X ([a, b]), then for any t ∈ [a, b]

(α∗F ∗η)(X)(t) = (F ∗η)(dαt(Xt))(α(t)) = ηF (α(t))(dFα(t) ◦ dαt(Xt))

= ηF (α(t))(d(F ◦ α)t(Xt))

= (F ◦ α)∗η(X)(t).

I.e. α∗F ∗η = (F ◦ α)∗η, and so∫
α

F ∗η =

∫ b

a

(F ◦ α)∗η =

∫
F◦α

η.

�
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EXAMPLE 6.24. Let M = R2 \ {0}, and define ω ∈ Ω1(M) in local (global) coordinates by

ω =
x dy − y dx
x2 + y2

.

Let α : [0, 2π] → M be the standard parametrization of the ccw unit circle α(t) = (cos t, sin t).
Then we compute

α∗ω =
cos td sin t− sin td cos t

cos2 t+ sin2 t
= cos t cos t dt− sin t(− sin t) dt = dt.

Thus ∫
α

ω =

∫ 2π

0

dt = 2π.

We have defined curves to have a parametrization as part of the definition. But it turns out
that the dependence on the parametrization is very mild. A curve β : [c, d] → M is called a
reparametrization of α : [a, b] → M if there is a homeomorphism ϕ : [c, d] → [a, b] so that
β = α ◦ ϕ, and moreover if α is smooth on [aj−1, aj] then ϕ−1|[aj−1,aj ]

is a diffeomorphism. Such
a map is therefore monotone everywhere, and strictly monotone on each interval ϕ[aj−1, aj]. We
call this a forward reparametrization if ϕ is increasing, and a backward reparametrization if
ϕ is decreasing.

PROPOSITION 6.25. Let M be a smooth manifold and ω ∈ Ω1(M). Let α be a piecewise
smooth curve, and let β be a reparametrization. Then∫

β

ω = ±
∫
α

ω,

+ if it is a forward reparametrization and − if it is backward.

PROOF. Again, it suffices to assume α is smooth (by restricting to its smooth subintervals and
adding up on both sides at the end). Then we have∫

β

ω =

∫
[c,d]

(α ◦ ϕ)∗ω =

∫
[c,d]

ϕ∗(α∗ω) = ±
∫

[a,b]

α∗ω = ±
∫
α

ω

by Proposition 6.22. �

Thus, the line integral does not really depend on the curve α by only its image α[a, b], together
with an “orientation” (forward or backward).

Let us now connect our pullback definition of line integrals with the usual definition given in
vector calculus.

PROPOSITION 6.26. Let α : [a, b] → M be a piecewise smooth curve, and let ω ∈ Ω1(M).
Then ∫

α

ω =

∫ b

a

ωα(t)(α̇(t)) dt.

PROOF. First, note that α[a, b] ⊂ M is compact, and so there are finitely many charts (Uj, ϕj)
that cover the image. Subdividing the domain further if necessary, we may assume that α is smooth
on the intervals [aj−1, aj] where α[aj−1, aj] ⊂ Uj . It therefore suffices to assume that α is smooth,
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and its image is contained in a single chart (U,ϕ). Let α̂(t) = ϕ ◦ α(t) = (α1(t), . . . , αn(t)), and
write ω =

∑n
j=1 ωj dx

j in this chart. Then we have

ωα(t)(α̇(t)) =
n∑
j=1

ωj(α(t))dxj(α̇(t)) =
n∑
j=1

ωj(α(t))α̇j(t).

Now αj : [a, b]→ R is a calculus function, and so dαjt = α̇j(t) dt. Thus we have

ωα(t)(α̇(t)) dt =
n∑
j=1

(ωj ◦ α)(t)d(αj)t.

On the other hand

(α∗ω)t =
n∑
j=1

α∗(ωjdx
j) =

n∑
j=1

(ωj ◦ α)(t)d(xj ◦ α)(t) =
n∑
j=1

(ωj ◦ α)(t)d(αj)t

by Lemma 6.15. Thus ∫
α

ω =

∫
[a,b]

α∗ω =

∫ b

a

ωα(t)(α̇(t)) dt.

�

This brings us to the Fundamental Theorem of Calculus.

THEOREM 6.27. Let M be a smooth manifold. Let f ∈ C∞(M) and let α : [a, b] → M be a
piecewise smooth curve. Then ∫

α

df = f(α(b))− f(α(b)).

PROOF. Let a = a0 < a1 < · · · < ak = b be partitions points so that α is smooth on [aj−1, aj]
for 1 ≤ j ≤ k. Let αj = α|[aj−1,aj ]

. By Proposition 6.26, we have∫
αj

df =

∫ aj

aj−1

dfα(t)(α̇(t)) dt.

Now we compute

dfα(t)(α̇(t)) = [α̇(t)](f) =
d

ds

∣∣∣∣
s=t

(f ◦ α) = (f ◦ α)′(t).

Thus ∫
αj

df =

∫ aj

aj−1

(f ◦ α)′(t) dt.

The function t 7→ f ◦ α is smooth, and hence we may apply the classical fundamental theorem of
calculus to compute this is equal to∫

αj

df = f(α(aj))− f(α(aj−1)).

Finally, we then have∫
α

df =
k∑
j=1

∫
αj

df =
n∑
j=1

[f(α(aj))− f(α(aj−1))] = f(α(ak))− f(α(a0))

as this is a telescoping sum, concluding the proof. �
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6. Exact and Closed 1-Forms

In classic vector calculus, a vector field is called conservative if it is the gradient of a smooth
function. We might use the same word for 1-forms, but the more common term is exact: a 1-form
ω ∈ Ω1(M) is exact if there is some f ∈ C∞(M) for which ω = df . By the Fundamental Theorem
of Calculus (Theorem 6.27), if ω is exact then

∫
α
ω only depends on α through its endpoints: i.e.

if α and β are any two piecewise smooth curves connecting p to q, then
∫
α
ω =

∫
β
ω. In particular,

for any closed curve α,
∫
α
ω = 0. In fact, this is an equivalence. To see this, we first need a

path-connectedness lemma.

LEMMA 6.28. IfM is a connected smooth manifold, and p, q ∈M , there is a piecewise smooth
curve α : [a, b]→M with α(a) = p and α(1) = b.

We could always choose {a, b} = {0, 1}, but it is convenient to have the freedom to use other
parameter domains.

PROOF. This is a (by now) standard local-to-global-connectedness proof. Fix p ∈ M , and let
C ⊆M be the set of points connected to p via some piecewise smooth curve:

C = {q ∈M : ∃a < b, piecewise smooth α : [a, b]→M s.t. α(a) = p, α(b) = q}.

The constant curve α(t) = p shows that p ∈ C , so C 6= ∅.

• C is open: Fix some q ∈ C , and let (U,ϕ) be a chart at q. Fix δ > 0 so thatBδ(q̂) ⊆ ϕ(U),
and let V = ϕ−1(Bδ(q̂)). For any r ∈ V , the straight line curve α̂(t) = (1 − t)q̂ + tr̂
has image contained in Bδ(q̂) (since this ball is convex), and has a smooth extension to
a slightly longer line on both sides. Then α = ϕ−1 ◦ α̂ is a smooth curve from q to r;
concatenating it with the curve connecting p to q (presumed to exists since q ∈ C ) shows
that r ∈ C . Thus the neighborhood V 3 q is contained in C , showing that C is open.
• C is closed: let q ∈ ∂C . Again fix a chart (U,ϕ) at q. Since q ∈ ∂C , the open neighbor-

hood U of q contains some point r ∈ C ∩ U . Constructing the straight-line path in local
coordinates just as above thus shows that r ∈ C . Thus ∂C ⊆ C , so C is closed.

Thus C is a clopen nonempty subset of the connected manifold M , and hence C = M . �

THEOREM 6.29. LetM be a smooth manifold, and let ω ∈ Ω1(M). Then ω is exact iff
∫
α
ω = 0

for any closed piecewise smooth curve α.

PROOF. Using the discussion above, the Fundamental Theorem of Calculus proves the ‘only
if’ direction of the theorem. For the converse, suppose integrals of ω around closed curves are
always 0. This in fact implies that such integrals are path independent: for if α and β are two
piecewise smooth curves connecting p to q, then the reversed curve −β connects q to p, and so the
concatenation α− β is a closed curve. Thus

0 =

∫
α−β

ω =

∫
α

ω +

∫
−β
ω =

∫
α

ω −
∫
β

ω.

Now, let us assume that M is connected. We may then define an “integral” operation for any two
points p, q ∈M :∫ q

p

ω =

∫
α

ω for any piecewise smooth curve α connecting p to q.
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This is well-defined and makes sense for any p, q by Lemma 6.28. Also, using Propositions 6.25
and 6.23(c), we have ∫ q

p

ω = −
∫ p

q

ω,

∫ r

p

ω =

∫ q

p

ω +

∫ r

q

ω.

So: fix a base point p0 ∈M , and define a function f : M → R by f(p) =
∫ p
p0
ω. We will show that

f ∈ C∞(M), and df = ω. To accomplish this, let q ∈ M , and fix a chart (U,ϕ = (xj)nj=1) at q.
In this chart we have ω =

∑n
j=1 ωj dx

j . We will compute that ωj(q) = ∂f
∂xj

(q), which means that
dfq = ωq as required.

Fix j ∈ {1, . . . , n} and let ε > 0 be small enough that the curve α : (−ε, ε) → U given by
ϕ ◦α(t) = (0, . . . , t, . . . , 0) (with the t in the jth place) stays contained in U . Let p1 = α(−ε), and
define a new function f̃(p) =

∫ p
p1
ω. Then

f̃(p)− f(p) =

∫ p

p0

ω −
∫ p

p1

ω =

∫ p

p0

ω +

∫ p1

p

ω =

∫ p1

p0

ω

which is a constant. Hence, it suffices to show that f̃ is smooth and satisfies ∂f̃
∂xj

(q) = ωj(q). Well,
by construction α̇(t) = ∂

∂xj
|α(t), and so

ωα(t)(α̇(t)) =
n∑
i=1

ωi(α(t)) dxi

(
∂

∂xj

∣∣∣∣
α(t)

)
= ωj(α(t)).

Hence, we have

f̃(α(t)) =

∫ α(t)

p1

ω =

∫ t

−ε
ωα(s)(α̇(s)) ds =

∫ t

−ε
ωj(α(s)) ds

But ω ∈ Ω1(M), so its components are smooth. It then follows from the (classical) fundamental
theorem of calculus that f̃ ◦ α is smooth, and

∂f̃

∂xj
(q) = α̇(0)f̃ =

d

dt

∣∣∣∣
t=0

f̃ ◦ α(t) =
d

dt

∣∣∣∣
t=0

∫ t

−ε
ωj(α(s)) ds = ωj(α(0)) = ωj(q).

Since the components ωj are smooth functions of q, this shows that f̃ is smooth, and moreover that
df̃q = dfq = ω as claimed.

Finally, ifM is not connected, then the above argument shows there are functions fi ∈ C∞(Mi)
on the connected components Mi of M so that dfi = ω|Mi

. Then the function f whose value on
Mi is fi is smooth and satisfies df = ω. �

Now, not every 1-form is exact: as Example 6.24 shows, there are 1-forms with non-zero
integrals around closed curves. So how can we tell if a 1-form ω is exact, without already knowing
a function f for which ω = df? To see the answer, we work in local coordinates: write ω =∑n

j=1 ωj dx
j in some chart. If ω = df , this means that ωj = ∂f

∂xj
. Since f is smooth, its mixed

partials commute, which means that

∂ωj
∂xi

=
∂2f

∂xi∂xj
=

∂2f

∂xj∂xi
=
∂ωi
∂xj

.

DEFINITION 6.30. A 1-form ω is called closed if, in every chart, the components ωj satisfy

∂ωj
∂xi

=
∂ωi
∂xj

. (6.11)
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The preceding calculation shows that every exact 1-form is closed. This gives us a negative
test for exactness: if we can find some chart in which (6.11) fails at some point, then ω is not
exact. This is still a tall order, however: it, in principle, requires us to check every chart, which
is impractical. In fact, as we will show next, it suffices to check this condition in any one chart;
moreover, there is an equivalent invariant condition.

PROPOSITION 6.31. For any ω ∈ Ω1(M), TFAE:
(a) ω is closed.
(b) ω satisfies (6.11) in some chart at each point.
(c) Given any open U ⊆M and any vector fields X, Y ∈X (U), we have

X(ω(Y ))− Y (ω(X)) = ω([X, Y ]). (6.12)

PROOF. The implication (a) =⇒ (b) is immediate from the definition (which states that (6.11)
holds in every chart). Now, assume (b) holds true, and fix any open set U and vector fields X, Y ∈
X (U). Fix a point p ∈ U , and let (V, ϕ = (xj)nj=1) be a coordinate chart at p, contained in U ,
in which (6.11) holds. Expand ω =

∑n
i=1 ωi dx

i, X =
∑n

j=1 X
j ∂
∂xj

, and Y =
∑n

k=1 Y
k ∂
∂xk

, and
compute

X(ω(Y )) = X

(
n∑
i=1

ωiY
i

)
=

n∑
i=1

(
ωiX(Y i) + Y iX(ωi)

)
=

n∑
i=1

(
ωiX(Y i) +

n∑
j=1

Y iXj ∂ωi
∂xj

)
.

Exchanging the roles of X and Y shows that

Y (ω(X)) =
n∑
i=1

(
ωiY (X i) +

n∑
j=1

X iY j ∂ωi
∂xj

)
.

Subtracting, this gives

X(ω(Y ))− Y (ω(X)) =
n∑
i=1

ωi[X(Y i)− Y (X i)] +
n∑

i,j=1

Y iXj

(
∂ωi
∂xj
− ∂ωj
∂xi

)
, (6.13)

and the last term is 0 by assumption (of (6.11)). We also note that

[X, Y ] = XY − Y X = X

(
n∑
i=1

Y i ∂

∂xi

)
− Y

(
n∑
i=1

X i ∂

∂xi

)
=

n∑
i=1

[X(Y i)− Y (X i)]
∂

∂xi
,

and so
∑n

i=1 ωi[X(Y i) − Y (X i)] = ω([X, Y ]), concluding the calculation, and verifying that
(b) =⇒ (c).

Finally, we proved (c) =⇒ (d). Fix any chart, and expand the 1-form ω and the vector fields
X, Y in coordinate bases. Note that the calculation of (6.13) and the following equation show that,
in general,

X(ω(Y ))− Y (ω(X)) = ω([X, Y ]) +
n∑

i,j=1

Y iXj

(
∂ωi
∂xj
− ∂ωj
∂xi

)
.

Thus, assuming (c), we have for any smooth functions X i and Y j ,
n∑

i,j=1

Y iXj

(
∂ωi
∂xj
− ∂ωj
∂xi

)
= 0.

Choosing the functions so that Y i = Xj = 1 and Y k = 0 if k 6= i and Xk = 0 if k 6= j yields the
result. �
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REMARK 6.32. We will soon talk about k-forms for k > 1, and extend the operator d to act
on all forms. In particular, for a 1-form ω, dω will be a 2-form (which eats two vector fields); its
action will be defined as

dω(X, Y ) = X(ω(Y ))− Y (ω(X))− ω([X, Y ]).

So, the condition that ω is closed is really the condition that dω = 0; hence, we have if ω = df
then dω = 0, which is to say that d2 = 0. This generalizes the classical vector calculus statement
that∇×∇f = 0 for any smooth function (the curl of a gradient is 0).

So, we have a nice, easy to check, invariant condition that gives a half-decidable test for
whether a given 1-form is exact. It is not, however, a fully-decidable test.

EXAMPLE 6.33. Consider again the 1-form of Example 6.24:

ω = − y

x2 + y2
dx+

x

x2 + y2
dy.

We showed (using the fundamental theorem of calculus) that ω is not exact. Nevertheless, we can
quickly calculate that

∂

∂y

(
− y

x2 + y2

)
=
−x2 + y2

(x2 + y2)2
=

∂

∂x

(
x

x2 + y2

)
.

Thus ω is closed, but not exact. More on this shortly.

Both closeness and exactness are natural conditions, in the following sense.

COROLLARY 6.34. Let F : M → N be a smooth map between manifolds, and let ω ∈ Ω1(N).
If ω is exact, then F ∗ω is exact. Moreover, if F is a diffeomorphism, and ω is closed, then F ∗ω is
closed.

PROOF. First, by Lemma 6.15, if ω is exact and so has the form ω = df , then F ∗(ω) =
F ∗(df) = d(f ◦ F ) is also exact. Now, suppose we only know ω is closed. One can compute that,
for any vector fields X, Y ∈X (M) and ω ∈ Ω1(N),

X(F ∗ω(Y )) = F∗(X)(ω(F∗(Y ))).

Thus, we simply have

X(F ∗ω(Y ))− Y (F ∗ω(X)) = F∗(X)(ω(F∗(Y )))− F∗(Y )(ω(F∗(X))).

Since ω is closed on N , it follows that

F∗(X)(ω(F∗(Y )))− F∗(Y )(ω(F∗(X))) = ω([F∗(X), F∗(Y )]) = ω(F∗[X, Y ])

and one final calculation shows that this equals F ∗ω([X, Y ]), proving that F ∗ω is closed.
Alternatively, it is actually simpler to work in local coordinates here. Let (U,ϕ) be a chart

for N . Then (F−1(U), ϕ ◦ F ) is a chart for M . In these coordinates, the map F is given by the
identity, and so it is clear that ω satisfies (6.11) in the ϕ coordinates iff F ∗ω satisfies (6.11) in the
ϕ ◦ F -coordinates. The result then follows by Proposition 6.31. �

REMARK 6.35. (1) In fact, in the local proof of Corollary 6.34, one only needs that F is
a local diffeomorphism: in this case, an invariant form of the inverse function theorem
will allow the local-coordinates argument to work on some sufficiently small open subset
of the original chart U . We have yet to state and prove such an invariant inverse function
theorem, so we leave it as is for now.
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(2) One might wonder whether the local diffeomorphism condition is really necessary to
preserved closedness, and in fact it is not necessary: like exactness, closedness is invariant
under all pullbacks. The reason is the same: referring to Remark 6.32, ω is closed iff
dω = 0, and then we will have dF ∗ω = F ∗(dω) = F ∗(0) = 0, as with functions. In the
next section, we will develop the technology to prove this.

Now, the question of how far apart the conditions exact and closed are is a deep and interesting
one. Returning once more to Example 6.24, although this form is not exact on R2 \ {0}, if we
restrict it to M = R2 \ {(x, 0) : x ∈ R}, then the function M = tan−1 y

x
is smooth on M , and

ω = df . (In fact, although the formula doesn’t make sense, this function f has a smooth extension
to any domain R2 \ γ for any ray γ = {tv : t > 0} where v is some nonzero vector in R2.) What
this demonstrates is that exactness is not really a local condition (while closedness is): it depends
on the global topology of the manifold where the form is defined. The main basic result in this
direction is Poincaré’s lemma, which shows that closed 1-forms on star-shaped regions in Rn are
indeed exact.

THEOREM 6.36 (Poincaré Lemma). Let U ⊆ Rn be open and star-shaped. Then every closed
1-form on U is exact.

Note: star-shaped means there is a “center” point c ∈ U so that, for every p ∈ U , the line segement
{(1− t)c+ tp : 0 ≤ t ≤ 1} is contained in U . For example, convex sets are star-shaped.

PROOF. Let ω ∈ Ω1(U) be closed. First, let T : Rn → Rn be the translation T (x) = x − c;
since T is a diffeomorphism, T ∗ preserves closedness and exactness, and so it suffices to prove
that the closed 1-form T ∗ω is exact. Henceforth we rename T (U) as U and T ∗ω as ω, and proceed
under the assumption that c = 0 (which is just for notational convenience). Thus, for any x ∈ U ,
the straight-line αx : [0, 1] → U given by αx(t) = tx is a smooth curve in U , and we can define a
function f : U → R by

f(x) =

∫
αx

ω.

We will show that f is smooth, and that ω = df – i.e. that ∂f
∂xj

= ωj for 1 ≤ j ≤ n.
Expand ω =

∑n
j=1 ωj dx

j . Use Proposition 6.26 to write f as

f(x) =

∫ 1

0

ωαx(t)(α̇x(t)) dt =
n∑
j=1

∫ 1

0

ωj(tx)xj dt.

The integrant is a smooth function of t, x1, . . . , xn, and so we may differentiate under the integral

∂f

∂xi
(x) =

n∑
j=1

∫ 1

0

(
t
∂ωj
∂xi

(tx)xj + ωj(tx)δji

)
dt

=

∫ 1

0

(
n∑
j=1

∂ωj
∂xi

(tx)txj + ωi(tx)

)
dt.

We now use the assumption that ω is closed, so that ∂ωj
∂xi

= ∂ωi
∂xj

, which gives

∂f

∂xi
(x) =

∫ 1

0

(
n∑
j=1

∂ωi
∂xj

(tx)txj + ωi(tx)

)
dt =

∫ 1

0

d

dt
(tωi(tx)) dt = tωi(tx)|t=1

t=0 = ωi(x).
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Hence, the partial derivatives of f are the (smooth) functions ωi. This shows f is smooth, and that
df = ω, as claimed. �

REMARK 6.37. The precise condition for this to work is much weaker than star-shaped: it
is simply-connected. That is: it must be true that any two piecewise smooth curves from p to q
are homotopic. If this is the case, then one can define f as follows: choose a base point p ∈ U ,
and let αx be some curve from p to x that is a finite collection of line segments in coordinate
directions. Any two such curves are homotopic, and this (together with closedness of ω) shows
that f is well-defined. A more involved version of the above calculation shows that df(x) = ωx.

COROLLARY 6.38. If ω ∈ Ω1(M) is closed, then every point p ∈M has a neighborhood U so
that ω|U is exact.

PROOF. Let p ∈ M , and choose a chart (V, ϕ) at p; let Û ⊆ ϕV ) be a ball centered at ϕ(p),
and let U = ϕ−1(Û). By assumption ω is closed and so, in the chart (U,ϕ) condition (6.11) holds
true. Thus, since Û is convex, the Poincaré Lemma implies that the components ωj of ω in the
ϕ-coordinates (xj)nj=1 satisfy ωj = ∂f̂

∂xj
for some smooth function f̂ on Û . It then follows (pulling

back along ϕ) that ω|U = df where f = f̂ ◦ ϕ. Thus ω|U is exact. �



CHAPTER 7

Tensors and Exterior Algebra

1. Mulitilinear Algebra

For a real vector space V , recall that V ∗ denotes the dual space V ∗ = L(V,R). We now
consider a multivariate generalization of this.

DEFINITION 7.1. Let V1, . . . , Vk,W be real vector spaces. Denote by L(V1, . . . , Vk;W ) the
space of multilinear maps V1 × · · · × Vk → W . This means that, for each 1 ≤ j ≤ k, for
F ∈ L(V1, . . . , Vk;W ) we have

F (v1, . . . , vj−1, avj, vj+1, . . . , vk) = aF (v1, . . . , vj−1, vj, vj+1, . . . , vk) a ∈ R, and

F (v1, . . . , vj−1, vj + v′j, vj+1, . . . , vk) = F (v1, . . . , vj−1, vj, vj+1, . . . , vk) + F (v1, . . . , vj−1, v
′
j, vj+1, . . . , vk).

That is: F is linear in each slot separately.

EXAMPLE 7.2. Some common examples of multilinear maps are:
• The dot product 〈v, w〉 =

∑n
j=1 vjwj is a multilinear map in L(Rn,Rn;R). We call it

bilinear.
• The Lie bracket [·, ·] is a bilinear map X (M)×X (M)→X (M).
• The determinant det on n×n matrices, though of as a map on the columns of the matrix,

is a multilinear map in L(Rn, . . . ,Rn;R).

It might be tempting to try to identify L(V1, . . . , Vk;R) with the dual space L(V1 × · · · ×
Vk,R) = (V1 × · · · × Vk)

∗, but these two spaces have little to do with each other when k > 1.
Indeed, the two intersect trivially: if F ∈ L(V,W ;R) then F (av, aw) = a2F (v, w), while if it is
in L(V ×W,R) then F (av, aw) = F (a · (v, w)) = aF (v, w). This must hold for all a, and so the
only linear map in L(V,W ;R) is the zero map.

It turns out that there is a close connection between L(V1, . . . , Vk;R) and the space V ∗1 × · · · ×
V ∗k . We can define a map

⊗ : V ∗1 × · · · × V ∗k → L(V1, . . . , Vk;R)

(⊗(λ1, . . . , λk)) (v1, . . . , vk) = λ1(v1)λ2(v2) · · ·λk(vk).
(7.1)

It is easy to check that ⊗(λ1, . . . , λk) is indeed a multilinear map. In fact, it is a special case of the
following: if F ∈ L(V1, . . . , Vk;R) and G ∈ L(W1, . . . ,W`;R), then define F ⊗G to be the map
V1 × · · · × Vk ×W1 × · · · ×W` → R given by

(F ⊗G)(v1, . . . , vk, w1, . . . , w`) = F (v1, . . . , vk)G(w1, . . . , w`).

It is again easy to verify that F ⊗G is multilinear. The map in (7.1) is simply the iteration of this
map:

⊗(λ1, . . . , λk) = (· · · ((λ1 ⊗ λ2)⊗ λ3) · · · ⊗ λk).
It is easy to check that this operation is in fact associative, so the order of the parentheses doesn’t
matter. The operation is often called tensor product.

109
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One might hope that the map ⊗ in (7.1) is an isomorphism identifying L(V1, . . . , Vk;R) with
V ∗1 × · · · × V ∗k , but this is not true. For one thing, note that 0 ⊗ v = 0 for any v, and so it is
never injective if k > 1. It is not surjective either: for example, the dot product on Rn × Rn is
not of this form. It is, however, a linear combination of maps of this form. This will generally be
true. Multilinear maps in the image of ⊗ are called pure tensors; every multilinear map is a linear
combination of pure tensors. We can summarize this with the following useful lemma on finding a
basis for L(V1, . . . , Vk;R) (in the finite-dimensional setting).

LEMMA 7.3. Let V1, . . . , Vk be finite-dimensional vector spaces. Let βj = {e1
j , . . . , e

nj
j } be a

basis for Vj . Then the collection

β∗ = {(ei11 )∗ ⊗ · · · ⊗ (eikk )∗ : 1 ≤ i1 ≤ n1, . . . , 1 ≤ ik ≤ nk}

is a basis for L(V1, . . . , Vk;R). In particular, this shows that every map in L(V1, . . . , Vk;R) is a lin-
ear combination of pure tensors, and moreover this space has dimension dimV1 ·dimV2 · · · dimVk.

PROOF. For each F ∈ L(V1, . . . , Vk;R), define coefficients Fi1,...,ik by

Fi1,...,ik = F (ei11 , . . . , e
ik
k ). (7.2)

Now, for any vj ∈ Vj , we can expand in the basis vj =
∑nj

i=1 v
i
je
i
j . Using multilinearity and the

definition of the dual basis, this means that

F (v1, . . . , vk) =
∑
i1,...,ik

vi11 · · · v
ik
k F (ei11 , . . . , e

ik
k )

=
∑
i1,...,ik

Fi1,...,ikv
i1
1 · · · v

ik
k

=
∑
i1,...,ik

Fi1,...,ik(e
i1
1 )∗(v1) · · · (eikk )∗(vk)

=
∑
i1,...,ik

Fi1,...,ik(e
i1
1 )∗ ⊗ · · · ⊗ (eikk )∗(v1, . . . , vk).

In other words, we’ve expanded

F =
∑
i1,...,ik

Fi1,...,ik(e
i1
1 )∗ ⊗ · · · ⊗ (eikk )∗. (7.3)

This shows that β∗ is a spanning set for L(V1, . . . , Vk;R). What’s more, suppose some linear
combination as in (7.3) equals 0 (as a mutlilinear map). In particular, this means it yields 0 when
applied to the vector (ej11 , . . . , e

jk
k ), and this (by definition of dual basis) yields Fj1,...,jk = 0. As this

holds for all j1, . . . , jk, it follows that all the coefficients are 0, and hence β∗ is linearly independent.
Thus it is a basis. �

Note: we have shown, in the process, that the coefficients of any multilinear map in terms of this
tensor basis are given by (7.2).

We have now shown that the space of multilinear maps V1 × · · · × Vk → R has a special
relationship to the space V ∗1 × · · · × V ∗k : there is a canonical mapping ⊗ : V ∗1 × · · · × V ∗k →
L(V1, . . . , Vk;R). This map is not injective in general, but it is close; in the next section, we will
see in what sense it “identifies” these spaces.
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2. The Tensor Product Construction

The space L(V1, . . . , Vk;R) of multilinear maps V1 × · · · × Vk → R has a special universal
property in the category of all multilinear maps.

PROPOSITION 7.4. Let V1, . . . , Vk be any real vector spaces. Let W be another vector space,
and let F : V ∗1 × · · · × V ∗k → W be any multilinear map. Then F factors through a unique linear
map F̃ : L(V1, . . . , Vk;R)→ W : F = F̃ ◦ ⊗.

V ∗1 × · · · × V ∗k
F //

⊗
��

W

L(V1, . . . , Vk;R)
F̃

88

PROOF. The factoring condition tells us that, for any given dual vectors λj ∈ V ∗j , we must
have

F̃ (λ1 ⊗ · · · ⊗ λk) = F (λ1, . . . , λk). (7.4)

Assuming this is well-defined (which is basically the content of the propositions), this tells us
how to define F̃ (and shows it is unique). Fix bases βj for Vj , and the corresponding basis β∗ for
L(V1, . . . , Vk;R), as in Lemma 7.3. To define the linear map F̃ , it is necessary and sufficient to
define its action on β∗. There is only one way to do this so the factoring condition holds: we must
have

F̃ ((ei11 )∗ ⊗ · · · ⊗ (eikk )∗) = F ((ei11 )∗, . . . , (eikk )∗).

This definition shows that (7.4) holds true at least for elements λj ∈ V ∗j that are dual basis vectors;
that it holds in general is simply a matter of expanding the left-hand-side of (7.4) using multilin-
earity of ⊗, appling the definition, and then reassembling using multilinarity of F . �

In fact, this universal property can be used to define the tensor product abstractly. For the mo-
ment, let us forget our concrete definition of ⊗ (as an operation on pairs of real-valued multilinear
maps). Instead, we could make the following abstract algebraic definition.

DEFINITION 7.5. Let U1, . . . , Uk be real vector spaces. A tensor product space for U1, . . . , Uk
is a pair (T,⊗) where T is a real vector space and ⊗ : U1 × · · · × Uk → T is a multilinear map,
with the following property: if W is any real vector space, and F : U1 × · · · × Uk → W is a
multilinear map, then F factors through a unique linear map F̃ : T → W , i.e. F = F̃ ◦ ⊗:

U1 × · · · × Uk
F //

⊗
��

W

T
F̃

88 .

Proposition 7.4 shows that L(V1, . . . , Vk;R) is a tensor product space for V ∗1 , . . . , V
∗
k . Using

the canonical isomorphism V ∼= V ∗∗ in the finite-dimensional setting, we therefore always have a
tensor product space for U1, . . . , Uk, given by L(U∗1 , . . . , U

∗
k ;R).

We would like to talk about the tensor product space, while this definition only gives a property
that anything called a tensor product space must have. In fact, this property uniquely defines the
space T up to (unique) isomorphism.
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EXERCISE 7.5.1. Let U1, . . . , Uk be real vector spaces, and let (T1,⊗1) and (T2,⊗2) be two
tensor product spaces for U1, . . . , Uk. Show that there is a unique vector space isomorphism
Φ: T1 → T2 such that ⊗2 = Φ ◦ ⊗1.

Thus, we can (up to canonical isomorphism) refer to the tensor product space, and we denote
it by U1⊗ · · · ⊗Uk. Caution: this does not mean the image of U1× · · · ×Uk under the multilinear
map ⊗ (which is not even a vector space); it means the whole space. In the concrete context, we
mean the entire space of multilinear maps, which is spanned by the image of ⊗.

Now, in the concrete case, we defined tensor product in such a way that associativity was imme-
diate. That holds here in the abstract setting as well (although, since these spaces are only defined
up to canonical isomorphism, we must be more careful about what we mean by “associative”).

LEMMA 7.6. Given any finite-dimensional real vector spaces U1, U2, U3, there is are unique
isomorphisms (U1 ⊗ U2) ⊗ U3

∼= U1 ⊗ U2 ⊗ U3
∼= U1 ⊗ (U2 ⊗ U3) identifying (u1 ⊗ u2) ⊗ u3

∼=
u1 ⊗ u2 ⊗ u3

∼= u1 ⊗ (u2 ⊗ u3).

PROOF. First, the three spaces have the same dimension (as can be seen by identifying with the
concrete tensor product constructions of the last section and using Lemma 7.3). Now, define a map
α : U1×U2×U3 → (U1⊗U2)⊗U3 in the obvious fashion: α(u1, u2, u3) = (u1⊗u2)⊗u3. Since⊗ is
multilinear, this is a multilinear map, and hence α factors through a linear map α̃ : U1⊗U2⊗U3 →
(U1 ⊗ U2)⊗ U3, with the property that α̃(u1 ⊗ u2 ⊗ u3) = (u1 ⊗ u2)⊗ u3. Since (U1 ⊗ U2)⊗ U3

is spanned by elements of the form (u1 ⊗ u2)⊗ u3, α̃ is surjective. Since the two spaces have the
same dimension, it must be an isomorphism. The isomorphism with the space bracketed the other
way is similar. �

REMARK 7.7. Similarly appealing to Lemma 7.3, we see that in general a basis for the abstract
tensor product space U1 ⊗ · · · ⊗ Uk is given by the set of all vectors of the form ei11 ⊗ · · · ⊗ e

ij
k ,

where each {eij}i is a basis for Uj .

One final remark: our concrete construction of tensors is more precisely a construction of
covariant tensors. The concrete realization of V1 ⊗ · · · ⊗ Vk as L(V ∗1 , . . . , V

∗
k ;R) is the space of

contravariant tensors; and we could mix and match some V s with some V ∗s to get mixed rank
tensors. We will only have use for covariant tensors at present.

3. Symmetric and Antisymmetric Tensors

An argument much like the previous one shows that V1 ⊗ V2
∼= V2 ⊗ V1 (with canonical

isomorphism extending v1 ⊗ v2 7→ v2 ⊗ v1). In general, the space V1 ⊗ · · · ⊗ Vk is the same (up
to canonical isomorphism) no matter what order the vector spaces are listed in. But the actual
elements of these spaces are different: v1 ⊗ v2 6= v2 ⊗ v1 in general. For our purposes, it is
most useful to restrict attention to those tensors that do have symmetry (or antisymmetry) when
changing the order of the vectors. This can only make sense if all the vector spaces Vj are equal.

DEFINITION 7.8. Let Sk denote the symmetric group of permutations on {1, . . . , k}. For a
given vector space V , define an action of Sk on V ⊗ · · · ⊗ V = V ⊗k by (the linear extension of)

σ · v1 ⊗ · · · ⊗ vk = vσ(1) ⊗ · · · ⊗ vσ(k).
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This is a right action: that is, for σ, τ ∈ Sk,

(στ) · v1 ⊗ · · · ⊗ vk = v(στ)(1) ⊗ · · · ⊗ v(στ)(k)

= vσ(τ(1)) ⊗ · · · ⊗ vσ(τ(k))

= σ · (τ · v1 ⊗ · · · ⊗ vk)

Now, we define two projections on V ⊗k:

Sym(ψ) =
1

k!

∑
σ∈Sk

σ · ψ

Alt(ψ) =
1

k!

∑
σ∈Sk

sgn(σ)σ · ψ.

Here sgn(σ) denotes the sign of a permutation σ: +1 if σ is even, and −1 if σ is odd. So, for
example,

Sym(u⊗ v) =
1

2
(u⊗ v + v ⊗ u), Alt(u⊗ v) =

1

2
(u⊗ v − v ⊗ u).

The images of these projections are known as

Σk(V ) = Sym(V ⊗k) = symmetric k-tensors

Λk(V ) = Alt(V ⊗k) = antisymmetric k-tensors.

Antisymmetric tensors are also called alternating, ergo the name Alt for the projection. We can
characterize these spaces more simply in terms of actions under any given permutation.

LEMMA 7.9. Let ψ ∈ V ⊗k. Then ψ ∈ Σk(V ) iff σ · ψ = ψ for any σ ∈ Sk. On the other hand,
ψ ∈ Λk(V ) iff σ · ψ = sgn(σ)ψ for any σ ∈ Sk.

PROOF. If σ · ψ = ψ for each σ, then

Sym(ψ) =
1

k!

∑
σ∈Sk

σ · ψ =
1

|Sk|
∑
σ∈Sk

ψ = ψ.

Hence ψ is in the image of Sym, meaning it is in Σk(V ). Conversely, if ψ ∈ Σk(V ), then ψ =
Sym(ϕ) for some tensor ϕ ∈ V ⊗k, and we compute

σ · ψ = σ · 1

k!

∑
τ∈Sk

τ · ϕ =
1

k!

∑
τ∈Sk

σ · (τ · ϕ) =
1

k!

∑
τ∈Sk

(στ) · ϕ.

The map τ 7→ στ is a bijection of Sk, and so relabeling we just get

σ · ψ =
1

k!

∑
τ ′∈Sk

τ ′ · ϕ = ψ

as desired. The argument for Λk(V ) is almost identical, with the only additional needed informa-
tion being that sgn(στ) = sgn(σ)sgn(τ). �

In the process, we proved the following (which is why it is reasonable to call Sym and Alt
‘projections’).

COROLLARY 7.10. Let ψ ∈ V ⊗k. Then ψ ∈ Σk(V ) iff Sym(ψ) = ψ, and ψ ∈ Λk(V ) iff
Alt(ψ) = ψ.
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We will actually focus much more on Λk(V ) than Σk(V ). For starters, there is an even simpler
equivalent condition for inclusion in Λk(V ∗), which we identify in the usual way as a subspace of
L(V, . . . , V ;R).

PROPOSITION 7.11. Let α ∈ L(V, . . . , V ;R) be a covariant k-tensor. The following are equiv-
alent.

(a) α ∈ Λk(V ∗).
(b) α(v1, . . . , vk) = 0 whenever {v1, . . . , vk} are linearly dependent.
(c) α(v1, . . . , vk) = 0 whenever there are some i 6= j with vj = vj .

PROOF. Suppose (a) holds true. Then we know from Lemma 7.9 that (i j) · α = −α, where
(i j) is the transposition of i and j (which is odd, so has sgn = −1). This means that

α(v1, . . . , vi, . . . , vj, . . . , vk) = −α(v1, . . . , vj, . . . , vi, . . . , vk).

But if vi = vj , this says this value is equal to its negative, and so (c) holds true. It is also clear that
(b) =⇒ (c) (since any list of vectors with a repeat is linearly dependent).

Conversely, suppose (c) holds true. By polarization, if we put vi + vj into both the i and j slot,
then on the one hand we get 0 (by part (c)), and on the other hand this yields

0 = α(v1, . . . , vi + vj, . . . , vi + vj, . . . , vk) = α(v1, . . . , vi, . . . , vi, . . . , vk) + α(v1, . . . , vi, . . . , vj, . . . , vk)

+ α(v1, . . . , vj, . . . , vi, . . . , vk) + α(v1, . . . , vj, . . . , vj, . . . , vk)

by multilinearity. The first and last terms are 0 by (c), and so the remaining terms add to 0,
which shows that (i j) · α = −α for any transposition (i j). Any permutation is a product of
transpositions, and the homomorphism property of sgn shows that σ · α = sgn (σ)α in general,
proving that α ∈ Λk(V ), showing (a).

Finally, suppose v1, . . . , vk are linearly independent. Then there is some vector vj that is a
linear combination of the others, vj =

∑
` 6=j a`v`. Then we have, by multilinearity,

α(v1, . . . , vj) = α(v1, . . . ,
∑
` 6=j

a`v`, . . . , vk) =
∑
`6=j

a`α(v1, . . . , v`, . . . , vk).

Each term in the sum has a repeated vector, and so by (c), the sum is 0, proving (b). �

EXAMPLE 7.12. The determinant detn on n×nmatrices, though of as a map on the n columns,
is multilinear, and has properties (b)⇐⇒ (c) of the proposition. Therefore detn ∈ Λn((Rn)∗).

Let us make one more observation: if dimV < k, then any list of k vectors in V must be
linearly dependent. The proposition then shows us:

COROLLARY 7.13. Λk(V ∗) = 0 if dimV < k.

Hence, for any given finite-dimensional vector space V , only finitely many of the spaces
Λk(V ∗) are non-trivial. (This is certainly not true of Σk(V ∗), which only grows in dimension
as k grows, as the reader can work out.) The question we now address is: what is the dimension of
Λk(V ∗) for k ≤ dim(V )? More generally, we will construct a basis of this space.

In fact, we will see that anti-symmetric tensors are spanned by “determinants”; but we must
be a little looser about what we mean by determinant, which is only defined on a square matrix
(meaning detn requires n-arguments in an n-dimensional space). But we can take subdeterminants,
by choosing which rows to keep.
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DEFINITION 7.14. Let V be an n-dimensional vector space, and fix a basis e1, . . . , en with
dual basis (e1)∗, . . . , (en)∗. Let 1 ≤ k ≤ n, and let I = (i1, . . . , ik) be a multi-index with 1 ≤
i1, . . . , ik ≤ n. Define a function detI : V k → R as follows:

detI(v1, . . . , vk) = det

 (ei1)∗(v1) · · · (ei1)∗(vk)
... . . . ...

(eik)∗(v1) · · · (eik)∗(vk)

 = det

 vi11 · · · vi1k
... . . . ...
vik1 · · · vikk

 .
That is: we write the vectors v1, . . . , vk as columns with respect to the basis e1, . . . , en, producing
an n×k matrix; we then select the k×k submatrix with rows i1, i2, . . . , ik, and take the determinant
of this square matrix.

REMARK 7.15. The full determinant is an invariant of a linear operator: it does not depend on
the basis chosen. This is not so for these subdeterminants in general – they are basis dependent.

EXAMPLE 7.16. Taking |I| = 1, we have deti(v) = (ei)∗(v); i.e. deti = (ei)∗. On the other
hand, if I = (1, 2, . . . , n), then detI = det. For an intermediate example, we have

det(4,2)



v1

v2

v3

v4

 ,

w1

w2

w3

w4


 = det

[
v4 w4

v2 w2

]
= v4w2 − v2w4.

It is easy to check that detI ∈ Λk(V ∗) for any multi-index I of length k (for any given basis
for V defining the determinant). In fact, these will turn out to be our basis tensors of Λk(V ∗).
However, not all of them are linearly independent.

LEMMA 7.17. Fix an n-dimensional vector space V , with basis e1, . . . , en. Let k ≤ n and let
I = (i1, . . . , ik) be a multi-index. Denote by σ · I = (iσ(1), . . . , iσ(k)). Then detσ·I = sgn(σ) detI .
Moreover, if there exists a repeated index i` = im for some 1 ≤ ` < m ≤ k, then detI = 0.

PROOF. We have detσ·I(v1, . . . , vk) = detI(vσ(1), . . . , vσ(k)), and since detI is anti-symmetric,
the first result follows from Lemma 7.9. For the second part, if I has a repeated index i` = im, then
detI(v1, . . . , vk) is the determinant of a matrix with identical `th and mth rows, which is 0. �

To avoid these degeneracies, we will generally work with increasing multi-indices: I =
(i1, . . . , ik) with i1 < i2 < · · · < ik. For short, we write this as I ↑. These turn out to give
our basis.

PROPOSITION 7.18. Let V be an n-dimensional real vector space. Fix a basis e1, . . . , en for
V , and let detI be the corresponding subdeterminants for any multi-indices I of lengths≤ n. Then

β(Λk(V ∗)) ≡ {detI : |I| = k, I ↑}
is a basis for Λk(V ∗). In particular,

dim Λk(V ∗) =

(
n

k

)
when 0 ≤ k ≤ n, and 0 otherwise.

Note, included in this definition is the trivial case of Λ0(V ∗) = Σ0(V ∗) = (V ∗)⊗0 which is, by
convention, simply R (i.e. a multilinear function of no variables is just a constant).



116 7. TENSORS AND EXTERIOR ALGEBRA

PROOF. That the set of increasing multi-indices of length k is counted by
(
n
k

)
is a simple

combinatorial exercise. So we must show that β(Λk(V ∗)) is indeed a basis. To that end, fix any
ω ∈ Λk(V ∗). As usual, its tensor components are ωi1,...,ik = ω(ei1 , . . . , eik). Let us restrict this to
increasing multi-indices, and so define ωI for I ↑. Indeed, by Lemma 7.17, for any multi-index I ,
if I has repeated indices then ωI = 0; otherwise, I is a permutation of an increasing multi-index,
which is related by an appropriate sgn. Now, fix any multi-index J = (j1, . . . , jk); then

∑
I↑

ωIdetI(ej1 , . . . , ejk) =
∑
I↑

ωI det

 δi1j1 · · · δi1jk
... . . . ...
δikj1 · · · δikjk


If J has a repeated index, this is 0. If J is a permutation of I , J = σ · I , then this determinant is
equal to sgn(σ) detJ(ej1 , . . . , ejk) = sgn(σ) det Ik = sgn(σ). Otherwise, if J is not a permutation
of I , then this square matrix has a row of 0s, and the determinant is 0. Now, for fixed J without
repeated indices, there is precisely one increasing multi-index I which is a permutation σ of J .
Hence, precisely one term I = σ · J in the sum survives, and we have∑

I↑

ωIdetI(ej1 , . . . , ejk) = ωσ·Jsgn(σ)

= sgn(σ)ω(ejσ(1) , . . . , ejσ(k)) = ω(ej1 , . . . , ejk) = ωJ .

Now expanding any vectors v1, . . . , vk ∈ V in terms of the basis ej and using multilinearity on
both sides and expanding shows that

∑
I↑ ωIdetI(v1, . . . , vk) = ω(v1, . . . , vk). Thus β(Λk(V ∗)) is

a spanning set.
On the other hand, suppose

∑
I↑ αIdetI = 0 for some coefficients αI . Applying this to any

k-tuple (ej1 , . . . , ejk) with j1 < · · · < jk, we pick out precisely one term in the sum, and this
shows that αj1,...,jk = 0. As this holds for all increasing multi-indices, this proves that β(Λk(V ∗))
is linearly independent, concluding the proof. �

4. Wedge Product and Exterior Algebra

Let ω and η be antisymmetric tensors over V , say ω ∈ Λk(V ∗) and η ∈ Λ`(V ∗). We could
combine them via tensor product: ω ⊗ η ∈ Λk(V ∗) ⊗ Λ`(V ∗) ⊂ (V ∗)⊗(k+`). But the resulting
tensor is not antisymmetric. For example, if k = ` = 1, then antisymmetry of ω, η is vacuous:
they are just linear functionals in V ∗, but ω ⊗ η is then not antisymmetric (unless one of ω and η
is 0). We can fix this by applying the Alt projection: so we could define an antisymmetric product
by (ω, η) 7→ Alt(ω ⊗ η). Some authors do use this convention; for our purposes, it will be useful
to modify it with a different normalization.

DEFINITION 7.19. Let ω ∈ Λk(V ∗) and η ∈ Λ`(V ∗). Their wedge product ω∧η is the element
of Λk+`(V ∗) defined by

ω ∧ η ≡ (k + `)!

k!`!
Alt(ω ⊗ η) =

1

k!`!

∑
σ∈Sk+`

sgn(σ)σ · (ω ⊗ η).

The reason for this convention is the following.
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PROPOSITION 7.20. Let V be an n-dimensional real vector space, with given basis defining
the subdeterminant basis {detI : |I| = k, I ↑} for Λk(V ∗) for k ≤ n. Then for any multi-indices
I, J of lengths k, `,

detI ∧ detJ = detIJ

where IJ is the concatenation: if I = (i1, . . . , ik) and J = (j1, . . . , j`), then IJ = (i1, . . . , ik, j1, . . . , j`).

The proof of Proposition 7.20 is elementary, but tedious and computational. The interested
reader can consult [3, Lemma 14.10]. Note, if we had not changed the normalization and had
simply defined the wedge product as Alt(ω ⊗ η), then we would have the less appealing formula

Alt(detI ⊗ detJ) =
k!`!

(k + `)!
detIJ .

For computational purposes, the convention we’ve chosen is far more convenient.

Here are some immediate consequences, giving basic properties of the wedge product.

COROLLARY 7.21. Let ω, ω′, η, η′, ξ be antisymmetric tensors over V , and let a, a′ ∈ R. Fix a
basis {ei : 1 ≤ i ≤ n} for V , giving associated subdeterminant tensors detI .

(a) BILINEARITY:

(aω + a′ω′) ∧ η = aω ∧ η + a′ω′ ∧ η
η ∧ (aω + a′ω′) = aη ∧ ω + a′η ∧ ω′.

(b) ASSOCIATIVITY: ω ∧ (η ∧ ξ) = (ω ∧ η) ∧ ξ.
(c) ANTICOMMUTATIVITY: For ω ∈ Λk(V ∗) and η ∈ Λ`(V ∗),

ω ∧ η = (−1)k`η ∧ ω.
(d) For any indices i1, . . . , ik ∈ {1, . . . , n}, (ei1)∗ ∧ · · · ∧ (eik)∗ = deti1,...,ik .
(e) More generally, if λ1, . . . , λk are any elements of V ∗ and v1, . . . , vk ∈ V , then

λ1 ∧ · · · ∧ λk(v1, . . . , vk) = det[λj(vi)]1≤i,j≤n.

The proof is, again, simple and computational (and not even very tedious). For example, (c)
(anticommutativity) is immediate for k = ` = 1 (by the definition of anticommutativity), and
then follows in general by tracking how many transpositions are requires to shuffle IJ into JI for
|I| = k and |J | = ` (the answer is k`). It is also worth noting that properties (a)–(d) uniquely define
∧; in fact, antisymmetric tensors are often built up axiomatically that way, without any mention of
determinants. We have presented this in a more concrete manner, highlighting what these things
really are (determinants); this will be important for understanding why and how we will use them.

The wedge product is also known as the exterior product. There is also an interior product,
also known as contraction. Given a vector v ∈ V , the map ιv : Λk(V ∗)→ Λk−1(V ∗) is given by

(ιvω)(v1, . . . , vk−1) = ω(v, v1, . . . , vk−1).

Note: this makes sense for more general tensors, but it is usually only considered for antisymmetric
(or symmetric) tensors, where plugging into the first slot is somehow not special. (We could define
ιv plugging into any given slot, and the only difference in the definition would be a ±1.) Another
common notation is

vyω = ιvω.

Here are two computational properties for contractions.

LEMMA 7.22. Let V be a finite-dimensional real vector space, and v ∈ V .
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(a) For any k ≥ 2, the operator ιv ◦ ιv : Λk(V ∗)→ Λk−2(V ∗) is identically 0.
(b) If ω ∈ Λk(V ∗) and η ∈ Λ`(V ∗), then

vy (ω ∧ η) = (vyω) ∧ η + (−1)kω ∧ (vy η).

(c) More generally, if λ1, . . . , λk ∈ V ∗, then

vy (λ1 ∧ · · · ∧ ωk) =
k∑
j=1

(−1)j−1λj(v)λ1 ∧ · · · ∧ λ̂j ∧ · · · ∧ λk

where the hat denotes a removed term from the product.

Again, the proof is just tedious computation. (Part (a) is immediate from the fact that antisym-
metric tensors yield 0 when applied to repeated vectors.)

We have seen that Λk(V ∗) is only non-trivial when 0 ≤ k ≤ n = dimV . We can string these
n+ 1 spaces together into a single object, the exterior algebra:

Λ(V ∗) ≡
n⊕
k=0

Λk(V ∗).

It is an algebra under the operation ∧; Corollary 7.21 shows that ∧ distributes over + and is
associative. It is not a commutative algebra, but it is the next best thing. It is defined as a direct
sum of subspaces Λk that have the property that Λk∧Λ` ⊆ Λk+`. Such an algebra is called graded.
A graded algebra is called anticommutative if ω ∈ Λk and η ∈ Λ` implies that ω∧η = (−1)k`η∧λ,
precisely property (c) of Corollary 7.21. Thus Λ(V ∗) is an anticommutative graded algebra. Its
dimension is

dim Λ(V ∗) =
n∑
k=0

dim Λk(V ∗) =
n∑
k=0

(
n

k

)
= 2n.

Note that, for any covariant vector λ ∈ V ∗ ⊂ Λ(V ), we have λ ∧ λ = 0. As with our construction
of tensors, we can use a property like this to abstractly define Λ(V ∗) via a universal property. In
general, given a real vector space U , the Grassmann algebra Λ(U) over U (together with the
canonical inclusion map U ↪→ Λ(U)) is the unique (up to canonical isomorphism) algebra with
the following universal property: if A is any algebra, and f : V → A is any linear map with the
property that f(u)2 = 0 for all u ∈ U , then f factors through a unique algebra homomorphism
f̃ : Λ(U)→ A:

U
f //

� _

��

A

Λ(U)
f̃

== .

With this definition, our construction of the exterior algebra gives a concrete realization of the
Grassmann algebra Λ(V ∗) (and is the best way to see that in general Λ(U) has dimension 2dimU ).



CHAPTER 8

Tensor Fields and Differential Forms on Manifolds

1. Covariant Tensor Bundle, and Tensor Fields

LetM be a smooth manifold, and let k be a non-negative integer. The rank-k covariant tensor
bundle over M , denoted T k(T ∗M), is the union of all spaces of tensors over all cotangent spaces:

T k(T ∗M) =
⊔
p∈M

(T ∗pM)⊗k =
⊔
p∈M

L((TpM)k;R).

In particular, T 1(T ∗M) = T ∗M . We have the usual projection π : T k(T ∗M) → M given by
π(Fp) = p. As usual, this bundle is not just a set, but has a smooth structure, which we define in
the same way we did for TM and T ∗M . In particular, fix a chart (U,ϕ = (xj)nj=1) in M and some
point p ∈ U . Then we know that {dxj|p}nj=1 is the basis dual to { ∂

∂xj
|p}nj=1 for TpM . Then by

Lemma 7.3
{dxi1|p ⊗ · · · ⊗ dxik |p : 1 ≤ i1, . . . , ik ≤ n}

is a basis for (T ∗pM)⊗k, meaning that any tensor F (p) ∈ (T ∗pM)⊗k can be expanded uniquely as

F (p) =
∑
i1,...,ik

Fi1,...,ik(p) dx
i1|p ⊗ · · · ⊗ dxik |p,

where Fi1,...,ik(p) = Fp

(
∂

∂xi1

∣∣
p
, . . . , ∂

∂xik

∣∣
p

)
. This lets us define a chart (Ũ , ϕ̃) for T k(T ∗M) in

the usual way: Ũ = π−1(U), and ϕ̃ : Ũ → Rn × (Rn)k is given by

ϕ̃

( ∑
i1,...,ik

Fi1,...,ik(p) dx
i1|p ⊗ · · · ⊗ dxik |p

)
= (ϕ(p), {Fi1,...,ik(p)}1≤i1,...,ik≤n).

One can mimic the calculations of Section 1 to see how components change under change of
variables, and easily prove that the transition maps are smooth, thus giving a smooth structure to
T k(T ∗m).

As usual, a section of the bundle T k(T ∗M) is a map F : M → T k(T ∗M) with the property
that π ◦F = IdM , i.e. F (p) ∈ T k(T ∗pM) for each p. Such sections are called (rough) tensor fields.
As M and T k(T ∗M) are smooth manifolds, we can insist that a rought tensor field F be smooth
by insisting it is a smooth map. As we did with covariant vectors (and vectors before that), this
notion of smoothness can be characterized more easily as follows.

PROPOSITION 8.1. Let M be a smooth manifold, and let F : M → T k(T ∗M) be a (rough)
tensor field. The following are equivalent.

(a) F is smooth.
(b) In every chart, the coordinate functions p 7→ Fi1,...,ik(p) are smooth functions.
(c) IfX1, . . . , Xk ∈X (M) are smooth vector fields, then the functionF (X1, . . . , Xk) : M →

R defined by
F (X1, . . . , Xk)(p) = Fp(X1|p, . . . , Xk|p)

119
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is smooth.

This, we can think of a tensor field as a function from k vector fields to Fun(M,R), and it is
smooth iff this function is in C∞(M). The proof is routine and left to the reader. We denote the
space of rank-k smooth tensor fields by T k(M).

Tensor operations are also well-behaved with respect to smoothness.

PROPOSITION 8.2. Let M be a smooth manifold, and let F ∈ T k(M) and G ∈ T `(M). Let
f : M → R, and define new (rough) tensor fields fF and F ⊗ G by (fF )(p) = f(p)F (p) and
(F ⊗G)(p) = Fp ⊗Gp. Then if f ∈ C∞(M), fF ∈ T k(M), and F ⊗G ∈ T k+`(M).

The proofs are simple computations in local coordinates. Note that, in any local coordinates,
we simply have

(F ⊗G)i1,...,ik,ik+1,...,ik+` = Fi1,...,ikGik+1,...,ik+` .

Viewing a smooth tensor field F ∈ T k(M) as a map from X (M)k → C∞(M), we note
immediately that it is a multilinear map over R. In fact, it is multilinear over C∞(M): for
X1, . . . , Xj, X

′
j, . . . , Xk ∈X (M) and f, f ′ ∈ C∞(M),

F (X1, . . . , fXj + f ′X ′j, . . . , Xk)(p)

= F (X1|p, . . . , f(p)Xj|p+ f ′(p)X ′j|p, . . . , Xk|p)
= f(p)F (X1|p, . . . , Xj|p, . . . , Xk|p) + f ′(p)F (X1|p, . . . , X ′j|p, . . . , Xk|p)
= [fF (X1, . . . , Xj, . . . , Xk) + f ′(X1, . . . , X

′
j, . . . , Xk)](p).

In fact, this characterizes smooth tensor fields in this dual picture.

LEMMA 8.3. Let F : X (M)k → C∞(M) be a function. It is induced by a smooth tensor
field F ∈ T k(M), F(X1, . . . , Xk)(p) = F (p)(X1|p, . . . , Xk|p), if an only if F is multilinear over
C∞(M).

PROOF. The preceding discussion shows that ‘only if’ direction. So, assume F is multilinear
over C∞(M). The idea is to define a (rough) tensor field F as follows: for each p ∈M and vectors
v1(p), . . . , vk(p) ∈ TpM , let

Fp(v1(p), . . . , vk(p)) ≡ F(X1, . . . , Xk)(p)

where, for each i, Xi is any smooth vector field with Xi|p = vi(p). Provided this is well de-
fined, it follows that Fp is a covariant tensor since F is multilinear, and it is smooth by Propo-
sition 8.1. So what we need to show is that this is well-defined: i.e. multilinearity over C∞(M)
must imply that F acts pointwise, meaning that if Xi, Y ij ∈ X (M) satisfy Xi|p = Yi|p, then
F(X1, . . . , Xi, . . . , Xk) = F (X1, . . . , Yi, . . . , Xk) for each slot i).

First, suppose that Xi vanishes on some open neighborhood U of p. Let ψ be a smooth bump
function supported in U with ψ(p) = 1. Then ψXj ≡ 0, and by linearity of F in the jth slot, we
have

0 = F(X1, . . . , 0, . . . , Xk)(p) = F(X1, . . . , ψXj, . . . , Xk)(p) = ψ(p)F(X1, . . . , Xj, . . . , Xk)

which shows that F(X1, . . . , Xk) = 0. In particular, this shows that F(X1, . . . , Xk)(p) only de-
pends on the vector fields X1, . . . , Xk behaviour in any arbitrarily small neighborhood of the point
p. This is not quite enough though: we need to show that it only depends on the behavior at p.

So, assume that Xi|p = 0. Then in any coordinate chart (U, (xj)), we can write Xi =∑n
j=1 X

j
i
∂
∂xj

where all the components Xj
i vanish at p. By using a partition of unity subordi-

nate to a cover including U , we can extend the coordinate vector fields ∂
∂xj

to global vector fields
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Ej on M (that agree with ∂
∂xj

on U ), and similarly we can extend the functions Xj
i on U to global

smooth functions f ji on M . Thus Xi|U =
(∑n

j=1 f
j
i Ej

)∣∣∣
U

. By the preceding argument, F(p) is
determined by its action on U , and so, using multilinearity, we have

F(X1, . . . , Xi, . . . , Xk)(p) = F(X1, . . . ,

n∑
j=1

f ji Ej, . . . , Xk)(p)

=
n∑
j=1

f ji (p)F(X1, . . . , Ej, . . . , Xk)(p) = 0.

Hence, F truly acts pointwise, concluding the proof. �

2. Pullbacks and Lie Derivatives of Tensor Fields

Let M,N be smooth manifolds, with a smooth map F : M → N . We have already discussed
(in Section 4) how to pull-back a covariant vector field on N to one on M using F . The exact
same procedure works for general covariant tensor fields of any rank. If A ∈ T k(N) is a covariant
tensor field, then we define a new (rough) tensor field F ∗A ∈ T k(M) as follows:

(F ∗A)p(X1|p, . . . , Xk|p) = AF (p)(dFp(X1|p), . . . , dFp(Xk|p)).
This is called the pull back of A along F . Following almost exactly the same calculations we did
in the k = 1 case in Section 4, and similar computations, we have the following basic properties
for pull backs.

PROPOSITION 8.4. Let M,N,P be smooth manifolds and let M F→N
G→P be a smooth maps.

Let A and B be (rough) covariant tensor fields on N , and let f : N → R.
(a) F ∗(fA) = (f ◦ F )F ∗A.
(b) F ∗(A⊗B) = F ∗A⊗ F ∗B.
(c) F ∗(A+B) = F ∗A+ F ∗B.
(d) If A is a smooth tensor field on N , then F ∗A is a smooth tensor field on M .
(e) (G ◦ F )∗A = F ∗(G∗A).
(f) (IdN)∗A = A.

The elementary proofs are left to the reader.

REMARK 8.5. Consistent with defining V ⊗0 ≡ R, we think of functions f : N → R as rank-0
covariant tensor fields. In that context, the only reasonable definition for pull back is F ∗f = f ◦F
(a convention we have already used). Moreover, We should extend the tensor notation to make
sense of f ⊗A by f ⊗A = fA. Thus, in the above Proposition, (a) is really jusy a special case of
(b).

This proposition tells us everything we need to know to compute pull backs, in local coordi-
nates. For example, together with Lemma 6.15, it gives us the following immediate corollary.

COROLLARY 8.6. Let F : M → N be smooth, and let A be a rank-k covariant tensor field on
N . Let p ∈ M , and let (U, (yj)) be a coordinate chart in N around F (p). Then we can write A in
U as A|U =

∑
i1,...,ik

Ai1,...,ikdy
i1 ⊗ · · · ⊗ dyik . The pull back along F is then given by

F ∗(A|U) =
∑
i1,...,ik

(Ai1,...,ik ◦ F )d(yik ◦ F )⊗ · · · ⊗ d(yik ◦ F ).
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EXAMPLE 8.7. Let M = {(r, θ) : r > 0,−π
2
< θ < π

2
}, and let N = {(x, y) : x > 0}. Then

the polar coordinate map F (r, θ) = (r cos θ, r sin θ) is a smooth map (in fact diffeomorphism)
from M onto N . Let A = 1

x2
dy ⊗ dy, a smooth rank-2 covariant tensor field on N . We compute

the pull back:

F ∗A =
1

(r cos θ)2
d(r sin θ)⊗ d(r sin θ)

=
1

(r cos θ)2
(sin θ dr + r cos θ dθ)⊗ (sin θ dr + r cos θ dθ)

=
1

(r cos θ)2
(sin2 θ dr ⊗ dr + r sin θ cos θ(dr ⊗ dθ + dθ ⊗ dr) + r2 cos2 θ dθ ⊗ dθ)

=
tan2 θ

r2
dr ⊗ dr +

tan θ

r
(dr ⊗ dθ + dθ ⊗ dr) + dθ ⊗ dθ.

Having pull backs in hand, we can now define Lie derivatives of covariant tensor fields, as
in Section 4. Let X ∈ X (M), and let θ be the flow of X . If X is complete, then θt is a
diffeomorphism of M for each t ∈ R, and so we can define θ∗tA as above for any covariant
tensor field A. If X is not complete, we can still do this near any point: we know that, for any
given p ∈M , for all t sufficiently close to 0, θt is a diffeomorphism from a neighborhood of p onto
a neighborhood of θt(p), and so it makes perfect sense to define

(θ∗tA)p(X1|p, . . . , Xk|p) = Aθt(p)(d(θt)p(X1), . . . , d(θt)p(Xk))

as in the complete case, for small enough t. The size of allowed t might get arbitrarily small as p
varies, but that doesn’t matter: our definition will be for each fixed p. We define, as usual,

(LXA)p =
d

dt

∣∣∣∣
t=0

(θ∗tA)p = lim
t→0

d(θt)
∗
p(Aθt(p))− Ap

t
.

To be clear: this is an ordinary calculus derivative in the vector space (T ∗pM)⊗k where (θ∗tA)p
lives for all small t. This limit, should it exist, therefore defines an element of (T ∗pM)⊗k, and we
therefore have a rough tensor field (of the same rank), provided the limit exists for all p. In fact
it does, as a (somewhat involved) calculation like the one in Proposition 5.24 shows. We have the
following.

PROPOSITION 8.8. Let A ∈ T k(M) be a smooth covariant tensor field on a smooth manifold
M . Then the following product rules hold for the Lie derivative LX with respect to some smooth
vector field X ∈X (M).

(a) For f ∈ C∞(M), LX(fA) = (LXf)A+ fLXA = X(f)A+ fLXA.
(b) IfB is another smooth covariant tensor field, then LX(A⊗B) = (LXA)⊗B+A⊗LXB.
(c) If X1, . . . , Xk ∈X (M), then

LX (A(X1, . . . , Xk)) = (LXA)(X1, . . . , Xk) + A(LXX1, . . . , Xk) + · · ·+ A(X1, . . . ,LXXk).

Item (c) shows us how to actually calculate the Lie derivative of a tensor field. The left-hand
term is just X applied to the smooth function A(X1, . . . , Xk); all the Lie derivatives inside on the
right are Lie brackets; and so we have the formula

(LXA)(X1, . . . , Xk) = X(A(X1, . . . , Xk))− A([X,X1], . . . , Xk)− · · · − A(X1, . . . , [X,Xk]).

This is consistent with Proposition 6.20 (which is the k = 1 special case).
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EXAMPLE 8.9. Let A ∈ T 2(M) and X ∈X (M) be arbitrary. In local coordinates (U, (xj)),
write A =

∑
i,j Aijdx

i ⊗ dxj , and X =
∑

iX
i ∂
∂xi

. Using Corollary 6.21, we have

LX(dxi) = d(LXx
i) = d(X(xi)) = dX i.

Thus, applying Proposition 8.8, we have

LXA =
∑
i,j

LX(Aijdx
i ⊗ dxj)

=
∑
i,j

(
LX(Aij)dx

i ⊗ dxj + AijdX
i ⊗ dxj + Aijdx

i ⊗ dXj
)

=
∑
i,j

(
X(Aij)dx

i ⊗ dxj + Aij
∑
k

(
∂X i

∂xk
dxk ⊗ dxj +

∂Xj

∂xk
dxi ⊗ dxk

))

=
∑
i,j,k

(
Xk ∂Aij

∂xk
dxi ⊗ dxj + Aij

∂X i

∂xk
dxk ⊗ dxj + Aij

∂Xj

∂xk
dxi ⊗ dxk

)
.

Reindexing the three sums accordingly, we can express this a little more simply as

LXA =
∑
i,j,k

(
Xk ∂Aij

∂xk
+ Akj

∂Xk

∂xi
+ Aik

∂Xk

∂xj

)
dxi ⊗ dxj.

3. Differential Forms

A differential k-form on a manifold M is a smooth covariant k-tensor field ω ∈ T k(M) that
is antisymmetric at each point. I.e., for each p ∈ M , ωp ∈ Λk(T ∗M). The set of all differential
k-forms is denoted Ωk(M). As usual, we can do vector space operations pointwise on sections,
and so we can take the “direct sum” of these to get a total space

Ω∗(M) =
k⊕

n=0

Ωk(M)

where Ω0(M) = T 0(M) = C∞(M). We can also define the wedge product on the space Ω∗(M)
pointwise:

(ω ∧ η)(p) = ωp ∧ ηp.
This makes Ω∗(M) into an anticommutative graded algebra (this time infinite dimensional). If
ω ∈ Ωk(M) and η ∈ Ω`(M), then ω ∧ η ∈ Ωk+`(M). If k + ` > dimM then it follows that
ω ∧ η = 0.

Let (U,ϕ = (xj)nj=1) be a chart at p ∈ M . We know that {dxi1 |p ∧ · · · ∧ dxik |p : 1 ≤ i1 <

· · · < ik ≤ n} is a basis for Λk(T ∗pM), and that the components of the tensor ω in this basis are

ωp =
∑
i1,...,ik

ωp

(
∂

∂xi1

∣∣∣∣
p

, . . . ,
∂

∂xik

∣∣∣∣
p

)
dxi1|p ∧ · · · ∧ dxik |p.

To simplify this notation, we use multi-indices I = (i1, . . . , ik), and so we have

ω|U =
∑
I↑

ωIdx
I =

∑
I↑

ω

(
∂

∂xI

)
dxI
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where
∂

∂xI
=

(
∂

∂xi1
, . . . ,

∂

∂xik

)
, and dxI = dxi1 ∧ · · · ∧ dxik .

EXAMPLE 8.10. ω = sin(xy)dy ∧ dz is a 2-form on R2. More generally, any 2-form on R2

can be written in the form

η = f3 dx ∧ dy − f2 dx ∧ dz + f1 dy ∧ dz, f1, f2, f3 ∈ C∞(R3).

The index and sign convention above will be explained in a little bit. As for 3-forms, since
dimΛ3((R3)∗) =

(
3
3

)
= 1, one can always take dx ∧ dy ∧ dz as the basis element, so any 3-form

looks like f dx ∧ dy ∧ dz for some f ∈ C∞(R3).

As tensor fields, differential forms pullback to tensor fields; in fact, they pullback to differential
forms.

LEMMA 8.11. Let F : M → N be smooth. Then F ∗ : Ωk(N) → Ωk(M). Moreover, if ω, η ∈
Ω∗(N), then

F ∗(ω ∧ η) = F ∗ω ∧ F ∗η.
In a chart (U, (yj)) in N ,

F ∗

(∑
I↑

ωIdy
I

)
=
∑
I↑

(ωI ◦ F )d(yi1 ◦ F ) ∧ · · · ∧ d(yik ◦ F ).

All of these properties follow from the linearity of F ∗, and the fact that the the projection from
(T ∗M)⊗k → Λk(T ∗M) is linear. Boring details are left to the reader.

EXAMPLE 8.12. Let M = N = R2, and let F : M → N be the smooth map F (r, θ) =
(r cos θ, r sin θ). This time, consider the form ω = dx ∧ dy. Then

F ∗ω = d(r cos θ) ∧ d(r sin θ)

= (cos θ dr − r sin θ dθ) ∧ (sin θ dr + r cos θ dθ)

= (cos θ)(r cos θ) dr ∧ dθ + (−r sin θ)(sin θ) dθ ∧ dr
= r dr ∧ dθ.

Note: if we restrict to the right half-plane for N as in Example 8.7, then we could think of F is the
identity map written in terms of local coordinates (r, θ) in the domain and (x, y) in the range. In
this interpretation, the statement is dx ∧ dy = r dr ∧ dθ.

This should be very reminiscent of the change of variables formula for integrating in polar
coordinates. That’s no accident. In fact, said change of variables formula is actually a statement
about pullbacks of top-degree forms.

PROPOSITION 8.13. Let F : M → N be a smooth map between n-dimensional manifolds. Let
(U, (xi)) be a chart in M and (V, (yj)) a chart in N . Let f : V → R be continuous. Then on
U ∩ F−1(V ), we have

F ∗(f dy1 ∧ · · · ∧ dyn) = (f ◦ F )(det[DF ]) dx1 ∧ · · · ∧ dxn

where [DF ] denotes the Jacobian matrix of F in local coordinates.
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PROOF. By multilinearity and antisymmetry, it suffices to show that both sides agree when
applied to ( ∂

∂x1
, . . . , ∂

∂xn
). From Lemma 8.11, we have

F ∗(f dy1 ∧ · · · ∧ dyn) = (f ◦ F ) dF 1 ∧ · · · ∧ dF n

where F j = yj ◦ F are the components of F in the y-coordinates. Now, from Corollary 7.21,

dF 1 ∧ · · · ∧ dF n

(
∂

∂x1
, . . . ,

∂

∂xn

)
= det

[
dF j

(
∂

∂xi

)]
1≤i,j≤n

= det

[
∂F j

∂xi

]
1≤i,j≤n

= det[DF ].

This proves the result, since, on the left-hand-side, dx1 ∧ · · · ∧ dxn( ∂
∂x1
, · · · , ∂

∂xn
) = 1. �

This shows us how top-forms change under smooth change of coordinates.

COROLLARY 8.14. Let (U, (xi)) and (V, (yj)) be overlapping charts in M . Then on U ∩ V ,

dy1 ∧ · · · ∧ dyn = det

[
∂yj

∂xi

]
1≤i,j≤n

dx1 ∧ · · · ∧ dxn.

Finally, let’s note that interior multiplication also preserves Ω∗(M).

LEMMA 8.15. Let ω ∈ Ωk(M) and X ∈X (M). Then the contraction Xyω defined pointwise
by

(Xyω)p = Xpyωp
is in Ωk−1(M).

PROOF. We know that Xpyωp ∈ Λk−1(T ∗pM) for each p ∈ M , following the definition (pre-
ceding Lemma 7.22). So it only remains to check that Xyω is smooth. For any k − 1 vector fields
X1, . . . , Xk ∈X (M),

(Xyω)(X1, . . . , Xk−1) = ω(X,X1, . . . , Xk−1)

and this is smooth since ω is smooth, cf. Lemma 8.3. �

EXAMPLE 8.16. Let X ∈ X (R3), X =
∑3

j=1X
j ∂
∂xj

. Then the contraction Xy(dx1 ∧ dx2 ∧
dx3) is a 2-form on R3. We compute, for any vector fields Y, Z ∈X (M),

Xy(dx1 ∧ dx2 ∧ dx3)(Y, Z) =
3∑
j=1

Xj(dx1 ∧ dx2 ∧ dx3)

(
∂

∂xj
, Y, Z

)
.

Writing Y and Z in terms of their components in these coordinates, each of these three expressions
is a determinant

det

 Y 1 Z1

ej Y 2 Z2

Y 3 Z3

 .
expanding along the first column, we therefore have

X1 det

[
Y 2 Z2

Y 3 Z3

]
−X2 det

[
Y 1 Z1

Y 3 Z3

]
+X3 det

[
Y 1 Z1

Y 2 Z2

]
=X1 dx2 ∧ dx3(Y, Z)−X2 dx1 ∧ dx3 +X3 dx1 ∧ dx2(Y, Z).

Thus, we have

Xy(dx1 ∧ dx2 ∧ dx3) = X3 dx1 ∧ dx2 −X2dx1 ∧ dx3 +X1 dx2 ∧ dx3.
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This explains our seemingly odd choice of index and sign convention in Example 8.10. Note this
shows that any 2-form on R3 can be uniquely represented in the formXy(dx1∧dx2∧dx3) for some
vector field; so (·)y(dx1 ∧ dx2 ∧ dx3) : X (R3) → Ω2(R3) is actually an isomorphism. (You can
also check that it is linear over C∞(R3), not just R.) This will be important in our understanding of
how the technology we’re currently developing relates to the usual technology of vector calculus.

4. Exterior Derivatives

Let us briefly return to Section 6, where we discussed exact vs. closed 1-forms. Recall that a
1-form λ is exact if it is of the form λ = df for some smooth function f . The form is closed if, in
any chart (U, (xj)), writing λ =

∑
j λjdx

j , we have

∂λj
∂xi

=
∂λi
∂xj

, 1 ≤ i, j ≤ n.

This was a necessary condition for exactness (whether it is also sufficient depends entirely on the
topology of the manifold). We also gave an invariant characterization of closedness, in Proposition
6.31: λ is closed iff

X(λ(Y ))− Y (λ(X)) = λ([X, Y ]), ∀X, Y ∈X (M).

As we discussed in Remark 6.32, this can be phrased in the form dλ = 0 for an appropriate operator
d. We will now formally define this. In fact, it is basically given by the above condition.

DEFINITION 8.17. Let λ ∈ Ω1(M). Define dλ ∈ Ω2(M) by its action on vector fields:

dλ(X, Y ) = X(λ(Y ))− Y (λ(X))− λ([X, Y ]).

This certainly defines a smooth tensor field of rank 2: as X, Y, λ are all smooth, the resulting
function above is smooth, and it is apparent that dλ is C∞(M)-bilinear. We can also check easily
that it is antisymmetric. Since exact forms are closed, we have d(df) = 0 for any smooth f .

Now, let’s see what dλ looks like in local coordinates. Fix a chart (U, (xj)); then on U λ =∑n
j=1 λj dx

j . To compute the 2-form dλ, it suffices to observe its action on any pair of basis vectors
( ∂
∂xk

, ∂
∂x`

) with 1 ≤ k < ` ≤ n. Notice that the bracket of these vector fields is 0, and so we can
quickly compute

dλ

(
∂

∂xk
,
∂

∂x`

)
=

∂

∂xk

(
λ

(
∂

∂x`

))
− ∂

∂x`

(
λ

(
∂

∂xk

))
=
∂λ`
∂xk
− ∂λk
∂x`

.

Now, we know we can write this in the form
∑

i<j ωijdx
i ∧ dxj . To determine the coefficients, we

compute that, in general, ∑
i<j

ωij dx
i ∧ dxj

(
∂

∂xk
,
∂

∂x`

)
= ωk`.

Thus, equating coefficients, we have

d

(
n∑
j=1

λj dx
j

)
=
∑
i<j

(
∂λj
∂xi
− ∂λi
∂xj

)
dxi ∧ dxj. (8.1)
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EXAMPLE 8.18. On (an open subset of) R3, if we identify a vector field X =
∑3

j=1X
j ∂
∂xj

with the 1-form [(X) =
∑3

j=1X
j dxj , and then take the exterior derivative, that gives

d[(X) =

(
∂X2

∂x1
− ∂X1

∂x2

)
dx1∧dx2 +

(
∂X3

∂x1
− ∂X1

∂x3

)
dx1∧dx3 +

(
∂X3

∂x2
− ∂X2

∂x3

)
dx2∧dx3.

Now, if we identify this 2-form on R3 with a vector field via the isomorphism β = (·)y(dx1∧dx2∧
dx3) : X (R3)→ Ω2(R3), this gives

β(d[(X)) =

(
∂X3

∂x2
− ∂X2

∂x3

)
∂

∂x1
−
(
∂X3

∂x1
− ∂X1

∂x3

)
∂

∂x2
+

(
∂X2

∂x1
− ∂X1

∂x2

)
∂

∂x3
= ∇×X.

That is to say, on R3, the curl operator ∇× is actually just the exterior derivative d : Ω1(R3) →
Ω2(R3) composed with the (coordinate-dependent) isomorphism [ and β identifying X (R3) alter-
nately with Ω1(R3) and Ω2(R3).

Let us make a further observation about (8.1): it amounts to a simple rule for computing
exterior derivatives (in local coordinates). Indeed,

dλj ∧ dxj =

(
n∑
i=1

∂λj
∂xi

dxi

)
∧ dxj =

∑
i 6=j

∂λj
∂xi

dxi ∧ dxj,

and so, summing up, we have
n∑
j=1

dλj ∧ dxj =
n∑
j=1

∑
i 6=j

∂λj
∂xi

dxi ∧ dxj

=
n∑
j=1

(∑
i<j

+
∑
i>j

)
∂λj
∂xi

dxi ∧ dxj

=
n∑
j=1

∑
i<j

∂λj
∂xi

dxi ∧ dxj −
n∑
j=1

∑
j<i

∂λj
∂xi

dxj ∧ dxi.

Reversing the variable names i↔ j in the second sum shows that
n∑
j=1

dλj ∧ dxj =
∑
i<j

(
∂λj
∂xi
− ∂λi
∂xj

)
dxi ∧ dxj = d

(
n∑
j=1

λj dx
j

)
.

That is: to compute d of a 1-form, simply take d of each of its coefficients and wedge with the
proceeding dx terms. It is not a priori clear that this operation in local coordinates is invariant; the
fact that it came from the invariant expression of Definition 8.17 means that it indeed is invariant.

We now wish to generalize this to k-forms with k > 1. Motivated by the above, we can define
the exterior derivative on k-forms on Rn as follows.

DEFINITION 8.19. Let U ⊆ Rn be open, and let ω ∈ Ωk(U). So we have ω =
∑

I↑ ωI dx
I for

ωI ∈ C∞(U). Define a (k + 1)-form dω ∈ Ωk+1(U) as follows:

dω =
∑
I↑

dωI ∧ dxI .

It is immediate to verify that this defines a(n R-)linear operator d : Ωk(U) → Ωk+1(U). Also,
there is no need to express ω in the standard way in terms of increasing multi-indices. We have the
following.
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LEMMA 8.20. If I is any length-k multi-index (not necessarily increasing, and possibly con-
taining repeated indices) and f is smooth, then d(f dxI) = df ∧ dxI .

PROOF. If I has repeated indices then dxI = 0 and so both sides are 0. Otherwise, let σ be
the unique permutation of I so that σ · I is increasing. Then we have dxI = sgn(σ)dxσ·I . So by
Definition 8.19 and linearity,

d(f dxI) = d(sgn(σ)f dxσ·I) = sgn(σ)df ∧ dxσ·I = df ∧ dxI .

�

It now follows by simple calculation that d2 = 0 in general.

LEMMA 8.21. If ω ∈ Ωk(U) for some U ⊆ Rn open, then d(dω) = 0.

PROOF. First, since d is linear, d2 : Ωk(U)→ Ωk+2(U) is linear, and so to show it is 0 it suffices
to show d2(ωI ∧ dxI) = 0 for any fixed I ↑. From the definition, we have

d(ωI dx
I) = dωI ∧ dxI =

n∑
j=1

∂ωI
∂xj

dxj ∧ dxI .

Now, applying d again, using linearity and Lemma 8.20, since dxj ∧ dxI = dxJ for some multi-
index K of length k + 1, we get

d(dωI dx
I) =

∑
1≤i,j≤n

∂2ωI
∂xi∂xj

dxi ∧ dxj ∧ dxI .

Note that the i = j terms are 0 since dxi ∧ dxi = 0. Therefore, we can break this sum up into the
terms with i < j and the terms with i > j:

d
(
d(ωI dx

I)
)

=
∑
i<j

∂2ωI
∂xi∂xj

dxi ∧ dxj ∧ dxI +
∑
i>j

∂2ωI
∂xi∂xj

dxi ∧ dxj ∧ dxI

=
∑
i<j

∂2ωI
∂xi∂xj

dxi ∧ dxj ∧ dxI −
∑
j<i

∂2ωI
∂xi∂xj

dxj ∧ dxi ∧ dxI .

Finally, exchanging the labels i ↔ j in the second term, and using the fact that mixed partial
derivatives of ωI commute, shows that this is 0. �

EXAMPLE 8.22. Let ω = β(X) = X1 dx2 ∧ dx3 −X2 dx1 ∧ dx3 +X3 dx1 ∧ dx2 be a 2-form
on R3. Using Definition 8.19, we compute

dω = dX1 ∧ dx2 ∧ dx3 − dX2 ∧ dx1 ∧ dx3 + dX3 ∧ dx1 ∧ dx2.

Now, dXj = ∂Xj

∂x1
dx1 + ∂Xj

∂x2
dx2 + ∂Xj

∂x3
dx3. Plugging this into each of the three places and

expanding, we note that only one of the three terms survives in each case: for example,(
∂X1

∂x1
dx1 +

∂X1

∂x2
dx2 +

∂X1

∂x3
dx3

)
∧ dx2 ∧ dx3 =

∂X1

∂x1
dx1 ∧ dx2 ∧ dx3
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since each of the other two terms contains a wedge of two equal 1-forms and is 0. Repeating this
with the other two, we arrive at

dω =
∂X1

∂x1
dx1 ∧ dx2 ∧ dx3 − ∂X2

∂x2
dx2 ∧ dx1 ∧ dx3 +

∂X3

∂x3
dx3 ∧ dx1 ∧ dx2

=

(
∂X1

∂x1
+
∂X2

∂x2
+
∂X3

∂x3

)
dx1 ∧ dx2 ∧ dx3 = ∇ ·X dx1 ∧ dx2 ∧ dx3.

That is: identifying Ω3(R3) with C∞(R3) via the (coordinate-dependent) isomorphism ∗(f) =
f dx1∧dx2∧dx3, we have ∗◦d◦β : X (R3)→X (R3) is the divergence operator – divergence is
just the exterior derivative d : Ω2(R3)→ Ω3(R3) composed with the identifications between these
spaces of differential forms with vector fields.

Combining this with the (motivating) calculation that df = [(∇f), we then have the following
big commutative diagram:

C∞(R3)
∇ //

Id
��

X (R3)
∇× //

[
��

X (R3)
∇· //

β
��

C∞(R3)

∗
��

Ω0(R3)
d
// Ω1(R3)

d
// Ω2(R3)

d
// Ω3(R3)

In particular, the classical vector calculus identities that ∇×∇f = 0 and ∇ · ∇ ×X = 0 are just
dressed up versions of the fact that d2 = 0.

Now, we know that d on functions satisfies a product rule: from Proposition 6.12(b), d(fg) =
f dg + g df . We expect the more general exterior derivative on higher degree forms should also
satisfy a product rule. Since the algebra Ω∗(Rn) is anti-commutative, it turns out d is an anti-
derivation.

PROPOSITION 8.23. Let U ⊆ R3, and let ω ∈ Ωk(U) and η ∈ Ω`(U). Then

d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη.
PROOF. by linearity of d, it sufficies to consider terms of the form ω = f dxI and η = g dxJ

for some multi-indices |I| = k and |J | = `, where f, g ∈ C∞(U). Then ω ∧ η = fg dxI ∧ dxJ .
Then we have

d(ω ∧ η) = d(fg) ∧ dxI ∧ dxJ = (f dg + g df) ∧ dxI ∧ dxJ

= df ∧ dxI ∧ (g dxJ) + dg ∧ (f dxI) ∧ dxJ

= df ∧ dxI ∧ η + dg ∧ ω ∧ dxJ .
In the first term, df ∧ dxI = dω. For the second term, we need to commute df past dxI . Since
dg is a 1-form, we can expand it as a linear combination of dxi terms, and each of these satisfies
dxi ∧ dxI = (−1)kdxI ∧ dxi since |I| = k. Thus, by linearity, we recombine and see that
dg ∧ ω ∧ dxJ = (−1)kω ∧ dg ∧ dxJ = (−1)ω ∧ dη, concluding the proof. �

We now know everything we need to about computing exterior derivatives of differential
forms on patches of Rn. We would like to parlay this into a definition of an exterior derivative
d : Ωk(M) → Ωk+1(M) on any manifold. We have invariant definitions of this for k = 0, 1. In
general, we’d like to say the following: for ω ∈ Ωk(M), define dω locally: at any point p ∈ M ,
choose a chart at p, and let dωp be the local (k + 1)-form given on U by Definition 8.19 in local
coordinates on Û . This is a standard way to define d; it requires a tedious calculation to show that



130 8. TENSOR FIELDS AND DIFFERENTIAL FORMS ON MANIFOLDS

it is well-defined (i.e. that you get the same expression in every coordinate chart). We will take
a different approach here: one that emphasizes the computational properties of Lemmas 8.21 and
8.23 which, it turns out, together with the known action of d on 0-forms, uniquely defines its action
in general.

PROPOSITION 8.24. Let M be a smooth n-manifold. For 0 ≤ k ≤ n, there are unique opera-
tors d : Ωk(M)→ Ωk+1(M) (called exterior derivatives), satisfying the following properties:

(a) d is R-linear.
(b) If ω ∈ Ωk(M) and η ∈ Ω`(M), then

d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη.
(c) d2 = 0.
(d) For f ∈ Ω0(M) = C∞(M), df is the usual differential df(X) = X(f).

Moreover, in any local coordinate chart, d is consistent with Definition 8.19.

PROOF. We begin by proving uniqueness. Suppose there is an operator d satisfying (a)–(d)
above. First we will show it is locally defined: that is, suppose ω1, ω2 ∈ Ωk(M) agree on some
open set U . We need to see that dω1 = dω2 on U as well. To see this, fix p ∈ U and set η = ω1−ω2.
Let ψ ∈ C∞(M) be a bump function supported in U , and equal to 1 on some smaller neighborhood
of p. Then ψη = 0, and so by (a) and (b),

0 = d(0) = d(ψη) = dψ ∧ η + ψ dη.

Evaluating at p, and using ψ(p) = 1 and dψp = 0, this shows that dηp = 0. Thus dω1(p) = dω2(p),
and since this holds at every p ∈ U , this shows that d acts locally as claimed.

Now, let ω ∈ Ωk(M) and fix a coordinate chart (U, (xj)) in M . Then we may write ω|U =∑
I↑ ωI dx

I . For any p ∈ U , fix a smaller neighborhood of p, and select a bump function that is
1 on that neighborhood and supported in U ; then ψωI and ψxi have smooth extensions to smooth
functions ω̃I and x̃i on M that are equal to ωI and xi on a neighborhood of p. By the locality
argument above, this means that dxi = dx̃i on this neighborhood, and so therefore dxI = dx̃I on
that neighborhood. Thus, setting ω̃ =

∑
I↑ ω̃I dx̃

I globally, we have ω|U = ω̃|U . Now, from (a)
and (b), together with locality, we then have dω|U = dω̃|U , and

dω̃ = d

(∑
I↑

ω̃I dx̃
I

)
=
∑
I↑

d(ω̃I dx̃
I).

By (b), d(ω̃I dx̃
I) = dω̃I ∧ dx̃I − ω̃I ∧ d(dx̃I). Now for this last term, iterating (b) we get

d(dx̃I) =
k∑
j=1

dx̃i1 ∧ · · · d(dx̃ij) ∧ · · · ∧ dxik = 0

because, by (c), d(dx̃ij) = 0 for any j. Thus, we actually must have

dω̃ =
∑
I↑

dω̃I ∧ dx̃I ,

and on U this reduces exactly to the expression for dω in Definition 8.19. (It is at this point that
we use (d) to see that dωI has the usual meaning here.) This proves uniqueness (there is only
one formula that dω can have if it satisfies (a)–(d)), and that, should d exist, it must coincide with
Definition 8.19 in local coordinates.
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It remains to prove that d exists. One approach is to show that the local Definition 8.19 is
invariant under coordinate change. A more appealing alternative is to give an invariant expression
for an operator dwhich satisfies (a)–(d), generalizing Definition 8.17. That is our present approach.
For ω ∈ Ωk(M), and X1, . . . , Xk+1 ∈X (M), define dω ∈ Ωk+1(M) as follows:

dω(X1, . . . , Xk+1)

=
k+1∑
i=1

(−1)i−1Xi(ω(X1, . . . , X̂i, . . . , Xk+1))

+
∑

1≤i<j≤k+1

(−1)i+jω([Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk+1).

(As usual, the ̂ denotes this term being omitted.) The proof now consists in showing that dω is
indeed a (k+1)-form (i.e. that it is an antisymmetric C∞(M)-multilinear map), and that it satisfies
properties (a)–(d). Alternatively (and this is easier), one can show that, in any local coordinates,
this definition yields the expression of Definition 8.19. Either way, the remainder of the proof is a
long sequence of tedious but elementary calculations, that are left to the bored reader. �

This, the exterior derivative is a well-defined invariant operator, which can be calculated in local
coordinates in the manner we did above. Let us now conclude our discussion here by showing that
it is natural (i.e. commutes with pullbacks), and show further that the Lie derivative can be elegantly
expressed in terms of the exterior derivative.

LEMMA 8.25. Let F : M → N be a smooth map between manifolds. Then for each k, the
pullback F ∗ : Ωk(N)→ Ωk(M) commutes with the exterior derivative d: for all ω ∈ Ωk(N),

F ∗(dω) = d(F ∗ω).

PROOF. It suffices to show that the equality holds at any point p ∈M . Let (V, (yj)) be a chart
at F (p). Then we can expand ω locally as ω|V =

∑
I↑ ωI dy

I , and so dω|V =
∑

I↑ dωI ∧dyI . Now
pulling back, we then have (by Lemma 8.11)

F ∗(dω) =
∑
I↑

F ∗(dωI) ∧ F ∗(dyI) =
∑
I↑

d(ωI ◦ F ) ∧ dF I

where dF I = dF i1 ∧ · · · ∧ dF ik , given in terms of the components of F i of F in the coordinates
(yi). On the other hand,

F ∗(ω) =
∑
I↑

F ∗(ωI dy
I) =

∑
I↑

(ωI ◦ F ) dF I

and now using Proposition 8.24(a,b) we have

dF ∗(ω) =
∑
I↑

(
d(ωI ◦ F ) ∧ dF I +

k∑
j=1

(ωI ◦ F )dF i1 ∧ · · · ∧ d(dF ij) ∧ · · · ∧ dF ik

)
and all of the last terms in the internal sum are 0 since d2 = 0 by Proposition 8.24(c). So the two
expressions match locally near any point, and this proves the lemma. �

This brings us to Lie derivatives of differential forms. Referring back to Proposition 8.8, we
can take the Lie derivative LXω for any ω ∈ Ωk(M) ⊆ T k(M); the result is a new tensor
field in T k(M). What’s more, from the definition (a limit difference quotient of the pullback
along the flow of X), since pullbacks preserve Ωk(M), it follows that LXω ∈ Ωk(M) as well.
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Proposition 8.8(b) assters that LX(ω⊗ η) = (LXω)⊗ η+ω⊗ (LXη). By linearity of both sides,
antisymmetrizing shows that, in fact,

LX(ω ∧ η) = (LXω) ∧ η + ω ∧ (LXη). (8.2)

That is: LX is a genuine ∧-derivation, as opposed to d which is an anti-derivation. Note that LX

preserves the degree, while d increases it by 1. Despite these differences, there is a remarkable
connection between the two kinds of derivatives that is a very useful computational tool. It is
known as Cartan’s Magic Formula.

THEOREM 8.26 (Cartan’s Magic Formula). Let M be a smooth manifold, X ∈ X (M), and
ω ∈ Ωk(M) for some k. Then

LXω = Xydω + d(Xyω).

In other words, using the other notation for contraction iX = Xy, we have LX = iX ◦ d+ d ◦ iX .
Before we prove Theorem 8.26, we first prove as a lemma a fact that would follow very quickly

from the theorem (together with d2 = 0): d commutes with Lie derivatives.

LEMMA 8.27. Let X ∈X (M) and ω ∈ Ωk(M). Then LX(dω) = dLXω.

PROOF. We do this in local coordinates (U, (xj)). By linearity of both sides, it suffices to
prove the equality for ω = fdxI for some smooth function f and some increasing k-tuple I =
(i1, . . . , ik). Using Proposition 8.8 together with (8.2) yields

LXω = X(f) dxI +
k∑
j=1

fdxi1 ∧ · · · ∧LX(dxij) ∧ · · · ∧ dxik .

Now, in Corollary 6.21, we already proved that LX and d commute on 1-forms, and so LX(dxij) =
dLX(xij) = d(X(xij)) = dX ij . So this gives

LXω = X(f) dxI +
k∑
j=1

fdxi1 ∧ · · · ∧ dX ij ∧ · · · ∧ dxik .

Calculating d of this, we note that d(dxi1 ∧ · · · ∧ dX ij ∧ · · · ∧ dxik) = 0 for the usual reasons, and
so we simply have

dLXω = d(X(f)) ∧ dxI +
k∑
j=1

df ∧ dxi1 ∧ · · · ∧ dX ij ∧ · · · ∧ dxik .

Reversing the above calculation then shows that this is equal to

dLXω = d(X(f)) ∧ dxI + df ∧LX(dxI).

On the other hand, dω = df ∧ dxI , and again using (8.2),

LX(dω) = LX(df) ∧ dxI + df ∧LX(dxI).

Finally, using Corollary 6.21 again, LX(df) = d(LX(f)) = d(X(f)), and this concludes the
computation showing that the two sides are equal as claimed. �
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PROOF OF THEOREM 8.26. We begin by verifying the formula in the case k = 0, i.e. ω = f ∈
C∞(M). Here we have LXf = X(f). On the other hand Xydf = df(X) = X(f) by definition,
while Xyf = 0 by definition (since there are no slots to contract X into f ; alternatively, we have
iX : Ωk(M)→ Ωk−1(M), and so in the case k = 0 this gives output in Ω−1(M) = 0).

Now, for higher k, we note the following: suppose D,D′ are two ∧-derivations on Ω∗(M) that
both commute with d, and satisfy Df = D′f on Ω0(M). Then they are equal. Indeed, working
locally, by linearity it is enough to check equality on Ωk on terms of the form f dxI , and then the
∧-derivation property yields

D(f dxI) = Df dxI +
k∑
j=1

dxi1 ∧ · · · ∧D(dxij) ∧ · · · ∧ dxik .

Now, since D commutes with d, we get D(dxij) = d(Dxij). By assumption, Df = D′f and
Dxij = D′xij . Now reversing the above calculation shows thatD(f dxI) = D′(f dxI), as claimed.

Now, letD = iX ◦d+d◦ iX . This is the anticommutator of two antiderivations (by Proposition
8.24(b) in the first term, and Lemma 7.22(b)). In fact, the anticommutator of two antiderivations is
always a derivation: if ω ∈ Ωk(M) and η ∈ Ω`(M),

iXd(ω ∧ η) = iX(dω ∧ η + (−1)kω ∧ dη)

= (iXdω) ∧ η + (−1)k+1dω ∧ iXη + (−1)kiXω ∧ dη + (−1)2kω ∧ iXdη,
diX(ω ∧ η) = d(iXω ∧ η + (−1)kω ∧ iXη)

= (diXω) ∧ η + (−1)k+1iXω ∧ dη + (−1)kdω ∧ iXη + (−1)2kω ∧ diXη.

Adding up, the two middle terms cancel out in each case, and since (−1)2k = 1, this leaves

(iXd+ diX)(ω ∧ η) = (iXdω) ∧ η + (dixω) ∧ η + ω ∧ iXdη + ω ∧ diXη
= ((iXd+ diX)ω) ∧ η + ω ∧ ((iXd+ diX)η).

Thus, D = iXd+ diX is a ∧-derivation. It also commutes with d, since d2 = 0:

D ◦ d = iX ◦ d2 + d ◦ iX ◦ d = d ◦ iX ◦ d
d ◦D = d ◦ iX ◦ d+ d2 ◦ iX = d ◦ iX ◦ d.

By Lemma 8.27 and (8.2), LX is also a ∧-derivation that commutes with d. Since we verified that
D = LX on Ω0(M), it now follows that the two are equal on Ω∗(M), concluding the proof. �





CHAPTER 9

Submanifolds

Consider, for the moment, the nicest kind of map between Euclidean spaces: a linear map
T : Rn → Rm. Associated to T are two subspaces: image(T ) and ker(T ). To compute the
dimensions of these subspaces, there is exactly one feature of T we need to know: its rank.
By definition, rank(T ) = dim(image(T )). We also have, by the fundamental theorem of linear
algebra, that dim(ker(T )) = n− r. So the rank identifies (up to isomorphism) the two subspaces.

Let F : M → N be a smooth map between manifolds. Our goal here is to understand the sets
F (M) ⊆ N and F−1{q} for each q ∈ N (the comparable objects to the image and kernel of a
linear map). Since F is smooth, it is supposed to be well modeled by its differential dF which, at
each point p, is a linear map dFp : TpM → TF (p)N . However, this linear map can certainly change
characteristics from point to point.

EXAMPLE 9.1. Let F : R2 → R be the map F (x, y) = x2 + y2. Then F (R2) = [0,∞), which
is not a manifold (in the subspace topology). Also, the level sets F−1(q) are empty for q < 0; for
q > 0 they are circles (1-dimensional manifolds), and for q = 0 the level set is the single point
(0, 0) (a 0-dimensional manifold). If we compute the total derivative, DF (x, y) = 2[x, y]; this is a
linear map with rank 1 at every point other than (x, y) = (0, 0), but has rank 0 at the origin.

This example highlights that, if we want to have good consistent behavior for the image and
level sets of F , we must insist that rank(dFp) does not vary with p.

1. Maps of Constant Rank

Let F : M → N be a smooth map between manifolds. At each point p ∈ M , dFp : TpM →
TF (p)N is a linear map. Its rank is the dimension of the image dFp(Tp(M)) ⊆ TF (p)N . We say
that F has constant rank if this integer r is constant over all p ∈ M ; we then say rank(F ) = r.
By elementary linear algebra, we have 0 ≤ r ≤ min{dimM, dimN}. If rank(dFp) is equal to this
upper bound, we say F is full rank at p; if this holds true at all points p, we say F is full rank.

In the case of a linear map, if the rank is equal to the dimension of the codomain, then the map
is surjective; if the rank is equal to the dimension of the domain, then the map is injective. These
two cases, for constant rank smooth maps, are the most important.

DEFINITION 9.2. Let F : M → N be a smooth map with constant rank. If rank(F ) = dimM ,
we call F an immersion; equivalently, this means dFp is one-to-one at each p ∈M . If Rank(F ) =
dimN , we call F a submersion; equivalently, dFp is surjective at each p ∈M .

In fact, these two conditions make sense locally (i.e. immersion or submersion on a neighbor-
hood), and in that context they are open conditions.

LEMMA 9.3. Let F : M → N be a smooth map, and let p ∈ M . If dFp is injective, then
there is a neighborhood U of p such that F |U is an immersion. If dFp is surjective, then there is a
neighborhood U of p such that F |U is a submersion.

135
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PROOF. In a chart at p, the differential dFp is represented by the Jacobian matrix DF̂ (p). Let
r be the rank of this map. If DF̂ (p) is injective, this means r = m = dimM , and so there are
m linearly independent rows. By reordering coordinates, we may assume that the upper m × m
submatrix is invertible. Invertibility is an open condition, and since the component functions of
DF̂ in the chart are continuous, it follows that this submatrix is invertible on a neighborhood U of
p. Thus, rank(dFp′) is constantly equal to m for all p′ ∈ U , showing F is an immersion there. The
argument for local submersion is similar. �

EXAMPLE 9.4. (a) IfM1, . . . ,Mk are smooth manifolds, then the projection maps πj : M1×
· · · × Mk → Mj are submersions. Notably, the map π(x1, . . . , xk, xk+1, . . . , xk+`) =
(x1, . . . , xk) from Rk+` to Rk is a submersion.

(b) If a < b in R and α : (a, b) → M is a smooth curve, then α is an immersion iff α̇(t) 6= 0
for all t ∈ (a, b).

(c) The bundle projection π : TM → M is always a submersion. After all, in the standard
coordinates for TM (given any chart in M ), π is given by item (a) above.

If a map is both a submersion and an immersion (at least locally), it need not be a diffeomor-
phism; but it is locally. This is basically the content of the inverse function theorem.

THEOREM 9.5 (Inverse Function Theorem for Manifolds). Let F : M → N be a smooth map,
and let p ∈M . If dFp is invertible, then there are connected neighborhoods U0 of p and V0 of F (p)
such that F |U0 : U0 → V0 is a diffeomorphism.

PROOF. Since dFp is invertible, TpM and TF (p)N must have the same dimension, and soM and
N have the same dimension. Choose charts (U,ϕ) at p and (V, ψ) at F (p). In these coordinates,
setting F̂ = ψ ◦ F ◦ ϕ−1 and p̂ = ϕ(p) as usual, we have DF̂ (p̂) = dψF (p) ◦ dFp ◦ d(ϕ−1)p̂
is invertible. By the ordinary inverse function theorem, there are connected open neighborhoods
Û0 ⊆ ϕ(U) and V̂0 ⊆ ψ(V ) such that F̂ is a diffeomorphism from Û0 onto V̂0. Taking U0 =

ϕ−1(Û0) and V0 = ψ−1(V̂0) completes the proof. �

A map that is both a submersion and an immersion (i.e. a map whose differential is invertiable
at each point) is called a local diffeomorphism; the inverse function theorem explains the termi-
nology. To be clear, the definitions are equivalent, as the following sort of converse to the inverse
function theorem shows.

LEMMA 9.6. Suppose F : M → N is a smooth map such that, at each p ∈ M , there is a
neighborhood U of p where F |U is a diffeomorphism onto its image. Then F is both a submersion
and an immersion.

This is easily verified, and left to the reader.
Here is a list of basic properties of local diffeomorphisms, all easy to verify.

PROPOSITION 9.7. Here are some basic properties of local diffeomorphisms.
(a) Compositions of local diffeomorphisms are local diffeomorphisms.
(b) A finite Cartesian product of local diffeomorphisms is a local diffeomorphism.
(c) Local diffeomorphisms are open maps.
(d) A restriction of a local diffeomorphism to an open set is a local diffeomorphism.
(e) Diffeomorphisms are local diffeomorphisims.
(f) Conversely, a bijective local diffeomorphism is a diffeomorphism.
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Some of the properties of submersions and immersions carry over to constant rank maps in
general. The most important (local) theorem for such maps is the following.

THEOREM 9.8 (Rank Theorem). Let Mm and Nn be smooth manifolds, and let F : M → N
be a smooth map of constant rank r. For each p ∈ M , there are charts (U,ϕ) at p and (V, ψ) at
F (p) with F (U) ⊆ V , such that F̂ = ψ ◦ F ◦ ϕ−1 has the coordinate representation

F̂ (x1, . . . , xr, xr+1, . . . , xm) = (x1, . . . , xr, 0, . . . , 0).

As the theorem is local, the proof is really a statement about smooth maps between open
submanifolds of Euclidean spaces. The proof is a matter of detailed analysis of the structure of the
derivative matrix DF̂ (p̂), and is actually very similar to the proof of the implicit function theorem,
Theorem 0.20. The niggly details are left to the interested reader, and can be found as [3, Theorem
4.12]. Note, in particular, two important special cases:

• If F is an immersion, then r = m ≤ n, and F̂ (x1, . . . , xm) = (x1, . . . , xm, 0, . . . , 0).
• If F is a submersion, then r = n ≤ m, and F̂ (x1, . . . , xn, xn+1, . . . , xm) = (x1, . . . , xn).

The most important characteristic of these representations is that they are linear functions. This is
an invariant characterization of what it means to be constant rank.

COROLLARY 9.9. Let F : M → N be a smooth map, and let M be connected. TFAE:
(a) F has constant rank.
(b) For each p ∈ M , there are charts at p and F (p) so that, in these local coordinates, F̂ is

linear.

PROOF. The rank theorem shows that (a) =⇒ (b). Conversely, suppose (b) holds true. Since
any linear map has constant rank, and the rank of the total derivative of the coordinate represen-
tation at a point is the same as the rank of the differential, it follows that F has constant rank
throughout each chart. By connectedness, it follows that the rank is constant everywhere. �

We conclude this section with the following global version of the rank theorem.

THEOREM 9.10 (Global Rank Theorem). Let F : M → N be a smooth map of constant rank.
(a) If F is injective, then it is an immersion.
(b) If F is surjective, then it is a submersion.
(c) If F is bijective, then it is a diffeomorphism.

PROOF. Let r = rankF , and let m = dimM and n = dimN . For (a), suppose F is not an
immersion, meaning r < m. Fix some point p ∈ M . By the rank theorem, we can choose charts
(U,ϕ) at p and (V, ψ) at F (p) so that, in these coordinates, F̂ (x1, . . . , xm) = (x1, . . . , xr, 0, . . . , 0).
In particular, this means that F̂ (0, . . . , 0, t, 0, . . . , 0) = 0 = F̂ (0, . . . , 0) for all sufficiently small
t ∈ R (where there are r 0s before the t). This means that F̂ is not injective, and so neither is F .

For (b), suppose that F is not a submersion, meaning that r < n. By the rank theorem, at each
p ∈ M we may choose charts (U,ϕ) at p and (V, ψ) at F (p) with F (U) ⊆ V such that, in these
coordinates, F̂ (x1, . . . , Fm) = (x1, . . . , xr, 0, . . . , 0). By shrinking the coordinate neighborhood
U if necessary, we may assume that U is compact and F (U) ⊆ V ; thus F (U) is a compact subset
of {y ∈ V : yr+1 = · · · = yn = 0}. This is a closed subset of N that contains no open subset;
hence it is nowhere dense in N . Now, choose a countable cover M by such charts (Ui, ϕi) and
(Vi, ψi); then F (Ui) is closed and nowhere dense in N for each i, and hence F (M) ⊆

⋃
i F (Ui) is
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a countable union of nowhere dense sets. By the Baire category theorem, it follows that F (M) has
empty interior in N . In particular, F (M) 6= N , and so F is not surjective.

Finally, if F is bijective, then by (a) and (b), F is both a submersion and an immersion, so it is
a local diffeomorphism. So F is a bijective local diffeomorphism, and by Proposition 9.7(f), it is
therefore a diffeomorphism. �

2. Immersions and Embeddings

An injective immersion is a good candidate for a manifold-version of an injective linear map,
and the framework for defining submanifolds. This notion is lacking in subtle ways, however, as
the following two examples illustrate.

EXAMPLE 9.11. Let β : (−π, π)→ R2 be the curve

β(t) = (sin 2t, sin t).

This is a parametrization of a lemniscate (figure-eight); it is the solution set to x2 = 4y2(1 − y2).
It is injective: if sin 2t1 = sin 2t2, we have 2 sin t1 cos t1 = 2 sin t2 cos t2; additionally having
sin t1 = sin t2 gives either sin t1 = sin t2 = 0 (which only happens at t1 = t2 = 0 in this domain)
or cos t1 = cos t2. Since cos is 1 − 1 on (−π, 0] and [0, π), and is even, the second condition
means t2 = ±t1. If t2 = −t1, then sin t1 = sin t2 = sin(−t1) = − sin t1 and so again this
gives sin t1 = sin t2 = 0, meaning t1 = t2 = 0. Thus, β is injective. It is also an immersion:
β′(t) = (2 cos 2t, cos t). The second coordinate only vanishes at t = ±π

2
in the domain, and at

both those points the first coordinate is equal to −2 6= 0; thus rankβ = 1 constantly, which is the
dimension of the domain manifold; thus β is an immersion.

However, the image lemniscate β(−π, π) is not a manifold at all: the origin (0, 0) has no
neighborhood that is locally Euclidean. Moreover, if we give its image the subspace topology, β is
not a homeomorphism: the image is compact, while the domain is not. That is: β is an injective
immersion, but it is not a topological embedding.

EXAMPLE 9.12. Let T2 = S1 × S1 ⊂ C denote the torus, and define a curve α : R→ T2 by

α(t) = (e2πit, e2πat),

where a is some irrational number. This map is injective: for any real number b, e2πibt1 = e2πibt2

iff b(t1− t2) is an integer, and this cannot happen simultaneously with b = 1 and b = a /∈ Q unless
t1 − t2 = 0. It is also an immersion: neither component of α′(t) vanishes for any t ∈ R.

But the image α(R) is even worse than Example 9.11: it is a (fun, well-known) fact that α(R)
is dense in T2. (The proof involves continued fractions; for an outline, see [3, Example 4.20 &
Lemma 4.21].) So α is about as far from a topological embedding as any inejctive map could be!
Nevertheless, such immersions will play a role in the theory of Lie groups.

To avoid such complications wherever we can, we are most interested in injective immersions
that are topological embeddings.

DEFINITION 9.13. Let M,N be smooth manifolds. A map F : M → N is called a smooth
embedding if F is a topological embedding (i.e. a homeomorphism onto its image in the subspace
topology), and also an immersion.

We will try to consistently use the full phrase smooth embedding, since embedding often refers
to a topological embedding. Not, even if a topological embedding happens to be smooth, it need
not be a smooth embedding.
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EXAMPLE 9.14. Let γ : R → R2 be the map γ(t) = (t3, 0). This is a topological embedding:
it is a one-to-one map, whose image is R×{0}, and the map is a homeomorphism onto this image
(with continuous inverse γ−1(s, 0) = s1/3). It is also a smooth map. But it is not an immersion,
since γ′(0) = 0. (In particular, this means that γ is not a diffeomorphism onto its image.)

EXAMPLE 9.15. Here are some examples of smooth embeddings.
(a) If M is a smooth manifold and U ⊆ M is open, then the inclusion U ↪→ M is a smooth

embedding.
(b) If M1, . . . ,Mk are smooth manifolds, pi ∈ Mi are specified points, then for each j the

map ιj : Mj ↪→M1 × · · · ×Mk given by

ιj(p) = (p1, . . . , pj−1, p, pj+1, . . . , pk)

is a smooth embedding. In particular: taking k = 2, M1 = Rn and M2 = Rm, and taking
p2 = 0, the usual embedding x 7→ (x, 0) of Rn ↪→ Rn+m is a smooth embedding.

(c) The map T : T2 → R3 given by

T (eiu, eiv) = ((2 + cosu) cos v, (2 + cosu) sin v, sinu)

is a smooth embedding (see Homework 1).

There are a few easy conditions that automatically guarantee that an injective immersion is, in
fact, and embedding.

PROPOSITION 9.16. Let M,N be smooth manifolds, and let F : M → N be an injective
immersion. If any of the following hold, then F is a smooth embedding.

(1) F is an open map, or a closed map.
(2) F is a proper map (the preimage of a compact set is compact).
(3) M is compact.
(4) dimM = dimN .

PROOF. First, note (c) =⇒ (b) =⇒ (a): if M is compact then the preimage of any closed set
in N under (the continuous map) F is compact; if F is a proper map between locally compact
Hausdorff spaces, it is closed (cf. [3, Theorem A.57]). Hence, it suffices to prove that (a) implies
F is an embedding to show that (b) or (c) implies F is an embedding. But this is another gen-
eral topological fact: a continuous injective open or closed map is always an embedding (cf. [3,
Theorem A.38]). So it remains only to prove that (d) implies F is an embedding.

As F is an immersion, dFp is injective at each p; but since the domain and codomain of dFp
have the same dimension, it follows that dFp is a bijection, meaning that F is an injective local
diffeomorphism. By Proposition 9.7(c), F is an open map. A continuous injective open map is an
embedding, concluding the proof. �

EXAMPLE 9.17. Let ι : Sn ↪→ Rn+1 be the inclusion map. As we computed in Example 2.11,
this map is smooth. We can also readily compute (using the same charts in Example 2.11) that it is
an immersion. Hence, ι is an injective immersion. Since Sn is compact, it follows from Propostion
9.16(3) that ι is a smooth embedding.

Examples 9.11 and 9.12 show two ways that injective immersions can fail to be smooth embed-
dings; however, as can be seen readily in both examples, in each case, the maps are locally smooth
embeddings: every point in the domain has a neighborhood on which the map is a smooth embed-
ding. (In Example 9.12, the neighborhood can be taken to be any finite-length interval containing
the point.) This turns out to characterize the difference.
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THEOREM 9.18. Let F : M → N be a smooth map. Then F is an immersion iff each point in
M has a neighborhood U such that F |U is a smooth embedding.

PROOF. First, suppose very point p has such a neighborhood. Then dFp is full-rank for each
p, so F is an immersion. Conversely, suppose F is an immersion, and let p ∈ M . By the Rank
Theorem, there is a coordinate chart (U1, (x

j)mj=1) where, in local coordinates, F has the form
F̂ (x1, . . . , xm) = (x1, . . . , xm, 0, . . . , 0). Hence, F |U1 is injective. Choose an open subset U ⊂ U1

such that U is compact and U ⊂ U1. Then F |U is an injective continuous map on a compact set,
so it is a topological embedding (cf. Proposition 9.16(3)). The same remains true, therefore, on U ,
concluding the proof. �

3. Submanifolds

An embedded submanifold S ⊆ M of a manifold M is a subset S that is a topological
manifold in the subspace topology, and which possesses a smooth structure for which the inclusion
map S ↪→M is a smooth embedding. Embedded submanifolds are also sometimes called regular
submanifolds. If S is an embedded submanifold of M , we call M the ambient manifold. The
codimension of S is dim(M)− dim(S).

So, by definition, an embedded submanifold is the image of a smooth embedding (namely its
inclusion into its ambient manifold). The converse is also true.

PROPOSITION 9.19. Let F : N →M be a smooth embedding of manifolds, and let S = F (N).
Then S is a topological manifold in the subspace topology, and there is a unique smooth structure
on S with respect to which S is an embedded submanifold, and F is a diffeomorphism onto S.

PROOF. Since F is a smooth embedding, it is a topological embedding, meaning that F is
a homeomorphism of N onto S (embued with the subspace topology). Thus S is a topological
manifold in the subspace topology. We define smooth charts on S to be of the form (F (U), ϕ◦F−1)
for any smooth charts (U,ϕ) on N ; the S-transition maps are then the same as the N -transition
maps, and so these form an atlas. This smooth structure makes F into a diffeomorphism (it is given
by the identity map in local coordinates), and it is easy to see it is the unique smooth structure with
this property. Finally, the inclusion map S ↪→M is given by

S
F−1

−→N
F−→M

so it is a composition of a smooth embedding and a diffeomorphism, and is thus a smooth embed-
ding. Thus, S is an embedded submanifold. �

This, an embedded submanifold is precisely the image of some smooth embedding. Another
term for a smooth embedding is a (global) parametrization: we parametrize a submanifold S by
some other intrinsic manifold N . (Some authors reserve the term parametrization for when the
parameter domain N is an open subset of some Rk.)

The simplest embedded submanifolds are the ones we’ve been working with all along: open
subsets. These turn out to be the only codimension 0 embedded submanifolds.

PROPOSITION 9.20. A subset S ⊆ M is a codimension 0 embedded submanifold iff S is open
in M .
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PROOF. Suppose U ⊆ M is open. In local coordinates, the inclusion map is given by the
identity, and so it is an injective immersion; and it is immediate that it is a topological embedding.
Thus, U is an embedded submanifold. Since it has the same dimension as M , its codimension is 0.

Conversely, suppose S ⊆ M is a codimension 0 embedded submanifold. Then the inclusion
map ι is an immersion, and since dim(S) = dim(M), dιp is injective at each p, it follows that
it is also surjective at each p. Thus, ι is a local diffeomorphism, and hence it is an open map by
Proposition 9.7(c). Thus ι(S) is open in M . �

Some other standard examples of embedded submanifolds follow.

EXAMPLE 9.21. Let M,N be smooth manifolds. For any q0 ∈ N , S = M × {q0} ⊆ M ×N
is an embedded submanifold. Indeed, S is the image of F : M → M × N ; p 7→ (p, q0), which is
easily verified to be a smooth embedding.

EXAMPLE 9.22. Let M,N be smooth manifolds and U ⊆ M open. Let f : U → N be a
smooth map. Then the graph Γ(f) ⊂M ×N

Γ(f) = {(p, f(p)) ∈M ×N : p ∈ U}
is an embedded submanifold if dimension dim(M) (and so codimension dim(N)). Indeed, Γ(f) =
γf (U) where γf : U →M ×N is the map γf (p) = (p, f(p)). This is an evidently smooth map. If
πM : M ×N →M is the usual projection, then πM ◦ γf = IdU , and so by the chain rule

d(πM)(p,f(p)) ◦ d(γf )p = IdTpU .

Since this composition is one-to-one, it follows that d(γf )p is one-to-one, and so γf is an immer-
sion. It is also a topological embedding: its inverse is the continuous map πM |Γ(f). Thus, Γ(f) is
an embedded submanifold diffeomorphic to U .

In particular, any affine subspace of Rn is an embedded submanifold (as any such space is,
by definition, the graph of an affine function). The simpliest examples are the usual embeddings
Rk ↪→ Rk+n given by (x1, . . . , xk) 7→ (x1, . . . , xk, 0, . . . , 0) (giving a special case of Example
9.21. In fact, this is a local model for any codimension n embedded submanifold.

Let M be a smooth n-manifold, and let (U,ϕ = (xj)nj=1) be a local chart in M . A k-slice of U
is a subset S ⊆ U is a subset with the property that

ϕ(S) = {(x1, . . . , xk, xk+1, . . . , xn) ∈ ϕ(U) : xk+1 = ck+1, . . . , xn = cn}
for some constants ck+1, . . . , cn ∈ R. More generally, a subset S ⊆ M is said to satisfy the local
k-slice condition if, for each p ∈ S, there is a chart (U,ϕ) at p so that U ∩ S is a k-slice.

THEOREM 9.23 (Slice Theorem). Let M be a smooth manifold, and let k ≤ dim(M). If
S ⊆ M is a k-dimensional embedded submanifold, then it satisfies the local k-slice condition.
Conversely, if S ⊆M is a subset that satisfies the local k-slice condition, then it is a k-dimensional
topological manifold in the subspace topology, and possesses a unique smooth structure making it
an embedded submanifold.

PROOF. If U is an embedded submanifold, then the inclusion map ι : U ↪→M is an immersion,
and so by the rank theorem, for every p ∈ S there are charts (U,ϕ) at p and (V, ψ) at ι(p) so that
ι̂(x1, . . . , xk) = (x1, . . . , xk, 0, . . . , 0) in these local coordinates. Shrinking the neighborhoods as
necessary, we can arrange for V ∩ S = U , which shows that S satisfies the local k-slice condition.

For the converse, we can build an atlas for S by using the local slice charts (presumed to exist)
composed with the projections from Rn → Rk where n = dim(M). The details are left to the
reader (and can be read in the proof of [3, Theorem 5.8]). �
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By far the most useful kinds of embedded submanifolds are those that are identified as level
sets. If F : M → N is any function, and q0 ∈ N , the q0-level set of F is the set F−1(q0) ⊆ M .
In general, such sets can be arbitrarily nasty: using partitions of unity, you showed on an early
homework set that any closed subset of M is a level set of some smooth function f : M → R.
So we need some signficant restrictions on F to ensure that level sets are, in fact, embedded
submanifolds. One simple condition is having constant rank.

PROPOSITION 9.24. Let F : M → N be a smooth map of constant rank r. Then for any point
q0 ∈ F (M), the level set F−1(q0) is an embedded submanifold of codimension r.

PROOF. Let S = F−1(q0), and fix any p ∈ S. By the rank theorem, there are charts (U,ϕ)

at p and (V, ψ) at F (p) = q0 so that F̂ (x1, . . . , xr, xr+1, . . . , xm) = (x1, . . . , xr, 0, . . . , 0) (where
m = dim(M)). So in these coordinates q̂0 = (c1, . . . , cr, 0, . . . , 0) for some constants c1, . . . , cr,
and hence, S ∩ U is the slice

S ∩ U = {(x1, . . . , xm) ∈ U : x1 = c1, . . . , xr = cr}.
Thus, S satisfies the local (m − r)-slice condition, and thus by Theorem 9.23, S is an embedded
submanifold of dimension m− r, thus codimension m− (m− r) = r. �

COROLLARY 9.25. Let F : M → N be a submersion. Then each level set of F is an embedded
submanifold whose codimension in M is equal to the dimension of N .

In the special case of full rank, it is not actually necessary for the function F to be a submersion
everywhere. It is enough that it is a submersion on a neighborhood of the “level”. Such levels are
called regular values.

DEFINITION 9.26. Let F : M → N be a smooth map. A point p ∈M is called a regular point
of F if dFp is surjective; otherwise p is a critical point. (So, for example, if dim(M) < dim(N),
then all points in M are critical for F .) A point q ∈ F (N) is called a regular value of F if every
point p ∈ F−1(q) is a regular point; it is called a critical value otherwise. If q is a regular value,
then the level set F−1(q) is called a regular level set.

COROLLARY 9.27. Every regular level set of a smooth map F : M → N is an embedded
submanifold with codimension equal to dim(N).

PROOF. A regular level set has the form F−1(q) where q ∈ F (M) is a regular value of F .
By Lemma 9.3, the set U of points p ∈ M where dFp is surjective is open, and by assumption
F−1(q) ⊆ U . Thus F |U : U → N is a submersion, and the result follows by Corollary 9.25. �

EXAMPLE 9.28. We have already seen directly that the sphere Sn is a manifold. In fact, it is a
codimension-1 embedded submanifold of Rn+1: by definition, Sn = f−1(1) where f : Rn+1 → R
is the map f(x) = |x|2. The differential of this map is dfx(v) = 2〈x, v〉, which is a surjective map
everywhere other than x = 0. Since x = 0 is not in f−1(1), it follows that 1 is a regular value of
f , so Sn = f−1(1) is a regular level set, and thus is an embedded submanifold whose codimention
is equal to the dimension of the codomain R.

Not every embedded submanifold is a regular level set (just as not every embedded submanifold
is the graph of a smooth function), but this is true locally (as it is for graphs, à la the local slice
theorem).

PROPOSITION 9.29. Let S ⊆ M be a subset of an m-dimensional manifold. Then S is an
embedded k-dimensional submanifold of M if and only if every point of S has a neighborhood U
in M such that U ∩ S is a level set of a submersion U → Rm−k.
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PROOF. Suppose S is an embedded k-dimensional submanifold. Fix p ∈ S and let (U,ϕ =
(xj)) be a chart at p in M that satisfies the local k-slice condition. Then we can define F : U →
Rm−k by F (x1, . . . , xk, xk+1, . . . , xm) = (xk+1, . . . , xm). This is evidently a submersion, and by
definition of the k-slice condition, U ∩ S is a level set of F .

Conversely, suppose every point has a neighborhood U such that there is a submersion F : U →
Rm−k with S ∩ U being a level set of F . Since F is a subjersion, it follows from Corollary 9.25
that S∩U is an embedded submanifold with codimension equal to the dimension of the codomain;
thus the dimension ism− (m−k) = k. It then follows from the slice theorem (Theorem 9.23) that
S ∩U satisfies the local k-slice condition. This is true at each point, so S satisfies the local k-slice
condition, and so again by the slice theorem, S is an embedded k-dimensional submanifold. �

4. Embeddings into Euclidean Space

It turns out that every smooth n-dimensional manifold has a smooth embedding into R2n+1.
We will not prove this completely here (as this fact is only for general interest and not important
for us at all). But we will prove some special cases. The first result is that all compact manifolds
embed in some Euclidean space.

THEOREM 9.30. Let M be a compact smooth manifold. Then there is a smooth embedding
F : M ↪→ Rk for some k ∈ N.

PROOF. For each p ∈ Mm, choose a chart (Up, ϕp) at p so that φp(Up) is an open ball in Rm.
For each p, fix an open subset U ′p ⊂ Up containing p such that U ′p is compact. The {U ′p}p∈M from
and open cover of M , and since M is compact, there is a finite subcover {U ′p1 , . . . , U

′
pn}, each

of which has compact closure, and since ϕpj : Upj → Rm is a diffeomorphism onto its image,
ϕpj(U

′
pj

) is compact in Rm. Fix bump functions ρ1, . . . , ρn : M → R so that ρj|U ′j = 1 and
supp(ρj) ⊆ Uj . Then the function Upj 3 p 7→ ρj(p)ϕpj(p) ∈ Rm has a smooth extension fj to M
by setting it equal to 0 outside Uj , as usual. Then define F : M → Rmn+n by

F (p) = (f1(p), . . . , fn(p), ρ1(p), . . . , ρn(p)).

We will show that F is an injective immersion; since M is compact, it then follows by Proposition
9.16(3) that F is a smooth embedding, proving the theorem (with k = mn+ n).

First, we show that F is injective. Suppose p, q ∈M with F (p) = F (q). There is some pj with
p ∈ U ′pj , and so ρj(p) = 1. Since F (p) = F (q) and the last n coordinates of F are ρ1, . . . , ρn, it
follows that ρj(q) = 1 as well, which shows that q ∈ supp(ρj) ⊆ Upj . Therefore p, q are both in
the domain of ϕpj , and moreover

ϕpj(p) = ρj(p)ϕpj(p) = fj(p) = fj(q) = ρj(q)ϕpj(q) = ϕpj(q)

where we used the fact that the first coordinates of F are given by f1, . . . , fn and so fj(p) = fj(q)
for all j by the assumption that F (p) = F (q). Since ϕpj is a diffeomorphism from Upj onto its
image, it is one to one, and so it now follows that p = q. Thus, F is injective.

Now, let p ∈ M and again fix j so that p ∈ U ′pj . Since ρj ≡ 1 on U ′pj , we have d(fj)p =

d(ρjϕj)p = ϕj(p)d(ρj)p + ρj(p)d(ϕj)p = d(ϕj)p, which is injective since ϕj is a local diffeo-
morphism. Thus, dFp is injective (if any component of a linear map is injective, the whole map is
injective). So F is an injective immersion. This concludes the proof. �
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This theorem can be dramatically improved in two ways: first, the result holds true for non-
compact manifolds as well. To prove this requires us to deal with “regular” subsets that are not
manifolds, but rather manifolds with boundary. We have avoided such discussion so far, and
so we will not prove the result presently. The general idea is to break up M into a countable
collection of compact pieces, each of which is a manifold with boundary, and apply the above
embedding in a clever fashion (summing over bump functions). The hard part is showing that any
manifold can be appropriately decomposed into such “regular domains”. The key tool there is
Sard’s theorem, which says (in a strong sense) that regular values of smooth functions are generic
(the set of singular values has measure 0). This is a local theorem, and really has nothing to do
with differential geometry: it is a theorem about smooth maps between open subsets of Euclidean
space.

The other improvement, sometimes called “Whitney’s trick”, is to reduce the potentially enor-
mous k in Theorem 9.30: it turns out it can always be chosen no bigger than 2n+ 1. This is a very
geometric result, relying on a clever “folding” trick (showing that any proper embedding and be
folder to fit inside an arbitrarily thin tubular neighborhood of a one-dimensional subspace of Rk,
and then using some affine geometry to show how this allows an embedding into Rk−1 whenever
k > 2n). As this result does not pertain to us in any way, we will not discuss it further here. It
is worth noting that 2n + 1 is still not generally the least possible dimension; in fact, using more
sophisticated tools from algebraic topology, Whitney later showed every n-manifold embeds in
R2n. This is optimal for n = 1, 2 in general, but for n = 3, the optimal general imbedding dimen-
sion is 5. The general optimum is unknown for all manifolds, but for compact n-manifolds it is
2n+ 1− a(n), where a(n) is the number of 1s in the binary expansion of n (and this is sharp).

5. Restrictions and Extensions

We begin this section by briefly discussion restrictions and extensions of smooth maps.

PROPOSITION 9.31. Let F : M → N be a smooth map between manifolds, and let S ⊆ M be
an embedded submanifold. Then F |S is smooth.

PROOF. By definition, the inclusion map ι : S ↪→ M is an immersion, hence is smooth. Thus
F |S = F ◦ ι is smooth. �

Note: this result does not even require and embedding: it holds true whenever the inclusion
is an injective smooth map. For example, an immersed submanifold (the same as an embedded
submanifold but without the requirement that the inclusion is a topological embedding) has this
restriction property.

Complementaty to restricting a map, the natural question is whether a smooth map on a sub-
manifold S ⊆M has a smooth extension to M . In general, the answer is no, as we saw in Remark
2.30: the identity map S1 → S1, which is certainly smooth, has no smooth (or even continuous) ex-
tension to R2 → S1. On the other hand, in the preceding Proposition 2.29, we saw that it is always
possible to extend a smooth map on a closed subset to a neighborhood; but that proposition used a
stronger sense of smooth. Recall that, if A ⊆ M is closed, we called a map F : A → N smooth
if each point of A has a neighborhood U in M such that F is the restriction to A of a smooth map
U → N . If A is a submanifold and F : A → N is smooth in this sense, then it is smooth in the
intrinsic sense of smoothness between the manifolds A and N (via Proposition 9.31), but that is
a priori stronger than what we ask for here. As with Proposition 9.31, in the case of a Euclidean
codomain, the two notions are equivalent.
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PROPOSITION 9.32. Let S ⊆M be an embedded submanifold, and let f : S → Rk be a smooth
function. Then there is some open neighborhood of S in M and a smooth function f̃ : U → Rk so
that f = f̃ |S . Moreover, if S is closed in M , then U may be taken to be all of M .

The proof is very similar to the proof of Proposition 2.29 (utilizing a partition of unity), and is
left as an exercise (on the homework).

Now we consider tangent spaces. Let S ⊆ M be an embedded submanifold. Then S is a
smooth manifold in its own right, and so for any p ∈ S we have the tangent space TpS (typically
identified as DerpS). But p is also in M , and so we have a tangent space TpM as well. We would
like to think of TpS as a subspace of TpM , but it is not. As we did in the case that S is an open
submanifold (Proposition 3.11), we can identify TpS with a natural isomorphic copy inside TpM
using the differential: since ι : S ↪→ M is an immersion, dιp : TpS → TpM is an injective map.
Thus, we typically identifiy TpS with dιp(TpS) ⊆ TpM . In terms of derivations, given Xp ∈ TpS,
we identify it with X̃p = dιp(Xp) ∈ TpM whose action on f ∈ C∞(M) is

X̃p(f) = dιp(Xp)(f) = Xp(f ◦ ι) = Xp(f |S).

Note that this identification only requires local structure, so it makes sense even if S is only im-
mersed. In the embedded case, there is a very useful way to identify this subspace TpS ∼= dιp(TpS)
inside TpM .

PROPOSITION 9.33. Let S ⊆ M be an embedded submanifold, and let p ∈ S. Then, as a
subspace of TpM ,

TpS = {Xp ∈ TpM : Xp(f) = 0 whenever f ∈ C∞(M) and f |S = 0}.

PROOF. First, let Xp ∈ TpS ⊆ TpM . To be more precise, Xp = dιp(v) for some v ∈ TpS,
where ι : S ↪→ M is the inclusion. Now let f ∈ C∞(M) vanishes on S, then f ◦ ι = 0, and so
Xp(f) = dιp(v)(f) = v(f ◦ ι) = v(0) = 0. This shows the forward containment above.

Conversely, suppose Xp ∈ TpM satisfies Xp(f) = 0 whenever f |S = 0. Fix a slice chart
(U, (xj)) at p, so that U ∩ S is the subset xk+1 = · · · = xn = 0 (where k = dim(S) and
n = dim(M)). Then (x1, . . . , xk) are coordinate for S ∩U , and the inclusion map ι : S ∩U ↪→M
has the coordinate representation ι(x1, . . . , xk) = (x1, . . . , xk, 0, . . . , 0). Thus TpS is the subspace
of TpM spanned by ∂

∂x1

∣∣
p
, . . . , ∂

∂xk

∣∣
p
. Given the coordinate representation of Xp,

Xp =
n∑
j=1

Xj
p

∂

∂xj

∣∣∣∣
p

we see that Xp ∈ TpS if and only if Xj
p = 0 for j = k + 1, . . . , n.

Fix a bump function ψ supported in U that is 1 on a neighborhood of p. For any j > k, let
fj(x) = ψ(x)xj , which extends to a smooth function on M by setting it equal to 0 outside U .
Then, since xj = 0 in S ∩ U , fj ≡ 0 on S, and so by our assumption, Xp(fj) = 0. Thus

0 = Xp(fj) =
n∑
i=1

X i
p

∂fj
∂xj

(p) = Xj
p

since ψ = 1 on a neighborhood of p and ∂xj

∂xi
= δji . So this shows that Xj

p = 0 for j > k, meaning
that Xp ∈ TpS, as desired. �
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Similarly, if the embedded submanifold is given (locally) as a regular level set of some function
F , then the tangent space is the kernel of dF .

PROPOSITION 9.34. Let S ⊆ M be an embedded submanifold, and suppose U ⊆ M is an
open set so that S ∩ U = F−1(q) for some smooth map F : U → N where q ∈ N is a regular
value of F . Then TpS = ker(dFp) for each p ∈ S ∩ U .

PROOF. Let ι : S ↪→ M be the inclusion map as usual. Since F ◦ ι is the constant map (with
constant value q) on S ∩ U , we have 0 = d(F ◦ ι)p = dFp ◦ dιp for any p ∈ S ∩ U . Thus, if
Xp ∈ TpS ⊆ TpM (by which we mean Xp ∈ TpM has the form Xp = dιp(v) for some v ∈ TpS),
then dFp(Xp) = d(F ◦ ι)p(v) = 0, and so Xp ∈ ker(dFp) as claimed. On the other hand, since
q is a regular value, dFp : TpM → TF (p)N is surjective, and so the fundamental theorem of linear
algebra yields

dim ker(dFp) = dim(TpM)− dim(TF (p)N) = dim(TpS) = dim(image(dιp)).

Since the above argument shows image(dιp) ⊆ ker(dFp), it thus follows that image(dιp) =
ker(dFp), which is precisely the statement of the proposition. �

6. Vector Fields and Tensor Fields

If S ⊆ M is an embedded submanifold and X ∈ X (M), then we say X is tangent to
S if Xp ∈ TpS ⊆ TpM for each p ∈ S. Proposition 9.33 immediately yields the following
characterization of fields on M tangent to S.

PROPOSITION 9.35. Let S ⊆ M be an embedded submanifold and let X ∈ X (M). Then X
is tangent to S if and only if (Xf)|S = 0 for every f ∈ C∞(M) such that f |S = 0.

Now, suppose S ⊆ M is an embedded (or even immersed) submanifold, and let Y ∈ X (M).
Let ι : S ↪→ M be the inclusion. If there is a vector field X ∈ X (S) that is (X, Y ) are ι-related,
then Y is tengent to S: ι-relation means that for each p ∈ S Yp = dιp(Xp), meaning that Yp is in
the image of dιp which is precisely TpS. In fact, the converse of this is true in a strong sense as
well.

PROPOSITION 9.36. Let S ⊆ M be an embedded submanifold and let ι : S ↪→ M be the
inclusion map. If Y ∈ X (M) is tangent to S, then there is a unique vector field X ∈ X (S) that
is ι-related to Y .

We refer to this unique vector field X as X = Y |S .

PROOF. By assumption of tangency to S, Yp ∈ image(dιp) for each p, so there is some vector
Xp ∈ TpS such that Yp = dιp(Xp). Since ι is an immersion, dιp is injective, and so Xp is unique.
Thus, we have a unique (rough) vector field X on S with Yp = dιp(Xp) for each p; it thus suffices
only to show that X is smooth.

Fix p ∈ S. Let (U, (xj)) be a slice chart for S (in M ) at p: so S ∩U is the subset xk+1 = · · · =
xn = 0 (where k = dim(S) and n = dim(M)), and (x1, . . . , xk) are coordinates for S ∩ U . If
Y = Y 1 ∂

∂x1
+ · · ·+ Y n ∂

∂xn
in these coordinates, then (exactly as in the proof of Proposition 9.33)

X = Y 1 ∂
∂x1

+ · · ·+ Y k ∂
∂xk

. This is smooth on S ∩U . So every p ∈ S has a neighborhood in S on
which X is smooth, and so X is smooth. �
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Finally, note that if A ∈ T k(M) is a tensor field on M and S ⊆ M is an embedded subman-
ifold, then we can “restrict” A to S simply by pulling back along the inclusion map ι : S ↪→ M :
A|S ≡ ι∗A. If we are thinking of TpS already as a subset of TpM for each p (identified using dιp,
then this amounts to the simple-minded restriction of Ap to the subset (TpS)k of (TpM)k. Thus,
a k-form on M restricts to a k-form on S. Note: if dim(S) < k ≤ dim(M) then a non-zero
k-form on M restricts to the 0 k-form on S. In particular, the restriction map (which is linear) is
not injective.





CHAPTER 10

Integration of Differential Forms

1. Orientation

Let V be a finite dimensional vector space. We can think of an orientation of V as being
encoded by an ordered basis.

EXAMPLE 10.1. In R3, (e1, e2, e3) gives the “standard” orientation, also called “right-handed”:
if you curl the fingers of your right hand around first in the e1 direction then e3, your thumb points
in the e3 direction (as opposed to −e3). On the other hand (literally), (e2, e1, e3) is different: this
time you need to use your left hand to curl from e2 to e1 for your thumb to point along e3.

The ordered basis (e2, e3, e1) has the same property as (e1, e2, e3): it is right-handed.

We really want to identify the orientations (e1, e2, e3) and (e2, e3, e1): what we want to keep
track of is “handedness”. After all, the transformation (x1, x2, x3) 7→ (x2, x3, x1) is a rotation, and
we want orientation to be invariant under rotations.

DEFINITION 10.2. Two ordered bases (b1, . . . , bn) and (b′1, . . . , b
′
n) for a finite-dimensional

vector space V are called consistently oriented if the change of basis matrix B

b′i =
n∑
j=1

Bj
i bj

has positive determinant. This is an equivalence relation (as is easy to check). An orientation for
V is an equivalence class of consistently oriented ordered bases.

Note: every change of basis matrix is nonsingular, and so has either positive or negative deter-
minant. Thus, the set of orientations has size 2. In the above Example, (e1, e2, e3) and (e2, e3, e1)
are consistently oriented so yield the same orientation, while (e2, e1, e3) give the opposite orienta-
tion. (In the case that the two bases are related by a permutation of their order, the change of basis
matrix is the corresponding permutation matrix, whose determinant is the sgn of the permutation).

A vector space together with a selected orientation is called an oriented vector space. A
basis for an oriented vector space is called positively oriented if its equivalence class is the given
orientation; otherwise it is negatively oriented.

Now, given a positively oriented basis b1, . . . , bn for V , consider the n-form ω = b∗1 ∧ · · · ∧ b∗n.
If (b′1, . . . , b

′
n) is any other basis, with change of basis matrix B, then we can compute

ω(b′1, . . . , b
′
n) = ω(Bb1, . . . , BBn) = det(B)ω(b1, . . . , bn) = det(B).

Thus, (b′1, . . . , b
′
n) is positively oriented if and only if ω(b′1, . . . , b

′
n) > 0. This gives us an alterna-

tive way to define orientations in terms of top-forms.

PROPOSITION 10.3. Let V be an n-dimensional vector space (n ≥ 1). Each non-zero n-form
ω ∈ Λn(V ∗) determines an orientation for V as described above: a basis b1, . . . , bn is positively
oriented iff ω(b1, . . . , bn) > 0. Two nonzero n-forms determine the same orientation iff they are
positive scalar multiples of each other.

149
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PROOF. The preceding calculation shows how this works: given two ordered bases (b1, . . . , bn)
and (b′1, . . . , b

′
n) with change of basis matrix B, we have

ω(b′1, . . . , b
′
n) = ω(Bb1, . . . , Bbn) = det(B)ω(b1, . . . , bn).

So the two bases are consistently oriented (det(B) > 0) iff ω assigns them the same sign, which
proves the first part. For the second part, we know Λn(V ∗) is 1-dimensional, so any two forms are
scalar multiples of each other. Since they are both non-zero, the scalar multiple is either + or −,
and this precisely encodes positive or negative orientation. �

Thus, an orientation could equally be described as an equivalence class of top-forms. This is
the method we will use to generalize to manifolds.

DEFINITION 10.4. Let M be a smooth manifold. A pointwise orientation for M is a choice of
orientation for TpM for each p ∈M . A smooth orientation forM is a smooth n-form ω ∈ Ωn(M)
which vanishes nowhere on M . A smooth manifold is called orientable if it possesses a smooth
orientation ω. We call the pair (M,ω) an oriented manfiold; often dropping the ω and just calling
M an oriented manifold.

As in Proposition 10.3, a smooth orientation form ω determines a pointwise orientation. This
gives us a convenient way to talk about the orientation being smooth as it varies from point to
point. It is possible to define this independently, locally: any coordinate chart gives a pointwise
orientation within the chart, and one can then look for consistent orientation along the transition
maps, giving a smoothness criterion. The use of forms is much easier and more computationally
effective.

Not every manifold is orientable: the standard counterexamples being the Möbius strip, and
Klein bottle. Another good class of examples of non-orientable manifolds are projective spaces.
We will be focusing on orientable manifolds here; to prove a manifold is orientable, it is necessary
and sufficient to specify a smooth non-vanishing top-form on the manifold.

Following the above definitions, a non-vanishing top form η on an oriented manifold M (with
orientation form ω) is called positively oriented iff η = fω for some strictly-positive function f .
The form η is negatively oriented if −η is positively oriented.

EXAMPLE 10.5. LetM1, . . . ,Mk be orientable smooth manifolds. There is an orientation ω on
M1× · · ·×Mk, called the product orientation, defined as follows: if ωj is an orientation form on
Mk, and πj : M1×· · ·×Mk →Mj is the projection, then ω = π∗1∧· · ·∧π∗kωk. It is straightforward
to check that this is a non-vanishing top-form, and so defines a smooth orientation. What’s more,
it is well-defined: if ηj are positively oriented forms on Mj , then π∗1η1 ∧ · · · ∧ π∗kηk is positively
oriented with respect to ω, as the reader should readily check.

EXAMPLE 10.6. Let U ⊆ M be a codimension-0 (i.e. open) submanifold of an oriented man-
ifold M . If ω is an orientation form for M , and ι : U ↪→ M is the inclusion map, then ι∗ω is an
orientation form for U .

EXAMPLE 10.7. Any parallelizable manifold is orientable. Indeed, let X1, . . . , Xn be vector
fields on Mn with the property that {X1|p, . . . , Xn|p} is a basis for TpM for each p ∈ M . This
defines a pointwise orientation, simply by choosing the orientation given by the ordered basis
(X1|p, . . . , Xn|p) in each tangent space TpM . To show it is a smooth orientation, we could go a
number of routes. For example, we could fix a Riemannian metric g on M (a symmetric 2-tensor
field so that gp is an inner product on TpM for each p), and then define 1-forms ηj(X) = g(Xj, X);
then ω = η1 ∧ · · · ∧ ηn is an orientation form for the given pointwise orientation, as can be easily
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checked. Note that the specific form ω depends on the choice of Riemannian metric; but we don’t
care about the specific form, only that one exists to induce this orientation.

Just as on a vector space, there are only two orientations on a connected manifold.

PROPOSITION 10.8. Let M be a connected, orientable manifold. Then there are precisely two
orientations: any non-vanishing top-form is either positively or negatively oriented. Moreover,
if two forms are consistently oriented at any one point, then they are consistently oriented at all
points.

The proof is left as a homework exercise.

Now, let M,N be oriented manifolds, and let F : M → N be a local diffeomorphism. We
call F orientation-preserving if, given any p ∈ M and any positively oriented ordered basis
(X1, . . . , Xn) for M , the ordered basis (dFp(X1), . . . , dFp(Xn)) is positively oriented for TF (p)N ;
if the image basis is always negatively oriented, we call F orientation-reversing. Note that a com-
position of orientation-preserving maps is orientation-preserving; a composition of orientation-
reversing maps is also orientation-preserving; and a composition of an orientation-preserving map
with an orientation-reversing map is orientation reversing (all easy to check).

LEMMA 10.9. LetM,N be oriented manifolds, and let F : M → N be a local diffeomorphism.
Then F is orientation-preserving if and only if, for each positively oriented form ω on N , F ∗ω is
positively oriented on M ; F is orientation-reversing if and only if, for each positively oriented
form ω on N , F ∗ω is negatively oriented.

The proof is simple definition chasing. This lemma leads to a nice way to define an orientation
on a manifold using a local diffeomorphism.

PROPOSITION 10.10. Let F : M → N be a local diffeomorphism. If N is oriented, then there
is a unique orientation on M , called the pullback orientation induced by F , such that F is
orientation-preserving.

PROOF. For each p ∈M , there are two orientations on TpM , and one of them makes dFp : TpM →
TF (p)N orientation-preserving. So there is a unique pointwise orientation on M that does the trick.
To see that it is actually a (smooth) orientation, note that F ∗ω is an orientation form for it, by
definition. �

Example 10.7 shows that parallelizable manifolds are orientable, so we now know that the
spheres S1, S3, and S7 are orientable. In fact, all spheres are orientable: on Rn+1, let η =∑n+1

j=1 xj(−1)j dx1 ∧ · · · ∧ d̂xj ∧ · · · ∧ dxn+1, and ω = ι∗η be the pullback along the inclusion
ι : Sn ↪→ Rn+1 to a top-form on Sn. Then ω is an orientation form for Sn. A quick way to see this
is to note that η = Ey(dx1 ∧ · · · ∧ dxn) where E is the Euler vector field E =

∑n+1
j=1 x

j ∂
∂xj

. This
is a normal field to Sn: since the sphere is the regular level set of F (x) = |x|2 (at height 1), by
Proposition 9.34 the tangent space TxSn is the kernel of dFx whose action is dFx(v) = 2〈Ex, v〉;
thus the kernel is precisely the orthogonal complement to Ex. Thus, for any vectors v1, . . . , vn at
x ∈ Sn+1,

ωx(v1, . . . , vn) = ηx(dιx(v1), . . . , dιx(vn)) = dx1 ∧ · · · ∧ dxn+1(Ex, dιx(v1), . . . , dιx(vn)).

If we choose v1, . . . , vn to be linearly independent, so are their images under the immersion dιx;
and they are all orthogonal to Ex, so Ex, v1, . . . , vn+1 are linearly independent, so the form dx1 ∧
· · · ∧ dxn+1 (which is the determinant) does not vanish on them.
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This kind of procedure works for any codimension-1 submanifold that possesses a nonvanish-
ing “normal” field – in fact, all that is necessary is that the field be nowhere tangent. The same
precise idea works for regular level sets of of smooth R-valued functions in all oriented manifolds.

PROPOSITION 10.11. Let M be an oriented manifold, and let S ⊆ M be a codimension-1
embedded submanifold that is a regular level set of a smooth function f : M → R. Then S is
orientable.

PROOF. We will construct a nowhere tangent vector field to S as follows (generalizing the
sphere case done above): choose a Riemnannian metrix g on M , and define a vector field ∇f
to be the dual vector field to df : df(X) = g(∇f,X). By the Riesz-Fisher theorem, this defines
∇f uniquely as a rough vector field. To see it is smooth, we compute in local coordinates: in
a chart (U, (xj)), g has components gij , and by symmetry gij = gji. The condition that gp is
an inner product means precisely that the matrix [gij]i,j is positive definite; in particular, it is
invertible. The standard (terrible) notation for its inverse’s components is to write the components
up: [g−1]ij = gij . Now, the identity df = g(∇f, · ) in local coordinates reads (df)j =

∑
i gij(∇f)i,

which means that (∇f)i =
∑

j g
ij(df)j . Since f is smooth, the coefficient functions (df)j are

smooth; since g is a smooth tensor field, its coefficient functions gij are smooth, and therefore by
the inverse function theorem so are the raised coefficients gij . Thus, ∇f is a smooth vector field
on M .

Now, suppose X ∈ X (M) is tangent to S. Since S is a regular f -level set, it follows from
Proposition 9.34 that Xp is in the kernel of dfp for each p ∈ S. This means precisely that df(X) =
0, and so since df = g(∇f, · ), it follows that X is g-orthogonal to∇f .

Thus, follows exactly the same outline as above for the sphere, we see that if ω is an orientation
form for M , then∇fyω is an orientation form for S. �

2. Integration of Differential Forms

Let ω ∈ Ωn(Rn) be a compactly supported top-form. Using our global Euclidean coordinates,
this means that ω = f dx1 ∧ · · · ∧ dxn for some smooth compactly-supported function f . We will
then simply use the Lebesgue integral to integrate the function f : letting U be any measurable
subset that contains the support of f , we define∫

U

ω ≡
∫
U

f dx1 · · · dxn.

This looks like a trick of notation: we simply “erase the wedges”. As we will see, this is very
well-behaved: the only purpose of the wedges was to help us remember which orientation on Rn

we used.
To begin, let us note that the definition does not depend on which set U : if U,U ′ are two

measurable sets that contain the support of f then f = 0 on U4U ′ (symmetric difference) and
this implies that

∫
U
f dx1 · · · dxn =

∫
U ′
f dx1 · · · dxn. More importantly, this definition – which is

prima facie coordinate dependent – is invariant under diffeomorphisms, up to the orientation.
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PROPOSITION 10.12. Let U, V be open subsets in Rn, and let G : U → V be an orientation-
preserving or orientation-reversing diffeomorphism. For any n-form compactly supported in V ,

∫
U

G∗ω =


∫
V

ω if G is orientation-preserving,

−
∫
V

ω if G is orientation-reversing.

PROOF. Let (y1, . . . , yn) be standard coordinates on V and (x1, . . . , xn) standard coordinates
on U . Any n-form compactly supported in V may be expressed as ω = f dy1 ∧ · · · ∧ dyn for some
smooth, compactly-supported function f on V . By the change of variables theorem from calculus,∫

V

ω =

∫
V

f dy1 · · · dyn =

∫
U

(f ◦G)| det[DG]| dx1 · · · dxn.

Suppose that G is orientation-preserving. This means that DG maps the standard basis (in xj-
coordinates) to a positively-orientated bases (relative to the yj-basis), which is precisely to say that
det[DG] > 0. Thus∫
V

ω =

∫
U

(f ◦G)(det[DG]) dx1 · · · dxn ≡
∫
U

η, where η = (f ◦G)(det[DG]) dx1∧· · ·∧dxn.

Now using Proposition 8.13 (the change of variables formula for pulling back top-forms), we
have η = G∗(f dy1 ∧ · · · ∧ dyn) = G∗(ω) thus proving the first half of the proposition. If G is
orientation-reversing, the only difference is that | det[DG]| = − det[DG], introducing the global
minus-sign. �

This leads the way to defining the integral of a top-form on an oriented manifold. Let M be
an oriented n-manifold, and let ω be an n-form that is compactly supported within a single chart
(U,ϕ) of M . Note that ϕ : U → Û ⊆ Rn is a diffeomorphism, and we fix the standard orientation
on Rn, so ϕ is either orientation-preserveing or orientation-reversing. We then define∫

M

ω ≡ ±
∫
ϕ(U)

(ϕ−1)∗ω (10.1)

with the + in the case ϕ is orientation-preserving, and − in the case it is orientation-reversing.
Aside from the deficiency that this only covers forms supported in a single chart, it is also

prima facie dependent on the chart (U,ϕ) in question. In fact, this is not so.

LEMMA 10.13. If (U,ϕ) and (V, ψ) are two charts on an n-manifold M , and ω is an n-form
compactly supported in U ∩ V , then∫

ϕ(U)

(ϕ−1)∗ω = ±
∫
ψ(V )

(ψ−1)∗ω

with the + in the case that ϕ and ψ are both orientation-preserving or both orientation-reversing,
and − otherwise.

PROOF. Supposingϕ andψ are either both orientation-preserving of both orientation-reversing,
ψ ◦ ϕ−1 : ϕ(U ∩ V )→ ψ(U ∩ V ) is an orientation-preserving diffeomorphism. Thus, Proposition
10.12 shows that∫

ψ(V )

(ψ−1)∗ω =

∫
ψ(U∩V )

(ϕ−1)∗ω =

∫
ϕ(U∩V )

(ψ ◦ ϕ−1)∗(ψ−1)∗ω =

∫
ϕ(U∩V )

(ϕ−1)∗ω,
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and this equals the desired quantity (as in the first equality above) since (ϕ−1)∗ω is equal to 0 on
ϕ(U) \ ϕ(U ∩ V ). This proves the proposition in this case; the case with the − sign comes from
the fact that ψ ◦ ϕ−1 is orientation-reversing in this case. �

Thus, 10.1 is well-defined: if a different chart is chosen, we have the same value for
∫
M
ω. It

now behooves us to extend the definition to the case that ω need not be supported in a single chart.
To that end, we use a partition of unity. Let ω ∈ Ωn(M) be compactly-supported, and fix a finite
open cover {(Uj, ϕj)} of suppω by charts that are all orientation-preserving (with respect to the
standard orientation on their target Rn). Let {fj} be a partition of unity subordinate to {Uj}. We
define ∫

M

ω ≡
∑
j

∫
M

fjω (10.2)

subject to our definition (10.1) of the integral of a form supported in a single chart (since ψjω is
compactly supported in Uj). This definition prima facie depends on the choice of charts and of the
partition of unity. Just as the integral in a single chart is actually chart dependent, this definition is
also well-defined: it does not depend on the partition of unity.

PROPOSITION 10.14. Let {(Uj, ϕj)} and {(Vj, ψj)} be finite covers of suppω by positively-
oriented charts, and let {fj} and {gj} be subordinate partitions of unity. Then∑

j

∫
M

fjω =
∑
j

∫
M

gjω.

PROOF. We simply use the defining properties of partitions of unity, to compute that, for each
i, ∫

M

fiω =

∫
M

(∑
j

gj

)
fiω =

∑
j

∫
M

gjfiω.

Summing over i, we then have ∑
i

∫
M

fiω =
∑
i,j

∫
M

gjfiω.

Inside the sum, each integral is well-defined regardless of which chart containing supp(gjfiω) we
use (either Ui or Vj), by Lemma 10.13. Hence, we may write this instead as∑

i,j

∫
M

gjfiω =
∑
j

∫
M

(∑
i

fi

)
gjω =

∑
j

∫
M

giω

as desired. �

Hence, we have a well-defined notion of the integral of a (compactly-supported) n-form on
any oriented n-manifold. One common source of top-forms is from form on ambient manifolds: if
ι : S ↪→ M is an oriented embedded submanifold of dimension n ≤ dim(M), and ω ∈ Ωn(M),
then ι∗ω ∈ Ωn(S). We generally shorten notation and simply write∫

S

ω =

∫
S

ι∗ω.

Let us note that it is possible to make sense of integral of (some!) non-compactly-supported forms,
but this requires a much richer integration theory mirroring Lebesgue integration. We will not need
this level of generality, so we will content ourselves with the compactly-supported case.
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PROPOSITION 10.15 (Properties of Integrals of Differential Forms). Let M,N be oriented
n-manifolds (n ≥ 1), and let ω, η ∈ Ωn(M) be compactly-supported.

(a) LINEARITY: If a, b ∈ R, then∫
M

aω + bη = a

∫
M

ω + b

∫
M

η.

(b) ORIENTATION REVERSAL: Let −M denote the manifold M with the oppposite orienta-
tion. Then ∫

−M
ω = −

∫
M

ω.

(c) POSITIVITY: If ω is a positively-oriented orientation form, then
∫
M

ω > 0.

(d) DIFFEOMORPHISM INVARIANCE: IfF : M → N is an orientation-preserving or orientation-
reversing diffeomorphism, then

∫
M

ω =


∫
N

F ∗ω if F is orientation-preserving,

−
∫
N

F ∗ω if F is orientation-reversing.

PROOF. Parts (a) and (b) are trivial definition chasing. Part (c) is immediate in local coordi-
nates, and so follows from the definition (via partition of unity, consisting of non-negative bump
functions). Similarly, (d) can be reduced to local coordintes since (using the partition of unity def-
inition) ω is a finite sum of orientation forms each supported in a single chart, and then the result
follows from Proposition 10.12. �

Although the definition of the integral, using a partition of unity, is useful for proving all of the
above properties, it is completely useless for actual computation: one can basically never explicitly
write down a partition of unity, and even if one can, it will involve functions like e−1/x, which is
not the kind of function you want hanging around when you’re trying to do an integral. Instead, to
actually compute the integral of a form, we always use (local) parametrizations.

PROPOSITION 10.16. Let M be an oriented n-manifold, and let ω ∈ Ωn(M) be compactly-
supported. Let D1, . . . , Dk be open subsets of Rn such that ∂Dj has measure 0 for each j, with
smooth maps Fj : Dj →M satisfying

(i) Fj|Dj : Dj → F (Dj) is an orientation-preserving diffeomorphism.
(ii) F (Di) ∩ F (Dj) = ∅ when i 6= j.

(iii) supp(ω) ⊆ F (D1) ∪ · · · ∪ F (Dk).
Then ∫

M

ω =
k∑
j=1

∫
Dj

F ∗j ω.

PROOF. By the linearity of both sides of the desired equality, it sufficies to prove the proposi-
tion in the case that ω is compactly-supported inside a single chart (by using a partition of unity to
express ω in general as a sum of such forms). By choosing our covering charts carefully to begin
with, it suffices to assume that supp(ω) is contained in a chart domain U for which U is compact,
ϕ(U) is an open ball in Rn, and ϕ extends to a homeomorphism U → ϕ(U).
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We now resrict our parametrization domains to this chart as follow: Aj ⊆ Dj , Bj ⊆ F (Dj),
and Cj ⊆ ϕ(U) are the sets

Aj = F−1
j (U ∩ F (Dj)), Bj = U ∩ Fj(Dj) = Fj(Aj), Cj = ϕ(Bj) = ϕ ◦ Fj(Aj).

The support of (ϕ−1)∗ω is contained in C1 ∪ · · · ∪ Ck, and any two of these intersect along their
boundaries. Note that ∂Cj = ϕ(∂Bj), andBj is the intersection of an open ball with Fj(Dj). Since
∂Dj has measure 0, it follows that ∂Cj also heas measure 0, and so is ignored by the integral; thus∫

M

ω =

∫
ϕ(U)

(ϕ−1)∗ω =
k∑
j=1

∫
Cj

(ϕ−1)∗ω.

We now compute using the change of variables (Proposition 10.12),∫
Cj

(ϕ−1)∗ω =

∫
Aj

(ϕ ◦ Fj)∗(ϕ−1)∗ω =

∫
Aj

F ∗j ω =

∫
Dj

F ∗j ω,

and summing over j proves the desired result. �

EXAMPLE 10.17. We saw above that ω = x dy∧dz+y dz∧dx+z dx∧dy is an orientation form
on S2. Let’s compute the integral of ω over the sphere. To do this, we use spherical coordinates:

F (φ, θ) = (sinφ cos θ, sinφ sin θ, cosφ)

which is a diffeomorphism from (0, π)× (0, 2π) into the open set in S2 given by the removal of the
arc from the north to the south pole in the x ≥ 0 half of the y = 0 plane. Since F ([0, π]× [0, 2π])
covers the sphere, and F is orientation-preserving (by definition if we use ω to orient S2), it follows
from the preceding proposition that ∫

S2
ω =

∫ π

0

∫ 2π

0

F ∗ω.

This is now a standard double integral. It is left to the bored reader to compute that F ∗ω =
cosφ dφ ∧ dθ. Thus ∫

S2
ω =

∫ π

0

∫ 2π

0

cosφ dφ ∧ dθ = 4π.

This example gives the usual volume form on S2. In general, an orientation form can be though of
as a choice of volume form. We will use this idea in the study of Lie groups.
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Lie Groups.





CHAPTER 11

Lie Groups, Subgroups, and Homomorphisms

DEFINITION 11.1. A Lie group is a smooth manifold G which is also a group, and has the
property that the group operations

m(g, h) = gh, inv(g) = g−1

are smooth maps m: G×G→ G and inv : G→ G.

The notation above is typical: Lie groups are G,H,K (with K usually denoting a compact
group), elements are g, h ∈ G (although we may also use a, b, c, . . . or p, q or x, y, z). The iden-
tity element of the group may be denoted 1G, but is more commonly called e (from the German
Einselement, “unit element”).

The multiplication map gives rise to two all-important families of diffeomorphisms of G: the
left-translation and right-translation maps Lg, Rg : G→ G for g ∈ G:

Lg(h) = gh, Rg(h) = hg.

These are smooth maps: letting ιg : G→ G×G be the map ιg(h) = (g, h) which is clearly smooth,
note that Lg = m ◦ ιg is smooth as well. (A similar argument shows Rg is smooth.) Since Lg, Rg

are bijections whose inverses are Lg−1 , Rg−1 which are also smooth, Lg, Rg are diffeomorphisms
for all g ∈ G.

As a first application of the efficacy of these maps, we note that the two conditions in Definition
11.1 are redundant: smoothness of multiplication alone is sufficient.

LEMMA 11.2. If G is a smooth manifold that is a group such that the multiplication map
m: G×G→ G is smooth, then G is a Lie group.

PROOF. Let F : G×G→ G×G be the map F (g, h) = (g, gh). By assumption, F is smooth.
Note that it is also a bijection: the inverse is F−1(g, h) = (g, g−1h). We will show that F is a local
diffeomorphism: it then follows (since it is a bijection) that F is a diffeomorphism, and hence its
inverse is smooth. This means that the map (g, h) 7→ g−1h (the second component of F−1) is
smooth, and therefore the map g 7→ (g, e) 7→ g−1e = g−1 is smooth, as claimed.

Thus, we need to compute the differential of F . Since F (g, h) = (g,m(g, h)), we have

dFg,h(X, Y ) = (X, dmg,h(X, Y )), X ∈ TgG, Y ∈ ThG.
So, let α, β : (−ε, ε) → G be smooth curves with α(0) = g and α̇(0) = X , while β(0) = h and

˙β(0) = Y . Then, by definition,

dmg,h(X, Y ) =
d

dt

∣∣∣∣
0

m(α(t), β(t)).

For any test function f ∈ C∞(G),

d

dt

∣∣∣∣
0

m(α(t), β(t))(f) ≡ d

dt

∣∣∣∣
0

(f ◦m)(α(t), β(t)).

159
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We now apply the chain rule, giving

d

dt

∣∣∣∣
0

(f ◦m)(α(t), β(t)) =
d

dt

∣∣∣∣
0

(f ◦m)(α(t), β(0)) +
d

dt

∣∣∣∣
0

(f ◦m)(α(0), β(t))

which shows by definition that

d

dt

∣∣∣∣
0

m(α(t), β(t)) =
d

dt

∣∣∣∣
0

m(α(t), h) +
d

dt

∣∣∣∣
0

m(g, β(t))

=
d

dt

∣∣∣∣
0

Rh(α(t)) +
d

dt

∣∣∣∣
0

Lh(β(t))

= dRh|g(X) + dLg|h(Y ).

All together, then, we have

dFg,h(X, Y ) = (X, dRh|g(X) + dLg|h(Y )).

We know that Rh, Lg : G→ G are diffeomorphisms, so the differentials dRh|g : TgG→ ThgG and
dLg|g : ThG→ TghG are isomorphisms.

So, suppose (X, Y ) ∈ ker(dFg,h). Then X = 0 and dRh|g(X) + dLg|h(Y ) = 0, thus
dLg|h(Y ) = 0 and since dLg|h is an isomorphism, Y = 0. This shows dFg,h is injective. Since the
domain Tg,hG × G and codomain Tg,ghG × G of F has the same dimension 2dim(G), it follows
that dFg,h is a linear isomorphism, so F is a local diffeomorphism, concluding the proof. �

1. Examples

The first example of a Lie group is the group of invertible matrices.

EXAMPLE 11.3. Let GLn(F) denote the general linear group of invertible n×nmatrices over
the field F. With F ∈ {R,C}, we know this is an open subset of the vector space of n×n matrices
over R (dimension n2) or C (dimension 2n2), and hence is a smooth manifold of dimension n2 or
2n2. Matrix multiplication is a smooth map (indeed, its coordinate functions are all polynomials),
and hence GLn(F) and GLn(C) are both Lie groups.

One easy way to generate Lie groups is as subgroups of a given Lie group, in the following
sense.

LEMMA 11.4. Let G be a Lie group, and let H ⊆ G be a subgroup that is also an embedded
submanifold. Then H is a Lie group.

PROOF. By definition, the inclusion map ιH : H ↪→ G is a smooth embedding, and so H is
a smooth manifold in its own right. Since H is a subgroup, its multiplication map mH is the
restriction of the multiplication map mG on G: mH = mG ◦ (ιH × ιH). This is a composition of
smooth maps, hence is smooth. �

A subgroup satisfying the conditions of Lemma 11.4 is called a(n embedded) Lie subgroup.
(Some authors also allow immersed subgroups to be called Lie subgroups.) Now let us delve into
a long list of examples of Lie groups, mostly given as Lie subgroups of GLn(R) and GLn(C).

EXAMPLE 11.5. (1) We denote GL1(R) = R∗ and GL1(C) = C∗ the multiplicative
groups of real and complex numbers.
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(2) The subgroup GL+
n (R) of GLn(R) of those invertible matrices whose determinant is > 0.

Since det(AB) = det(A)det(B), and det(In) = 1 > 0, this is indeed a subgroup.
Moreover, by continuity of det, it is an open subset, so it is an embedded submanifold of
codimension 0. Thus, it is a Lie subgroup.

(3) The special linear groups SLn(R) and SLn(C) are defined to be the subgroups of GLn
with determinant 1. Since det(AB) = det(A)det(B), SLn is a subgroup. We need to
check that it is a Lie subgroup. Since it is defined as the level set of a smooth function
det, is sufficies to show that it is a regular level set. To see this, we use the following
formula: for any A ∈ GLn and X ∈ Mn,

d

dt

∣∣∣∣
0

det(A+ tX) = det(A)Tr(A−1X).

To prove this, first note that

A+ tX = A(I + tA−1X) = AetA
−1X + o(t).

Thus, by smoothness of det,

det(A+ tX) = det(AetA
−1X) + o(t) = det(A)det(etA

−1X) + o(t).

Now, if Y is a diagonalizable matrix Y = P−1DP , then we have

det(eY ) = det(eP
−1DP ) = det(P−1eDP )

= det(eD) = eD11 · · · eDnn = eTr(D) = eTr(P−1DP ) = eTr (Y ).

Since the set of diagonalizable matrices is dense, and det and Tr are continuous, it follows
that the identity det(eY ) = eTr(Y ) holds for all matrices Y . Thus, w ehave

det(A+ tY ) = det(A)etTr(tA−1X).

Taking the derivative now gives

D(det)A(X) =
d

dt

∣∣∣∣
0

det(A+ tX) = det(A)Tr(A−1X).

For any A ∈ GLn, so that det(A) = 1, we therefore have D(det)A(X) = Tr(A−1X).
This linear map is clearly surjective: for any real or complex number c,D(det)A(cA/n) =
Tr(A−1Ac/n) = c/n · Tr(I) = c. Thus, SLn is a regular level set of the smooth function
det, and so it is an embedded submanifold of GLn of codimension 1 in the real case .
Thus, is a Lie group of dimension n2−1 in the real case and 2n2−2 in the complex case.

(4) The orthogonal group On = On(R) and unitary group Un = Un(C) are the groups of
R-linear / C-linear isometries of Rn / Cn. In particular, this means that

On = {Q ∈Mn(R) : Q>Q = I},Un = {U ∈Mn(C) : U∗U = I}.
They are therefore level sets of the smooth functions A 7→ A>A or A 7→ A∗A. Viewing
the range not as the full space Mn by rather the space Ms.a.

n of self-adjoint matrices (X =
X> in the real case,X = X∗ in the complex case), we showed in Example 1.5 that On is a
regular level set; a nearly identical proof shows the same for Un. Since the group operation
is still given by matrix multiplication which is smooth, On and Un are also Lie groups.
Since the codomain Ms.a.

n (R) of the defining function of On has dimension n(n+1)
2

, that’s
the codimension of On; thus dim(On) = n(n−1)

2
. On the other hand, the space Ms.a.

n (C)
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has dimension n2: the upper-triangular entries are all independent complex coordinates,
giving 2 · n(n−1)

2
coordinates, and the diagonal has n independent real coordinates. Thus,

dim(Un) = 2n2 − n2 = n2.

(5) Combining the last two examples: suppose Q ∈ On. Then Q>Q = I , and so 1 =
det(Q>Q) = det(Q)2, meaning det(Q) = ±1. In fact, On has two connected compo-
nents, given by det−1(±1). These components are open subsets. By the homomorphism
property of det, the component of the identity (where detQ = 1) is a subgroup. It is
called the special orthogonal group SOn. As an open subgroup, it has the same dimen-
sion as On.

The complex case is different: the same argument shows that, for U ∈ Un, | detU | =
1, so in fact det : Un → S1. Now one can use the same argument we did in the case
of SLn to see that det is full rank onto the circle, and thus the subgroup SUn = {U ∈
Un : detU = 1} is an embedded submanifold of codimension 1. Thus SUn is a Lie group
of dimension n2 − 1.

(6) We can generalize the construction of On by taking a different inner product. Any inner
product on Rn has the form 〈x, y〉 = x>Ay for some positive definite matrix A; then
we might define OA

n to be the set of matrices Q with Q>AQ = A (which is the same
as requiring Q to be a linear isometry of the inner product given by A). All the same
arguments show this is a Lie group; in fact, it is the image of On under the map Q 7→
A−1/2QA1/2, which gives (as we’ll discuss below) a Lie group isomorphism.

But we could also take a matrix A that is not positive definite. If A is degenerate, the
resulting object will not be a manifold. But we could take a non-degenerate antisymmetric
A. The canonical example is to work in even dimension and take J ∈M2n:

J =

[
0 I
−I 0

]
.

The symplectic group Sp(n,R) is the set of matrices A ∈ M2n such that A>JA = J .
We could also do this over C, noting that in this case we still have to take > and not ∗, to
give Sp(n,C). Arguments just like those for On show that these are Lie groups. The same
computations as in the previous example show that, if A ∈ Sp(n), then detA = ±1. It
is less obvious, but not too hard to show, that detA = 1 always. So there is no “special
symplectic group” – it’s already special enough!

Note: some authors use the notation Sp(n) to refer to the compact symplectic group,
which is (in our notation) Sp(n,C) ∩ U2n(C).

(7) The Heisenberg group Hn(R) is the subgroup of GLn(R) consisting of matrices of the
form I + T where T is a strictly upper-triangular matrix. It is easy to see this is a mani-
fold: its n(n−1)

2
upper-triangular entries are global coordinates making it isomorphic as a

manifold to Rn(n−1)/2. It is therefore a Lie group since (as usual) matrix multiplication is
smooth. Sometimes “Heisenberg group” refers to just H3(R), which is deeply connected
to quantum mechanics (as we’ll explore a little later).

(8) The Euclidean group E(n,R) is the set of bijections of Rn that preserve the Euclidean
distance. So On ⊂ E(n,R), but they are not equal: for example, the translation map
Tx(y) = y + x is in E(n,R). It is a theorem that this covers everything: every element of
E(n,R) can be written uniquely in the form TxQ for some translation Tx and orthogonal
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map Q. By writing out how the product of two such tranformation acts, we see that we
can view E(n,R) as the subgroup of On+1 of elements of the form[

Q x
0 1

]
.

It is then straightforward to build charts for E(n,R) out of any atlas for On, showing
that E(n,R) is a manifold. It is globally isomorphic to On × Rn, and so has dimension
n(n−1)

2
+ n = n(n+1)

2
.

We can also build new examples as products of old ones:

LEMMA 11.6. If G1, . . . , Gk are Lie groups, so is their product G1 × · · · × Gk (given the
manifold structure and group structure of the product).

This is easy to check. For example, since S1 ∼= SO2 is a Lie group, so is the torus Tn = (S1)n.
Note: the final example above E(n,R) is not On × Rn as a Lie group. As a manifold, this is true,
but the group structure is different. In fact it is a semidirect product, as we’ll discuss soon. First
we need to discuss the morphisms in the category of Lie groups.

2. Lie Group Homomorphisms

DEFINITION 11.7. Let G,H be Lie groups. A Lie group homomorphism is a smooth map
F : G → H that is also a group homomorphism. a Lie group isomorphism is a Lie group
homomorphism that is also a diffeomorphism; hence, its inverse is also a Lie group isomorphism.
If there exists a Lie group isomorphism G → H , we say G and H are isomorphic as Lie groups.
A Lie group isomorphism from G to itself is called a Lie group automorphism.

The map F : On × Rn → E(n,R) given by (Q, x) 7→ TxQ is a diffeomorphism (as the matrix
representation above shows), but it is not a group homomorphism; so, although these two groups
are diffeomorphic as manifolds, they are not isomorphic as Lie groups. (To be clear: we have
not shown that they are not isomorphic, we have only shown that this diffeomorphism is not an
isomorphism. In fact, they are not isomorphic, as we’ll prove later.)

EXAMPLE 11.8. Here are some examples of Lie group homomorphisms.
(1) If H ⊆ G is an embedded Lie subgroup, then the inclusion H ↪→ G is a Lie group

homomorphism. Examples 11.5(2-6) are all embedded Lie subgroups of GLn, and so
their inclusions are all Lie group homomorphisms.

(2) The exponential map exp: R → R∗ or exp: C → C∗ is a homomorphism: it is a ho-
momorphism of groups (with the additive group structure on R,C and the multiplicative
ones on R∗,C∗), and it is smooth, so it is a Lie group homomorphism. It is also injective.
It is not surjective, however: its image is equal to R+ = (0,∞). In fact, exp: R→ R+ is
a Lie group isomorphism, since it has an inverse log : R+ → R which is also smooth. In
the complex case, the exponential map is surjective but not injective: its kernel is 2πiZ.

(3) The map ε : R→ S1 given by ε(t) = exp(2πit) is a surjective Lie group homomorphism,
whose kernel is Z. Similarly, εn : Rn → Tn is a Lie group homomorphism whose kernel
is the integer lattice Zn.

(4) The determinant det : GLn(F) → F with F ∈ {R,C} (additive groups) is a Lie group
homomorphism – it is smooth because it is a polynomial in the entries. It is never an
isomorphism if n > 1, of course.
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(5) LetG be a Lie group, and let g ∈ G. The inner automorphism ofG is the map Cg : G→
G given by Cg(h) = ghg−1 (conjugation by g). Because multiplication and inversion are
smooth, Cg is smooth; inner automorphisms are group isomorphisms, so this is a Lie
group automorphism. As a reminder: a subgroup H is called normal if Cg(H) = H for
all g ∈ G.

Lie group homomorphisms are the best kind of smooth maps: they have constant rank.

THEOREM 11.9. Every Lie group homomorphism has constant rank.

PROOF. Let G,H be Lie groups, and let F : G→ H be a Lie group homomorphism. Let g0 ∈
G, and denote the identity of G as eG (and the identity of H as eH). Since F is a homomorphism,
we have, for all g ∈ G,

F (Lg0(g)) = F (g0g) = F (g0)F (g) = LF (g0)(F (g)).

That is: F ◦ Lg0 = LF (g0) ◦ F . Taking differentials of both sides at the identity, the chain rule then
tells us

dFg0 ◦ d(Lg0)eG = d(LF (g0))eH ◦ dFeG .
Since Lg0 and LF (g0) are diffeomorphisms, their differentials at any points are isomorphisms. It
follows therefore that dFg0 has the same rank as dFeG . As this holds true for any g0, we see that
dFg0 has constant rank. �

A corollary is that the relation between “Lie group homomorphism” and “Lie group isomor-
phism” is the same as the relation between “group homomorphism” and “group isomorphism”: it
is just a question of being a bijections.

COROLLARY 11.10. A Lie group homomorphism is a Lie group isomorphism iff it is a bijection.

PROOF. The ‘only if’ direction is in the definition of isomorphism. For the ‘if’ direction, we
apply the Global Rank Theorem 9.10: since the Lie group homomorphism is constant rank, if it is
a bijection, it is therefore a diffeomorphism, hence a Lie group isomorphism. �

3. Lie Subgroups

As we saw in Lemma 11.4, if H ⊆ G is a subgroup that is also an embedded submanifold,
then it is a Lie group in its own right. The simplest such example is an open subgroup. However,
the group structure poses serious restrictions on what kind of open submanifolds are subgroups.

LEMMA 11.11. Let H ⊆ G be an open subgroup of a Lie group. Then H is an embedded Lie
subroup. In addition, H is closed, and so it is a union of connected components of G.

PROOF. Any open submanifold is embedded, and so the first statement follows from Lemma
11.4. Now, for any g ∈ G, the left coset gH = {gh : h ∈ H} = Lg(H) is open, since it is the
image of the open set H under the diffeomorphism Lg. The cosets of any group are all disjoint,
and so G \ H is the union of all cosets excluding H itself. Thus G \ H is a union of open sets,
so is open, and thus H is closed. Therefore H is clopen, and hence it is a union of connected
components. �

In fact, the components of a Lie group are all diffeomorphic. To prove this, we first study the
component containing eG.

PROPOSITION 11.12. Let G be a Lie group, and let W ⊆ G be a neighborhood of G.



3. LIE SUBGROUPS 165

(a) The subgroup of G generated by W is open.
(b) IfW is connected, the subgroup generated byW is a connected, the subgroup it generates

is connected.
(c) If G is connected, then W generates G.

Note: the subgroup generated by W is the smallest subgroup containing W . Alternatively, it
can be described as the set of all finite words in elements in W ∪W−1, as can be readily verified.

PROOF. Let W ⊆ G be a neighborhood of the identity, and let H be the subgroup it generates.
For k ∈ N, let Hk denote the set of all elements of G that are equal to a product of k or fewer
elements from W ∪W−1; so H =

⋃
kHk. Now, W−1 = inv(W ) is the image of the open set W

under a diffeomorphism, so it is open. Hence H1 = W ∪W−1 is open. For each k > 1, note that

Hk = H1Hk−1 =
⋃
g∈H1

Lg(Hk−1).

Proceeding by induction, once we’ve shown Hk−1 is open, its image under the diffeomorphism
Lg is open, and so Hk is a union of open sets, hence is open. Thus, Hk is open for each k, and
therefore its union H is open, proving (a).

Now, suppose W is connected. Then so is W−1 (since it is the image of a connected set under
a diffeomorphism). Then H1 = W ∪ W−1 is the union of two connected sets that intersect (at
eG), hence H1 is connected. Now we proceed by induction again: suppose we’ve shown Hk−1

is connected. Then the Cartesion product H1 × Hk−1 is connected, and so Hk = H1Hk−1 =
m(H1×Hk−1) is connected since it is the image of a connected set under a continuous map. Thus,
Hk is connected for all k. Finally, this shows H =

⋃
kHk is connected, sicne all Hk intersect at

eG, proving (b).
Item (c) now follows from Lemma 11.11: since H is an open subgroup, it is also closed, and

hence if G is connected and eG ∈ H 6= ∅, H = G. �

The connected component of G that contains eG is called the identity component, and is often
denoted G0. Item (b) above thus says that any connected neighborhood of G generates the identity
component of G. In fact, we can say more.

COROLLARY 11.13. Let G be a Lie group and let G0 be its identity component. Then G0 is a
normal subgroup of G, and is the only connected open subgroup. Every connected component of
G is diffeomorphic to G0.

The proof is left as a homework exercise.
A good way to generate Lie groups is via the image and kernel of a Lie group homomorphism.

PROPOSITION 11.14. Let G,H be Lie groups, and let F : G → H be a Lie group homomor-
phism. Then the kernel kerF = F−1(eH) ⊆ G is an embedded Lie subgroup whose codimension
is the rank of F .

PROOF. This follows immediately from Proposition 9.24 and Theorem 11.9: since F is a Lie
group homomorphism it has constant rank r, and thus the eH-level set kerF is an embedded
submanifold of codimension r. The kernel of a group homomorphism is a group, and so kerF is
an embedded Lie group. �

PROPOSITION 11.15. Let F : G → H be an injective Lie group homomorphism. Then the
image F (G) has a unique smooth structure such that F (G) is a (not necessarily embedded) Lie
subgroup of H , and F : G→ F (G) is a Lie group isomorphism.
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PROOF. Since F has constant rank and is injective, by the global rank Theorem 9.10 it is an
injective immersion. Hence, by Theorem 9.18, F is a local smooth embedding, and this defines the
topology and smooth structure on F (G) since F is injective. It is clear this is the unique smooth
structure for which F is a diffeomorphism onto its image. Since F is an immersion, this makes
F (G) into an immersed submanifold. The image of a group under a homomorphism is a group,
and the group multiplication is inherited from H so is smooth, cf. Proposition 9.31. Hence F (G)
is a Lie group. Since F is a group homomorphism and a bijection G → F (G), it follows from
Corollary 11.10 that it is a Lie group isomorphism. �

EXAMPLE 11.16. (1) With Proposition 11.14 in hand, we didn’t need to work so hard to
show SLn is a Lie group. Note that SLn(F) = ker(det : GLn(F)→ F∗) with F ∈ {R,C},
and since det is a Lie group homomorphism, it follows that SLn(F) is an embedded
Lie subgroup. Similarly, SOn(F) and SUn(C) are kernels of the restrictions of det to
On(F)→ F∗ and Un(C)→ C∗.

(2) Consider the map β : GLn(C)→ GL2n(R) defined by replacing each complex entry a+ib
with its representation as a 2× 2 real matrx

[
a −b
b a

]
. It is straightforward to verify that β is

an injective Lie group homomorphism, and thus we can identify GLn(C) as a Lie sugroup
of GL2n(R). Moreover, it is also easy to check that the image is, in this case, an embedded
submanifold (the 2 × 2 blocks gives us slice charts). Note: β arises nauturally from the
identification of (x1 + iy1, . . . , xn + iyn) ∈ Cn with (x1, y1, . . . , x

n, yn) ∈ R2n.

(3) Define α : R → T2 by α(t) = (e2πit, e2πiat) for some irrational a. Then α is a Lie group
homomorphism and is injective (cf. Example 9.12), and so its image is an immersed Lie
sugroup. But the image is dense, and so it is definitely not an embedded Lie subgroup.
The closure of the image is all of T2, of course, which is an embedded Lie subgroup.
In fact, we could have considered a boosting of this example: γ : R → T2 given by
γ(t) = (α(t), 1); then the image is an immersed Lie sugroup whose closure is T2 ⊂ T3,
an embedded Lie subgroup. This is the generic situation: if S ⊆ G is any Lie subgroup,
then its closure is an embedded Lie subgroup.

4. Smooth Group Actions

Let G be a group and let M be a set. A left action of G on M is a map θ : G ×M → M ,
usually written as θ(g, p) = θg(p) = g · p, which satisfies the following two group laws:

g1 · (g2 · p) = (g1g2) · p, for all g1, g2 ∈ G and p ∈M , and
eG · p = p for all p ∈M .

Written in terms of the notation θg, these say θg1 ◦ θg2 = θg1g2 and θeG = IdM . We may also talk
about right actions, where θg2◦θg1 = θg1g2 , better understood in the notation (p·g1)·g2 = p·(g1g2).
Note, if θ is a left action, then φ(g, p) = θ(g−1, p) is a right action, and vice versa. Note also that
θg is a bijection for each g, since by the group law it has inverse θg−1 .

Now, let G be a Lie group and let M be a smooth manifold; we call an action θ : G×M →M
a smooth action if the map θ is smooth. In this case, θg is a diffeomorphism for each g ∈ G.

Here is some standard notation for group actions. (We work here with left actions, but of course
the comparable terminology applies to right actions.)

• For p ∈M , the orbit of p is the set G · p = {g · p : g ∈ G}.
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• For p ∈ M , the stabilizer of p, also called the isotropy group of p is the set Gp = {g ∈
G : g ·p = p}. That is, it is the set of group elements that fix p. Note thatGp is a subgroup.
• An action is said to be transitive if there is only one orbit, containing all elements of
M . In other words, it is transitive if, for each pair p, q ∈ M , there is some g ∈ G with
g · p = q.
• An action is said to be free if all stabilizers are trivial: Gp = {eG} for all p. In other

words, only the group unit fixes any element.

Here are some basic and important examples of smooth actions of Lie groups.

EXAMPLE 11.17. (a) If G is any Lie group and M is any smooth manifold, the trivial
action of G on M is defined by g · p = p for all g ∈ G, p ∈M . It is smooth (θ is just the
projection map G×M →M ); each orbit is a single point, and the isotropy group of each
point is all of G.

(b) Let G ⊆ GL(n,R) be any Lie subgroup of a general linear group. It acts on Rn (viewed
as column vectors) by matrix multiplication: A · x = Ax ∈ Rn. It is a smooth action: its
components are polynomials in the entries. Note that A · 0 = 0 for all A, so the stabilizer
of 0 is all ofG, and the orbit of 0 is just {0}. IfG = GL(n,R), then there is only one other
orbit: for any two non-zero vectors x, y, there is some invertible matrix A with Ax = y.
For subgroups, it can be more interesting. For example, if G = O(n,R), then there exists
Q ∈ G with Qx = y if and only if |x| = |y|, and so the orbits of Q are spheres centered at
0. In general, stabilizers are intersections of G with affine spaces: the condition Ax = x
is the same as (A− I)x = 0, meaning that the matrix A− I has rows in x⊥.

(c) Every Lie group G acts smoothly on itself by left translation Lg : G→ G. Given g1, g2 ∈
G, there is a unique element g ∈ G with g · g1 = g2 (namely g = g2g

−1
1 ); this shows

that the action is transitive and free. We may also consider the restriction of this to a Lie
subgroup L : H×G→ G with H ⊆ G. The action is still free: h · g = g implies h = eH ;
but it is not transitive unless H = G. (Indeed: if H acts transitively, then for any g ∈ G
there is some h ∈ H for which h · eG = g; but h · eG = h, so g ∈ H .)

(d) Every Lie group acts smoothly on itself by conjugation g · h = ghg−1. (Written this way
yields a left action.) The orbits of this action are called the conjugacy classes of G. The
stabilizer of h is the commutator of h: Gh = {g ∈ G : gh = hg}.

(e) A sub-example of (d): let G = U(n) act on itself by conjugation. Since unitary matrices
are normal, by the spectral theorem, every unitary matrix V can be unitarily diagonalized:
V = UDU−1 for some diagonal matrixD and UinU(n). SinceD = U−1V U is a product
of unitary matrices, it too is unitary, meaning D∗D = I . But since D is diagonal, this
implies that all the diagonal entries djj satisfy |djj|2 = 1. In other words, the diagonal
entries are in the unit circle (i.e. the eigenvalues of a unitary matrix are in the unit circle).
Hence, the conjugacy classes of U(n) correspond to diagonal matrices with entries on
the unit circle (a set which can be identified with the n-dimensional torus Tn). Note,
however, that these conjugacy classes are not all distinct: if µ = (µ1, . . . , µn) and λ =
(λ1, . . . , λn) are two vectors in Tn, and if they are permutations of each other, µj = λσ(j)

for some σ ∈ Sn, then if Dµ and Dλ are the associated diagonal matrices, we have
Dµ = SσDλSσ−1 , where Sσ is the permutation matrix associates to σ (meaning that it
has exactly one non-zero entry in each column, a 1, and in the jth column the 1 is in
position σ(j)). Since Sσ ∈ U(n), this shows that Dµ and Dλ are in the same conjugacy
class. On the other hand, if two normal matrices are conjugate to each other by a unitary
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matrix then they have the same eigenvalues, and so the conjugacy classes of U(n) are in
one-to-one correspondence with points in Tn whose arguments increase in [0, 2π) in their
components.

Group actions allow is to impart some nice properties of Lie groups to the manifolds they act
on. This can be described through a property called equivariance.

DEFINITION 11.18. Let M,N be smooth manifolds, and let F : M → N be a smooth map.
Suppose thatM,N both possess smooth (left) actions by some Lie groupG. We call F equivariant
under the actions of G if

F (g · p) = g · F (p), for all g ∈ G, p ∈M.

This is often expressed as a commutative diagram:

M
F //

g·
��

N

g·
��

M
F
// N

We equivalently say that F intertwines the actions of G on M and N .

EXAMPLE 11.19. Let v = (v1, . . . , vn) ∈ Rn be a fixed nonzero vector. Define actions of R
on Rn and Tn as follows: for t ∈ R,

t · (x1, . . . , xn) = (x1 + tv1, . . . , xn + tvn), (x1, . . . , xn) ∈ Rn

t · (z1, . . . , zn) = (e2πitv1z1, . . . , e2πitvnzn), (z1, . . . , zn) ∈ Tn.

Let εn : Rn → Tn be the usual covering map εn(x1, . . . , xn) = (e2πix1 , . . . , e2πixn). Then it is easy
to verify that εn is equivariant under these actions.

EXAMPLE 11.20. Let F : GL(n,R) → Mn(R) be the defining map of the orthogonal group:
F (A) = A>A. Define (right) actions of GL(n,R) on the domain and codomain of F as follows:
for the domain, GL(n,R) acts transitively by right multiplication on itself; for the codomain, define
the right action X ·B = B>XB for B ∈ GL(n,R) and X ∈Mn(R). Then we have

F (A ·B) = F (AB) = (AB)>(AB) = B>A>AB = B>F (A)B = F (A) ·B
and so F is equivariant for these two actions.

We know (cf. Theorem 11.9) that all Lie group homomorphisms have constant rank. This
property extends to the much wider class of equivariant maps (under transitive actions).

THEOREM 11.21 (Equivariant Rank Theorem). Let F : M → N be a smooth map between
manifolds. Let G be a Lie group that acts smoothly on both M and N , and suppose the action on
M is transitive. If F is equivariant with respect to these actions, then F has constant rank.

PROOF. Denote the action on M by θ and the action on N by φ. Let p, q ∈ M . By the
transitivity assumption, there is some g ∈ Gwith θg(p) = q. The equivariance of F is the statement
that F ◦ θg = φg ◦ F for all g. We now apply the chain rule at the point p: dFq ◦ (dθg)p =
(dφg)F (p) ◦ dFp. Since θg and φg are diffeomorphisms, the differentials (dθg)p and (dφg)F (p) are
linear isomorphisms, and it follows that dFp and dFq have the same rank. �

Of course, the same applies to right actions.
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EXAMPLE 11.22. Returning to Example 11.20, the two smooth actions of GL(n,R) there
were intertwined by F (A) = A>A, and since the domain action was transitive, it follows by the
Equivariant Rank Theorem that F has constant rank. Hence, by Proposition 9.24, any level set
F−1(X) of F is an embedded submanifold of GL(n,R). In particular, this gives a very short proof
that O(n,R) = F−1(I) is an embedded submanifold (as we computed more directly above).

Generalizing the previous example, the Equivariant Rank Theorem is a powerful tool for find-
ing embedded submanifolds.

PROPOSITION 11.23. Let θ be a smooth action of a Lie group G on a manifold M . For
each p ∈ M , the orbit map θ(p) : G → M is defined by θ(p)(g) = θg(p) = g · p. Note that
θ(p)(G) = G · p, while (θ(p))−1(p) = Gp. For each p ∈ M , the orbit map has constant rank, and
so the isotropy group Gp is an embedded Lie subgroup of G. If Gp = {e}, then θ(p) is an injective
smooth immersion, and so the orbit G · p is an immersed submanifold of M .

REMARK 11.24. In fact, every orbit of a smooth action is an immersed submanifold, as we
will see later. For now, we only have the tools to prove this when the associated isotropy group is
trivial.

PROOF. The orbit map is smooth since the action θ is smooth. Now, G acts on itself by left
multiplication, and by the definition of group action we have

θ(p)(g · g0) = (g · g0) · p = g · (g0 · p) = g · θ(p)(g0)

showing that θ(p) is equivariant with tespect to the actions of G on G and M . Moreover, the left
multiplication action of G on itself is transitive. Thus, by the Equivariant Rank Theorem, θ(p)

has constant rank. It now follows by Proposition 9.24 that the level set Gp = (θ(p))−1(p) is an
embedded submanifold of G; since it is also a subgroup, it is therefore a Lie subgroup.

Now, suppose Gp = {e}. Then θ(p) is injective: if θ(p)(g) = θ(p)(g′) then g · p = g′ · p
which implies, by the group law, that g−1g′ · p = p, and so g−1g′ ∈ Gp = {e}, so g = g′. By
the Equivariant Rank Theorem and the Global Rank Theorem 9.10, it now follows that θ(p) is an
injective immersion, and so its image G · p is, by definition, an immersed submanifold of M . �

5. Semidirect Products

Smooth actions give us tools to construct many new Lie groups from old ones. Let H,N be
Lie groups, and suppose θ : H ×N → N is a smooth action. Then we know that, for each h ∈ H ,
θh : N → N is a diffeomorphism. If θh is also a group homomorphism, we say that H acts by
automorphisms on N .

DEFINITION 11.25. Let H,N be Lie groups θ : H × N → N be a smooth action by auto-
morphisms. The semidirect product of N,H by θ, denoted N oθ H (or simply N o H if θ is
understood from context) is the smooth manifold N ×H given group operation

(n1, h1)(n2, h2) ≡ (n1θh1(n2), h1h1).

It is immediate to verify that this operation defines a group, with identity element (e, e), and
inverse (n, h)−1 = (θh−1(n−1), h−1). Moreover, since θ is smooth and N,H are Lie groups, it is
also smooth. So N oH is a Lie group.
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EXAMPLE 11.26. Recall the Euclidean group E(n,R) of Example 11.5(8). Let O(n,R) act
on Rn by the natural action O(n,R) × Rn → Rn : (Q, x) 7→ Qx viewing x as a column vector.
We view Rn as an additive Lie group, and so O(n,R) acts by automorphisms (i.e. linear isomor-
phisms). In fact, the group E(n,R) was defined precisely as RnoO(n,R). Letting Ty(v) = v+y,
for any Q ∈ O(n,R) we have QTy(v) = Q(v + y) = Qv +Qy = TQyQv, and so

(x,Q)(y,R) ≡ TxQTyR = TxTQyQR = Tx+QyQR ≡ (x+Qy,QR).

Here are some basic properties of semidirect products.

PROPOSITION 11.27. Let N,H be Lie groups, let θ : H × N → N be a smooth action by
automorphisms, and let G = N oθ H . Let Ñ = N × {e} and H̃ = {e} ×H .

(a) The slices Ñ , H̃ are Lie subgroups of G isomorphic to N,H respectively.
(b) Ñ is a normal subgroup of G.
(c) Ñ ∩ H̃ = {(e, e)}, and ÑH̃ = G.

PROOF. By definition of the group operation, (n1, e)(n2, e) = (n1θe(n2), ee) = (n1n2, e) since
θ is an action so θe(n) = n. Similarly, (e, h1)(e, h2) = (eθh2(e), h1h2) = (ee, h1h2) = (e, h1h2)
since θ acts by automorphisms so θh2(e) = e. The slices are diffeomorphism toN,H as manifolds,
and so they are therefore also isomorphic as groups, proving item (a). For item (b), fix an element
(n0, h0) ∈ G; then for any (n, e) ∈ Ñ , we have

(n0, h0)(n, e)(n0, h0)−1 = (n0θh0(n), h0e)(n0, h0)−1

= (n0θh0(n), h0)(θh−1
0

(n−1
0 ), h−1

0 )

= (n0θh0(n) · θh0(θh−1
0

(n−1
0 )), h0h

−1
0 )

= (n0θh0(n)n−1
0 , e).

Since θ is an action of H on N , the first term is in Ñ , and this shows (n0, h0)Ñ(n0, h0)−1 ⊆ Ñ ,
proving the claim. Finally, for item (c), the first statement is immediate from the definition. For
the secondd, fix (n, h) ∈ G; then we have

(n, h) = (nθe(e), eh) = (n, e)(e, h)

as claimed. �

The decomposition of Proposition 11.27 is its characterizing property, as the following (essen-
tially purely algebraic) proposition demonstrates.

PROPOSITION 11.28. Let G be a Lie group, and let N,H ⊆ G be embedded Lie subgroups
such that N is normal, N ∩ H = {e}, and NH = G. Then the product map m: (n, h) 7→ nh
is a Lie group isomorphism N oθ H → G, where θ : H × N → N is the conjugation action
θh(n) = hnh−1.

PROOF. The action θ is smooth, so N oθ H is a Lie group, as is G. Thus, we need only
show that the map m is a bijective homomorphism. It is onto because NH = G. To see it is a
homomorphism, we note that m(e, e) = e, and we compute

m ((n1, h1) · (n2, h2)) = m(n1θh1(n2), h1h2) = m(n1h1n2h
−1
1 , h1h2) = n1h1n2h

−1
1 h1h2

and this is equal to n1h1n2h2 = m(n1, h1) ·m(n2, h2), as claimed. Finally, let (n0, h0) ∈ ker(m);
then n0h0 = e. Thus h−1

0 = n0, which shows h−1
0 ∈ N ; but N is a subgroup, and so h0 ∈ N . Thus



5. SEMIDIRECT PRODUCTS 171

h0 ∈ H ∩ N = {e}, so h0 = e. Then n0e = e so n0 = e, and so (n0, h0) = (e, e). Thus m has
trivial kernel. Thus it is a group isomorphism, and hence a Lie group isomorphism. �





CHAPTER 12

Invariant Vector Fields and Measures

1. Left-Invariant Vector Fields

Let G be a Lie group. Unlike a general manifold, G has a special point: e. Now, let Xe ∈ TeG
be a vector tangent to the identity. Then the group operations allow us to translate Xe around to
other points: using the diffeomorphism Lg : G → G for g ∈ G, we have (dLg)e : TeG → TgG is
a linear isomorphism. So left multiplication gives us a natural way to identify all tangent spaces
with each other. Tanginbly, we transform Xe to the vector Xg defined by

Xg = (dLg)e(Xe).

So any vector at e can be translated around to any other point. In fact, this defines a vector field,
which most authors call X̃ . This is actually a smooth vector field.

PROPOSITION 12.1. Let G be a Lie group, and let Xe be any vector in TeG, and define the
(rough) vector field X̃ on G by X̃g = (dLg)e(Xe). Then X̃ ∈X (G).

PROOF. Let f ∈ C∞(G). Let α : (−ε, ε) → G be a smooth curve so that α(0) = e and
α̇(0) = Xe. Then by definition, for any g ∈ G,(

X̃(f)
)

(g) = X̃g(f) = (dLg)e(Xe)f = Xe(f ◦ Lg) =
d

dt

∣∣∣∣
t=0

(f ◦ Lg ◦ α)(t).

That is (
X̃(f)

)
(g) =

d

dt

∣∣∣∣
t=0

f(gα(t)).

The function (g, t) 7→ gα(t) is a smooth map G × (−ε, ε) → G, and so its partial derivatives are
smooth. This concludes the proof. �

Thus, we have a map TeG → X (G), given by Xe 7→ X̃ . It is elementary to verify that it is
an R-linear map. Note that X̃e = Xe, and so this map is also clearly injective. It is not, however,
surjective: the space X (G) is infinite-dimensional (if dimG ≥ 1), while TeG is finite-dimensional.
It is easy to see why this map cannot be surjective: the vector field X̃ is left-invariant.

DEFINITION 12.2. Let G be a Lie group. A smooth vector field X ∈ X (G) is called left-
invariant if (Lg)∗(X) = X for all g ∈ G. That is: for all g, g′ ∈ G,

Xg′ = (Lg)∗(X)g′ = d(Lg)(Lg)−1(g′)(X(Lg)−1(g′)).

As (Lg)
−1(g′) = g−1g′, taking h = g−1g′, it is more convenient to write left-invariance as the

condition
Xgh = d(Lg)h(Xh).

In particular, if X is left-invariant, then Xg = d(Lg)e(Xe) = X̃g, and so the vector field X̃
determined by left-translating Xe around is left-invariant.

173
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Denote by X L(G) the set of left-invariant vector fields on G. Given a, b ∈ R, note that
(Lg)∗(aX + bY ) = a(Lg)∗(X) + b(Lg)∗(Y ), it follows that X L(G) is an R-linear subspace of
X L(G). In fact, this subspace is finite-dimensional: it is the image of the map TeG → X (G) in
Proposition 12.1.

COROLLARY 12.3. The map λ : TeG → X L(G) given by Xe 7→ X̃ is an R-linear isomor-
phism.

PROOF. We noted above that X̃ is left-invariant, so λ is well-defined. We showed above that
λ is R-linear and injective, so it only remains to show that it is surjective. Thus, let X ∈ X L(G).
Let V = X̃ = λ(Xe), so Vg = d(Lg)e(Xe). SinceX is left-invariant, we haveXg = d(Lg)e(Xe) =
Vg = λ(Xe)g, i.e. X ∈ λ(TeG). This concludes the proof. �

Hence, X L(G) is finite-dimensional: it is isomorphic, as a vector space, to TeG. One imme-
diate consequence is that Lie groups have global frames.

PROPOSITION 12.4. Any Lie group possesses a left-invariant global smooth frame; hence, it
is parallelizable, and hence orientable.

PROOF. LetG be a Lie group, and fix any basis {E1, . . . , En} of TeG, and let {Ẽ1
g , . . . , Ẽ

n} be
the left-invariant extensions of them (i.e. Ẽj = λ(Ej)). We claim these form a smooth frame. They
are smooth vector fields by Proposition 12.1, so we need only show they are linearly independent
at each point. Let g ∈ G, and suppose c1Ẽ

1
g + · · · + cnẼ

n
g = 0 for some c1, . . . , cn ∈ R. Then

using the isomorphism λ of Corollary 12.3, we have

0 = c1λ(E1) + · · ·+ cnλ(En) = λ(c1E
1 + · · ·+ cnE

n)

and since λ is injective, it follows that c1E
1 + · · · + cnE

n = 0. But {E1, . . . , En} are a basis for
TeG, and so c1 = · · · = cn = 0. Hence, these smooth vector fields form a global smooth frame of
left-invariant vector fields. It follows (by definition) that G is parallelizable. Hence, from Example
10.7, it follows that G is orientable. �

Now, let G be a Lie group and fix any basis {E1, . . . , En} of TeG; let {Ẽ1, . . . , Ẽn} be the
corresponding left-invariant frame. For each g ∈ G, let {ω1|g, . . . , ωn|g} be the dual basis of T ∗gG.
This defines n (rough) covariant vector fields ω1, . . . , ωn. Since Ej are left-invariant, we expect ωj
to also behave well under the group action, and they do: they are preserved under pull back by Lg.
We have

(L∗gωj)h(Ẽ
i
h) = (ωj)Lgh(d(Lg)h(Ẽ

i
h)).

As Ẽi is left-invariant, d(Lg)h(Ẽ
i
h) = Ẽi

gh, and so

(L∗gωj)h(Ẽ
i
h) = (ωj)gh(Ẽ

i
gh) = δij = (ωj)h(Ẽ

i
h).

That is: L∗gωj = ωj . This motivates a definition/lemma.

LEMMA 12.5. Let ω be a (rough) covariant vector field on a Lie groupG. Call ω left-invariant
if L∗gω = ω for each g ∈ G. Any left invariant covariant vector field is a 1-form, ω ∈ Ω1(G); i.e.
it is smooth.
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PROOF. Let Fix a left-invariant frame Ẽ1, . . . , Ẽn onG. Then we may expand anyX ∈X (G)

as X =
∑n

j=1 fjẼ
j for some fj ∈ C∞(G). Thus, for any covariant vector field ω, we have

ω(X)(g) =
n∑
j=1

fj(g)ω(Ẽj)(g).

Now, if ω is left-invariant, since Ẽj is left-invariant, we have

ω(Ẽj)(g) = ωg(Ẽ
j
g) = ωg(d(Lg)e(Ẽ

j
e) = (L∗gω)e(Ẽ

j
e) = ωe(Ẽ

j
e).

That is: these functions are constant. S owe have

ω(X) =
n∑
j=1

ωe(Ẽ
j
e)fj ∈ C∞(G).

Thus ω is smooth. �

Denote the subspace of left-invariant 1-forms as Ω1
L(G). So, if {E1, . . . , E1} is a basis for TeG

and {Ẽ1, . . . , Ẽn} is the corresponding left-invariant frame, then the dual frame {ω1, . . . , ωn} is in
Ω1
L(G)n. This allows us to construct a left-invariant orientation form, which is (up to scale) unique.

(Note: we can extend the definition of left-invariance to k-forms by the same formula L∗gω = ω

for all g ∈ G. We denote the space of such forms as Ωk
L(G). Lemma 12.5 applies equally well to

covariant tensor fields, with virtually the same proof.)

PROPOSITION 12.6. Let G be a Lie group. Then there is a left-invariant orientation form
ϑ ∈ Ωn

L(G), which is unique up to scale. IfG is compact, there is a unique left-invariant orientation
form ϑG with

∫
G
ϑG = 1.

PROOF. Let {E1, . . . , En} be a basis of TeG, let {Ẽ1, . . . , Ẽn} be the associated left-invariant
frame, and let {ω1, . . . , ωn} be the associated left-invariant dual frame as above, and set ϑ =
ω1 ∧ · · · ∧ ωn. By (induction on) Lemma 8.11, we have

L∗gϑ = L∗g(ω1 ∧ · · · ∧ ωn) = L∗gω1 ∧ · · · ∧ L∗gωn = ω1 ∧ · · · ∧ ωn = ϑ

so ϑ is left-invariant. By definition ϑ(Ẽ1, . . . , Ẽn)(g) = 1 for all g ∈ G, which shows that ϑ does
not vanish at any g, so it is an orientation form.

Now, suppose η is another left-invariant orientation form on G. Since dim Λn(T ∗eG) = 1, there
is a constant c ∈ R∗ with ηe = cϑe. Now using left-invariance, for any g ∈ G we have

ηg = L∗g−1ηe = cL∗g−1ϑe = cϑg.

Thus, ϑ is indeed unique up to scale.
Finally, fix any left-invariant orientation form ϑ on G. We use it to give G an orientation. If G

is compact, then ϑ is compactly-supported, and so
∫
G
ϑ is a positive real number (by Proposition

10.15(c)). Hence, we may define

ϑG =
1∫
G
ϑ
ϑ.

Then
∫
G
ϑG = 1, and since any two such forms are related by a scalar multiple, it follows that ϑG

is unique. �
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The left-invariant orienation forms in Proposition 12.6 are called Haar forms. It is more
common to use them to define Haar measure. At least for f ∈ C∞(G), we can define integration
against Haar measure as follows: ∫

G

f(g) dg ≡
∫
G

f ϑG.

(This is uniquely defined ifG is compact; otherwise it requires a choice of scale for the Haar form.)
The point if this is as follows: thinking of f as a 0-form, for any h ∈ G we have

(L∗hf)ϑG = (L∗hf)(L∗hϑG) = L∗h(fϑG)

and so ∫
G

(L∗hf)(g) dg =

∫
G

L∗h(fϑG) =

∫
G

fϑG =

∫
G

f(g) dg

where the second equality follows by Proposition 10.15(d), since Lg is a diffeomorphism which
is orientation preserving (by left-invariance). Note that (L∗hf)(g) = f(hg) – i.e. it is the left-
translation of the argument of f . Thus, Haar measure is translation invariant. For example, on
Rn, the Lebesgue measure(s up to scale) are the Haar measures. That every Lie group posseses a
Haar measure is an important technical tool we will use later. (Note: this holds in greater gener-
ality: on any locally-compact topological group, there is a unique-up-to-scale Haar measure. But
this is much harder to prove without the tools of differential geometry.)

2. Smooth Measures, Density Fields, and Haar Measure

In the preceding section, we noted how to construct left- (and right-)translation invariant mea-
sures, known has Haar measures, on Lie groups, using integration of volume forms. This is really
the only application of differential forms (of rank ≥ 2) in basic Lie theory. Since the development
of differential forms, orientation, and integration of forms on manifolds is a time-consuming sub-
ject, we also include a self-contained section here that constructs Haar measure in a more direct
way, via smooth measures and density fields on manifolds.

2.1. Smooth Measures on Manifolds. For motivation, we begin with the change-of-variables
formula for Lebesgue measure in local charts.

DEFINITION 12.7. Let (U, x) be a chart on a smooth d-dimensional manifoldM . Then x(U) ⊂
Rd possesses a Lebesgue measure mx (whose scale is determined by x). Let dx denote the push-
forward of this measure to U :

dx = x∗µ = mx ◦ x.
(This is a measure because x is a diffeomorphism; i.e. this is really mx ◦ (x−1)−1.) Note that dx is
a Borel measure on U .

LEMMA 12.8. Let (U, x) and (V, y) be charts on a smooth manifold M . Then on U ∩ V ,

dy =
∣∣det[D(y ◦ x−1)]

∣∣ ◦ x dx.
We therefore use the notation ∣∣∣∣∂y∂x

∣∣∣∣ :=
∣∣det[D(y ◦ x−1)]

∣∣ ◦ x
for the Jacobian determinant. Thus |∂y/∂x| is the smooth function on U ∩V with the property that

dy =

∣∣∣∣∂y∂x
∣∣∣∣ dx.
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PROOF. To avoid confusion, let s denote a point in x(U ∩ V ) and let t = y ◦ x−1(s) denote the
corresponding point in y(U ∩ V ). Then by the measure-theoretic change-of-variables theorem, for
a (say) bounded continuous function f on U ∩ V ,∫

U∩V
f dy =

∫
U∩V

(f ◦ y−1) ◦ y d(my ◦ y) =

∫
y(U∩V )

f ◦ y−1(t) dt.

We now apply the change-of-variables formula from multivariate calculus, with the diffeomor-
phism x ◦ y−1 : U ∩ V → U ∩ V , to convert this to∫

y(U∩V )

f ◦ y−1(t) dt =

∫
x(U∩V )

f ◦ x−1(s)
∣∣det[D(y ◦ x−1)](s)

∣∣ ds.
Meanwhile, by definition∫

U∩V
f
∣∣det[D(y ◦ x−1)]

∣∣ ◦ x dx =

∫
U∩V

(f ◦ x−1) ◦ x
∣∣det[D(y ◦ x−1)]

∣∣ ◦ x d(mx ◦ x)

which precisely equals the above expression, again by the measure theoretic change of variables
theorem. �

The presence of the Jacobian determinant of the transition function should be no surprise. It
motivates what kind of invariance we need to build into a global object which we can only access
in local form. Such is life for an “smooth measure” on a manifold.

DEFINITION 12.9. A Radon measure µ on a smooth manifold M is called absolutely contin-
uous if, for each chart (U, x) in an atlas for M , dµ|U � dx. If, in addition, dµ|U/dx ∈ C∞(U)
for each chart, we call µ a smooth measure on M .

In order to construct absolutely continuous (and in particular smooth) measures, they key is the
invariance property of their densities.

LEMMA 12.10. Let µ be a smooth measure on a smooth manifold M . In any chart (U, x),
denote the Radon–Nikodym derivative as

dµ|U
dx

=: ρx : U → R+.

If (V, y) is another chart, then on U ∩ V ,

ρx = ρy
∣∣∣∣∂y∂x

∣∣∣∣ .
PROOF. By definition, we have

ρx dx = dµ = ρy dy on U ∩ V.

By Lemma 12.8, we therefore have

ρx dx = ρy
∣∣∣∣∂y∂x

∣∣∣∣ dx.
Since these two measures are equal on U ∩ V , it follows that ρx = ρy

∣∣ ∂y
∂x

∣∣ a.e. with respect to dx.
The images of ρx and ρy

∣∣ ∂y
∂x

∣∣ under x are smooth, hence continuous, and they are equal a.e. with
respect to Lebesgue measure. It follows that they are equal. �
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(The above proof only required the Radon–Nikodym derivatives to be continuous in all charts;
for our purposes, continuous measures that are not smooth will not be important.)

In fact, the transition-invariance property of the local densities ρx of a smooth measure, cf.
Lemma 12.10, is all that is needed to construct such measures.

THEOREM 12.11. Let M be a smooth manifold. Suppose that, for each chart (U, x) in an atlas
for M , there is a smooth function ρx : U → R+, and suppose that for any pair of charts,

ρx = ρy
∣∣∣∣∂y∂x

∣∣∣∣ .
Then there is a unique smooth measure µ on M such that dµ|U = ρx dx on each chart (U, x).

To prove this, we use the following elementary measure theory lemma.

LEMMA 12.12. Let (M,B) be a measurable space, and let A ⊆ B be a collection of measur-
able sets containing a countable subset {A1, A2, . . .} ⊆ A with M =

⋃
j Aj . For each A ∈ A ,

let µA be a measure on A (with respect to the σ-field BA := {A ∩ B : B ∈ B}). If µA = µA′ on
A ∩A′ for all A,A′ ∈ A , then there is a unique measure µ on (M,B) such that µ|A = µA for all
A ∈ A .

PROOF. We redistribute theAj so they are disjoint: letA′1 = A1 andA′j := Aj\(A1∪· · ·Aj−1)
for j ≥ 2. Then

⋃n
j=1Aj =

⋃n
j=1A

′
j for each n ∈ N, and so

⋃
j A
′
j = M . By construction {A′j}

are disjoint, and A′j ⊆ Aj .
Now, let us first address uniqueness. If µ is such a measure on M , then for any B ∈ B, since

B =
⊔
j B ∩ A′j (disjoint union), we have

µ(B) =
∑
j

µ(B ∩ A′j) =
∑
j

µAj(B ∩ A′j) (12.1)

where the second equality comes from the defining property of µ and the fact that A′j ⊆ Aj . Note
that (12.1) completely defines µ in terms of the given measures µj , demonstrating uniqueness.

For existence, we simply define µ by (12.1). By the disjointness of the A′j it is easily seen
that this defines a measure; we just need to check that µ|A = µA for each A ∈ A . Fixing A, let
B ∈ BA. Then

µ(B) =
∑
j

µAj(B ∩ A′j).

Since B ⊆ A and A′j ⊆ Aj , B ∩ A′j ⊆ A ∩ Aj . By assumption, it therefore follows that µA(B ∩
A′j) = µAj(B ∩ A′j). Thus

µ(B) =
∑
j

µAj(B ∩ A′j) =
∑
k

µA(B ∩ A′j) = µA

(⊔
j

B ∩ A′j

)
= µA(B)

as desired. �

PROOF OF THEOREM 12.11. Let A be the set of all domains of charts in an atlas for M . By
the second countability of M , there is a countable subset of A that covers M (cf. Proposition
1.20). On each chart (U, x), define a measure µx on U by dµx = ρx dx. Then for any two charts
(U, x) and (V, y),

dµx = ρx dx = ρy
∣∣∣∣∂y∂x

∣∣∣∣ dx = ρy dy = dµy
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where the penultimate equality follows from Lemma 12.8. It now follows from Lemma 12.12 that
there is a unique measure µ on M with dµ|U = dµx = ρx dx for each chart (U, x), as claimed.
Moreover, since ρx is smooth by assumption, it follows by definition that µ is a smooth measure.

�

2.2. Smooth Density Fields on Manifolds. We now explore how to construct a global object
on a manifold which gives rise to the local functions ρx in Theorem 12.11 defining a smooth
measure. The idea is to rely, once again, on the change-of-variables theorem from multivariate
calculus, in infinitesimal form: we define a “density” on each tangent space, glued together to
form a global object. The requisite notion from multilinear algebra is as follows.

DEFINITION 12.13. Let V be a real d-dimensional vector space. A density on V is a function
δ : V d → R+ with the property that

δ(Av1, . . . , Avd) = |detA|δ(v1, . . . , vd)

for all v1, . . . , vd ∈ V and A ∈ End(V ).

REMARK 12.14. Without the absolute value around the determinant, this would mirror the
transformation property of a d-form on V . In fact, such a density δ is always the absolute value of
a d-form; as such, there is a unique density up to scale, as we now show.

LEMMA 12.15. Let V be a d-dimensional real vector space, and fix any basis e = {e1, . . . , ed}.
Let {e∗1, . . . , e∗d} denote the dual basis of V ∗. Then

δe(v1, . . . , vd) :=

∣∣∣∣det

([
e∗i (vj)

]d
i,j=1

)∣∣∣∣ (12.2)

defines a non-zero density on V . Moreover, if δ is any density on V , then δ = c · δe where c is the
constant c = δ(e1, . . . , ed).

PROOF. Expanding vj =
∑

k e
∗
k(vj)ek, we have

e∗i (Avj) =
∑
k

e∗k(vj)e
∗
i (Aek).

Letting Sik = e∗i (Aek) and Tkj = e∗k(vj), we therefore have e∗i (Avj) = [ST ]ij . Therefore

δe(Av1, . . . , Avd) =

∣∣∣∣det

([
e∗i (Avj)

]d
i,j=1

)∣∣∣∣ = |det[ST ]| = | detS|| detT |.

By definition, | detT | = δe(v1, . . . , vd). Also, Sik are the components of the matrix of A in the ba-
sis {e1, . . . , ed}; therefore detS = detA. This demonstrates that δe is a density on V . Note, in par-
ticular, that δe(e1, . . . , ed) = 1 (since [e∗i (ej)]

d
i,j=1 is the identity matrix); thus δe(Ae1, . . . , Aed) =

| detA| for any A ∈ End(V ).
Now, let δ be any density on V . Then

δ(Ae1, . . . , Aed) = |detA|r(e1, . . . , ed) = δe(Ae1, . . . , Aed)r(e1, . . . , ed).

Since {e1, . . . , ed} form a basis for V , given any vectors {v1, . . . , vd} in V there is some A ∈
End(V ) such that Aej = vj for 1 ≤ j ≤ d. Thus, we have shown that, for all such d-tuples of
vectors,

δ(v1, . . . , vd) = δ(e1, . . . , ed)δ
e(v1, . . . , vd)

as desired. �
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REMARK 12.16. By scaling only one basis vector, the change of basis matrix is diagonal with
one non-1 entry, having determinant given by that non-1 constant. It therefore follows, by the
uniqueness up to scaling above, that every density has the form (12.2) for some basis of V . (A
further calculation will show that, fixing an inner product on V , the value of the density is the
same for any orthonormal basis; so densities on V are in one-to-one correspondence with inner
products on V .)

We now extend this definition to a global object, gluing together densities at each point.

DEFINITION 12.17. A smooth density field on a smooth d-dimensional manifold M is a func-
tion δ :

⊔
p∈M(TpM)d → R+ with the following properties:

(1) For each p ∈M , δp : (TpM)d → R+ is a density on TpM .
(2) If U ⊆ M is open and X1, . . . , Xd ∈ X (U) is a smooth local frame of vector fields on

U , then the function p 7→ δp(X1(p), . . . , Xd(p)) is smooth.

REMARK 12.18. We could construct δ more abstractly as a section of a certain line bundle over
M ; then the smoothness condition would be shown to be equivalent to smoothness as a section,
and therefore also equivalent to the nominally weaker statement that p 7→ δp(X1(p), . . . , Xd(p)) is
smooth for all X1, . . . , Xd ∈X (M).

We could now prove the existence of a multitude of smooth density fields by using a standard
partition of unity argument; in the case we care about, construction of a smooth density field will
be straightforward. The more relevant point for us now is that a smooth density field gives rise to
the local density functions of a smooth measure, as follows.

PROPOSITION 12.19. Let δ be a smooth density field on a smooth manifold M . For any chart
(U, x) on M , define the function ρx : U → R+ by

ρx(p) = δp

(
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xd

∣∣∣∣
p

)
.

Then for any charts (U, x) and (V, y), we have ρx = ρy
∣∣ ∂y
∂x

∣∣ on U ∩ V . Hence, by Theorem 12.11,
δ gives rise to a unique smooth measure µδ on M .

PROOF. This follows from the change of variables for coordinate vector fields, (3.5), which
states that for p ∈ U ∩ V

∂

∂xj

∣∣∣∣
p

=
d∑

k=1

∂yk

∂xj
(x(p))

∂

∂yk

∣∣∣∣
p

=
d∑

k=1

[
[D(y ◦ x−1)](x(p))

]
jk

∂

∂yk

∣∣∣∣
p

. (12.3)

Hence, if A is the linear transformation of TpM defined so that A( ∂
∂yj
|p) = ∂

∂xj
|p for j = 1, . . . , d,

(12.3) says that the matrix of A in the basis { ∂
∂yk
|p}dk=1 is the transpose [D(y ◦ x−1)](x(p))>.

Therefore |detA| = |detA>| = |det [D(y ◦ x−1)](x(p))| = | ∂y
∂x

(p)|. Thus, using the fact that δp is
a density on TpM , we have

ρx(p) = δp

(
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xd

∣∣∣∣
p

)
= δp

(
A

(
∂

∂y1

∣∣∣∣
p

)
, . . . , A

(
∂

∂yd

∣∣∣∣
p

))

= |detA|δp

(
∂

∂y1

∣∣∣∣
p

, . . . ,
∂

∂yd

∣∣∣∣
p

)
=

∣∣∣∣∂y∂x(p)

∣∣∣∣ ρy(p).
�
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Proposition 12.19 shows how to construct a smooth measure from a smooth density field. In
fact, every smooth measure arises this way, and the resulting correspondence between smooth
measures and smooth density fields is a bijection.

THEOREM 12.20. To each smooth measure µ there corresponds a unique smooth density field
δ related to µ as in Proposition 12.19, i.e. µ = µδ. Hence, this yields a bijection between smooth
measures and smooth density fields.

PROOF. Let {(Uj, xj)} be a countable collection of charts on the smooth manifoldM such that⋃
j Uj = M . At each point p ∈ Uj , TpM has { ∂

∂x1j
|p, . . . , ∂

∂xdj
|p} as a basis; let δjp be the density

on TpM determined by this basis, cf. (12.2). It is left as an exercise to check that δj is a smooth
density field on Uj .

By assumption, µ|Uj has a smooth density dµ
dxj

in Uj . Let {ψj} be a partition of unity subordi-
nate to the cover {Uj}. Define

δ =
∑
j

ψj
dµ

dxj
δj. (12.4)

Since ψj is supported inside the open set Uj , and since the partition of unity is locally finite, the
sum is well defined and yields a smooth density field on all of M .

Now, if (V, y) is any chart on M , the local density ρy on V induced by δ is

ρy(p) = δp

(
∂

∂y1

∣∣∣∣
p

, . . . ,
∂

∂yd

∣∣∣∣
p

)
=
∑
j

ψj(p)
dµ

dxj
(p)δjp

(
∂

∂y1

∣∣∣∣
p

, . . . ,
∂

∂yd

∣∣∣∣
p

)
.

Now, for p ∈ U ∩ V , the value of δjp evaluated on the y basis vector fields is, by definition, the
absolute value of the determinant of the matrix whose (k, `)-entry is the kth component of ∂

∂y`
|p in

the xj basis of vector fields. Referring to (12.3) (with the roles of x and y reversed), this matrix is
[D(xj ◦ y−1)] ◦ y(p), and hence the determinant is |∂xj

∂y
(p)|. Hence

ρy(p) =
∑
j

ψj(p)
dµ

dxj
(p)

∣∣∣∣∂xj∂y
(p)

∣∣∣∣ .
But from Lemma 12.8, dµ

dy
= dµ

dxj

∣∣∣∂xj∂y ∣∣∣ on U ∩ V . Thus, for p ∈ U ∩ V ,

ρy(p) =
∑
j

ψj(p)
dµ

dy
(p) =

dµ

dy

where the last equality follows from the partition of unity property. By Theorem 12.11, this shows
thatR induces the smooth measure µ, as claimed. Together with Proposition 12.19, this shows that
there is a bijective correspondence. Between smooth measures and smooth density fields. �

REMARK 12.21. The above proof shows something computationally useful. The sum (12.4)
used to define a density field corresponding to a given smooth measure µ is, a priori, highly depen-
dent on the choice of charts and the partition of unity used. But as the proof shows, with any such
choices, the resulting density field δ yields the original measure µ; and since (by Theorem 12.11
and Proposition 12.19) each smooth measure corresponds to exactly one density field, it follows
that the sum (12.4) actually defines a density field that is independent of the choice of charts and
partition of unity. This will be important in the sequel.
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The last element we need before constructing Haar measure is a global change-of-variables
formula for smooth measures. First we must see how densities push forward under smooth maps.

LEMMA 12.22. LetM andN be smooth manifolds of dimension d, and let F : M → N be a lo-
cal diffeomorphism. Let δ be a smooth density field onN . Define a new functionF ∗δ :

⊔
(TpM)d →

R+ as follows:
(F ∗δ)p(X1, . . . , Xd) = δF (p)(dFp(X1), . . . , dFp(Xd)).

Then F ∗δ is a smooth density field on M .

PROOF. Let (X1, . . . , Xd) be a local frame of smooth vector fields on an open subset U in M .
Since F is a local diffeomorphism, it is an open map, and dFp : TpM → TF (p)N is an isomorphism
for each p; hence (dFp(X1|p), . . . , dFp(Xd|p)) is a frame on the open set F (U) in N . The vector
fields are also smooth: if f ∈ C∞(N), then f ◦ F ∈ C∞(M), and so

p 7→ dFp(Xj|p)(f) = Xj|p(f ◦ F ) is smooth.

This verifies item (2) in Definition 12.17 of a smooth density field; we must now verify that (F ∗δ)p
is a density on TpM for each p ∈M .

Let p ∈ M and fix A ∈ End(TpM). We use the isomorphism dFp : TpM → TF (p)N to
conjugate A to produce an endomorphism A′ of TF (p)N :

A′ = dFp ◦ A ◦ dF−1
p ∈ End(TF (p)N).

Note that dFp ◦ A = A′ ◦ dFp. Thus, for X1, . . . , Xd ∈ TpM ,

(F ∗δ)p(A(X1), . . . , A(Xd)) = δF (p)(dFpA(X1), . . . , dFpA(Xd))

= δF (p)(A
′dFp(X1), . . . , A′dFp(Xd))

= |detA′|δF (p)(dFp(X1), . . . , dFp(Xd))

= |detA|(F ∗δ)p(X1, . . . , Xd).

In the last equality, detA′ = detA because A and A′ are conjugate by an isomorphism. This
verifies item (1) in Definition 12.17, and concludes the proof. �

REMARK 12.23. The proof of the transformation property above does not require F to be a
diffeomorphism, just smooth. But smoothness can fail at points p where dFp is not surjective; at
such points (F ∗δ)p ≡ 0, allowing the determinant to change sign, introducing a cusp due to the
absolute value.

We now come to the change-of-variables theorem for smooth measures / smooth density fields.

THEOREM 12.24. Let M and N be smooth d-dimensional manifolds, and let F : M → N
be a diffeomorphism. Let δ be a smooth density field on M , and let µδ be the associated smooth
measure. Then the push-forward F∗µδ is a smooth measure on N , and its density is (F−1)∗δ. In
other words: for f ∈ Cc(M),∫

M

fdµδ =

∫
N

f ◦ F−1 d(F∗µδ) =

∫
N

f ◦ F−1dµ(F−1)∗δ.

PROOF. We will prove the equivalent statement (reversing the roles ofM andN , thus replacing
F−1 with F ) that if δ is a smooth density field on N , then for f ∈ Cc(N)∫

M

f ◦ F dµF ∗δ =

∫
N

f dµδ. (12.5)
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To evaluate the integrals on the two sides, we will use (12.4); as spelled out in Remark 12.21, this
is well-defined independent of which choice of charts and partition of unity is used. Thus we will
choose different charts and partitions of unity on the two sides to aid in the proof.

Fix a countable family {(Uj, xj)} of charts covering N , and a subordinate partition of unity
{ψj}. Then ∫

N

f dµδ =
∑
j

∫
Uj

fψjρ
xj dxj (12.6)

where for q ∈ Uj , ρxj(q) = δq

(
∂
∂x1j
|q, . . . , ∂

∂xdj
|q
)

.

Now, for each chart (Uj, xj), let Vj = F−1(Uj) and yj = xj ◦F ; then {ψj ◦F} is a partition of
unity subordinate to the {Vj}. So we may compute the integral on the left-hand-side of (12.5) as∫

M

f ◦ F dµF ∗δ =
∑
j

∫
Vj

(f ◦ F )(ψj ◦ F ) (F ∗ρ)yj dyj

where, for p ∈ Vj , (F ∗ρ)yj(p) = (F ∗δ)p

(
∂
∂y1j
|p, . . . , ∂

∂ydj
|p
)

. From the definition,

(F ∗δ)p

 ∂

∂y1
j

∣∣∣∣
p

, . . . ,
∂

∂ydj

∣∣∣∣∣
p

 = δF (p)

dFp( ∂

∂y1
j

∣∣∣∣
p

)
, . . . , dFp

 ∂

∂ydj

∣∣∣∣∣
p

 .

It follows immediately from Proposition 3.17 that dFp( ∂
∂ykj
|p) = ∂

∂xkj
|F (p) (note that the roles of x

and y are reversed here from that Proposition). Hence

(F ∗ρ)yj(p) = δF (p)

 ∂

∂x1
j

∣∣∣∣
F (p)

, . . . ,
∂

∂xdj

∣∣∣∣∣
F (p)

 = ρxj(F (p)).

Finally, since yj = xj ◦ F , we have dyj = (F−1)∗(dxj), and so in total∫
M

f ◦ FdµF ∗δ =
∑
j

∫
F−1(Uj)

(f ◦ F )(ψj ◦ F )(ρxj ◦ F ) (F−1)∗(dxj).

Applying the measure theoretic change of variables formula, this becomes the right-hand-side of
(12.6), thus proving (12.5), concluding the proof. �

2.3. Haar Measure. We will now construct two smooth measures on each Lie group that are
invariant under (left and right) translations by group elements. These are the Haar measures
on the group. Appealing to Theorem 12.20, it suffices to construct a smooth density field with
appropriate invariance properties.

DEFINITION 12.25. Let G be a Lie group. Fix any non-zero density δe on its tangent space at
the identity TeG. Define two functions

δL :
⊔
g∈G

TgG→ R+ and δR :
⊔
g∈G

TgG→ R+
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as follows: for g ∈ G and X1, . . . , Xd ∈ TgG, the vectors dLg−1|g(X1), . . . , dLg−1|g(Xd) and
dRg−1|g(X1), . . . , dRg−1|g(Xd) are in TeG. Set

δLg (X1, . . . , Xd) := δe (dLg−1|g(X1), . . . , dLg−1|g(Xd))

δRg (X1, . . . , Xd) := δe (dRg−1|g(X1), . . . , dRg−1 |g(Xd)) .

PROPOSITION 12.26. The functions δL, δR in Definition 12.25 are smooth density fields on G.

PROOF. The proof here is very similar to the proof of Lemma 12.22, with the added wrinkle
that the diffeomorphism F being applied here is F = Lg or F = Rg which also depends on the
variable g of the putative density field. We will go through the details again, to prove that δL is
a smooth density field; the proof for δR is completely analogous. Let U ⊆ M be open, and let
X1, . . . , Xd ∈X (U) be a smooth local frame of vector fields. For each g and j,

dLg−1|g(Xj(g))

is a vector in TeG; its action on a test function f ∈ C∞(G) is

[dLg−1|g(X1(g))](f) = [Xj(g)](f ◦ Lg−1).

The two-variable function (g, h) 7→ f ◦ Lg−1(h) = f(g−1h) is smooth, owing to the smoothness
of group multiplication, and the smoothness of f . A calculation in local coordinates then shows
that g 7→ [Xj(g)](f ◦ Lg−1) is smooth on U (see the proof of Lemma 5.23). This shows that
dLg−1|g(Xj(g)) are smooth TeG-valued functions. It follows that, for any basis {ei}di=1 of TeG,
the matrix-valued function

g 7→ [e∗i (dLg−1|g(Xj(g))]di,j=1

is smooth, and of full-rank for all g (since theXj(g) are a basis at each point, and dLg−1|g is a linear
isomorphism for each g). Thus, the absolute value of its determinant is a smooth function. Since
the chosen density δe has this form for some basis {ej} (cf. Lemma 12.15 and Remark 12.16), we
conclude that δ satisfies the smoothness condition in Definition 12.17 of a smooth density field.
Hence, it remains to show that δLg is a density on TgG for each g ∈ G; but this is exactly proved in
the second half of the proof of Lemma 12.22, with F = Lg−1 and p = e.

�

This finally brings us to the Haar measures.

THEOREM 12.27. Let G be a Lie group. There are smooth positive measures λL and λR on G
that are left and right translation invariant:

(Lg)∗λ
L = λL and (Rg)∗λ

R = λR for all g ∈ G.
They are called the (left and right) Haar measures on G. Any two left Haar measures are scalar
multiples of each other, and the same holds for any two right Haar measures.

PROOF. We work with left Haar measure here; the case for right Haar measure is analogous.
Let δL be a left-invariant density field on G, cf. Definition 12.25 and Proposition 12.26. By Propo-
sition 12.19, there is a unique smooth measure λL = µδL on G corresponding to the density field
δL. If g ∈ G, then since Lg is a diffeomorphism of G, by the change of variables Theorem 12.24,

(Lg)∗λ
L = (Lg)∗µδL = µ(Lg)−1

∗ δL .

But δL was designed to be left-invariant. That is: since (Lg)
−1 = Lg−1 , for any h ∈ G and

X1, . . . , Xd ∈ ThG, from Lemma 12.22 we have(
(Lg−1)∗δL

)
h

(X1, . . . , Xd) = δLg−1(h)(dLg−1|h(X1), . . . , dLg−1 |h(Xd)).
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By definition of δL, this is equal to

δe(dL(g−1h)−1|g−1h ◦ dLg−1 |h(X1), . . . , dL(g−1h)−1|g−1h ◦ dLg−1 |h(Xd)).

By the chain rule,

dL(g−1h)−1|g−1h ◦ dLg−1|h = dLh−1g|g−1h ◦ dLg−1|h = d(Lh−1g ◦ Lg−1)|h.

But La ◦ Lb = Lab, and so Lh−1g ◦ Lg−1 = Lh−1 . The upshot is therefore that(
(Lg−1)∗δL

)
h

(X1, . . . , Xd) = δe(dLh−1 |h(X1), . . . , dLh−1|h(Xd)) = δLh (X1, . . . , Xd).

That is: (Lg−1)∗δL = δL, as expected. Thus (Lg)∗λ
L = µδL = λL as claimed.

Now, suppose µ is another left-invariant smooth measure onG. Since µ is smooth, by Theorem
12.20 it has a smooth density, µ = µδ for some smooth density field δ. By assumption µ is left-
invariant, so (Lg)∗µ = µ for any g ∈ G. Again by the change of variables Theorem 12.24, µδ =
(Lg)∗µδ = µ(Lg−1 )∗δ. By the bijective correspondence between smooth measures and densities, it

follows that δ = (Lg−1)∗δ for all g ∈ G. In particular, that means that, for X1, . . . , Xd ∈ TgG,

δg(X1, . . . , Xd) =
(
(Lg−1)∗δ

)
g

(X1, . . . , Xd) = δg−1g(dLg−1(X1), . . . , dLg−1(Xd)).

In other words: δ = δ
L

starting with a (potentially different) density δe on TeG. But by Lemma
12.15, there is a constant c so that δe = c · δe, and backtracking, we find therefore that µ = c · λL,
as claimed. �

REMARK 12.28. The proof above shows that there is a unique up to scale smooth left (resp.
right) Haar measure. It does not preclude the possibility that there could be another non-smooth
left- (resp. right-)invariant measure on the group. However, this is not the case, as the following
clever exercise due to Terry Tao demonstrates.

EXERCISE 12.28.1. Let λ and ν be two left-invariant measures on a Lie group G. Since
λ � λ + µ, there is a Radon-Nikodym derivative f = dλ

d(λ+µ)
. Show that 0 ≤ f ≤ 1, and use the

left-invariance of the measures (and some averaging) to prove that f is constant a.e. with respect
to λ+ µ. Conclude that λ and µ are proportional measures.

EXAMPLE 12.29. (1) On the additive Lie group Rd, Lebesgue measure is the (unique up
to scale) left and right Haar measure. Note that it is an infinite measure.

(2) On the Lie group S1, the (again bi-invariant) Haar measure is also given by Lebesgue
integration (wrapped around):∫

S1

f dλ =
1

2π

∫ 2π

0

f(eiθ) dθ.

In this case, the measure is finite, and so it is customary to use the unique scaling that
makes it a probability measure.

As these two examples demonstrate, Haar measures may be finite or infinite; the distinction
exactly corresponds to whether the group is compact or not.

THEOREM 12.30. If G is a Lie group, then its (left and right) Haar measures are all finite if
and only if G is compact; otherwise, all Haar measures are infinite.
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PROOF. As constructed above, left and right Haar measures are smooth measures. Any smooth
measure on a compact manifold is finite (since the manifold may be covered by finitely many
charts, and the measure has a smooth density in each chart which can be shown to be bounded, e.g.
by the shrinking lemma).

Conversely, suppose G is not compact. Let U be a neighborhood of the identity with compact
closure, and let V ⊆ U be an open neighborhood of the identity with the property that gh−1 ∈ U
whenever g, h ∈ V . (The existence of such a neighborhood is a homework exercise.) Since U
is compact but G is not, no finite collection of left-translates of U can cover G. Thus, we can
inductively find a sequence g1, g2, g3 . . . of points in G such that gn /∈

⋃
j<n gjU .

Claim. The left translates {gjV }j∈N are all disjoint. We prove this by contradiction: suppose
there are i < j with giV ∩ gjV 6= ∅. Hence there are u, v ∈ V with giu = gjv. But that
means gj = giuv

−1; by construction uv−1 ∈ U . This contradicts the construction of gj which is in
particular not in giU .

Thus, if λL is a left Haar measure on G, we have

λL

(⊔
j

gjV

)
=
∑
j

λL(gjV ) =
∑
j

λL(V )

by left-invariance. Claim. λL(V ) > 0. To prove this, consider the set {hV : h ∈ G} of all left
translates of V ; this clearly covers G. By second-countability, there is a countable subcover, hence
there are {hj} ∈ G with G =

⋃
j hjV . Hence

λL(G) ≤
∑
j

λL(hjV ) =
∑
j

λL(V ).

If λL(V ) = 0, it then follows that λL ≡ 0, contradicting the definition of Haar measure.
Hence, since λL(V ) > 0, it follows that λL(

⊔
j gjV ) =∞. The analogous argument shows the

same result for any right Haar measure. �

In Example (12.29), the Haar measures were bi-invariant: both left- and right-translation in-
variant (evident in those cases, since the groups were abelian). This need not be the case: left Haar
measures need not be right Haar measures, and vice versa. They are, however, connected in a nice
way in general.

Suppose λR is a right Haar measure on G. Fix any element g ∈ G, and consider the push-
forward (Lg)∗λ

R. If f ∈ Cc(G), then∫
G

f d((Lg)∗λ
R) =

∫
L−1
g (G)

f ◦ Lg dλR =

∫
G

f ◦ Lg dλR.

Because λR is right invariant, for any h ∈ G, λR = (Rh)∗λ
R. Thus∫

G

f ◦ Lg dλR =

∫
G

f ◦ Lg d((Rh)∗λ
R) =

∫
G

f ◦ Lg ◦Rh dλ
R.

Since the left and right actions commute, we then have∫
G

f ◦ Lg ◦Rh dλ
R =

∫
G

f ◦Rh ◦ Lg dλR =

∫
G

f ◦Rh d((Lg)∗λ
R).

Putting these statements together, we see thatLg∗λR is another right-invariant measure. BecauseLg
is a diffeomorphism and λR is a smooth measure, (Lg)∗λ

R is also a smooth measure, cf. Theorem
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12.24. Hence, but the uniqueness of (smooth) right Haar measure up to scale, there is a positive
constant ∆G(g) such that

Lg∗λ
R = ∆G(g)λR. (12.7)

DEFINITION 12.31. The modular function of a Lie group G is the function ∆G : G → R+

defined as above: (Lg)∗λ
R = ∆G(g)λR for any right Haar measure λR. Stated alternatively: ∆G

is characterized by the property∫
G

f(gh)λR(dh) = ∆G(g)

∫
G

f(h)λR(dh), for f ∈ Cc(G).

From here, it is easy to deduce that ∆G(gh) = ∆G(g)∆G(h), and ∆G(e) = 1; hence, ∆G is a
group homomorphism from G to R+.

A group is called unimodular if ∆G ≡ 1; this is equivalent to all Haar measures on G being
bi-invariant.

Clearly all abelian Lie groups are unimodular. Another class of groups that are unimodular is
compact groups.

PROPOSITION 12.32. All compact Lie groups are unimodular.

PROOF. The modular function ∆G is defined by (12.7). For any given g ∈ G, evaluate this
equation applied to the whole group G:

∆G(g)λR(G) = (Lg∗λ
R)(G) = λR(Lg(G)) = λR(G).

Since G is compact, λR(G) is a positive, finite number; hence we can divide through by it to find
∆G(g) = 1. �

Hence, on compact Lie groups, we will usually refer to the Haar measure: it is both left and
right invariant, and it is unique when scaled to be a probability measure.

EXAMPLE 12.33. O(n,R) = F−1(In) where F (A) = AA> is continuous; hence O(n,R) is
a closed subset of Mn(R). Moreover, if Q ∈ O(n,R), then n = Tr(In) = Tr(QQ>), and this
is equal to the sum of the squares of all matrix entries; i.e. the (squared) Hilbert–Schmidt norm,
which is the standard Euclidean norm onMn(R). Thus O(n,R) is contained in the sphere of radius√
n, which is compact. So O(n,R) is a closed subset of a compact set, and is hence a compact

Lie group. Thus it is unimodular. Analogous arguments apply to show the compactness of SO(n),
Sp(n), SU(n), and U(n).

There are other, non-abelian, non-compact Lie groups that are unimodular (e.g. GL(n,F) and
SL(n,F) for F ∈ {R,C}). Later, we will see an explicit formula for the modular function on a Lie
group, with useful characterizations of unimodularity. A word of caution: subgroups of unimodular
groups need not be unimodular!

EXAMPLE 12.34. The affine group is the group of invertible affine transformations of Rd; let’s
deal here with the case d = 1. That is, it is the set of functions R→ R of the form T (x) = ax+ b
for a 6= 0 and b ∈ R. As a manifold it is diffeomorphic to R∗ × R; as a group it is a semidirect
product of these. Perhaps the easiest way to view it is as a matrix group:{[

a b
0 1/a

]
: a ∈ R \ {0}, b ∈ R

}
.

From this representation it is clear that the affine group is a Lie subgroup of SL(2,R), which is
unimodular. However, the affine group is not unimodular. This could be computed explicitly in
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this relatively simple case, but it would still take a page of calculations (first to compute the right
Haar measure in these global coordinates, then to compute the modular function). We will defer
this calculation until later, when we have studied the adjoint representations of Lie groups; we will
prove a general formula for the modular function.

3. Lie Algebras

A Lie group G is a manifold with extra structure: the structure of a group. This is reflected in
extra structure in the tangent spaces as well. This can be seen at the level of left-invariant vector
fields, which form a Lie algebra, whose definition we now recall from Section 5.

DEFINITION 12.35. A Lie algebra is a vector space g equipped with an operation known as
the bracket [·, ·] : g × g → g, satisfying the following properties (as spelled out in Proposition
4.21): for a, b ∈ R and X, Y, Z ∈ g,

(a) BILINEARITY:

[aX + bY, Z] = a[X,Z] + b[Y, Z],

[Z, aX + bY ] = a[Z,X] + b[Z, Y ].

(b) ANTISYMMETRY:
[X, Y ] = −[Y,X].

(c) JACOBI IDENTITY:

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0.

EXAMPLE 12.36. (a) Any vector space can be made into a Lie algebra by setting [X, Y ] =
0 for all X, Y . Such a Lie algebra is called abelian.

(b) The Lie bracket of Section 5 makes X (M) into a(n infinite-dimensional) Lie algebra.
(c) Let A be an (associative) R-algebra. Then the commutator bracket [a, b] = ab − ba

defines a Lie algebra structure on A .

We may now add another example to this list: the Lie bracket of vector fields makes X L(G)
into a Lie subalgebra of X (G).

PROPOSITION 12.37. Let X, Y ∈ X L(G) be left-invariant vector fields. Then [X, Y ] is also
left-invariant.

PROOF. This follows immediately from Corollary 4.23: for g ∈ G, since Lg is a diffeomor-
phism, and since (Lg)∗X = X and (Lg)∗Y = Y by assumption, we have

(Lg)∗[X, Y ] = [(Lg)∗X, (Lg)∗Y ] = [X, Y ].

Thus [X, Y ] ∈X L(G). �

This gives us the extra algebraic structure on TeG: it is (up to its isomorphism with X L(G)) a
Lie algebra.

DEFINITION 12.38. LetG be a Lie group. Denote the Lie algebra of left-invariant vector fields
X L(G) as Lie(G), the Lie algebra of G. Common notation is to use lower-case Fraktur letters:
Lie(G) = g, H = h, etc.
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So the tangent space at the identity of any Lie group G has the structure Lie algebra. In order
to understand its Lie algebra structure, one in principle needs to identify TeG with X L(G) and
take the bracket there. In practice, it is usually much easier to identify the bracket. To see how, we
must first develop some basic properties of Lie algebras, beginning with their homomorphisms.

DEFINITION 12.39. Let g, h be two Lie algebras. A linear map φ : g → h is called a Lie
algebra homomorphism if

[φ(X), φ(Y )]h = φ([X, Y ]g).

If φ is also a vector space isomorphism, we call it a Lie algebra isomorphism.

EXAMPLE 12.40. (a) If g, h are abelian Lie algebras, then any linear map between them
is a Lie algebra homomorphism.

(b) Let A ,B be a algebras, turned into Lie algebras via their commutator brackets. If
φ : A → B is an algebra homomorphism, then it is also a Lie algebra homomorphism:

[φ(a), φ(a′)]B = φ(a)φ(a′)− φ(a′)φ(a) = φ(aa′ − a′a) = φ([a, a′]A .

Not all Lie algebra homomorphisms are of this form, as we will see.

When g is the Lie algebra of a Lie group G, then Lie group homomorphisms of G yield Lie
algebra homomorphisms of g, just by differentiating at the identity. To see how this works, we
first need the following lemma, which says that in the category of left-invariant vector fields, we
can push-forward by a Lie group homomorphism even if it is not a diffeomorphism.

LEMMA 12.41. Let G,H be Lie groups and F : G → H a Lie group homomorphism. For
every X ∈ Lie(G), there is a unique Y ∈ Lie(H) so that F -related to X: namely Y = ˜dFe(Xe).
We denote this as Y = F∗X .

PROOF. If X and Y are F -related then, by definition, YF (g) = dFg(Xg) for any g ∈ G;
since F (e) = e, this shwos that Ye = dFe(Xe). Thus, since Ye is left-invariant, it must be true

that Y = ˜dFe(Xe). So we need to verify that this vector field is, indeed, F related to X . To
show this, we use the now familiar argument of differentiating the homomorphism property: since
F (Lg(g

′)) = F (gg′) = F (g)F (g′) = LF (g)(F (g′)), we have F ◦ Lg = LF (g) ◦ F , and so

dF ◦ d(Lg) = d(LF (g)) ◦ dF.
Thus, for any point g ∈ G,

dF (Xg) = dF (d(Lg)(Xe)) = d(LF (g))(dF (Xe)) = d(LF (g))(Ye) = YF (g)

which shows that X and Y are F -related, as claimed. �

So we can consider the push-forward F∗X of any left-invariant vector field by a Lie group
homomorphism. In this context, Corollary 4.23 still verifies that [F∗X,F∗Y ] = F∗[X, Y ]. This
gives us the following.

PROPOSITION 12.42. Let G,H be Lie groups, and let F : G → H be a Lie group homomor-
phism. Then F∗ : Lie(G)→ Lie(H) is a Lie algebra homomorphism.

PROOF. Since F∗ is a linear map, we need only verify that it preserves the bracket, which is
the statement of Corollary 4.23. �

REMARK 12.43. We will see later that, remarkably, the converse is true if G is simply con-
nected: in this case, any Lie algebra homomorphism Lie(G) → Lie(H) is of the form F∗ for a
unique Lie group homomorphism G→ H .
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REMARK 12.44. Under the isomorphism λ : TeG → X L(G), the map F∗ becomes simple
dFe. So the statement is that, viewing the Lie algebra as TeG, differentiating any Lie group homo-
morphism at the identity yields a Lie algebra homomorphism.

Here are some elementary properties of induces Lie algebra homomorphisms. The proof is
simple and left to the reader.

PROPOSITION 12.45. Let G,H,K be Lie groups, and let F1 : G→ H and F2 : H → K be Lie
group homomorphisms.

(a) (IdG)∗ : Lie(G)→ Lie(G) is the identity map.
(b) (F2 ◦ F1)∗ = (F2)∗ ◦ (F1)∗ : Lie(G)→ Lie(K).

Consequently, isomorphic Lie groups have isomorphic Lie algebras.

REMARK 12.46. Again, remarkably, the converse is true in the simply connected case: if G,H
are simply connected Lie groups and Lie(G) ∼= Lie(H), then G ∼= H . We will prove this later.

It follows that we can identify the Lie algebra of a subgroup ofG as a Lie subalgebra of Lie(G).

COROLLARY 12.47. Let H ⊆ G be a Lie subgroup, and let ι : H ↪→ G be the inclusion map.
There is a Lie subalgebra h ⊆ Lie(G) that is canonically isomorphic to Lie(H); it is given by

h = ι∗ (Lie(H)) = {Y ∈ Lie(G) : Ye ∈ TeH ⊆ TeG}.

PROOF. Since ι is a Lie group homomorphism, it follows that ι∗ : Lie(H) → Lie(G) is a
Lie algebra homomorpism. Since the inclusion is an immersion (by definition of Lie subgroup),
ι∗ is injective, and so its image h is linearly isomorphic to Lie(H); thus, as ι∗ is a Lie algebra
homomorphism, it is a Lie algebra isomorphism. We therefore need only to verify the second
equality. Given X ∈ Lie(H), to say that Y = ι∗X is to say that X, Y are ι-related, meaning that
dιh(Xh) = Yι(h) = Yh. This is precisely how we identify ThH as a subspace of ThG, and so it
follows that Y = ι∗X if and only if Yh ∈ ThH for all h ∈ H . At h = e, this yields the forward
inclusion: if Y ∈ h, then Ye ∈ TeH . Conversely, if Ye ∈ TeH ⊆ TeG, this means there is a vector
Xe ∈ TeH so that Ye = dιe(Xe). Now Y is left-invariant, so for h ∈ H ,

Yh = d(Lh)e(Ye) = d(Lh)e ◦ dιe(Xe) = d(Lh ◦ ι)e(Xe).

For h ∈ H , we may easily verify Lh ◦ ι = ι ◦ Lh as functions on G, and so

Yh = d(ι ◦ Lh)e(Xe) = dιh(X̃h) = ι∗X̃h.

Since the vector field X̃ is left-invariant, it is in Lie(H), and this shows Y ∈ h. �

The Lie algebra of a Lie group G is the space of left-invariant vector fields on G. While this
makes the action of the bracket clear, it is a challenge to understand the actual space. On the other
hand, we have a linear isomorphism λ : TeG → Lie(G), so we would like to think of the Lie
algebra as the tangent space at the identity, which is an object we can easily understand. The trick
is then figuring out what λ does to the Lie bracket. In most of the cases we are interested in, this is
not hard to understand. We begin with abelian groups.

PROPOSITION 12.48. Let G be an abelian Lie group: gh = hg for all g, h ∈ G. Then the Lie
algebra Lie(G) is also abelian: [X, Y ] = 0 for all X, Y ∈ Lie(G).
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PROOF. If G is abelian, then the map inv : G → G given by inv(g) = g−1 is actually a group
isomorphism. Thus, it induces a Lie algebra isomorphism inv∗ : Lie(G) → Lie(G). Recall that
inv∗(X) is the left-invariant extension of the vector dinve(Xe). We can compute dinve easily. In
the proof of Lemma 11.2, we showed that, for the multiplication map m: G×G→ G,

dmg,h(Xg, Yh) = d(Rh)g(Xg) + d(Lg)h(Yh), Xg ∈ TgG, Yh ∈ ThG.

At g = h = e, this says simply that dm(e,e)(Xe, Ye) = Xe + Ye for Xe, Ye ∈ TeG. Now, m ◦
(Id, inv) : G→ G is the constant map g 7→ e, and so

0 = d (m ◦ (Id, inv))e = dm(e,e) ◦ (IdTeG, dinve).

That is, for Xe ∈ TeG,

0 = dm(e,e) ◦ (IdTeG, dinve)(Xe) = dm(e,e) ◦ (Xe, dinve(Xe)) = Xe + dinve(Xe).

Thus dinve(Xe) = −Xe. It follows by linearity that inv∗(X) = −X on Lie(G). We showed above
that this is therefore a Lie algebra isomorphism, meaning that

−[X, Y ] = inv∗[X, Y ] = [inv∗X, inv∗Y ] = [−X,−Y ] = [X, Y ].

Thus [X, Y ] = 0 for all X, Y ∈ Lie(G). �

Most (and all interesting) Lie groups are not abelian, and likewise their Lie algebras won’t
be. In order to understand them better, we need to delve a little deeper into the structure of left-
invariant vector fields, and in particular their flows. But in the special case (which covers almost
all interesting examples) that the group is a matrix Lie group (i.e. a Lie subgroup of GL(n,R) or
GL(n,C)), the Lie bracket coincides with what one would expect.

PROPOSITION 12.49. Let F ∈ {R,C}. The Lie algebra gl(n,F) of GL(n,F) is isomorphic to
Mn(F), equipped with its typical commutator Lie bracket [X, Y ] = XY − Y X .

This will follow from some general considerations in the next chapter, but the basic idea is a
simple computation and it will pay for future understanding to do it here directly.

PROOF. Since GL(n,F) is an open subset ofMn(F), the tangent space at the identity TIGL(n,F)
is canonically identified with TIMn(F) ∼= Mn(F), cf. Proposition 3.11. Our goal is to show that,
for X, Y ∈Mn(F), the associated left-invariant vector fields X̃, Ỹ satisfy

[X̃, Ỹ ]I = XY − Y X. (12.8)

To prove this, we recall the definition of X̃: for any A ∈ GL(n,F),

X̃A = dLA|I(X).

In other words: for f ∈ C∞(GL(n,F)), the function X̃(f) is given by(
X̃(f)

)
(A) = X̃A(f) = dLA|I(X)(f) = X(f ◦ LA).

To evaluate this, we choose a smooth curve αX : R → GL(n,F) satisfying αX(0) = I and
α̇X(0) = X . For any such curve, we have(

X̃(f)
)

(A) = X(f ◦ LA) =
d

dt

∣∣∣∣
t=0

f ◦ LA ◦ αX(t) =
d

dt

∣∣∣∣
t=0

f(AαX(t)).



192 12. INVARIANT VECTOR FIELDS AND MEASURES

We can now do this computation in local (in this case global) coordinates: the matrix entries Aij .
For the curve AαX(t) ∈ GL(n,F) ⊂Mn(F),

(AαX(t))ij =
∑
k

Aik[αX(t)]kj

and so by ordinary multivariate calculus, we have

d

dt

∣∣∣∣
t=0

(AαX(t))ij =
∑
k

Aik[α̇X(0)]kj =
∑
k

AikXkj = (AX)ij.

Letting f̂ denote the expression for f in coordinates as usual, we then apply multivariate calculus
to the full expression to find(

X̃(f)
)

(A) =
d

dt

∣∣∣∣
t=0

f̂(AαX(t)) = [Df̂(A)](AX) =
∑
i,j

∂f̂

∂Aij
(A)(AX)ij.

Now, we must evaluate Ỹ (X̃(f))(I). For the moment denoting g = X̃(f), following the above
analysis we find that

Ỹ (X̃(f))(A) =
∑
n,m

∂ĝ

∂Anm
(A)Ynm.

Combining, we have

Ỹ (X̃(f))(I) =
∑
i,j,n,m

∂

∂Anm

(
∂f̂

∂Aij
(A)(AX)ij

)∣∣∣∣∣
A=I

Ynm.

For the inside derivative, we apply the product rule:

∂

∂Anm

(
∂f̂

∂Aij
(A)(AX)ij

)
=

∂2f̂

∂Aij∂Anm
(A)(AX)ij +

∂f̂

∂Aij
(A)

∂

∂Anm
(AX)ij

and expanding the matrix product we have

∂

∂Anm
(AX)ij =

∑
k

∂

∂Anm
AikXkj =

∑
k

δniδmkXkj = δniXmj.

Altogether, then, we have

Ỹ (X̃(f))(I) =
∑
i,j,n,m

(
∂2f̂

∂Aij∂Anm
(I)(IX)ij +

∂f̂

∂Aij
(I)δniXmj

)
Ynm

=
∑
i,j,m,n

∂2f̂

∂Aij∂Anm
(I)XijYnm +

∑
i,j,m

∂f̂

∂Aij
(I)XmjYim (12.9)

and the second term is just the matrix product expansion of∑
i,j

∂f̂

∂Aij
(I)(Y X)ij.
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Now, repeating all this to evaluate X̃(Ỹ (f))(I) simply means reversing the roles of X and Y in
the computations. Note that the first term in (12.9) is manifestly symmetric in X and Y ; hence, in
the difference it will be canceled, and so we are left with

X̃(Ỹ (f))(I)− Ỹ (X̃(f))(I) =
∑
i,j

∂f̂

∂Aij
(I)(XY − Y X)ij. (12.10)

This is precisely the local coordinate expression for XY − Y X interpreted as a derivation at I .
That is: if β : R → GL(n,F) is a curve with β(0) = I and β̇(0) = XY − Y X , then viewing
XY − Y X ∈Mn(F) as a derivation at I , we have

(XY − Y X)(f) =
d

dt

∣∣∣∣
t=0

f ◦ β(t)

and computing this in local coordinates yields precisely (12.10). This establishes the desired equal-
ity (12.8), concluding the proof. �

Combining this result with Corollary 12.47 shows that all matrix Lie groups have matrix Lie
algebras (i.e. with bracket given by the commutator of matrices).

COROLLARY 12.50. Let G be a matrix Lie group: a Lie subgroup of GL(n,F) for some n ∈ N
and F ∈ {R,C}. then the Lie algebra of G is isomorphic to a Lie subalgebra of gl(n,F).

EXAMPLE 12.51. (1) The Lie group SL(n,F) is the regular level set det−1(1) of the
smooth map det : GL(n,F) → F. The tangent space at the identity, TISL(n,F), is then
identified with the subspace kerD(det)I of Mn(F) ∼= TIGL(n,F). As we computed in
Example 11.5(3), D(det)I(X) = Tr (X). Thus

sl(n,F) := Lie(SL(n,F)) ∼= {X ∈Mn(F) : Tr (X) = 0}.
By Corollary 12.50, sl(n,F) must be a Lie subalgebra of Mn(F); i.e. it must be closed
under the commutator bracket. This is easy to show directly. Indeed: if X, Y are any
matrices inMn(F), then Tr (XY −Y X) = 0 due to the cyclic trace property Tr (XY ) =
Tr (Y X) and linearity of Tr . (This shows that sl(n,F) is actually an ideal in the larger
Lie algebra gl(n,F).)

(2) The Lie group O(n,F) is the regular level set F−1(I) where F (A) = AA> viewed as a
map from GL(n,F) to the vector spaceM sym

n (F) of symmetric (real or complex) matrices.
As computed in Example 1.5 in the real case, DFI(X) = X + X>. Hence, the tangent
space at the identity, TIO(n,F), is identified with ker(DFI) = {X ∈ Mn(F) : X> =
−X}, the space of skew-symmetric matrices. This is the Lie algebra of O(n,F):

o(n,F) = {X ∈Mn(F) : X> = −X}
where the Lie bracket is the usual commutator of matrices. As above, it follows from
Corollary 12.50 that this space is a Lie subalgebra of gl(n,F), and hence closed under
commutator bracket; this is also easy to see directly: if X> = −X and Y > = −Y ,

[X, Y ]> = (XY − Y X)> = Y >X> −X>Y >

= (−Y )(−X)− (−X)(−Y ) = −[X, Y ].

Now, consider the subgroup SO(n,F) ⊂ O(n,F), i.e. SO(n,F) = O(n,F)∩ SL(n,F). If
Q ∈ O(n,F) then 1 = det(I) = det(QQ>) = det(Q)2, and so detQ = ±1. Hence, we
can also express SO(n,F) = O(n,F)∩ det−1(B(1, 1)) (where D(1, 1) is the open ball of
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radius 1 around 1 in F. Thus SO(n,F) is an open subset of O(n,F) which contains I , and
thus TISO(n,F) = TISO(n,F). As such, the two groups have the same Lie algebra:

so(n,F) = o(n,F).

This can also be seen on the Lie algebra side directly: since SO(n,F) is the regular
level set of (F, det) at the value (I, 1), its tangent space at the identity is the kernel of
D(F, det)I,I , which is the intersection of the kernels of DFI and D(det)I : i.e.

so(n,F) = {X ∈Mn(F) : X> = −X} ∩ {X ∈Mn(F) : Tr (X) = 0}.
However: if X> = −X , for diagonal entries we have −Xjj = (X>)jj = Xjj, and thus
all diagonal entires are 0. Hence, X ∈ o(n,F) automatically implies that Tr (X) = 0.

(3) Very similar considerations show that the unitary group U(n) has Lie algebra

u(n) = {X ∈Mn(C) : X∗ = −X}
the skew-Hermitian matrices. In this case, SU(n) = U(n) ∩ SL(n,C) is not an open
subgroup: as discussed in Exampled 11.5(5), SU(n) is a subgroup of codimension 1.
This can also be seen at the level of Lie algebras: following (2) above, we have

su(n) = u(n) ∩ {X ∈Mn(C) : Tr (X) = 0}.
If X ∈ u(n), then X∗ = −X and so the diagonal entries satisfie −Xjj = (X∗)jj = Xjj;
hence, they are purely imaginary. As such, the constraint 0 = Tr (X) = X11 + · · ·+Xnn

is a 1-dimensional constraint.

(4) Recall the Heisenberg group H(n,F) = {I+T : T ∈Mn(F) is strictly upper-triangular}.
It therefore has the global parametrization f : Tn(F)→ H(n,F) where Tn(F) is the vector
space of strictly upper-triangular matrices and f(X) = I +X . Then the tangent space at
I is identified with the image of DfI . Note that DfA(X) = X is the identity map for any
point A, and hence the Lie algebra of H(n,F) is just the space of strictly upper-triangular
matrices

h(n,F) = Tn(F).

As the product of strictly upper triangular matrices is strictly upper-triangular, so is the
commutator, and hence we see directly (what already followed from Corollary 12.50
above) that Tn(F) is closed under the commutator bracket.



CHAPTER 13

The Exponential Map

1. One-Parameter Subgroups

Let G be a Lie group. Let us begin by noting that left-invariant vector fields in X L(G) are
necessarily complete.

LEMMA 13.1. Let X ∈X L(G) be a left-invariant vector field. Then X is complete.

PROOF. Here we use the Uniform Time Lemma 5.19: if there is a uniform interval (−ε, ε) so
that the integral curve θg of X starting at any point g ∈ G exists on (−ε, ε), then X is actually
complete. Now, we assume that X is left-invariant, which means that X is Lg-related to itself. By
Lemma 5.17 (naturality of flows), it follows that Lg ◦ θe is an integral curve of X starting at g,
and therefore is equal to θg. Thus, each integral curve is defined for at least the interval that θe is
defined, which gives the uniformity, concluding the proof. �

Hence, all left-invariant vector fields are complete, so their flows are global. The question is:
what do their maximal integral curves (which are defined for all time) look like? To answer this,
we define the following.

DEFINITION 13.2. Let G be a Lie group. A group homomorphism α : R → G (where R has
the usual additive Lie group structure) is called a one-parameter subgroup.

This is strange but universal terminology, as it means a one-parameter subgroup is not a sub-
group per se, although it will turn out that the image of such a homomorphism α(R) is a Lie
subgroup (isomorphic to either R, S1, or {e}). To be clear: a one-parameter subgroup is a smooth
map α : R→ G with the properties that α(0) = e and

α(s)α(t) = α(s+ t), s, t ∈ R.
Our main theorem is that these are the (maximal) integral curves of left-invariant vector fields.

THEOREM 13.3. Let G be a Lie group. If α : R → G is a one-parameter subgroup, then it is
the maximal integral curve of the left-invariant vector field which is equal to α̇(0) at e. Conversely,
if X ∈X L(G) = Lie(G) is any left-invariant vector field, then its maximal integral curve starting
at e is a one-parameter subgroup.

PROOF. First, suppose α is a one-parameter subgroup. As it is a Lie group homomorphism,
there is an induced Lie algebra homomorphism α∗ : Lie(R) → Lie(G). Note that the vector field
d
dt
∈ X (R) is left-invariant. Define X = α∗(

d
dt

), which is by definition in Lie(G). We will show
that X is the infinitesimal generator of α. Indeed, by definition (cf. Lemma 12.41 and Proposition
12.42), X = α∗(

d
dt

) is the unique left-invariant vector field on G that is α-related to d
dt

, meaning
that, for each t0 ∈ R,

α̇(t0) = dαt0

(
d

dt

∣∣∣∣
t=t0

)
= Xα(t0).

195
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That is precisely to say that α is an integral curve of X; and since it is defined for all time, it is
maximal.

Conversely, suppose X ∈ X L(G), and let α be its maximal integral curve starting at e. By
Lemma 13.1, α is defined on all of R. Since X is left-invariant, it is Lg-related to itself, and as in
the proof of the afore-mentioned lemma, by naturality of flows, it follows that Lg ◦ α is also an
integral curve of X . Apply this with g = α(s) for some s ∈ R; then t 7→ α(s)α(t) is an integral
curve of X starting at α(s). But the Translation Lemma 5.7, t 7→ α(t+ s) is also an integral curve
starting at α(s), and so it follows that α(s + t) = α(s)α(t). Together with the fact that α(0) = e,
this shows α is indeed a one-parameter subgroup. �

Given X ∈ Lie(G), we denote the corresponding integral curve starting at e as the one-
parameter subgroup generated by X . This gives us a correspondence

TeG ∼= Lie(G) ∼= {one-parameter subgroups of G}.

EXAMPLE 13.4. Let G = GL(n,F) where F ∈ {R,C}. The collection of all Lie group
homomorphisms α : R→ G is well-known in this case. Note that, since G is an open submanifold
of the vector space Mn(F), we have global coordinates (the matrix entries) to work with, so we
can differentiate in the classical way. Thus, holding t fixed, and differentiating with respect to s,
the group homomorphism property α(s+ t) = α(s)α(t) yields α̇(s+ t) = α̇(s)α(t). Now taking
s = 0, this gives the ODE

α̇(t) = α̇(0)α(t).

By the uniqueness of solutions to ODEs, we need only find a solution to this equation with α(0) =
In, then we know it is the solution. As with the case n = 1, this is just given by the exponential
map: for A ∈Mn(F), we define as usual

eA =
∞∑
k=0

1

k!
Ak.

Note that Mn(F) is a Banach space under the operator norm, and since ‖AB‖ ≤ ‖A‖‖B‖, it
follows that ∥∥∥∥∥

m∑
k=`

1

k!
Ak

∥∥∥∥∥ ≤
m∑
k=`

1

k!
‖A‖k.

This is the `-up-to-m segment of the infinite series for the real number e‖A‖, and since that series
converges, the right-hand-side tends to 0 as `,m→∞. Thus, the series of partial sums is Cauchy,
and since Mn(F) is complete, the series converges.

What’s more, let ε(t) = etA. That is

ε(t) =
∞∑
k=0

tk

k!
Ak.

The same argument above shows that this power-series converges uniformly on compact t-sets,
and so it follows that it is differentiable and its derivative is given term-by-term:

ε̇(t) =
∞∑
k=1

ktk−1

k!
Ak = A

∞∑
k=1

tk−1

(k − 1)!
Ak−1 = A

∞∑
`=0

t`

`!
A` = AetA.

In particular, this means that the unique solution of α̇(t) = α̇(0)α(t) with α(0) = In and α̇(0) = A
is α(t) = etA. We now must verify that this indeed is a one-parameter group (we only checked
above that if there is a one-parameter group then it must satisfy this ODE).
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First note that ε(0) = In by definition. Also, the proof that ε(s + t) = ε(s)ε(t) is exactly
the same as the standard power-series proof of this fact for n = 1. In particular, this means that
In = ε(t − t) = ε(t)ε(−t), which shows that ε(t) is invertible, with inverse ε(−t). Thus, ε is a
one-parameter subgroup. Moreover, we have therefore characterized all one-parameter subgroups
of GL(n,F): they are all functions of the form ε(t) = etA for some A ∈Mn(F).

Finally, note that invertible matrices form a dense open subset of Mn(F), so the tangent space
TeGL(n,F) is (up to the usual inclusion identification) equal to Mn(F). Thus, for any left-invariant
vector fieldX ∈ Lie(GL(n,F)), its initial vectorXe is a matrix in Mn(F). Thus, the one-parameter
group generated by X is simply α(t) = etXe .

Example 13.4 actually shows us what all one-parameter subgroups look like in all linear Lie
groups (Lie subgroups of GL(n,F)), due to the following general lemma.

LEMMA 13.5. Let G be a Lie group, and let H ⊆ G be a Lie subgroup. The one-parameter
subgroups of H are precisely those one-parameter subgroups α of G for which α̇(0) ∈ TeH .

PROOF. First, suppose α : R→ H is a one-parameter subgroup of H . Then the composition

R α→H ↪→ G

is a Lie group homomorphism and so is a one-parameter subgroup of G, which clearly satisfies
α̇(0) ∈ TeH .

Conversely, suppose α is a one-parameter subgroup ofGwhich happens to satisfy α̇(0) ∈ TeH .
Let α̃ be the one-parameter subgroup of H with ˙̃α(0) = α̇(0). Again, we can compose with the
inclusion map intoG, and then view α̃ as a one-parameter subgroup ofG; but it has the same initial
velocity vector as α, and since both are maximal integral curves of the left-invariant vector field on
G which is equal to α̇(0) at e (cf. Theorem 13.3), it follows that they are equal. Thus, α actually
takes values in H , and is a one-parameter subgroup of H . �

EXAMPLE 13.6. Consider the Lie group O(n,R), which is the In-level set of the function
F (A) = AA>. By Proposition 9.34, the tangent space TInO(n,R) (viewed now as a subspace of
TInMn(R) = Mn(R) since O(n,R) is an embedded submanifold of Mn(R)) is equal to ker(dFIn).
As we’ve computed, dFIn(H) = H + H>, and so TInO(n,R) = {H ∈ Mn(R) : H> = −H}
(the so-called skew-symmetric matrices). Thus, by Lemma 13.5, the one-parameter subgroups of
O(n,R) are all of the form t 7→ etH for some skew-symmetric H . In particular, this shows that
every matrix of the form eH with H> = −H is in fact orthogonal. (This is easy to see directly
from the fact that (eH)> = eH

>; thus (eH)−1 = e−H = eH
>

= (eH)>.)

2. The Exponential Map

In light of Example 13.4 and Lemma 13.5, at least in linear Lie groups G ⊆ GL(n,R), all
one-parameter groups are of the form t 7→ etA for some A ∈ TeG ⊆Mn(R). We therefore borrow
the terminology exponential map to refer to one-parameter groups in general.

DEFINITION 13.7. Let G be a Lie group. Define a map exp: Lie(G) → G, called the expo-
nential map of G, as follows: for X ∈ Lie(G), let αX be the one-parameter subgroup generated
by X . Then

exp(X) ≡ αX(1).

That is: exp(X) is the value of the maximal integral curve of X starting at e at time 1.



198 13. THE EXPONENTIAL MAP

It might make sense to denote the exponential map by expG as it in principle depends onG, but
this added notation is universally left out. As we will see in the following propositions, it makes
good sense to call this an exponential map in general. To begin, we note that, as in the linear case,
exp maps the line {tX : t ∈ R} in Lie(G) to the one-parameter subgroup generated by X .

PROPOSITION 13.8. Let G be a Lie group. For any X ∈ Lie(G), α(s) = exp sX is the
one-parameter subgroup generated by X .

PROOF. Let α̃ : R → G be the one parameter subgroup generated by X , i.e. the maximal
integral curve of X starting at e. By the Dilation Lemma 5.6, for any fixed s 6= 0 the dilated curve
α̃s(t) = α̃(st) is the integral curve of sX starting at e, and so by definition

exp sX ≡ α̃s(1) = α(s).

�

Let us now summarize and prove all the major results about the exponential map that we will
use.

THEOREM 13.9. Let G be a Lie group. Denote by Lie(G) the Lie algebra of left-invariant
vector fields as usual, and let g denote TeG.

(a) The exponential map exp: Lie(G) → G is smooth (giving Lie(G) the standard smooth
structure of a vector space – i.e. identifying it with g).

(b) For X ∈ Lie(G) and s, t ∈ R, exp(s+ t)X = exp sX exp tX .
(c) For any X ∈ Lie(G), (expX)−1 = exp(−X).
(d) For any X ∈ Lie(G) and any n ∈ Z, (expX)n = exp(nX).
(e) Identifying T0Lie(G) ∼= g, the differential d expp : T0Lie(G)→ g is the identity map.
(f) The exponential map restricts to a diffeomorphism from some neighborhood of 0 in Lie(G)

onto a neighborhood of e in G.
(g) If H is another Lie group and F : G → H is a Lie group homomorphism, then with

F∗ : Lie(G)→ Lie(H) the corresponding Lie algebra homomorphism, we have exp ◦F∗ =
F ◦ exp; i.e. the following diagram commutes:

Lie(G)
F∗ //

exp

��

Lie(H)

exp

��
G

F
// H

(h) The flow θX of X ∈ Lie(G) is given by θXt = Rexp tX; i.e. θXt (g) = g exp tX .

PROOF. The only part here that is a little tricky is (a). We need to show that expX ≡ θX(1, e)
depends smoothly on X . This does not follow directly from the Fundamental Theorem on Flows
(Theorem 5.15), but we can reduce it to be so-covered with the following trick. Define a vector
field Ξ on G× Lie(G) as follows:

Ξg,X = (Xg, 0) ∈ TgG⊕ TXLie(G) ∼= T(g,X)(G× Lie(G)).

In fact, Ξ ∈ X (G × Lie(G)) (it is smooth), which we can see as follows. Choose any basis
X1, . . . , Xn for Lie(G); then we have global coordinates (xj) for Lie(G) (where the point (xj)
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specifies the vector field
∑n

j=1 x
jXj). Let (yi) be a coordinate chart for G, and let f ∈ C∞(G ×

Lie(G)). Let x = (x1, . . . , xn) and y = (y1, . . . , yn). Then we have

(Ξf)(x,y) =
n∑
j=1

xjXjf(x,y)

where Xj only differentiates f in the y-directions. As Xj are smooth vector fields, this is a smooth
function, and so it follows that Ξ is smooth. Let Θ denote the flow of Ξ; it is easy to check that

Θt(g,X) = (θX(t, g), X).

By Theorem 5.15, Θ is smooth. Thus its component functions are smooth, and this shows that

X 7→ expX = θX(1, e) = π1 ◦Θ1(e,X)

is smooth, as claimed (here π1 : G × Lie(G) → G is the projection onto the first factor). This
proves (a).

Since exp tX = αX(t) where αX is the one parameter group generated by X (cf. Proposi-
tion 13.8), it follows from the group homomorphism property that exp(s + t)X = αX(s + t) =
αX(s)αX(t) = exp sX exp tX , proving (b); (c) and (d) follow immediately. For (e), fix X ∈
Lie(G), and let σ(t) = tX be the straight line curve in Lie(G); then σ̇(0) = X . Thus, again by
Proposition 13.8, we have

d exp0(X) = d exp0(σ̇(0)) =
d

dt
exp ◦σ(t)

∣∣∣∣
t=0

=
d

dt

∣∣∣∣
t=0

exp tX = α̇X(0) = X.

Part (f) now follows immediately from (e) and the inverse function theorem.
For part (g), we actually show the (nominally) stronger property that exp(tF∗X) = F (exp tX)

for all t ∈ R. By Proposition 13.8, t 7→ exp(tF∗X) is the one-parameter subgroup generated by
F∗X; so it suffices to show that β(t) = F (exp tX) is a Lie algebra homomorphism R → H with
β̇(0) = (F∗X)e. That it is a Lie group homomorphism follows from (b): β is the composition
of t 7→ exp tX which is a Lie group homomorphism R → G, and the Lie group homomorphism
F : G→ H . The initial velocity can be computed thus:

β̇(0) =
d

dt

∣∣∣∣
t=0

F (exp tX) = dFe

(
d

dt

∣∣∣∣
t=0

exp tX

)
= dFe(Xe) = (F∗X)e

as claimed.
Finally, for part (h), since X is left invariant, it follows that for any g ∈ G and any integral

curve α of X , Lgα is also an integral curve of X . Thus t 7→ Lg exp tX is the integral curve of X
starting at g, meaning Lg exp tX = θX(t, g). Thus

Rexp tXg = g exp tX = Lg exp tX = θX(t, g) = θXt (g)

as claimed. �

REMARK 13.10. It is very important to realize that Theorem 13.9 does not imply that exp(X+
Y ) = exp(X) exp(Y ) for any two vector fieldsX, Y ∈ Lie(G). This generally only happens when
[X, Y ] = 0, as we will soon see.
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3. The Adjoint Maps

Let G be a Lie group. For any g ∈ G, we have the associated left-action of G on itself by
conjugation:

Cg : G→ G, Cg(h) = ghg−1.

The map Cg is a Lie group homomorphism from G to itself (it is an inner automorphism). It thus
induces a Lie algebra homomorphism (Cg)∗ : Lie(G)→ Lie(G). This is called the Adjoint map:

Adg = (Cg)∗ : Lie(G)→ Lie(G).

Since Cg is a group isomorphism, Adg is a Lie algebra isomorphism. In particular, Adg is a linear
isomorphism. In other words, for each g, Adg ∈ GL(Lie(G)). We canonically identify Lie(G)
with g = TeG, and this makes GL(Lie(G)) into a Lie group in its own right. So we have a map

Ad: G→ GL(Lie(G))

where Ad(g) = Adg. In fact, this is a Lie group homomorphism.

PROPOSITION 13.11. For any Lie group G, the Adjoint map Ad: G → GL(Lie(G)) is a Lie
group homomorphism.

PROOF. First note that Cg1g2(h) = g1g2h(g1g2)−1 = g1g2hg
−1
2 g−1

1 = Cg1 ◦ Cg2(h); thus
Cg1g2 = Cg1 ◦ Cg2 . It then follows that

Adg1g2 = (Cg1g2)∗ = (Cg1 ◦ Cg2)∗ = (Cg1)∗ ◦ (Cg2)∗ = Adg1 ◦ Adg2 .

Since Ce = IdG, we also have Ade = IdLie(G), and hence Ad is a group homomorphism from G
into GL(Lie(G)). (The inverse of Adg is, of course, Adg−1 .) Hence, to complete the proof, we
need only show that Ad is smooth.

Let C : G×G→ G be the two-variable conjugation map C(g, h) = ghg−1 (so Cg = C(g, ·)).
Let X ∈ Lie(G) and g ∈ G. By definition, X = d

dt
|t=0 exp tX , and so we have

(AdgX)e =
d

dt

∣∣∣∣
t=0

Cg(exp tX) =
d

dt

∣∣∣∣
t=0

C(g, exp tX) = dCg,e(0, Xe).

As C is smooth, this depends smoothly on both g and X (as can readily be seen in local coor-
dinates). Thus, the left-translation of it, which is (by definition) AdgX , is also smooth in g and
X .

Now, choose a basis {X1, . . . , Xn} for Lie(G), and let {Λ1, . . . ,Λn} be the dual basis. Then
for any linear operator A ∈ End(Lie(G)), its matrix entries in terms of the basis {X1, . . . , Xn} are
Aji = Λj(AXi). This gives global coordinates on GL(Lie(G)), and in these coordinates, the above
computation shows that the matrix entries of Adg are

[Adg]
j
i = Λj(AdgXi)

are smooth functions of g, concluding the proof. �

Thus, since Ad: G → GL(Lie(G)) is a Lie group homomorphism, it too induces a Lie alge-
bra homomorphism Ad∗ : Lie(G) → Lie (GL(Lie(G))). The codomain is a complicated looking
space, but we will simplify it by invoking the canonical identification of Lie(H) with TeH which,
in this direction, is just given by X 7→ Xe. Note that the tangent space TeGL(V ) is precisely the
full space of endomorphisms of V , which is usually denoted gl(V ).
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DEFINITION 13.12. The adjoint map ad: Lie(G) → gl(Lie(G)) is the induced Lie algebra
homomorphism composed with the evaluation map at the identity: ad(X) = (Ad∗(X))e. In other
words: ad(X) is the left invariant vector field whose value at e is (dAd)e(Xe).

Thus, for eachX ∈ Lie(G), ad(X) is an endomorphism of Lie(G): it is a linear map Lie(G)→
Lie(G). In fact, it is a familiar one.

THEOREM 13.13. For any Lie group G and any X ∈ Lie(G), the linear operator ad(X) on
Lie(G) is given by

ad(X)Y = [X, Y ].

PROOF. Since d
dt
|t=0 exp tX = Xe, we have

(dAd)e(Xe)Y =

(
d

dt

∣∣∣∣
t=0

Ad(exp tX)

)
Y =

d

dt

∣∣∣∣
t=0

(Ad(exp tX)Y ) . (13.1)

Now, Ad(g) = (Cg)∗, and Cg(h) = ghg−1 = Rg−1 ◦ Lg(h), thus Ad(g) = (Rg−1)∗ ◦ (Lg)∗.
Applying this with g = exp tX (and so g−1 = exp(−tX)) gives, at the identity,

(Ad(exp tX)Y )e = d(Rexp(−tX)) ◦ d(Lexp tX)(Ye) = d(Rexp(−tX))(Yexp tX)

where the last equality follows from the left-invariance of Y . Now, as shown in Theorem 13.9(h),
the flow θX of X is given by θXt = Rexp tX , and so we have

(Ad(exp tX)Y )e = d(θX−t)(YθXt (e)).

Thus,

(ad(X)Y )e =
d

dt

∣∣∣∣
t=0

d(θX−t)(YθXt (e)) = (LX(Y ))e,

i.e. it is the Lie derivative, cf. Definition 5.22. The result now follows from Proposition 5.24:
(ad(X)Y )e = [X, Y ]e, and since both ad(X)Y and [X, Y ] are left-invariant, this concludes the
proof. �

So, what have we gained? We have recast the bracket on Lie(G) in terms of a complicated
second derivative ad: Lie(G) → gl(Lie(G)). That might seem counterproductive; but, in fact, it
allows us to finally see what the bracket really looks like when though of as an operation not on
Lie(G) but on TeG – at least in the case of a matrix group G.

THEOREM 13.14. Let G ⊆ GL(n,R) be a matrix Lie group. Then g = TeG is a subspace of
Mn(R). We identify g→ Lie(G) in the usual way A 7→ Ã. Then for A,B ∈ g,

[Ã, B̃]Lie(G) = [̃A,B]gl(n).

That is: the Lie bracket on the tangent space g is the commutator bracket of matrices.

REMARK 13.15. The same thing holds for complex matrix Lie groups, since we can view
GL(n,C) as a Lie subgroup of GL(2n,R), cf. Example 11.16(2).

PROOF. First note that it suffices to prove the theorem for the group GL(n,R) itself, by
Corollary 12.47. We now proceed to compute the Ad and ad maps directly on GL(n,R). Fix
g ∈ GL(n,R). Then Cg : GL(n,R)→ GL(n,R) is the restriction of the same map Cg : Mn(R)→
Mn(R) to the open subset GL(n,R). Note that the map Cg(A) = gAg−1 is linear in A ∈ Mn(R).
Consequently, the differential of Cg is the map itself:

(dCg)e(A) = gAg−1.
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Thus, Ad(g) is the linear operator on Lie(GL(n,R)) given by

Adg(Ã) = g̃Ag−1.

Now, we use (13.1). Let X = Ã and Y = B̃ for A,B ∈ gl(n). Then exp(tX) = etA, and so We
have

Ad(exp tX)Y = Ad(etA))B̃ = ˜etABe−tA

and so

(ad(X)Y )e =
d

dt

∣∣∣∣
t=0

etABe−tA.

We now use regular calculus: applying the product rule,

d

dt

(
etABe−tA

)
=

(
d

dt
etA
)
Be−tA + etAB

(
d

dt
e−tA

)
= AetABe−tA + etAB(−A)e−tA.

Setting t = 0 yields AB −BA, and so we have

(ad(X)Y )e = AB −BA.

Combining this with Theorem 13.13, we have [Ã, B̃]e = AB − BA, and using left-invariance of
[Ã, B̃] yields the result. �

Henceforth, especially when dealing with matrix Lie groups, we will de-emphasize the distinc-
tion between the Lie algebra Lie(G) and the tangent space TeG = g at the identity; the Lie bracket
is easy to understand on g, as it is always just the commutator bracket of matrices. Hence, we may
be imprecise and refer to g as the Lie algebra of G

Before we continue, let’s point out a few properties of the Ad and ad maps that were hidden in
the preceding proofs.

COROLLARY 13.16. LetG be a Lie group, and letX ∈ Lie(G). Then Ad(expX) = exp(ãdX).

PROOF. Since ãd(X) = Ad∗(X), this follows immediately from Theorem 13.9(g). �

COROLLARY 13.17. Let G ⊆ GL(n,R) be a matrix Lie group, and let g ⊆ Mn(R) be its Lie
algebra. Then for any A ∈ g and any g ∈ G, gAg−1 ∈ g

PROOF. We computed above that gAg−1 = (dCg)e(A) which is, by definition, a vector in
TCg(e)G = TeG = g. �

EXAMPLE 13.18. Let G = SL(n,R). This is the 1-level set of the Lie group homomorphism
det : GL(n,R)→ R∗, and so its Lie algebra / tangent space at the identity sl(n,R) is ker((d det)e).
As we computed in Example 11.5(3), (d det)e(A) = TrA, and so

sl(n,R) = {A ∈Mn(R) : TrA = 0}.

Now, if g ∈ G (in fact if g is any invertible matrix whatsoever), and A ∈ sl(n,R), we have

Tr (gAg−1) = Tr (g−1gA) = TrA = 0

and so indeed gAg−1 ∈ sl(n,R). Also, note that Tr [A,B] = Tr (AB − BA) = Tr (AB) −
Tr (BA) = 0 by the trace property, for any matrices A,B; so, indeed, sl(n,R) is closed under the
commutator bracket, making into a Lie algebra; as we saw above, it is the Lie algebra of SL(n,R).
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EXAMPLE 13.19. Let G = O(n,R) = O(n). Then the Lie algebra / tangent space at the
identity is o(n) = {A ∈ Mn(R) : A + A> = 0}. We can compute directly that if A,B ∈ o(n),
then

[A,B]> = (AB −BA)> = B>A> − A>B>

= (−B)(−A)− (−A)(−B) = BA− AB = −(AB −BA) = −[A,B]

so [A,B] ∈ o(n), making o(n) into a Lie algebra (and it is the Lie algebra of O(n)). Note that
SO(n) has the same Lie algebra, as it is the identity component of O(n). Also note that we can
check again directly that, for any Q ∈ O(n) and any A ∈ o(n),

(QAQ−1)> = (QAQ>)> = QA>Q> = −QAQ>,
and so indeed QAQ−1 ∈ o(n).

EXAMPLE 13.20. Consider the Lie groups U(n) and SU(n). Then the Lie algebra of U(n) is
u(n) = {A ∈Mn(C) : A∗+A = 0}, and calculations like those above confirm directly that this is
closed under the commutator bracket. Now, the subgroup SU(n) actually has (real) codimension
1, since the determinant of a generic matrix in U(n) is a unit modulus complex number, not just
±1. At the level of Lie algebras, this is reflected in the fact that SU(n) is the level set of the pair
of functions A 7→ (AA∗, detA) = (I, 1), and so the tangent space is the kernel of this map which
is the intersection of the two kernels: su(n) = {A∗ + A = 0} ∩ {TrA = 0}. In the real case, the
condition A> + A = 0 implies that TrA = 0, but this is not so in the complex case (the diagonal
entries of a skew-Hermitian A ∈ u(n) can be any purely imaginary numbers).

4. Normal Subgroups and Ideals

Recall that a subgroup H ⊆ G of a group G is called normal if it is closed under conjugation
by elements of G: gHg−1 ⊆ H for all g ∈ G. These are the “best” subgroups: the kernel of any
group homomorphism is a normal subgroup, and conversely, every normal subgroup is the kernel
of a group homomorphism: namely the projection π : G→ G/H (highlighting the fact that normal
subgroups are the only ones for which the quotient G/H has a group structure).

There is an analogous concept for Lie algebras; as we will see, the connection is more than
nominal in the case of Lie groups.

DEFINITION 13.21. Let g be a Lie algebra. A linear subspace I ⊆ g is called an ideal if, for
every X ∈ I and Y ∈ g, [X, Y ] ∈ I.

For example, let g = gl(n,F) for F ∈ {R,C}, and let I ⊂ g be the linear space of matrices
X satisfying TrX = 0 (that is: I = sl(n,F)). If Y ∈ gl(n,F) is any matrix, then Tr ([X, Y ]) =
Tr (XY − Y X) = 0; so I is an ideal. Note that any ideal is a Lie subalgebra by definition.

PROPOSITION 13.22. Let g be a Lie algebra. If h is another Lie algebra, and φ : g → h is
a Lie algebra homomorphism, then kerφ is an ideal in g. Conversely, if I is an ideal in g, then
there is a unique Lie algebra structure on the quotient vector space g/I for which the projection
π : g→ g/I is a Lie algebra homomorphism. Consequently, any ideal is the kernel of a Lie algebra
homomorphism (namely π).

PROOF. Let X ∈ kerφ and Y ∈ g. Since φ is a Lie algebra homomorphism, we have

φ([X, Y ]) = [φ(X), φ(Y )] = [0, φ(Y )] = 0,
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and so [X, Y ] ∈ kerφ as well, proving that kerφ is an ideal.
Now, suppose I is an ideal. We wish to define a Lie bracket on g/I so that the projection π

is a homomorphism. It is clear that there is a unique way to do this: for X, Y ∈ g, we must have
[π(X), π(Y )] ≡ π([X, Y ]). We must check that this is well-defined. Suppose that π(X) = π(X ′)
and π(Y ) = π(Y ′). Thus X ′ = X + Z and Y ′ = Y +W where Z,W ∈ I. Thus

[X ′, Y ′] = [X + Z, Y +W ] = [X, Y ] + [X,W ] + [Z, Y ] + [Z,W ].

Since I is an ideal, [X,W ] ∈ I, [Z, Y ] = −[Y, Z] ∈ I, and [Z,W ] ∈ I; thus [X ′, Y ′]−[X, Y ] ∈ I,
so π([X ′, Y ′]) = π([X, Y ]), showing this bracket is well-defined. It is easy to check that it is a Lie
bracket.

Finally, by design π is a Lie algebra homomorphism. Since kerπ = I, this shows I is the
kernel of a Lie algebra homomorphism. �

Now, suppose G is a Lie group and H ⊆ G is a Lie subgroup. If both are connected, we will
see that normality of H is equivalent to its Lie algebra being an ideal in Lie(G). First, we note
that, to test normality from the definition, it suffices to do so on group elements in the image of the
exponential map (which generates the group, since it is an open neighborhood of the identity in a
connected group, cf. Proposition 11.12(c).

LEMMA 13.23. Let G be a connected Lie group, and let H ⊆ G be a connected Lie subgroup.
Then H is normal in G iff for all X ∈ Lie(G) and Y ∈ Lie(H),

exp(X) exp(Y ) exp(−X) ∈ H. (13.2)

PROOF. Since exp(−X) = exp(X)−1, if H is normal then (13.2) by definition of normality.
Conversely, suppose (13.2) holds. Let V ⊆ Lie(G) be a neighborhood of 0 such that expG is a
diffeomorphism from V onto U = expG(V ). Now, sinceH is a Lie subgroup, expH = expG |H (by
Theorem 13.9(g)), and so applying the same argument and shrinking V if necessary, without loss
of generality expH is a diffeomorphism from V ∩ Lie(H) onto a neighborhood U0 of the identity
in H . Shrinking V further if necessary, we may assume it is symmetric: X ∈ V iff −X ∈ V .
Then (13.2) says that ghg−1 ∈ H whenever g ∈ U and h ∈ U0.

Now, as H is connected, Proposition 11.12(c) shows that U0 generates H . Thus, any element
h ∈ H may be written in the form h = h1 · · ·hm for some h1, . . . , hm ∈ U0, and so we have, for
any g ∈ U ,

ghg−1 = gh1 · · ·hmg−1 = (gh1g
−1) · · · (ghmg−1) ∈ H.

Similarly, asG is connected, Proposition 11.12(c) shows that U generatesG. Thus, any g ∈ Gmay
be written as g = g1 · · · gk with g1, . . . , gk ∈ U . Now, for any h ∈ H , we’ve seen that ghg−1 ∈ H
for g ∈ U ; thus, if g1, g2 ∈ U then g2hg

−1
2 ∈ H and therefore (g1g2)h(g1g2)−1 = g1(g2hg

−1
2 )g−1

1 ∈
H . Proceeding by induction, we see that ghg−1 ∈ H for any g ∈ G, concluding the proof that H
is normal. �

Before connecting ideals in Lie(G) with normal subgroups of G, we need one more lemma:
we can use the exponential map to identify a Lie subalgebra (this will be useful in the next section
as well).

LEMMA 13.24. Let G be a Lie group, and let H ⊆ G be a Lie subgroup. With Lie(H)
considered as a subalgebra of Lie(G) as in Corollary 12.47,

Lie(H) = {X ∈ Lie(G) : exp tX ∈ H for all t ∈ R}.
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PROOF. By the characterization of Lie(H) ⊆ Lie(G) in Corollary 12.47, we simply need to
establish that

exp tX ∈ H for all t ∈ R ⇐⇒ Xe ∈ TeH.
If Xe ∈ TeH , then exp tX ∈ H for all t ∈ R by Lemma 13.5. Conversely, if exp tX ∈ H for all
t, then the map t 7→ exp tX is a smooth map R→ H , and thus Xe = d

dt

∣∣
t=0

exp tX ∈ TeH . �

THEOREM 13.25. Let G be a Lie connected group, and let H be a connected Lie subgroup.
Then H is normal in G if and only if Lie(H) is an ideal in Lie(G).

PROOF. For any g ∈ G, recall that Ad(g) : Lie(G) → Lie(G) is the Lie algebra homomor-
phism induced by the conjugation group homomorphism Cg; thus, by Theorem 13.9(g), the fol-
lowing diagram commutes

Lie(G)
Ad(g)

//

exp

��

Lie(G)

exp

��
G

Cg
// G

So exp ◦Ad(g) = Cg◦exp. Let Y ∈ Lie(H), and apply this with g = expX for someX ∈ Lie(G);
thus

exp (Ad(expX)Y ) = CexpX(expY ) = expX expY exp(−X).

On the other hand, by Corollary 13.16, we have

Ad(expX)Y = exp(ãdX)Y

Now ãdX acts on the matrix Lie algebra Lie(GL(Lie(G))), and so the exponential map can be
identified as the matrix exponential of the evaluation at the identity:

(ãdX)Y = eadXY =
∞∑
k=0

1

k!
(adX)kY.

Now, assume Lie(H) is an ideal in Lie(G). Then [X, Y ] ∈ Lie(H), and therefore (adX)2Y =
ad(X)([X, Y ]) = [X, [X, Y ]] ∈ Lie(H), and so forth by induction we find that (adX)kY ∈
Lie(H). Thus, we see that

expX expY exp(−X) = Ad(expX)Y = exp(ãdX)Y =
∞∑
k=0

1

k!
(adX)kY ∈ Lie(H).

By Lemma 13.23, it follows that H is normal in G.
Conversely, suppose H is normal in G. Let X ∈ Lie(G) and Y ∈ Lie(H); then Lemma 13.23

shows that, for any s, t ∈ R,

exp tX exp sY exp(−tX) ∈ H.
Applying the same reasoning as above we can express this in terms of Ad as

H 3 exp(Ad(exp tX)sY ) = exp(sAd(exp tX)Y )

where we have used the fact that Ad(exp tX) is a linear operator on Lie(G). Hence, the vector
field Z = Ad(exp tX)Y in Lie(G) satisfies exp sZ ∈ H for all s ∈ R; it follows from Lemma
13.24 that Z ∈ Lie(H). This holds true for all t ∈ R, and so we also have

[X, Y ] = ad(X)Y =
d

dt

∣∣∣∣
t=0

Ad(exp tX)Y ∈ Lie(H).
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This shows that Lie(H) is an ideal. �



CHAPTER 14

The Baker-Campbell-Hausdorff Formula

Let g be a Lie algebra, and let X, Y ∈ g. Unless [X, Y ] = 0, it is not true that exp(X + Y ) =
exp(X) exp(Y ). This is, however, true “to first order.” The Baker-Campbell-Hausdorff formula is
a general expression for log(exp(X) exp(Y )) that, amazingly, is expressed entirely in terms of the
Lie bracket. That is: if G is a Lie group, then at least on a neighborhood of the identity where exp
is a diffeomorphism, the group operation can be expressed entirely in terms of the Lie bracket on
Lie(G). This fact has many important consequences that we will explore.

REMARK 14.1. As we’ll see below, the work of Baker, Campbell, and Hausdorff in the late
19th and early 20th Century did not give an explicit formula, but rather showed that one exists:
that there is a way to express log(exp(X) exp(Y )) entirely in terms of brackets, and brackets of
brackets, etc. of X, Y . The first explicit formula was given by Dynkin in 1947. For this reason,
many people call it the Baker-Campbell-Hausdorff-Dynkin formula.

1. First-Order Terms and the Lie-Trotter Product Formula

We begin with the lowest-order terms in the Baker-Campbell-Hausdorff formula.

PROPOSITION 14.2. Let G be a Lie group. Then for any X, Y ∈ Lie(G), there is some ε > 0
and a smooth function Z : (−ε, ε)→ Lie(G) so that

exp(tX) exp(tY ) = exp(t(X + Y ) + t2Z(t)), |t| < ε.

PROOF. By Theorem 13.9(f), there are neighborhoods U of 0 in Lie(G) and V of e in G so
that exp is a diffeomorphism from U onto V . Let β(t) = exp(tX) exp(tY ); then β(0) = e ∈ V .
Since V is open and β is continuous, there is some ε > 0 so that β(t) in V for all |t| < ε. Thus, we
may define γ : (−ε, ε)→ Lie(G) by

γ(t) = exp−1(β(t)) = exp−1(exp(tX) exp(tY )), |t| < ε,

and this defines a smooth function. By definition γ(0) = 0, and

exp(tX) exp(tY ) = exp γ(t), |t| < ε.

We now calculate the first-order Taylor expansion of γ. Since it is smooth, Taylor’s theorem with
integral remainder (Theorem 0.9) shows that γ(t) = 0 + tγ′(0) + t2Z(t) for some smooth function
Z, so to conclude the proof we need only compute γ′(0). By the inverse function theorem,

γ′(0) = (d exp0)−1 d

dt

∣∣∣∣
t=0

exp(tX) exp(tY ) =
d

dt

∣∣∣∣
t=0

exp(tX) exp(tY )

because d exp0 = Id by Theorem 13.9(e). Continuing, using the multiplication map m,

γ′(0) =
d

dt

∣∣∣∣
t=0

m(exp(tX), exp(tY )) = dm(e,e)

(
d

dt

∣∣∣∣
t=0

exp(tX),
d

dt

∣∣∣∣
t=0

exp(tY )

)
= dm(e,e)(X, Y ).

We have computed that dm(e,e)(X, Y ) = X + Y , and this concludes the proof. �

207



208 14. THE BAKER-CAMPBELL-HAUSDORFF FORMULA

REMARK 14.3. There is nothing sophisticated going on here, just Taylor’s theorem. We can
easily go further and compute higher-order terms: if you do that up to order 4, you can compute
that

γ(t) = t(X + Y ) +
t2

2
[X, Y ] +

t3

12
([X, [X, Y ]] + [Y, [Y,X]]) +O(t4).

The amazing fact is that all the terms can be expressed as iterated brackets of X and Y (this is not
at all clear from Taylor’s theorem). We will address this later in the section.

COROLLARY 14.4. Let G be a Lie group. For X, Y ∈ Lie(G), t ∈ R,

lim
n→∞

((
exp

t

n
X

)(
exp

t

n
Y

))n
= exp t(X + Y ).

This is called the Lie product formula, or the Lie-Trotter product formula. It was proved by
Lie (in a less rigorous sense) in the 19th Century; this formula was extended to the context of some
unbounded operators on Hilbert space by Trotter in the 1950s.

PROOF. By Proposition 14.2, there is some ε > 0 and a smooth function Z : (−ε, ε)→ Lie(G)
so that exp(sX) exp(sY ) = exp(s(X+Y )+s2Z(s)) for |s| < ε. For any t ∈ R, for all sufficiently
large n, | t

n
| < ε, and so(

exp
t

n
X

)(
exp

t

n
Y

)
= exp

(
t

n
(X + Y ) +

t2

n2
Z

(
t

n

))
.

Taking nth powers on both sides and using Theorem 13.9(d), this gives((
exp

t

n
X

)(
exp

t

n
Y

))n
= exp

(
t(X + Y ) +

t2

n
Z

(
t

n

))
.

As Z is continuous at 0, as n → ∞, Z(t/n) → Z(0), and so multiplying by t2/n sends this term
to 0, completing the proof. �

2. The Closed Subgroup Theorem

We have seen (Lemma 11.11 and Proposition 11.12) that the group structure of a Lie subgroup
imposes strong geometric requirements: for example, an open subgroup is also closed. The main
theorem of this section is the ultimate result of this variety: it turns out that it is impossible for any
subgroup of a Lie group to be closed unless it is an embedded Lie subgroup.

THEOREM 14.5 (Closed Subgroup Theorem). Suppose G is a Lie group, and H ⊆ G is a
subgroup that is closed in G. Then H is an embedded Lie subgroup.

We will prove the theorem in a sequence of lemmas. First, note by Lemma 11.4, it suffices to
show thatH is an embedded submanifold. To do this, we will find slice charts forH , and to do this
we will identify what the tangent spaces of of the subgroup are. Using left multiplication, it suffices
to find the tangent space at e, and so we begin by determining what subspace of g = Lie(G) is
actually the Lie algebra of H .

We are motivated here by Lemma 13.24, which identifies the Lie algebra of a known Lie
subgroup in terms of the image of the exponential map. That will be our definition here. Define
h ⊆ g as follows:

h = {X ∈ g : exp tX ∈ H for all t ∈ R}.
LEMMA 14.6. The subset h ⊆ Lie(G) is a linear subspace.
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PROOF. It is not clear from the definition that h is even a subspace; it follows trivially from
the definition that h is closed under scalar multiplication, but closure under addition is not so clear.
This is where the Lie product formula of Corollary 14.4 comes into play. For any fixed t ∈ R, if
X, Y ∈ h then, by definition, exp( t

n
X) and exp( t

n
Y ) are in H for all n ∈ Z. Thus((

exp
t

n
X

)(
exp

t

n
Y

))n
∈ H for any t ∈ R.

Thus, taking limits, sinceH is closed, it follows from the Lie product formula that exp t(X+Y ) ∈
H as well. Thus X + Y ∈ h. �

We will eventually show that this subspace h is Lie(H). En route, we first establish that the
exponential map (of G) is, when restricted to a neighborhood of 0 in h, a diffeomorphism onto a
neighborhood of e inH . Of course, to say it is a diffeomorphism already implies we have a smooth
structure, and so we will use this to help define the smooth structure.

We need one small technical result before we proceed.

LEMMA 14.7. Let G be a Lie group and let g = Lie(G). Let h ⊆ g be a linear subspace, and
let b be a complementary subspace (so g = h⊕ b). The map Φ: g→ G defined by

Φ: h⊕ b 3 X + Y 7→ expX expY

is a diffeomorphism from some neighborhood of 0 in g onto its image.

PROOF. First note that Φ is well-defined: we may write it as Φ = Φ̃◦ψ where ψ : g = h⊕b→
h × b is the linear isomorphism X + Y 7→ (X, Y ), and Φ̃(X, Y ) = expX expY . It therefore
suffices to show that Φ̃ restricts to a diffeomorphism from some neighborhood of (0, 0) ∈ h × b
into its image in G. We can compute that

dΦ̃(0,0)(X, Y ) = dm(e,e)(d exp0(X), d exp0(Y )) = dm(e,e)(X, Y ) = X + Y.

The image of dΦ̃(0,0) is in g = h⊕ b, and so composing with the linear isomorphism ψ−1 we have
ψ−1 ◦ dΦ̃(0,0) = Idh×b. Thus, dΦ0 = ψ−1 ◦ dΦ̃(0,0) ◦ ψ is a linear isomorphism, and the result
follows from the inverse function theorem. �

Now, let U ⊆ g be a neighborhood of 0 such that exp: U → exp(U) ⊆ G is a diffeomorphism.
Since exp(h) ⊆ H , it follows that exp(U ∩ h) ⊆ (expU) ∩ H . In fact, for small enough U , this
containment is an equality. (This shows exp is a homeomorphism from U ∩ h onto (expU) ∩ h.)

PROPOSITION 14.8. There is an open neighborhood U of 0 ∈ g such that exp(U ∩ h) =
(expU) ∩H .

PROOF. As noted above, the forward containment is clear from the definitions. We will prove
the reverse containment holds for all small enough U by contradiction. Assume there is no neigh-
borhood U of 0 such that exp is a diffeomorphism from U to its image and (expU) ∩ H ⊆
exp(U ∩ h).

Choose a subspace b ⊆ g complementary to h, and define Φ(X + Y ) = expX expY as in
Lemma 14.7. By that lemma, shrinking if necessary, we can find a neighborhood U0 of 0 ∈ g so
that exp |U0 and Φ|U0 are diffeomorphisms onto their images.

Now, let {Uj} be a sequence of open balls in g whose radii converge to 0. Then let Vj =

exp(Uj), and Ũj = Φ−1(Vj). For all sufficiently large j, Uj ⊂ U0. Now to our contradiction
argument: our assumption implies that for all large j there is some hj ∈ (expUj) ∩ H such that
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hj /∈ exp(Uj ∩ h). In particular, this means hj = expZj for some Zj ∈ Uj . Now, exp(Uj) =

Φ(Ũj) by definition, and therefore there is also some pair (Xj, Yj) ∈ Ũj ⊆ h ⊕ b such that
hj = expXj expYj . If Yj were 0, this would mean expZj = expXj ∈ exp(h); but exp is
injective on Uj ⊆ U0, which would mean Xj = Zj ∈ Uj ∩ h, contradicting our assumption that
hj /∈ exp(Uj ∩ h). Thus Yj 6= 0. But since (Xj, Xj) ∈ Ũj = Φ−1 ◦ exp(Uj) and the radius of Uj
tends to 0, it follows by continuity that Yj → 0 as j → ∞. Note also that expXj ∈ exp(h) ⊆ H ,
and therefore expYj = (expXj)

−1hj ∈ H as well.
Now, choose any norm ‖ · ‖ on b, and let cj = ‖Yj‖; then cj → 0 as j → ∞, but cj 6= 0.

Now Yj/cj is in the unit sphere in the finite-dimensional normed space (b, ‖ ·‖), which is compact,
and thus there is a subsequence that converges; reindexing, wlog we have some limit Y ∈ b with
‖Y ‖ = 1 so that Yj/cj → Y as j →∞. In particular, Y 6= 0. We will now show that Y ∈ h; since
h and b are complementary, this is a contradiction.

To see that Y ∈ h, let t ∈ R, and for each j let nj = bt/cjc ∈ Z; in particular, |nj − tcj| ≤ 1.
This means that |njcj − t| ≤ cj → 0, and so njcj → t. Thus

njYj = (njcj)
Yj
cj
→ tY

and by continuity we have expnjYj → exp tY . Note that expnjYj = (expYj)
nj , and since

expYj ∈ H , it follows that expnjYj ∈ H . As H is a closed subgroup, the limit exp tY =
limj→∞ expnjYj ∈ H as well. Thus exp tY ∈ H for all t ∈ R, which means Y ∈ h. This gives us
the desired contradiction, and concludes the proof. �

We are now ready to prove the theorem.

PROOF OF THE CLOSED SUBGROUP THEOREM. Choose a linear isomorphism E : g → Rn

such that E(h) = Rk × {0}. Let U be a neighborhood as in Proposition 14.8. Then the composite
map ϕ = E ◦ exp−1 : expU → Rn is a smooth chart for G, and ϕ ((expU) ∩H) = E(U ∩ h)
is the slice chart obtained by setting the last n − k coordinates in ϕ to 0. This gives us a slice
chart for points near e, but we can translate in the group to do the same at any point: if h ∈ H ,
Lh is a diffeomorphism from expU onto a neighborhood of h in G, and since H is a subgroup,
Lh(H) = H . Thus

Lh ((expU) ∩H) = Lh(expU) ∩H
and so ϕ ◦ L−1

h is a slice chart for H in a neighborhood of h. It follows that H is an embedded
submanifold, concluding the proof. �

Let us also note that there is a (much simpler) converse: embedded Lie subgroups are always
closed.

PROPOSITION 14.9. Let G br a Lie group, and suppose H ⊆ G is an embedded Lie subgroup.
Then H is closed in G.

PROOF. Let H denote the closure of H in G, and let g ∈ H . Let (hn) be a sequence in H with
hn → g. Let U be a neighborhood of e in G that is the domain for a slice chart for H , and shrink
U a little to a neighborhood W containing e so that W ⊂ U . There exists a neighborhood V of e
in G so that, for all g1, g2 ∈ V , g1g

−1
2 ∈ W (this is an assigned homework exercise [3, Problem

7-6]). Note that hng−1 → e, and thus for all large n hng−1 ∈ V . Then for such large n,m,

hnh
−1
m = (hng

−1)(gh−1
m ) = (hng

−1)(hmg
−1)−1 ∈ W.
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Sending n→∞ and using continuity of the multiplication map shows that gh−1
m = limn hnh

−1
m ∈

W ⊂ U . Since U is a slice chart, and H ∩ U is a slice, it is closed in U , and therefore gh−1
m ∈ H

for all large m. But hm ∈ H , and so g ∈ H . Thus H is closed. �

Thus, it is impossible to have a Lie subgroup that is the interior of a manifold with boundary
in the ambient Lie group. If a Lie subgroup is not closed, then it is not embedded. For example,
the image of the one parameter group α(t) = (e2πit, e2πiat) for a ∈ R \Q is a Lie subgroup of T2

which is dense, but not all of T2. Note that the closure is all of T2, which is of course embedded.
That is our final (immediate) corollary to the closed subgroup theorem.

COROLLARY 14.10. If H is any Lie subgroup of G, then the closure H of H in G is an
embedded Lie subgroup.

PROOF. By the closed subgroup theorem, we simply need to show that H is a subgroup. But
this follows by continuity of the multiplication map: if g, h ∈ H , let (gn), (hn) be sequences in H
with gn → g and hn → h. Then H 3 gnhn → gh, and so gh ∈ H . Thus, H is a subgroup, and it
is closed, thus it is an embedded Lie subgroup. �

3. The Heisenberg Group: a Case Study

Recall the Heisenberg Group H(n,R) of Example 11.5(7), consisting of matrices in Mn(R) of
the form I + T where T is strictly upper-triangular. To be concrete, let us take n = 3, so

H(3,R) =


 1 a c

0 1 b
0 0 1

 : a, b, c ∈ R

 . (14.1)

Since H(3,R) is an affine subspace of M3(R), as an embedded submanifold its tangent space is
simply the strictly upper triangular matrices h(3,R)

h(3,R) =


 0 x z

0 0 y
0 0 0

 : u, v, w ∈ R

 .

It follows from Theorem 13.13 that this subspace must be closed under the commutator bracket; it
is an easy (and illustrative) calculation to see it directly: 0 x1 z1

0 0 y1

0 0 0

 0 x2 z2

0 0 y2

0 0 0

−
 0 x2 z2

0 0 y2

0 0 0

 0 x1 z1

0 0 y1

0 0 0

 =

 0 0 x1y2 − x2y1

0 0 0
0 0 0

 .
and this is certainly in h(3,R). We can frame this another way. Notice that the linear space h(3,R)
is 3-dimensional, spanned by the three vectors X = E12, Y = E23, and Z = E33. Then the
statement that h(3,R) is closed under the bracket means that all brackets of these three vectors
must be linear combinations of them. In fact, the preceding calculation shows that

[X, Y ] = Z, [X,Z] = [Y, Z] = 0. (14.2)

In particular, this shows that, as a Lie algebra, h(3,R) is generated by the two-element set {X, Y }.
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Now, consider the exponential map exp: h(3,R)→ H(3,R). As this is a matrix Lie group, we
know that it is simply given by matrix exponentiation, and this is easy to compute from the power
series. Indeed, we have 0 x z

0 0 y
0 0 0

2

=

 0 0 xy
0 0 0
0 0 0

 ,
 0 x z

0 0 y
0 0 0

3

= 0.

Thus, for any W ∈ h(3,R), W k = 0 for k ≥ 3, and thus

expW =
∞∑
k=0

1

k!
W k = I +W +

1

2
W 2.

Explicitly, this means

exp

 0 x z
0 0 y
0 0 0

 = I +

 0 x z
0 0 y
0 0 0

+
1

2

 0 0 xy
0 0 0
0 0 0

 =

 1 x z + xy
2

0 1 y
0 0 1

 .
From here, we can see explicitly that:

PROPOSITION 14.11. The exponential map exp: h(3,R)→ H(3,R) is a diffeomorphism.

PROOF. This is simply a matter of solving equations. Given any element g ∈ H(3,R) (given
in the form (14.1)), we need to find a unique W ∈ h(3,R) with expW = g. That is: 1 a c

0 1 b
0 0 1

 = exp

 0 x z
0 0 y
0 0 0

 =

 1 x z + xy
2

0 1 y
0 0 1

 .
Immediately we see that we must have x = a and y = b, which shows that z = c − xy

2
= c − ab

2
.

This is a real number, and so indeed there is a unique solution W for each g. What’s more, note
that the expression for exp−1 is a polynomial in the entries of the matrix, and so it is smooth,
concluding the proof. �

Because the form of the exponential map is so simple in this example, we can hope to fully
understand all the terms in this Baker-Campbell-Hausdorff formula, and indeed that is the case.
We could fool around directly with power series, but since we will use this example to motivate
the general case, we want to work directly with Lie algebraic terms. To that end, we note from
(14.2) that h(3,R) has the property that all second- and higher-order commutators vanish (that is:
[X, [X, Y ]] = [X,Z] = 0, etc.) When this happens, the Baker-Campbell-Hausdorff formula takes
a very simple form.

PROPOSITION 14.12. Let X, Y ∈ Mn(R) be elements that commute with their commutator:
[X, [X, Y ]] = [Y, [X, Y ]] = 0. Then

eXeY = eX+Y+ 1
2

[X,Y ].

PROOF. We introduce a parameter t ∈ R scaling X and Y , so that the desired conclusion
becomes

etXetY = etX+tY+ t2

2
[X,Y ].
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By assumption, [X, Y ] commutes withX and Y , and so it commutes withX+Y ; thus, the standard
power-series approach to exponentials shows that

etX+tY+ t2

2
[X,Y ] = et(X+Y )e

t2

2
[X,Y ].

Hence, the desired property is equivalent to the statement that

A(t) ≡ etXetY e−
t2

2
[X,Y ] = et(X+Y ) ≡ B(t).

Note that the two functions A,B : R → Mn are smooth. Our strategy to prove they are equal is
to show that they both satisfy the same ODE with the same initial condition; by Theorem 0.22(2)
(the uniqueness part of the Picard-Lindelöf Theorem), it then follows that A = B.

We begin with the right-hand-side B(t) which is the one-parameter subgroup generated by
X + Y ; thus, it satisfies the ODE

Ḃ(t) = B(t)(X + Y ), B(0) = I.

Moving to the left-hand-side, we apply the product rule to find that

Ȧ(t) = etXXetY e−
t2

2
[X,Y ] + etXetY Y e−

t2

2
[X,Y ] − tetXetY e−

t2

2
[X,Y ][X, Y ].

Since Y commutes with [X, Y ], it also commutes with all powers of [X, Y ], and therefore with

e−
t2

2
[X,Y ]; hence, the last two terms maybe written as

etXetY e−
t2

2
[X,Y ](Y − t[X, Y ]) = A(t)(Y − t[X, Y ]). (14.3)

For the first term, we must commute X past etY . To do this, we involve the adjoint map, following
Corollary 13.16:

XetY = etY e−tYXetY = etY Ad(e−tY )X = etY ead(−tY )X = etY e−tad(Y )X.

Recall that ad(Y )X = [Y,X]. Since [Y, [Y,X]] = −[Y, [X, Y ]] = 0, we therefore have ad(Y )2X =
0, and so ad(Y )kX = 0 for k ≥ 2. Thus, expanding the power-series,

e−tad(Y )X = X − tad(Y )X = X − t[Y,X] = X + t[X, Y ].

So, finally, the first term in Ȧ(t) is

etXetY (X + t[X, Y ])e−
t2

2
[X,Y ] = etXetY e−

t2

2
[X,Y ](X + t[X, Y ]) = A(t)(X + t[X, Y ]) (14.4)

where the last equalities result from commuting X + t[X, Y ] past e−
t2

2
[X,Y ], valid since X and

[X, Y ] both commute with [X, Y ]. Combining (14.3) and (14.4) yields

Ȧ(t) = A(t)(X + Y )

which is the same ODE satisfied by B. Since the initial condition is again A(0) = I , we now
conclude that A(t) = B(t) for all t ∈ R. �

Thus, since any two vectors in h(3,R) satisfy the conditions of Proposition 14.12, it follows
that the Baker-Campbell-Hausdorff formula for the Heisenberg group can be stated thus.

COROLLARY 14.13 (the Baker-Campbell-Hausdorff Formula for H(3,R)). For any X, Y ∈
h(3,R), the exponential map exp: h(3,R)→ H(3,R) satisfies

exp tX exp tY = exp

(
t(X + Y ) +

t2

2
[X, Y ]

)
, t ∈ R.
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REMARK 14.14. Note: the X, Y in this corollary do not refer only to the basis elements X =
E12 and Y = E23 in h(3,R) as in (14.2), but rather to any two elements.

This points the way to how we will prove the Baker-Campbell-Hausdorff formula in general:
by solving ODEs. To that end, we will need a formula for the differential of the exponential map;
as noted above, it will involve that adjoint map. That is the goal of the next section.

Before we get there, we will complete the story of the Heisenberg group’s connection to its
Lie algebra by proving the Lie correspondence in this example. Recall from Proposition 12.42
that, if H,G are two Lie groups and F : H → G is a Lie group homomorphism, it induces a Lie
algebra homomorphism F∗ : Lie(H) → Lie(G). If we canonically identify Lie(H) ∼= TeH = h
and Lie(G) ∼= TeG = g, then the induced map F∗ becomes dFe : h→ g.

The question is: can we reverse this process? Given a Lie algebra homomorphism φ : h → g,
is there a (unique) Lie group homomorphism F so that dFe = φ? (Spoiler alert: the answer, in
general, is no.) To get a sense of what this F might look like, we refer back to Theorem 13.9(g),
which asserts (in this language) that expG ◦dFe = F ◦ expH . This, of course, does not uniquely
specift F in terms of dFe, except in the special case when expH happens to be invertible.

THEOREM 14.15. LetG be a matrix Lie group, with Lie algebra g, and let φ : h(3,R)→ g be a
Lie algebra homomorphism. Then F = expG ◦φ◦exp−1

H(3,R) is the unique Lie group homomorphism
F : H(3,R)→ G such that dFe = φ.

Thus, there is an exact correspondence between Lie group homomorphisms from H(3,R) to
some matrix Lie group, and Lie algebra homomorphisms from h(3,R) to its Lie algebra.

PROOF. By Proposition 14.11, expH(3,R) is a diffeomorphism, so F is well-defined and smooth.
Since d expe = Id, it is easy to check that dFe = φ. So what remains to see is that F is indeed a
group homomorphism. This is where the BCH formula comes into play. Fix g, h ∈ H(3,R); then
there are unique X, Y ∈ h(3,R) so that g = expX and h = expY . Thus

F (gh) = F (expX expY ) = F (exp(X + Y + 1
2
[X, Y ])) = exp(φ(X + Y + 1

2
[X, Y ]))

by Corollary 14.13 and the definition of F . Now φ is a Lie algebra homomorphism, and so

φ(X + Y + 1
2
[X, Y ]) = φ(X) + φ(Y ) + 1

2
[φ(X), φ(Y )]).

Now, since X, Y ∈ h(3,R), they both commute with their commutators. Since φ is a Lie algebra
homomorphism, it follows that φ(X) and φ(Y ) also commute with their commutators. Thus, by
Proposition 14.12, it follows that

exp(φ(X)+φ(Y )+1
2
[φ(X), φ(Y )]) = exp(φ(X)) exp(φ(Y )) = F (expX)F (expY ) = F (g)F (h).

This shows that F is a group homomorphism, completing the proof. �

The point is: the BCH formula expresses exp−1(expX expY ) entirely in terms of Lie algebraic
operations, and so we may pass φ through to give a Lie group homomorphism, modulo the well-
definedness of exp−1. That is the general way in which the BCH formula will be used; the question
of how to make sense of exp−1 in general is a topology question we will tackle after we have proved
the full BCH formula.
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4. The Differential of the Exponential Map

We have already seen, and used repeatedly, the fact that d exp0 = Id. We will presently need
the differential of the exponential map at an arbitrary point of the Lie algebra, not just 0.

THEOREM 14.16. Let G be a Lie group, and let exp: Lie(G) → G be the exponential map.
Then for any X ∈ Lie(G),

d expX = (LexpX)∗

∫ 1

0

e−t adX dt. (14.5)

To be clear: adX : Lie(G) → Lie(G) is the linear operator adX(Y ) = [X, Y ]; we may take
the usual matrix exponential of this operator, and moreover (as we are in finite dimensions) there
is nothing fancy about integrating an operator-valued function. To be clear, for any Y ∈ Lie(G),(∫ 1

0

e−t adXdt

)
(Y ) ≡

∫ 1

0

e−t adXY dt.

This is then followed by the linear operator (LexpX)∗ : Lie(G) → Lie(G). If we are identifying
Lie(G) with TeG as usual, then this should read dLexpX |e instead of (LexpX)∗.

Before we prove the theorem (preceded by a few lemmas needed in the calculation), let’s first
expand the integral as a power series instead. In general, if A is any linear operator on a finite
dimensional vector space, we can integrate the exponential power series term-by-term, and we get∫ 1

0

e−tA dt =
∞∑
k=0

(−A)k

k!

∫ 1

0

tk dt =
∞∑
k=0

(−1)k
Ak

(k + 1)!
.

We might choose to write the function of adX in (14.5) in this way instead of as the integral; they
are equivalent. Another somewhat incorrect way that it is often written is as follows. Suppose that
a ∈ C∗ is a nonzero (i.e. invertible) complex number. Then∫ 1

0

e−ta dt =
1− e−a

a
.

It then follows using functional calculus that, if A is an invertible operator,∫ 1

0

e−tA dt = A−1(I − e−A) =
I − e−A

A
.

This only makes sense if A is invertible, but the above formulas (as a power series or integral) are
often used to give meaning to this expression even when A is not invertible:

A−1(I − e−A) ≡
∞∑
k=0

(−1)k
Ak

(k + 1)!
=

∫ 1

0

e−tA dt.

In particular, (14.5) is often written in the form

d expX = (expX)∗
I − e−adX

adX
.

This does not make literal sense, since adX is never invertible: ker(adX) 3 X which is nonzero
unless X = 0 in which case adX = ad0 = 0 is certainly not invertible. Nevertheless, this is the
way you will often see it written.

The following limit will be needed in the computation of the differential of exp.
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LEMMA 14.17. Let A be a linear operator on a finite dimensional vector space V . Then

lim
m→∞

1

m

m−1∑
`=0

(
e−A/m

)`
=

∫ 1

0

e−tA dt.

PROOF. Rewriting the left-hand side as the limit of
m−1∑
`=0

e−
`
m
A · 1

m

we recognize this as a Riemann sum for the stated integal, with partition {0, 1
m
, 2
m
, · · · , 1} of

constant width 1
m

, and left-end-point evaluations. Thus, the result is merely the statement that
t 7→ e−tA is Riemann integrable on [0, 1] (which is immediate from its continuity).

�

We will also need a generalization of the iterated product rule.

LEMMA 14.18. Let M be a manifold and let G be a Lie group. Let F1, F2 : M → G be smooth
maps, and define F (p) = F1(p) · F2(p) to be the product. Then

dFp = dLF1(p)|F2(p) ◦ dF2|p + dRF2(p)|F1(p) ◦ dF1|p.

PROOF. We write F as F = m ◦ (F1, F2); then by the chain rule

dFp(X) = dm(F1(p),F2(p)) ◦ d(F1, F2)p(X) = dm(F1(p),F2(p))(dF1|pX, dF2|pX)

Now, in the proof of Lemma 11.2, we saw that dmg,h(Y, Z) = dRh|g(Y )+dLg|h(Z); in the present
case, this means

dFp(X) = dRF2(p)|F1(p) ◦ dF1|pX + dLF1(p)|F2(p) ◦ dF2|pX.
�

COROLLARY 14.19. Let M be a manifold and let G be a Lie group. Let n ≥ 2 be an integer,
let F1, . . . , Fn : M → G be smooth maps, and define F (p) = F1(p) · · ·Fn(p) to be the product.
Then

dFp =
n∑
k=1

dLF1(p)···Fk−1(p)|Fk(p)···Fn(p) ◦ dRFk+1(p)···Fn(p)|Fk(p) ◦ dFk|p. (14.6)

It may be easier to read what (14.6) says if we write it in terms of the tangent map without evalua-
tion at basepoints explicit:

dF =
n∑
k=1

dLF1···Fk−1
◦ dRFk+1···Fn ◦ dFk.

Also, since Lgh = Lg ◦ Lh while Rgh = Rh ◦ Rg, we can apply the chain rule and express this
instead as

dF =
n∑
k=1

dLF1 ◦ · · · ◦ dLFk−1
◦ dRFn ◦ · · · ◦ dRFk+1

◦ dFk.

This is the generalization of the iterated product rule for functions taking values in a real algebra
(such as Mn(R)), where

d(F1 · · ·Fn) =
n∑
k=1

F1 · · ·Fk−1 ◦ dFk ◦ Fk+1 · · ·Fn.
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Indeed, in the case that G is a matrix Lie group, since Lg : G → G is the restriction of the linear
map A 7→ gA on Mn(R), its derivative is given by dLg(X) = gX (at any point), and so (14.6)
matches this more elementary product rule. The proof of Corollary 14.19 is a simple induction on
Lemma 14.18, and is left to the (bored) reader.

We now stand ready to prove Theorem 14.16.

PROOF OF THEOREM 14.16. FixX, Y ∈ Lie(G). We will use the linear curve α(t) = X+tY
which passes through X at t = 0 and satisfies α̇(0) = Y . Then

d expX(Y ) =
d

dt

∣∣∣∣
t=0

expα(t) =
d

dt

∣∣∣∣
t=0

exp(X + tY ).

Now, for any m ∈ N,

exp(X + tY ) =

(
exp

(
X

m
+ t

Y

m

))m
.

We now apply the iterated product rule of Corollary 14.19, which yields that

d

dt

∣∣∣∣
t=0

(
exp

(
X

m
+ t

Y

m

))m
=

m∑
k=1

dLexp(X/m+tY/m)k−1

∣∣
t=0
◦ dRexp(X/m+tY/m)m−k

∣∣
t=0

(
d

dt

∣∣∣∣
t=0

exp

(
X

m
+ t

Y

m

))
.

We now reindex ` = m− k, giving
m−1∑
`=0

dLexp(X/m)m−`−1 ◦ dRexp(X/m)`

(
d

dt

∣∣∣∣
t=0

exp

(
X

m
+ t

Y

m

))
.

From the chain rule, dLexp(X/m)m−`−1=dLexp(X/m)m−1◦dLexp(X/m)−`
. We also use the linearity of the

inside derivative in Y/m to give

dLexp(X/m)m−1

[
1

m

m−1∑
`=0

dLexp(X/m)−` ◦ dRexp(X/m)`

(
d

dt

∣∣∣∣
t=0

exp

(
X

m
+ tY

))]
.

Now, set g = exp(X/m)−`; then dLg ◦ dRg−1 = dCg and (under the standard identification of
Lie(G) with TeG) this is the definition of Ad(g). Also using the fact that Ad is a homomorphism,
this gives

d expX(Y ) = dLexp(X/m)m−1 ◦ 1

m

m−1∑
`=0

Ad(exp(−X/m))`
(
d

dt

∣∣∣∣
t=0

exp

(
X

m
+ tY

))
.

But
Ad(exp(−X/m)) = ead(−X/m) = e−

adX
m .

So, all together, we have for any m ∈ N

d expX(Y ) = dLexp m−1
m

X ◦
1

m

m−1∑
`=0

(
e−

adX
m

)`( d

dt

∣∣∣∣
t=0

exp

(
X

m
+ tY

))
.

We now take the limit asm→∞. First, for the inside derivative, by smoothness we may takem→
∞ inside, which just gives us d

dt
|t=0 exp(tY ) = Y . The normalized sum converges to

∫ 1

0
e−tadX dt

by Lemma 14.17. Finally, exp m−1
m
X converges to expX , and under the standard identification of

Lie(G) with TeG, (LexpX)∗ is identified with dLexpX |e; this concludes the proof. �
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Let us conclude by combining with the chain rule to state the following version of Theorem
14.16; the proof is immediate.

COROLLARY 14.20. Let G be a Lie group, and let s 7→ X(s) be a smooth curve in Lie(G).
Then

d

ds
expX(s) = (LexpX(s))∗

∫ 1

0

e−t adX(s)dX

ds
dt.

5. The Baker-Campbell-Hausdorff(-Poincaré-Dynkin) formula

We can now state an integral form of the Baker-Campbell-Hausdorff formula. We need a
certain holomorphic function. First, let log z denote the standard branch of the complex logarithm.
If we restrict it to the disk |z − 1| < 1, it has the convergent power series

log z =
∞∑
n=1

(−1)n

n
(z − 1)n.

Now, define

g(z) =
log z

1− 1
z

,

which is then manifestly holomorphic on the annulus 0 < |z − 1| < 1. In fact, 1 is a removable
singularity: by l’Hôpital’s rule,

lim
z→1

g(z) = lim
z→1

d
dz

log z
d
dz

(1− 1
z
)

= lim
z→1

1
z
1
z2

= 1.

Thus, g is actually holomorphic on the disk |z − 1| < 1, and so it has a convergent power series

g(z) =
∞∑
n=0

gn(z − 1)n, |z − 1| < 1.

We will return to the power series coefficients gn later in this section; for now it is good enough to
know they exist.

We can then use holomorphic functional calculus to define g(A) for any linear operator A on a
finite dimensional vector space with operator norm satisfying ‖A− I‖ < 1; it is defined simply as
the power series

g(A) =
∞∑
n=0

gn(A− I)n.

We may now state the first form of the Baker-Campbell-Hausdorff formula, which is due to
Poincaré.

THEOREM 14.21 (Baker-Campbell-Hausdorff-Poincaré Formula). Let G be a Lie group, with
Lie algebra g. There is an open neighborhood U of 0 ∈ g so that, for all X, Y ∈ U ,

expX expY = exp

(
X +

∫ 1

0

g(eadXet adY )(Y ) dt

)
. (14.7)
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This is an admittedly awful formula, and no one could reasonably use it to actually compute
with. Rather, its use is in its form: it manifestly expresses the product expX expY as the expo-
nential of something built explicitly out of the Lie algebraic objects adX and adY . Thus, it shows
that, near 0 ∈ g at least, the group operation on G is completely determined by the Lie bracket on
g.

PROOF. We know that exp is a diffeomorphism on some neighborhood U0 of 0 ∈ g; thus, we
can choose a neighborhood U1 so that, for all X, Y ∈ U1 and t ∈ [0, 1], the element expX exp tY
is in exp(U0), and thus there is a unique element Z(t) ∈ U0 with expZ(t) = expX exp tY .
Moreover, as exp is a diffeomorphism on U0, Z is a smooth function of t ∈ [0, 1]. Our goal is to
compute Z(1); since Z is a smooth function, we can compute this as

Z(1) = Z(0) +

∫ 1

0

d

dt
Z(t) dt = X +

∫ 1

0

d

dt
Z(t) dt.

Thus, it bhooves us to calculate the derivative of Z(t). Now, on the one hand, by definition we
have

d

dt
expZ(t) =

d

dt
expX exp tY = dLexpX

d

dt
exp tY = dLexpX ◦ dLexp tY (Y )

where we have used the product rule of Lemma 14.18, and the definition of exp tY as the integral
curve of the left-invariant vector field Y . By the chain rule, and the fact that Lgh = Lg ◦ Lh, we
can write this as dLexpX exp tY (Y ) = dLexpZ(t)Y , and so we have

dLexp(−Z(t))
d

dt
expZ(t) = Y.

On the other hand, by Corollary 14.20, we have

dLexp(−Z(t))
d

dt
expZ(t) =

∫ 1

0

e−s adZ(t) d

dt
Z(t) ds.

That is, if we let h(z) =
∫ 1

0
e−sz ds = 1−e−z

z
(with a removable singularity at z = 0), then

h(adZ(t))
d

dt
Z(t) = Y.

Now h(0) = 1 so h(A) is invertible for all sufficiently small operatorsA. ShrinkingU1 if necessary,
we may assume that X, Y are small enough to make adZ(t) small enough (for all t ∈ [0, 1]) that
h(adZ(t)) is invertible. That is:

d

dt
Z(t) = h(adZ(t))−1Y.

It remains to see that h(adZ(t))−1 has the desired form. We use the relationship between Ad and
ad to compute that

eadZ(t) = Ad(expZ(t)) = Ad(expX exp tY ) = Ad(expX)Ad(exp tY ) = eadXet adY .

Thus
h(adZ(t))g(eadXet adY ) = h(adZ(t))g(eadZ(t)).

For any sufficiently small complex number w,

h(w)g(ew) =

∫ 1

0

e−sw ds
w

1− e−w
=

1

1− e−w

∫ 1

0

we−sw ds = 1.
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It then follows that, for all sufficiently small operator A, h(A)g(eA) = I . Thus h(adZ(t))−1 =
g(eadXet adY ), concluding the proof. �

Now, to derive a series expansion, we must expand g as a power series, and also expand
eadXet adY , combining appropriately. While the computations are elementary, they become fierce
quickly. Let us content ourselves for now with the expansion to order 2. By differentiation we can
quickly verify that

g(z) = 1 +
1

2
(z − 1)− 1

6
(z − 1)2 +O((z − 1)3).

At the same time, we have

eadXet adY − I =

(
I + adX +

1

2
(adX)2 + · · ·

)(
I + t adY +

t2

2
(adY )2 + · · ·

)
− I

= adX + t adY + t adX adY +
1

2
(adX)2 +

t2

2
(adY )2 + · · ·

where the · · · mean terms of degree ≥ 3 in adX and adY . Since there is no degree 0 term in this
expansion, taking the nth power will result in terms of degree ≥ n, and so composing the Taylor
series we get

g(eadXet adY ) = I +
1

2

(
adX + t adY + t adX adY +

1

2
(adX)2 +

t2

2
(adY )2

)
− 1

6

(
adX + t adY + t adX adY +

1

2
(adX)2 +

t2

2
(adY )2

)2

+ · · ·

= I +
1

2

(
adX + t adY + t adX adY +

1

2
(adX)2 +

t2

2
(adY )2

)
− 1

6

(
(adX)2 + t2(adY )2 + t adXadY + t adY adX

)
+ · · ·

= I +
1

2
adX +

t

2
adY +

1

12
(adX)2 +

t2

12
(adY )2 +

t

3
adX adY − t

6
adY adX + · · ·

Applying this to Y , many of the terms cancel (as adY (Y ) = [Y, Y ] = 0), and we find

g(eadXet adY )(Y ) = Y +
1

2
[X, Y ] +

1

12
[X, [X, Y ]]− t

6
[Y, [X, Y ]] + · · ·

Integrating,∫ 1

0

g(eadXet adY )(Y ) dt = Y +
1

2
[X, Y ] +

1

12
[X, [X, Y ]]− 1

12
[Y, [X, Y ]] + · · ·

Thus, Theorem 14.21 shows that

expX expY = exp

(
X + Y +

1

2
[X, Y ] +

1

12
[X, [X, Y ]]− 1

12
[Y, [X, Y ]] + · · ·

)
justifying the formula in Remark 14.3.

Following this procedure, being very methodical, it is possible to find the complete expansion.
This was done by Dynkin, which is why we attach his name to the formula. We state it here for
completeness, but we do not prove it (as the proof would take several pages, and would not really
teach us anything).
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THEOREM 14.22 (Baker-Campbell-Hausdorff-Dynkin Formula). Let G be a Lie group, with
Lie algebra g. There is an open neighborhood U of 0 ∈ g so that, for allX, Y ∈ U , expX expY =
exp(µ(X, Y )), where

µ(X, Y ) = X+Y+
∞∑
k=1

(−1)k

k + 1

∑
m1,...,mk≥0
n1,...,nk≥0
mj+nj>0

1

m1 + · · ·+mk + 1

(adX)m1

m1!

(adY )n1

n1!
· · · (adX)mk

mk!

(adY )nk

nk!
(X).

In particular, we can check the 4th order term from here. The ad(·) that immediately hits X
must be an adY (as adX(X) = 0)

6. Interlude: Riemannian Distance

Our next goal is to generalize Theorem 14.15 (as far as possible) to other Lie groups. To do
so, we will need a few ideas from Riemannian geometry that we have so far avoided. Recall that
a Riemannian metric on a manifold M is a symmetric tensor field g ∈ T 2(M) that is positive-
definite at each point: for each p ∈M , gp : TpM × TpM → R is an inner product. We then denote
the length of a vector Xp ∈ TpM by

|Xp|g ≡ g(Xp, Xp)
1/2.

One of the key uses of Riemannian metrics is to give a metric structure to manifolds. The way
to do this is to use them to measure the lengths of curves.

DEFINITION 14.23. Let (M, g) be a Riemannian manifold. Let a < b in R, and let α : [a, b]→
M be a piecewise smooth curve. The Riemannian length of α is defined to be

Lg(α) ≡
∫ b

a

|α̇(t)|g dt.

This precisely mirrors the usual calculus definition of lengths of curves. It is easy to verify standard
properties of this length definition; for example,

Lg(α|[a,c]) = Lg(α|[a,b]) + Lg(α|[b,c]), a ≤ b ≤ c. (14.8)

It is important to note that Lg is independent of parametrization.

LEMMA 14.24. Let (M, g) be a Riemannian manifold, and let α : [a, b] → M be a piecewise
smooth curve. Let β be a reparametrixation of α (see the discussion preceding Proposition 6.25).
Then Lg(α) = Lg(β).

The proof is a standard calculation involving the change-of-variables from calculus, and is left to
the reader.

We can now use lengths of curves to define distances between points, by using curves as “mea-
suring tapes” (and then choosing the shortest one).

DEFINITION 14.25. Let (M, g) be a connected Riemannian manifold. The Riemannian dis-
tance dg : M ×M → R+ is the minimal length of any piecewise smooth curve connecting two
points:

dg(p, q) ≡ inf
α : p→q

Lg(α).

It is well-defined since, for any two p, q ∈ M there exists a piecewise smooth curve connecting p
to q (cf. Lemma 6.28).
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EXAMPLE 14.26. if g is the usual Euclidean inner product on Rn, then (as straight lines are the
shortest paths) dg(p, q) = |p− q|g, the usual Euclidean metric (in topological sense).

In fact, dg is always a metric in the topological sense. Some of the defining properties of a
metric are immediate from the definition; others (such as nondegeneracy) require a little work. First
we prove the following lemma, which shows that it is always locally equivalent to the Euclidean
inner product.

LEMMA 14.27. Let U be an open subset of Rn, and let g be a Riemannian metric on U . Let g
denote the Euclidean inner product on Rn. If K ⊂ U is compact, then there are positive constants
c, C > 0 so that, for all x ∈ K and v ∈ TxU ,

c|v|g ≤ |v|g ≤ C|v|g.

PROOF. As usual, we identify TxU ∼= Rn, and so TU ∼= U × Rn. Consider first the subset
K×Sn−1 ⊂ K×Rn ⊂ TU , which is compact. By definition of Sn−1, |(x, v)|g = 1 for (x, v) ∈ K×
Sn−1. The function (x, v) 7→ |(x, v)|g is continuous and strictly positive, and so by compactness
there are constants c, C > 0 such that ≤ |(x, v)|g ≤ C for (x, v) ∈ K × Sn−1. Now, for any
(x, v) ∈ K × Rn, either v = 0 (in which case |(x, v)|g = |(x, v)|g = 0) or there is a unique λ > 0
(equal to |(x, v)|g so that λ−1v ∈ Sn−1. Thus, by the homogeneity of the norm | · |g at the point x,

|(x, v)|g = λ|(x, λ−1v)|g ≤ λC = C|(x, v)|g.
This is half of the desired inequality; the other half is proved the same way. �

THEOREM 14.28. Let (M, g) be a connected Riemannian manifold. The the Riemannian dis-
tance function dg : M ×M → R is a (topological) metric, and the metric space (M,dg) has the
same topology as M .

PROOF. By definition dg ≥ 0. It is symmetric since, for any curve α : p → q, the reversed
curve −α : q → p is a reparametrization, and so by Lemma 14.24 Lg(α) = Lg(−α), which (taking
infα of both sides) shows that dg(p, q) = dg(q, p). The triangle inequality follows from (14.8).
Thus, to show dg is a metric, it suffices to show that it is nondegenerate: dg(p, q) > 0 if p 6= q.

Fix p 6= q, and let (U,ϕ) be a chart containing p by not q. As usual, let Û = ϕ(U). We can
then define a Riemannian metric ĝ on Û by ĝ = (ϕ−1)∗g,

ĝ(v, w) = g(d(ϕ−1)ϕ(r)(v), d(ϕ−1)ϕ(r)(w)), r ∈ U, v, w ∈ Tϕ(r)Û .

This is a Riemannian metric since ϕ−1 is a diffeomorphism, so d(ϕ−1)ϕ(r) is a linear isomorphism
at each point r ∈ U .

Fix some ε > 0 so that Bε(ϕ(p)) ⊂ Û ; let V = ϕ−1(Bε(ϕ(p))), so that V ⊂ U is compact. By
Lemma 14.27, there are constants c, C > 0 so that

c|v|g ≤ |v|ĝ ≤ C|v|g, ∀ x ∈ Bε(ϕ(p)), v ∈ TxBε(ϕ(p))

where g is the Euclidean metric.
Now, let α : [a, b]→ V be a piecewise smooth curve contained in V , and let α̂ : [a, b]→ Rn be

the coordinate curve α̂ = ϕ ◦ α. Then, integrating, we have

cLg(α̂) ≤ Lĝ(α̂) ≤ CLg(α̂).

On the other hand, note that

|α̂′(t)|2ĝ = g

(
d(ϕ−1)α̂(t)

d

dt
α̂(t), d(ϕ−1)α̂(t)

d

dt
α̂(t)

)
= g(α̇(t), α̇(t)) = |α̇(t)|g
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by the chain rule. It follows that

Lĝ(α̂) =

∫ b

a

|α̂′(t)|ĝ dt =

∫ b

a

|α̇(t)|g dt = Lg(α). (14.9)

Thus, we have
cLg(α̂) ≤ Lg(α) ≤ CLg(α̂).

Now, let γ be a piecewise smooth curve from p to q. Let t0 = inf{t ∈ [a, b] : γ(t) /∈ V }; as q /∈ V ,
by continuity t0 ∈ (a, b), γ(t) ∈ V for a ≤ t < t0, and γ(t0) ∈ ∂V . It follows that

Lg(γ) ≥ Lg(γ|[a,t0]) ≥ cLg(α̂|[a,t0]).

We know that the g-shortest path from γ̂(a) = p to γ̂(t0) in Rn is the straight line path, and so

Lg(γ̂|[a,t0]) ≥ dg(p, γ(t0)) = ε

since γ(t0) ∈ ∂V and so γ̂(t0) ∈ ∂ϕ(V ) = ∂Bε(p). Hence, any piecewise smooth curve from p to
q has g-length ≥ cε, and it follows taking the infimum that dg(p, q) ≥ cε > 0. Ergo, dg is a metric.

It remains to show that the dg metric topology on M is the same as the manifold topology on
M . First, suppose U ⊆M is open in the manifold topology. Let p ∈ U , and fix a a chart (V, ϕ) at p
so that V ⊂ U , and ϕ(V ) is a ball of some radius ε > 0 centered at ϕ(p). The preceding argument
shows that there is a (V and therefore ε dependent) constant c so that dg(p, q) ≥ cε for all q /∈ V .
The contrapositive is that, for any point q with dg(p, q) < cε, it follows that q ∈ V ⊆ U . Thus,
the g-ball of radius cε around p is contained in U . As this holds for any p ∈ U , it follows that U is
open in (M, g).

Conversely, Let W be open in (M, g), and let p ∈ W . Fix a chart (V, ϕ) such that V̂ =

ϕ(V ) = B1(ϕ(p)). Let g be the Euclidean metric on V̂ , and let ĝ = (ϕ−1)∗g as above. Then there
are c, C > 0 so that

c|v|g ≤ |v|ĝ ≤ C|v|g, ∀ x ∈ V̂ , v ∈ TxV̂ . (14.10)
Fix ε > 0 small enough that ε < 1 and such that the g-ball Bg

Cε(p) = {q ∈ M : dg(p, q) < Cε}
is contained in W . At the same time, let Vε denote the set of points q ∈ V ⊆ M such that
dg(ϕ(p), ϕ(q)) < ε. If q ∈ Vε, let α̂ be the straight line path from ϕ(p) to ϕ(q), and let α = ϕ−1◦α̂;
then from (14.9) and integration of (14.10), we have

dg(p, q) ≤ Lg(α) = Lĝ(α̂) ≤ CLg(α̂) < Cε.

This shows that Vε ⊆ Bg
Cε(p) ⊆ W . Since Vε is a neighborhood of p in the manifold topology, this

shows W is open in the manifold topology, completing the proof. �

REMARK 14.29. To summarize the idea of the last half of the proof (showing the manifold
and metric topologies are the same): the manifold topology is locally Euclidean, which means it
is locally the Euclidean metric topology. Lemma 14.27 shows that the Euclidean metric and the
given Riemannian metric are locally equivalent metrics, and thus give the same topology.

In the context of Lie groups, the most relevant kind of Riemannian metric is a left-invariant
metric.

DEFINITION 14.30. Let G be a Lie group. A left-invariant Riemannian metric on G is a
Riemannian metrc g ∈ T 2(G) that is left-invariant: for any g ∈ G, (Lg)∗(g) = g. Equivalently:
such a metric is of the form

g(Xg, Yg) = 〈dLg|e(Xe), dLg|e(Ye)〉e, g ∈ G
for some given inner product 〈·, ·〉e on the Lie algebra g = TeG.
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A left-invariant Riemannian metric gives rise to a left-invariant Riemannian distance.

PROPOSITION 14.31. Let G be a Lie group, and let g be a left-invariant Riemannian metric on
G. Then dg is left-invariant: for any g, h1, h2 ∈ G,

dg(gh1, gh2) = dg(h1, h2).

EXAMPLE 14.32. The Euclidean inner product on Rn is translation-invariant, and as a conse-
quence the Euclidean distance (x, y) 7→ |x − y| is translation invariant. Proposition 14.31 is the
generalization to arbitrary left-invariant Riemannian metrics on Lie groups.

PROOF OF PROPOSITION 14.31. Let PSh1→h2(G) denote the set of piecewise linear curves
from h1 to h2 in G. Then α 7→ Lg ◦ α is a bijection from PSh1→h2(G) to PSgh1→gh2(G), and so

dg(gh1, gh2) = inf{Lg(Lg ◦ α) : α ∈ PSh1→h2(G)}. (14.11)

We then compute that, for any α : [a, b]→ G in PSh1→h2(G),

Lg(Lg ◦ α) =

∫ b

a

|(Lg ◦ α)′(t)|g dt =

∫ b

a

|(dLg)α′(t)α′(t)|g dt

and

|(dLg)α′(t)α̇(t)|g = g
(
(dLg)α′(t)α

′(t), (dLg)α′(t)α
′(t)
)

= ((Lg)∗g) (α′(t), α′(t))

= g(α′(t), α′(t)) = |α′(t)|g
by definition 14.30. Thus Lg(Lg ◦ α) = Lg(α), and this, together with (14.11), concludes the
proof. �

To conclude this section, we give an application of the existence of a left-invariant distance
function as in Proposition 14.31 that we will need in the next section. The result is: any continuous
curve α has multiplicative increments α(s)−1α(t) that all stay within a given neighborhood of the
identity when s, t are sufficiently small.

LEMMA 14.33. Let G be a Lie group and let α : [a, b] → G be a continuous path. Then for
any neighborhood U of e ∈ G, there is a δ > 0 so that, for any s, t ∈ [a, b] with |s − t| < δ,
α(s)−1α(t) ∈ U .

PROOF. Fix some left-invariant Riemannian metric g on G. Since α is continuous [a, b]→M ,
it is continuous as a map from [a, b] to the metric space (M,dg) by Theorem 14.28. Since [a, b] is
compact, it follows that α is uniformly continuous, so for any ε > 0, there is some δ = δ(ε) > 0
such that |s−t| < δ implies that dg(α(s), α(t)) < ε. Now, let ε > 0 be small enough that the metric
ball Bg

ε (e) = {g ∈ G : dg(e, g) < ε} is contained in U . Then by left-invariance and Proposition
14.31, for |s− t| < δ(ε),

dg(α(s)−1α(t), e) = dg(α(s) · α(s)−1α(t), α(s) · e) = dg(α(t), α(s)) = dg(α(s), α(t)) < ε.

Thus α(s)−1α(t) ∈ Bg
ε (e) ⊆ U whenever |s− t| < δ, as required. �

REMARK 14.34. As pointed out in class by Jonathan Conder, Lemma 14.33 can be proved
without knowledge of the existence of a left-invariant distance function. We include the simple
topology proof below. We may have use for left-invariant Riemannian metrics later on, so the
material in this section is good to keep in mind.
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ALTERNATE PROOF OF LEMMA 14.33. The functionA : [a, b]×[a, b]→ G given byA(s, t) =
α(s)−1α(t) is continuous. Thus A−1(U) is an open subset of [a, b] × [a, b]. Since A(t, t) =
α(t)−1α(t) = e for all t ∈ [a, b], the diagonal D = {(t, t) : t ∈ [a, b]} is contained in A−1(U),
so each point (t, t) has a neighborhood contained in A−1(U). Fix a diagonal square St centered at
each each point t ∈ D that is contained in A−1(U); so St has the form

St = {(s′, t′) : |s′ − t′| < δ′, & t− δ′

2
< s′ + t′ < t+ δ′

2
}.

Since D is compact, it is covered by a finite collection of such squares. Let δ be the minimum
side-length of the covering squares. Then |s− t| < δ implies (s, t) ∈ A−1(U), as required. �

7. The Lie Correspondence

In this section, we prove the converse of Proposition 12.42: Lie algebra homomorphisms give
rise to Lie group homomorphisms (when the domain group is simply-connected).

THEOREM 14.35. Let G,H be Lie groups, with Lie algebra g, h, and suppose that G is simply-
connected. If φ : g → h is a Lie algebra homomorphism, then there is a unique Lie group homo-
morphism Φ: G→ H such that Φ(expX) = exp(φ(X)) for all X ∈ g.

Note that, since d expe = Id, it follows that Φ∗ = φ. The condition that G is simply-connected
is necessary – the next chapter will explore the extent to which Theorem 14.35 fails without this
assumption. Note: simply-connected implies connected.

Let us begin with the following far less ambitious uniqueness lemma: on a connected group,
there is at most one Lie group homomorphism which induces any given Lie algebra homomor-
phism.

LEMMA 14.36. Let G,H be Lie groups, and let G be connected. Suppose Φ1,Φ2 : G→ H are
Lie group homomorphism. If (Φ1)∗ = (Φ2)∗, then Φ1 = Φ2.

PROOF. Denote φ = (Φ1)∗ = (Φ2)∗. By Theorem 13.9(g), we know that, for j = 1, 2,
Φj(expX) = exp(φ(X)) for any X ∈ Lie(G), and by part (e) of the same theorem, there is a
neighborhood U of 0 ∈ Lie(G) such that exp: U → V = exp(U) ⊆ G is a diffeomorphism. Since
G is connected, V generates all of G by 11.12, and thus every element g ∈ G can be written in the
form g = exp(X1) · · · exp(Xn) for some X1, . . . , Xn ∈ U . Thus, for j = 1, 2,

Φj(g) = Φj(exp(X1) · · · exp(Xn)) = Φj(exp(X1)) · · ·Φj(exp(Xn)) = exp(φ(X1)) · · · exp(φ(Xn))

and so Φ1(g) = Φ2(g) for all g ∈ G. �

Before embarking on the proof of Theorem 14.35, let us note the following Corollary, which
is the main point of theoretical interest: in the simply-connected category, Lie group isomorphism
and Lie algebra isomorphism are equivalent.

COROLLARY 14.37 (Lie Correspondence). Let G,H be simply-connected Lie group, with Lie
algebras g, h. Then G is isomorphic to H if and only if g is isomorphic to h.

PROOF. The ‘only if’ direction was proved in Proposition 12.45, so assume we know g ∼= h,
and let φ : g → h be a Lie algebra isomorphism. Let Φ: G → H be the associated Lie group
homomorphism as in Theorem 14.35. Similarly, φ−1 : h → g is a Lie algebra isomorphism, and
so it has an associated Lie group homomorphism Ψ: H → G. We will show that Φ and Ψ are
inverses.
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The map Φ ◦Ψ: H → H is a Lie group homomorphism, and by the chain rule, its differential
is φ ◦ φ−1 = Idh = (IdH)∗; similarly, (Ψ ◦ Φ)∗ = Idg = (IdG)∗. The result now follows from
Lemma 14.36. �

Thus: determining whether two simply-connected Lie groups are isomorphic reduces to the
linear algebra problem of deciding whether their Lie algebras are isomorphic.

To prove Theorem 14.35, we begin by mimicking the proof of Theorem 14.15, now using the
full Baker-Campbell-Hausdorff formula instead of its special case Corollary 14.13 which holds in
H(3,R). The key difference is: we no longer know that the exponential map on the domain group
is a global diffeomorphism (indeed, this is almost never true). As such, the farthest the direct
analog of the proof can get us is to construct a local homomorphism.

DEFINITION 14.38. Let G,H be Lie groups. A local homomorphism from G to H is a pair
(F,U) where V ⊆ G is a connected neighborhood of the identity, and F : V → G is a smooth map
which satisfies the following property: if g, h ∈ V are such that gh ∈ V , then F (gh) = F (g)F (h).

For example, if Φ: G→ H is a Lie group homomorphism, then Φ|V is a local homomorphism
for any connected neighborhood V . The question is whether all local homomorphism are restric-
tions like this, and the answer depends on the topology of G, as we will see later in this section.
First, let us now see how far the analog of Theorem 14.15 will take us.

PROPOSITION 14.39. Let G,H be Lie groups with Lie algebra g, h. If φ : g → h is a Lie
algebra homomorphism, then there is a local Lie group homomorphism (F, V ) such that exp is a
diffeomorphism exp−1(V )→ V and F (expX) = expφ(X) whenever expX ∈ V .

PROOF. We apply Theorem 14.21, choosing U so that (14.7) holds both for (X, Y ) and for
(φ(X), φ(Y )), and so that exp is one-to-one on U and U is connected; then set V = exp(U). We
may then define F on V by F = exp ◦φ ◦ exp−1|V , which is a composition of smooth maps. We
must prove that F is a local homomorphism. Let g, h ∈ U ; then there are unique X, Y ∈ g so that
expX = g and expY = h. Assume also that gh ∈ U . Applying the Baker-Campbell-Hausdorff
formula, we have

F (gh) = F (expX expY ) = F

(
X +

∫ 1

0

g(eadXet adY )Y dt

)
.

By definition of F ,

F (gh) = exp

[
φ

(
X +

∫ 1

0

g(eadXet adY )Y dt

)]
.

Since φ is linear and continuous, we may pass it through the sum and integral:

F (gh) = exp

[
φ(X) +

∫ 1

0

φ
(
g(eadXet adY )Y

)
dt

]
.

Since φ is a Lie algebra homomorphism, the integrand satisfies

φ
(
g(eadXet adY )Y

)
= g(eadφ(X)et adφ(Y ))φ(Y ).

Indeed: if we expand g(AB) as a (noncommutative) power series in two operators A,B, we see
that the left-hand-side of the expression is a sum of terms each of which is a finite iterated bracket
of Xs and Y s (indeed, the precise form of this sum is given in Dynkin’s formula of Theorem
14.22). The statement that φ is a Lie algebra homomorphism is the statement that the image of
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each such term under φ is the result of replacing (X, Y ) with (φ(X), φ(Y )). Then recombining,
we get the right-hand-side. Finally, we apply the Baker-Campbell-Hausdorff formula once morein
the other direction, and this yield

F (gh) = expφ(X) expφ(Y ) = F (expX)F (expY ) = F (g)F (h).

Thus, F is a local homomorphism, as desired. �

Now, to prove Theorem 14.35, it suffices to show that such a local Lie homomorphism actually
extends to a Lie group homomorphism; if so, it will be unique by Lemma 14.36. The remainder of
this section will be devoted to the proof; we state it as a proposition.

PROPOSITION 14.40. Let G,H be Lie groups, with G simply connected. If (F, V ) is a local
homomorphism G → H , then there exists a (global) Lie group homomorphism Φ: G → H such
that Φ|V = F .

PROOF. We break the proof into several parts.
Step 1: define Φ along a path. As G is simply connected (which implies connected, which in a

manifold implies path connected), for any g ∈ G there is a piecewise smooth curve α : [0, 1]→ G
so that α(0) = e and α(1) = g. Fix any partition P = {0 = t0 < t1 < · · · < tn = 1} of [0, 1] so
that, for any j and any s, t ∈ [tj−1, tj], the increment α(s)−1α(t) ∈ V ; call such a partition adapted
to (α, V ). (The existence of adapted partitions is guaranteed by Lemma 14.33: choose a δ > 0
so that α(s)−1α(t) ∈ V whenever |s − t| < δ, and then select any partition with maximum width
< δ.) Hence α(t1) = e−1α(t1) = α(t0)−1α(t1) ∈ V , and we can in general express g = α(1) as a
telescoping product

g = [α(t1)] · [α(t1)−1α(t2)] · · · [α(tn−1)−1α(tn)],

a product of increments each of which is in V . We will now define a map Φ = Φα,P : G → H as
follows:

Φ(g) = F (α(t1))F (α(t1)−1α(t2)) · · ·F (α(tn−1)−1α(tn)).

This at least makes sense, but Φ a priori depends both on the continuous path α chosen to connect
e to g, and on the given partition P that keeps the increments in V . The remainder of the proof
will show that Φ is in fact independent of the path and partition, and moreover is a Lie group
homomorphism that agrees with F on V .

Step 2: independence of the partition. Suppose P is a partition adapted to (α, V ). Then it is
immediate from the definition that any refinement of P is also adapted to (α, V ). We claim that if
P ′ is a refinement of P then Φα,P (g) = Φα,P ′(g). To prove this, it suffices by induction to prove it
when P ′ is a refinement by a single point, say s ∈ (tj−1, tj). Then

Φα,P ′(g) = F (α(t1)) · · ·F (α(tj−1)−1α(s))F (α(s)−1α(tj)) · · ·F (α(tn−1)−1α(tn)). (14.12)

Now, since both increments α(tj−1)−1α(s) and α(s)−1α(tj) are in V (since P is adapted to (α, V )),
where F is a local homomorphism. Thus

F (α(tj−1)−1α(s))F (α(s)−1α(tj)) = F (α(tj−1)−1α(s) · α(s)−1α(tj)) = F (α(tj−1)−1α(tj)),

and the expression on the right-hand-side of (14.12) is equal to Φα,P (g). Thus Φα,P is unchanged
under refinements of P .

Well, given any two partitions P, P ′ adapted to (α, V ), their common refinement P ′′ (the union
of all partition points in both) therefore gives the same value for both: Φα,P (g) = Φα,P ′′(g) =
Φα,P ′(g). Thus, Φα,P (g) is independent of the choice of partition P adapted to (α, V ). We now
refer to it simply as Φα = Φα,P .
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Step 3: independence of the path. Here is where we use the simple-connectedness of G. Let
α1 and α2 be two continuous paths [0, 1] → G each connecting e to g. By simple-connectedness,
these paths are homotopic with endpoints fixed: there is a continuous map A : [0, 1] × [0, 1] → G
so that A(s, t) = αs(t) for s ∈ {0, 1}, and moreover A(s, 0) = e and A(s, 1) = g for all s ∈ [0, 1].
This gives us a continuous family of curves αs : [0, 1] → G each connecting e to g. We will use
this homotopy to show that Φα0 = Φα1 by showing, in fact, that Φαs does not depend on s.

To begin, we extend Lemma 14.33 to the two variable setting, and find δ > 0 so that

A(s′, t′)−1A(s, t) ∈ V whenever |s− s′| < δ and |t− t′| < δ.

(The proof is essentially the same). Now we deform α0 = A(0, ·) into α1 = A(1, ·) “a little bit at
a time”. Fix N ∈ N with 2

N
< δ, and for k ∈ {0, . . . , N − 1} and ` ∈ {0, . . . , N} we define a new

curve Ak,` : [0, 1]→ G as follows:

Ak,`(s, t) = A(ck,`(s, t))

where ck,` : [0, 1]× [0, 1]→ [0, 1]× [0, 1] is the piecewise linear map

ck,`(t) =


(k+1
N
, t), 0 ≤ t ≤ `−1

N

· · · , `−1
N
≤ t ≤ `

N

( k
N
, t), `

N
≤ t ≤ 1

where the · · · is determined by the piecewise-linear condition. So A0,0 = A(0, ·) = α0 and
AN,0 = A(1, ·) = α1, and in general Ak,0(t) = A(k/N, t).

We will now deform α0 into α1 in the following sequence:

A0,0 → A0,1 → · · · → A0,N → A1,0 → · · ·A1,N → · · · → AN−1,0 → · · · → AN−1,N → AN,0.

The claim is that, for every step in this deformation process, the value of ΦA·,· is unchanged.
Indeed, from the first step, we know that the value of Φ along any path is determined only by the
values of the curve at the partition points of any adapted partition. So consider a step of the form
Ak,` → Ak,`+1; these two curves agree except on the interval [ `−1

N
, `+1
N

]. Thus, for this step we
choose the partition {0, 1

N
, . . . , `−1

N
, `+1
N
, · · · , 1}. Since the maximum partition width is 2

N
< δ, the

partition is adapted, and so we may use it to calculate ΦAk,` and ΦAk,`+1
. As these two agree on this

partition, it follows that ΦAk,` = ΦAk,`+1
. Similarly, for a transition of the form Ak,N → Ak+1,0,

we note that these two differ only on the intervals (0, 1
N

] and [N−1
N
, 1), so they agree on all the

partition points in {0, 2
N
, 3
N
, · · · , N−2

N
, 1}. Again, this is an adapted partition since its maximum

interval length is 2
N
< δ, and so ΦAk,N = ΦAk+1,0

. Thus, stringing them all together, we have
Φα0 = ΦA0,0 = ΦAN,0 = Φα1 as desired. Hence, Φ does not depend on the choice of α.

Step 4: Φ is a Lie group homomorphism that agrees with F on V . Showing that Φ is a homo-
morphism is left as an homework exercise. To see that it is smooth, fix g ∈ G, and let (U,ϕ) be
a chart at g. Fix some point g0 ∈ U not equal to g, and let U0 ⊂ U be a coordinate ball centered
at g (so ϕ(U0) = Br(ϕ(g))) such that g0 ∈ U0. Let 0 < ε < r be such that ϕ(g0) /∈ Bε(ϕ(g)).
Let Uε = ϕ−1(Bε(ϕ(g))) Now, choose any continuous curve α0 connecting e to g0, and then let
`g = ϕ−1 ◦ ̂̀g where ̂̀g(t) = (1 − t)ϕ(g0) + tϕ(g) is the straight line path from ϕ(g0) to ϕ(g).
Then the concatenation `gαg0 is a continuous path from e to g, and so we have Φ(g) = Φ`gαg0

(g).
Now, choose a δ small enough that all partitions of width < δ are adapted to all the curves `gαg0
for all g ∈ Uε (this is possible by compactness of Uε). Then we may choose a fixed partition P of
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width < δ such that g0 = αg0(
1
2
) for definiteness, and then we have

Φ(g) =
∏

j : tj≤ 1
2

F (αg0(tj−1)−1αg0(tj)) ·
∏

t : tj>
1
2

F (`g(tj−1)−1`g(tj)).

The first product is a fixed element ofG. The second product is a fixed, finite product of increments
of a curve `g that varies smoothly with g, and thus are smooth functions of g; since F is smooth,
it now follows that Φ is a smooth function of g ∈ Uε. So Φ is smooth on a neighborhood of each
point in G, and thus is smooth.

So we are left to show that Φ|V = F . Here is where our assumption that V is connected (in
Definition 14.38) comes into play. Fix any g ∈ V , and let α : [0, 1] → V be a continuous path
connecting e to g. Fix a partition P = {t0 < t1 < · · · < tn} adapted to (α, V ); then we claim that,
for all tj ∈ P , Φ(α(tj)) = F (α(tj)). To see this, note that for each j, the (reparametrized to [0, 1])
path α|[0,tj ] is a continuous path joining e to α(tj), and {t0 < · · · < tj} is a partition adapted to
this curve and V . Hence, by definition,

Φ(α(tj)) = F (α(t1))F (α(t1)−1α(t2)) · · ·F (α(tj−1)−1α(tj)).

In the case j = 1, this shows Φ(α(t1)) = F (α(t1)). Proceeding by induction, suppose we have
shown the desired equality for all j ≤ k. Then

Φ(α(tk+1)) = F (α(t1))F (α(t1)−1α(t2)) · · ·F (α(tk−1)−1α(tk))F (α(tk)
−1α(tk+1))

= Φ(α(tk))F (α(tk)
−1α(tk+1))

= F (α(tk))F (α(tk)
−1α(tk+1))

= F (α(tk) · α(tk)
−1α(tk+1)) = F (α(tk+1))

where we have used the fact that α(tk) and the increment α(tk)
−1α(tk+1) are in V , and F is a local

homomorphism on V . Thus, by induction, Φ(α(tj)) = F (α(tj)) for all j, and taking j = n yields
the desired conclusion Φ(g) = Φ(α(tn)) = F (α(tn)) = F (g). Thus Φ = F on V , as desired. �

Let us know summarily collect the elements of the proof of Theorem 14.35.

PROOF OF THEOREM 14.35. First, by Proposition 14.39, there exists a local homomorphism
(F, V ) such that exp is one-to-one on exp−1(V ), and F (expX) = expφ(X) for X ∈ U ≡
exp−1(V ). Since G is simply connected, by Proposition 14.40 F extends to a Lie group homo-
morphism Φ: G → H . Since V is a neighborhood of the identity in G and Φ|V = F , it follows
that dΦe = dFe = φ; by Lemma 14.36, Φ is therefore the unique Lie group homomorphism
with Φ∗ = φ. It then follows from Theorem 13.9(g) that Φ(expX) = expφ(X) for all X ∈ g,
concluding the proof. �





CHAPTER 15

Quotients and Covering Groups

1. Homogeneous Spaces and Quotient Lie Groups

Let G be any group, and let H be a subgroup (not necessarily normal). The quotient G/H can
be made sense of as a set, if not a group: it consists of all left cosets:

G/H = {gH : g ∈ G}.
If two left cosets g1H and g2H intersect, meaning there are h1, h2 ∈ H with g1h1 = g2h2, then
g1h1h

−1
2 = g2, and sinceH is a subgroup, h1h

−1
2 ∈ H , meaning that g2 ∈ g1H . A similar argument

shows that g1 ∈ g2H , and so g1H = g2H . Thus, any two left cosets are either equal or disjoint.
Let π : G → G/H be the quotient map π(g) = gH . We will use the notation π(g) = [g].

Now, if G is a topological space in addition to being a group, then we can give G/H the quotient
topology: U ⊆ G/H is declared to be open iff π−1(U) = {g ∈ G : [g] ∈ U} is open. Our first
result is that, if G is a Lie group and H is a closed subgroup, then G/H is a second-countable
Hausdorff space.

LEMMA 15.1. Let G be a Lie group, and let H be a closed subgroup. Then the quotient
topology on G/H is Hausdorff and second-countable.

The following elementary proof is due to Jonathan Conder. It actually applies in wide general-
ity, to quotients of topological groups by closed subgroups.

PROOF. Let π : G → G/H denote the quotient map. First, note that π is an open map: if
U ⊆ G is any set, then π−1(π(U)) = UH =

⋃
h∈H Lh(U). If U is open, so is Lh(U) as Lh

is a homeomorphism, so π(U) is open in the quotient topology. This immediately gives us the
second-countability of G/H: if {Uj : j ∈ N} is a countable base for the topology of G, then
{π(Uj) : j ∈ N} is a countable base for the topology of G/H .

Now, let ρ : G× G → G be the continuous function ρ(x, y) = x−1y, so two elements x, y are
in the same coset in G/H iff ρ(x, y) ∈ H . Since H is closed, G \H is open, and so ρ−1(G \H) is
open inG×G. Now, if π(x) 6= π(y), meaning ρ(x, y) /∈ H , we have (x, y) ∈ ρ−1(G\H). Choose
a rectangular neighborhood U × V of (x, y) that is contained in ρ−1(G \H). Thus, for all u ∈ U
and v ∈ V , u−1v = ρ(u, v) ∈ G\H , and so π(u) 6= π(v). Thus π(U) and π(V ) are disjoint sets in
G/H , and they are open since π is an open map. Since π(x) ∈ π(U) and π(y) ∈ π(V ), this proves
that any distinct points in G/H have disjoint open neighborhoods, so G/H is Hausdorff. �

Our goal is to show that, in fact, G/H is a smooth manifold (or more precisely that there is a
unique smooth structure on G/H such that the quotient map π is smooth). To accomplish this, we
prove the following so-called slice lemma.

LEMMA 15.2 (Slice Lemma). Let G be a Lie group with Lie algebra g, and let H be an
embedded (i.e. closed) Lie subgroup of G with Lie algebra h ⊆ g. Let f = g 	 h (as a vector
space), and define a map Λ: f×H → G by

Λ(X, h) = exp(X)h.

231
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There is a neighborhood U of 0 in f such that Λ maps U×H diffeomorphically onto an open subset
of G. In particular, if X,X ′ are distinct elements of U , then expX and expX ′ belong to distinct
cosets of G/H .

PROOF. As usual, we may identify the tangent space T(0,e)f×H with f⊕ h, and we also have
TeG = g = f ⊕ h. Fix X + Y ∈ f ⊕ h, and let α : (−ε, ε) → f × H be a smooth curve with
α(0) = (0, e) and α̇(0) = X + Y ; then we may write α(t) = (α1(t), α2(t)) where α̇1(0) = X and
α̇2(0) = Y . Then

dΛ(0,e)(X + Y ) =
d

dt

∣∣∣∣
t=0

Λ(α1(t), α2(t)) =
d

dt

∣∣∣∣
t=0

Λ(α1(t), e) +
d

dt

∣∣∣∣
t=0

Λ(0, α2(t))

=
d

dt

∣∣∣∣
t=0

expα1(t) +
d

dt

∣∣∣∣
t=0

α2(t) = X + Y.

That is: the smooth map Λ has dΛ(0,e) = Id, and so by the inverse function theorem there is a
neighborhood V of (0, e) in f × H on which Λ is a diffeomorphism onto its image in G. We can
choose neighborhoods U1 of 0 in f and U2 of e in H with U1×U2 ⊆ V , and so in particular dΛ(X,e)

is invertible for all X ∈ U1.
Now, note that, for all h,∈ H and X ∈ f, RhΛ(X, e) = Λ(X, e)h = Λ(X, h). It then follows

that dRh ◦ dΛ(X,e) = dΛ(X,h), and so since Rh is a diffeomorphism, invertibility of dΛ(X,e) implies
invertibility of dΛ(X, h). Thus dΛ(X,h) is invertible for all (X, h) ∈ U1 × H . By the inverse
function theorem, each point in U1×H has a neighborhood that is mapped by Λ diffeomorphically
onto its image. It follows that Λ(U1 ×H) is open in G.

Now, let U1, U2 be as above, so Λ maps U1 × U2 diffeomorphically onto its image in G. Let
V ′ be a neighborhood of e in G such that V ′ ∩ H = U2; such a neighborhood exists because H
is embedded in G. Let U ⊆ U1 be small enough that, for all X,X ′ ∈ U , exp(−X ′) expX ∈ V ′;
this is possible by continuity of exp. Thus, if X,X ′ ∈ U are such that exp(−X ′) expX ∈ H , then
in fact exp(−X ′) expX ∈ V ′ ∩ H = U2. It now follows that Λ is injective on U × H . Indeed,
suppose (X, h), (X ′, h′) ∈ U ×H and Λ(X, h) = Λ(X ′, h′). That is: expX · h = expX ′ · h′, and
so

h′h−1 = exp(−X ′) expX ∈ U2

by our choice of U . Thus Λ(X, e) = expX = expX ′ · (h′h−1) = Λ(X ′, h′h−1). Since both (X, e)
and (X ′, h′h−1) are in U1 × U2 ⊂ V where Λ is injective, it follows that X = X ′ and e = h′h−1,
which shows that (X, h) = (X ′, h′) as desired.

Thus, Λ is a local diffeomorphism on U1 × H and is injective on U × H; thus it is a dif-
feomorphism onto its (open) image Λ(U × H). In particular, this means that if X,X ′ ∈ U
are such that the cosets expX · H and expX ′ · H are not distinct, there are h, h′ ∈ H with
Λ(X, h) = expX · h = expX ′ · h′ = Λ(X ′, h′), and hence by injectivity X = X ′ (and h = h′).
Thus distinct elements of U are in distinct cosets of G/H . �

REMARK 15.3. Without the assumption that H is a closed subgroup, the slice lemma can be
false: it can happen, for example, that expX ∈ H even for arbitrarily small X ∈ f. The subtlety
is the proof of injectivity of Λ: if H is not embedded, then it is not generally possible to choose a
neighborhood U so the exp(−X ′) expX ∈ U2 whenever X,X ′ ∈ U satisfy exp(−X ′) expX ∈
H . It is, of course, possible to make exp(−X ′) expX fall in some arbitrarily small neighborhood
V ′ of e in G, but if H is not a closed (i.e. embedded) subgroup, any such small neighborhood V ′

need not intersect H in a nice way. (Think, for example, of the case that H is dense in G.)

The Slice Lemma allows us to define a smooth manifold structure on G/H .
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THEOREM 15.4. Let G be a Lie group, and let H ⊆ G be a closed subgroup; let g and h ⊆ g
denote their Lie algebras. Then there is a unique smooth structure on G/H such that the quotient
map π : G → G/H is a smooth submersion. The smooth manifold G/H satisfies the following
properties:

(1) dim(G/H) = dim(G)− dim(H),
(2) dπe : g→ T[e]G/H has kernel h, and
(3) the left action of G on G/H (g · [x] = [gx]) is smooth and transitive.

Before proceeding to the proof, we need the following general property of submersions in order
to prove uniqueness.

LEMMA 15.5. Suppose M,N are smooth manifolds, and π : Mm → Nn is a surjective sub-
mersion. If P as another smooth manifold, then a map F : N → P is smooth if and only if F ◦ π
is smooth:

M
F◦π

  
π
��
N

F
// P

PROOF. If F is smooth then F ◦ π is a composition of smooth maps, hence is smooth. Con-
versely, suppose F ◦ π is smooth, and let q ∈ N . As π is surjective, there is some p ∈ π−1(q). By
the Rank Theorem, we can choose a chart (U,ϕ = {xj}mj=1) at p and a chart (V, ψ = {yk}nk=1) at
q such that π̂ = ψ ◦ π ◦ ϕ−1 has the form π(x1, . . . , xn, xn+1, . . . , xm) = (y1, . . . , ym). Now, let
ε > 0 be small enough that the coordinate cube Cm

ε = {x : |xj| < ε, 1 ≤ j ≤ m} is contained in
U ; then π̂(Cm

ε ) is the coordinate cube π̂(Cm
ε ) = Cn

ε = {y : |yk| < ε, 1 ≤ j ≤ n}. Then we may
define σ̂ : Cn

ε → Cm
ε by σ̂(x1, . . . , xn) = (x1, . . . , xn, 0, . . . , 0), and let σ = ϕ−1 ◦ σ̂ ◦ ψ|ψ−1(Cnε ).

Note that σ(q) = p, and σ is a local section for π: π ◦ σ = Id on the neighborhood V ′ = ψ−1(Cn
ε )

of q where σ is defined.
Now, restricting F to V ′, we have

F |V ′ = F |V ′ ◦ IdV ′ = F |V ′ ◦ (π ◦ σ) = (F ◦ π) ◦ σ
and this is a composition of smooth maps. Thus F is smooth on a neighborhood V ′ of q. As this
holds for each q ∈ N , F is smooth. �

REMARK 15.6. Embedded in the above proof is (the harder half of) the local section theorem
for submersions: every submersion has a local section at every point in its image. The easy di-
rection is that this characterizes submersions: if π ◦ σ = IdV ′ on some neighborhood of a point
q = π(p), then dπp ◦ dσq = IdTqN , which shows that dπp is surjective.

PROOF OF THEOREM 15.4. First, uniqueness: suppose G/H has two smooth structures (call
them N1 and N2) such that π : G → Nj is a smooth submersion for j = 1, 2. Then consider the
identity map Id : N1 → N2; by Lemma 15.5, this map is smooth since Id ◦ π = π : G → N2 is
assumed to be smooth. Similarly, Id : N2 → N1 is smooth. Thus Id is a diffeomorphism, and so
the two smooth structures are actually the same.

Now, we proceed to show that a smooth structure exists (and satisfies properties (1)-(3)); this
is where the Slice Lemma 15.2 comes in. First we shift the map Λ in that Lemma by defining, for
each g ∈ G, Λg = Lg ◦ Λ: U ×H → G:

Λg(X, h) = g exp(X)h
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where f = g	 h and U ⊂ f is a neighborhood of 0 in f. This is a composition of diffeomorphisms,
so Λg is a diffeomorphism from U ×H onto its image, and Λg(X, h) and Λg(X

′, h′) are in distinct
cosets of H whenever X 6= X ′ (for any g ∈ G and h, h′ ∈ H). Let Wg = Λg(U × H) and let
Vg = π(Wg):

Vg = {[g expX] ∈ G/H : X ∈ U}.

SinceWg is open andG/H has the quotient topology, Vg is open inG/H . Note also that π−1(Vg) =
Wg. The argument above shows that the map X 7→ [g expX] is injective from U to Vg.

We use the maps X 7→ [g expX] is (inverse) local coordinates. Note that U ⊆ f ∼= Rk where
k = dimf = dimg − dimh. The map X 7→ [g expX] is an injective map from U onto Vg, and
it is continuous (it is the composition of the quotient map π with the a continuous map). Let
ϕg : Vg → U denote its inverse. We consider the composition ϕg ◦ π : Wg → U . Note that, for any
point Λg(X, h) ∈ Wg,

(ϕg ◦ π)(Λg(X, h)) = ϕg([g expXh]) = ϕg[g expX] = X.

Thus, ϕ ◦ π = π1 ◦ Λ−1
g where π1 : U × H → U is the projection π1(X, h) = X . Since Λg is a

diffeomorphism U × H → Wg, its inverse Λ−1
g : Wg → U × H is continuous, and so too is the

projection map. Thus ϕg ◦ π is continuous. It follows that ϕg is continuous: if B ⊆ U is open,
then π−1(ϕ−1(B)) = (ϕ ◦ π)−1(B) is open in Wg, and thus by definition of the quotient topology
ϕ−1(B) is open in Vg = π(Wg).

Thus, for each g ∈ G, there is a neighborhood Vg of [g] in G/H and a homeomorphism
ϕg : Vg → U ⊆ f ∼= Rk. (Note: it is not necessarily true that (Vg, ϕg) and (Vg′ , ϕg′) are the same
if [g] = [g′]; rather, we simply select some representative element from each equivalence class [g]
and use it to define the chart.) Since G/H is also Hausdorff and second countable (by Lemma
15.1), we have thus shown that G/H is a topological manifold, of dimension k = dimg− dimh =
dim(G)− dim(H), verifying (1).

Now let us compute the transition map ϕg′ ◦ ϕ−1
g : ϕg(Vg ∩ Vg′)→ ϕg′(Vg ∩ Vg′). by definition

ϕ−1
g (X) = [g expX]. Hence the transition map can be described as X 7→ X ′ where [g expX] =

[g′ expX ′]. This may be accomplished as follows: first map X 7→ g expX . Since X ∈ ϕg(Vg′),
this means [g expX] = π(g expX) ∈ Vg′ = π(Wg′), and since π−1(Vg′) = Wg′ , it follows that
g expX ∈ Wg′ . Now Λ−1

g′ : Wg′ → U ×H is a diffeomorphism, and so Λ−1
g′ (g expX) = (X ′, h′)

for some unique X ′ ∈ U and h′ ∈ H , and by definition Λg′(X
′, h′) = g′ expX ′h′. That is:

g expX = g′ expX ′h′, and so [g expX] = [g′ expX ′] as required. Thus, the transition map
X 7→ X ′ can be computed as

X 7→ g expX
Λ−1
g′−→(X ′, h′)

π1−→X ′

i.e. ϕg′ ◦ ϕ−1
g = π1 ◦ Λ−1

g′ ◦ Lg ◦ exp is a composition of smooth maps, hence is smooth. We have
thus shown that the collection {(Vg, ϕg)} is a smooth atlas, and so it makes G/H into a smooth
manifold.

Now let us show that π is a submersion. For any given g ∈ G, on the neighborhood Wg of g,
we have ϕg ◦ π = π1 ◦ Λ−1

g as computed above, and this is smooth. Thus, relative to the smooth
structure given by the charts (Vg, ϕg), π is a smooth map. Moreover, at a point g′ near g, we can
apply the chain rule to ϕg ◦ π = π1 ◦ Λ−1

g to yield

(dϕg)π(g′) ◦ dπg′ = d(ϕg ◦ π)g′ = (dπ1 ◦ Λ−1
g )g′ = (dπ1)Λ−1

g (g′) ◦ d(Λ−1
g )g′ . (15.1)
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Since ϕg and Λ−1
g are diffeomorphisms, it follows that dπg′ has the same rank as (dπ1)Λ−1

g (g′),
which is constant: at any point (X, h) ∈ f × H , π1(X, h) = X and so dπ1|(X,h) is a projection
of rank dimf = dim(G/H). This shows that π is indeed a submersion, and since it is surjective,
by the uniqueness argument at the beginning, the smooth structure we defined here is the unique
smooth structure on G/H .

It remains to verify (2) and (3). Take g = g′ = e in (15.1), and note that Λ−1
e (e) = (0, e), and

that d(Λ−1
e )e = (dΛe|(0,e))−1 = Idf⊕h as proved in the Slice Lemma 15.2. Thus (15.1) becomes

(dϕe)[e] ◦ dπe = (dπ1)(0,e).

As h = ker(dπ1)(0,e) and (dϕe)[e] is an isomorphism, we conclude that ker(dπe) = h, establishing
(2). Finally, let θ : G×G/H → G/H denote the action θ(g, [x]) = g · [x] = [gx] = π(gx). Fix a
point g0 ∈ G and look at θ in the chart (Vg0 , ϕg0); i.e. consider the map θ̂ : G×U → G/H given by
θ̂(g,X) = θ(g, ϕ−1

g0
(X)). Then θ is smooth near g0 iff θ̂ is smooth. Since ϕ−1

g0
(X) = [g0 expX],

we have
θ̂(g,X) = g · [g0 expX] = [gg0 expX] = π(gg0 expX)

which is the composition π ◦m ◦ (Rg0 , exp), a smooth map. Thus, the left action of G on G/H is
smooth. It is also transitive for the same reason the left action of G on itself is: if g0, g1 ∈ G, then
g1g
−1
0 · [g0] = [g1]. This verifies (3), and concludes the proof. �

The smooth manifold G/H is called a homogeneous space. Homogeneous spaces are often
defined alternatively in terms of group actions: a smooth manifold M is called a homomgeneous
G-space if G acts smoothly and transitively on M . If we then choose a given basepoint p ∈ M
and let H = Gp (the stabilizer / isotropy subgroup of p), then it turns out that G/H is naturally
diffeomorphic to M , as the following result shows.

PROPOSITION 15.7 (Homogeneous Space Characterization Theorem). Let G be a Lie group,
and let M be a homogeneous G-space. Fix a point p ∈M . Then the isotropy subgroup H = Gp is
a closed subgroup of G, and the map F : G/H → M defined by F ([g]) = g · p is a (well-defined)
equivariant diffeomorphism.

PROOF. As usual, denote the action by g · p = θ(g, p) = θ(p)(g). Then the stabilizer subgroup
H = Gp is just H = (θ(p))−1(p), and by continuity this is a closed subgroup of G. Thus G/H is a
smooth manifold, as per Theorem 15.4, and the quotient map g 7→ [g] is a submersion.

Now, define F ([g]) = g · p. First we must see this is well-defined. So suppose g1, g2 ∈ G
satisfy [g1] = [g2]. Thus g2 ∈ [g1], so there is some h ∈ H with g2 = g1h. It follows that

g2 · p = g1h · p = g1 · (h · p) = g1 · p
since H fixes p. Thus F ([g1]) = F ([g2]), and F is well-defined. Moreover, it is equivariant, since
for any g, g′ ∈ G,

F (g′ · [g]) = F ([g′g]) = (g′g) · p = g′ · (g · p) = g′ · F ([g]).

Now, note that F ◦ π : G → M is the map F ◦ π(g) = g · p, which is smooth; hence, by Lemma
15.5, F is smooth. What’s more, it is injective: if g, g′ ∈ G and F ([g]) = F ([g′]) then g · p = g′ · p
whic hshows that g−1g′ · p = p. Thus g−1g′ ∈ Gp = H , and so [g] = gH = g′H = [g′].

So far, everything holds true for a generic smooth action (so in that level of generality F is an
equivariant smooth injection). Now, as we assume the action is transitive, for any point q ∈ M
there is some g ∈ G with F ([g]) = g · p = q; thus F is surjective. Thus, F is an equivariant
smooth bijections. By the Equivariant Rank Theorem 11.21 and the transitivity of the action, F
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has constant rank. Thus, F is a constant rank smooth bijection, and so by the Global Rank Theorem
9.10, it is a diffeomorphism. �

REMARK 15.8. Note that a different basepoint may have a different isotropy subgroup, so this
identification depends on the chosen basepoint (although the subgroups Gp and Gq are related by
an inner automorphism Gq = gGpg

−1 for any g with g · p = q). In fact, one approach to defining
the smooth manifold structure on G/H is to go this route and prove homogeneous spaces, defined
by group actions, are smooth manifolds.

EXAMPLE 15.9. Consider the Lie group G = O(n), viewed in the usual way as orthogonal
transformations of Rn. This gives it a smooth action on Rn, but this action is not transitive: if
x, y ∈ Rn are in the same orbit of G, then |x| = |y|. It is also easy to see that this is iff: any
two vectors of the same length can be interchanged by an orthogonal transformation. Thus, the
restriction of the action to Sn−1 is transitive (and is smooth since Sn−1 is an embedded submanifold
of Rn).

Consider the subgroup H of orthogonal transformations that fix the north pole en ∈ Sn−1. As
matrices, these have the form

H =

{[
Q 0
0 1

]
: Q ∈ O(n− 1)

}
as can be easily verified. This showsH is isomorphic as a Lie group to O(n−1). Hence, by Propo-
sition 15.7, the map F : G/H → Sn−1 given by F ([A]) = Aen is an equivariant diffeomorphism,
and we have O(n)/O(n− 1) ∼= Sn−1.

It is instructive to see how this works explicitly in this example. First, it is clear from its form
that H is a closed subgroup isomorphic to O(n− 1). By Theorem 15.4, G/H = O(n)/O(n− 1)
has a unique smooth structure with respect to which the quotient map is a submersion, making it
into a manifold of dimension

dimO(n)− dimO(n− 1) =
n(n− 1)

2
− (n− 1)(n− 2)

2
= n− 1.

We define a map F : O(n)/O(n − 1) → Sn−1 as follows: note that, for any A ∈ O(n), the coset
A ·O(n− 1) consists of all matrices of the form

[A] = A ·O(n− 1) =

{
A

[
Q 0
0 1

]
=

[
A

[
Q
0

]
Aen

]
: Q ∈ O(n− 1)

}
.

Thus every matrix in [A] has the same final column: Aen. We thus define the map as F ([A]) = Aen,
which is in Sn−1 since all columns of the orthogonal matrix O(n) are orthonormal vectors. Letting
π : O(n) → O(n)/O(n − 1) denote that quotient map, we see that the map F ◦ π : O(n) →
O(n)/O(n− 1) is (F ◦ π)(A) = Aen, and this is smooth; thus, since π is a surjective submersion,
F is smooth by Lemma 15.5. It is surjective since any vector v ∈ Sn−1 can be completed to
an orthonormal basis of Rn, and the matrix A with this basis as columns (v last) is orthogonal
satisfying Aen = v. F is also injective: if F ([A]) = F ([B]), then Aen = Ben, and so B−1A is an
orthogonal matrix that fixes en, meaning that it is in H . Thus A ∈ BH , and so [A] = [B].

Thus, we have defined a smooth bijection F : O(n)/O(n − 1) → Sn−1. Finally, note that for
any A ∈ O(n), d(F ◦ π)A = dF[A] ◦ dπA, and since F ◦ π is the restriction to O(n) of the linear
map A 7→ Aen, it is constant rank. As π is a submersion, it is constant rank, and so it follows that
F has constant rank. A smooth bijection of constant rank is a diffeomorphism by the Global Rank
Theorem 9.10, and so we finally conclude that

O(n)/O(n− 1) ∼= Sn−1.
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EXAMPLE 15.10. A similar argument to the one given in Example 15.9 shows that

SO(n)/SO(n− 1) ∼= Sn−1

(with the same realization of the subgroup). The only slight subtlety is keeping track of the orien-
tation of the orthonormal basis in the proof that the map F is surjective.

Now, in Theorem 15.4, if H happens to be a normal subgroup, then we get the following.

COROLLARY 15.11. Let G be a Lie group, and let H ⊆ G be a closed normal subgroup;
let g and h ⊆ g denote their Lie algebras. Then the homogeneous space G/H is a Lie group of
dimension dim(G)− dim(H), and the quotient map π : G→ G/H is a Lie group homomorphism
whose induced Lie algebra homomorphism π∗ : g→ Lie(G/H) has kernel kerπ∗ = h.

PROOF. Since H is a normal subgroup, the coset space G/H is a group under the product
[g] · [g′] ≡ [gg′]. Thus, the multiplication map mG/H is satisfies mG/H ◦ (π × π) = π ◦mG which
is smooth, and so by Lemma 15.5 applied to the surjective submersion π × π, mG/H is smooth.
Thus G/H is a Lie group. The quotient map is automatically a group homomorphism, and it is
smooth, hence it is a Lie group homomorphism. The final statement (regarding the kernel of π∗) is
precisely Theorem 15.4(2). �

EXAMPLE 15.12. In Examples 15.9 and 15.10, we see that the given identification of O(n−1)
or SO(n−1) as a subgroup of O(n) or SO(n) cannot be a normal subgroup if n−1 /∈ {1, 3, 7}. This
is because Sn−1 is not parallelizable unless n ∈ {1, 3, 7} (cf. the discussion following Proposition
4.10), and Lie groups are always parallelizable (cf. Proposition 12.4). In fact, it is a deeper fact
that S7 is not a Lie group, even though it is parallelizable. All that being said, it is easy to see that
O(n− 1) is never a normal subgroup of O(n) with the given identifications.

Perhaps the most useful special case of Corollary 15.11 is the case when the closed subgroup
H is a discrete normal subgroup.

COROLLARY 15.13. Let G be a Lie group, and let H ⊆ G be a discrete normal subgroup
(i.e. a 0-dimensional Lie group). Then the quotient map π : G → G/H is a surjective local
diffeomorphism, and π∗ : Lie(G)→ Lie(G/H) is a Lie algebra isomorphism.

PROOF. Since Lie(H) = {0}, ker(dπe) = {0}, and so π∗ is a Lie algebra isomorphism. Note
that dim(G/H) = dim(G) = rank(dπe). As π is a Lie group homomorphism, it has constant
rank, and so rank(dπg) = rank(dπe) = dim(G) = dim(G/H) at all points g ∈ G, which shows
that π is a local diffeomorphism. �

EXAMPLE 15.14. Consider the Lie group homomorphism ε : R→ S1 given by ε(x) = e2πix; it
is surjective, and the kernel is the normal subgroup Z ⊂ R. Thus, by the first isomorphism theorem
for groups, S1 is isomorphic (as a group) to R/Z via the isomorphism Φ: R/Z→ S1 : [x] 7→ ε(x).
That is: Φ ◦ π = ε, which is smooth by Lemma 15.5, and hence Φ is smooth, so it is a Lie group
isomorphism. Of course, both of these are abeliean groups, with Lie algebra isomorphic to R.

The next example is so important that it gets its own section.

2. Interlude: SU(2) and SO(3)

As a perfect illustration of the structure of quotient Lie groups (by discrete subgroups), we
consider now a quotient of SU(2). First, let us note that this is a connected group; in fact, U(n)
and SU(n) are connected for all n.
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LEMMA 15.15. For all n ∈ N, the Lie groups U(n) and SU(n) are connected.

PROOF. Let U be a unitary matrix in U(n) (resp. SU(n)). By the spectral theorem, it has a
decomposition U = V DV −1 for some V ∈ U(n), and diagonal D containing the eigenvalues of
U , which are all in S1: D = diag[eiθ1 , . . . , eiθn ] for some θ1, . . . , θn ∈ R. Accordingly, we define
a continuous curve U(t)0≤t≤1 as follows:

U(t) = V


eitθ1 0 · · · 0

0 eitθ2 · · · 0
...

... . . . ...
0 0 · · · eitθn

V −1, 0 ≤ t ≤ 1.

This is a continus curve, and U(t) is unitary (being a product of unitary matrices). Since U(0) = I
and U(1) = U , we see that U is in the same path component as I in U(n), which shows U(n) is
connected, as claimed. If we additionally have U ∈ SU(n), we compute the determinant of U(t)
thus:

detU(t) = eitθ1eitθ2 · · · eitθn = ei(1−t)(θ1+θ2+···+θn) = (eiθ1eiθ2 · · · eiθn)t = (detU)t = 1

so U(t) is a curve in SU(2) connecting I to U , yielding the same result. �

It will be convenient to have a “Euclidean” inner product on the space Mn(C) of matrices in
which SU(n) lives. The Hilbert-Schmidt inner product is given by

〈A,B〉 ≡ 1

n
Tr(B∗A).

This is clearly sesquilinear, and we have 〈A,A〉 = Tr(A∗A) =
∑

i,j |Aij|2 = 0 iff A = 0, so it is
an inner product. (This is the normalized Hilbert-Schmidt inner product, so that 〈I, I〉 = 1; many
authors choose not to normalize in the definition.) It therefore descends to an inner product on any
subspace of Mn(C). The Hilbert space topology given by this inner product is (of course) the usual
topology on Mn(C), and thence also on any subspace.

One use for this is to give a trivial proof that the (special) unitary and orthogonal groups are
compact.

LEMMA 15.16. For all n ≥ 1, the groups U(n), SU(n), O(n), and SO(n) are compact.

PROOF. The group U(n) is closed in Mn(C): it is a level set of the continuous function U 7→
U∗U . Now we compute that, for U ∈ U(n),

〈U,U〉 =
1

n
Tr(U∗U) =

1

n
Tr(I) = 1

so U(n) is contained in the Hilbert-Schmidt unit sphere in Mn(C), which is compact. Thus U(n)
is compact, and SU(n) is a closed subset of U(n) (given as a level set of the continuous function
det), so it is also compact. Analogous arguments apply to O(n) and SO(n). �

Now let us focus on the group SU(2). The Lie algebra of SU(2), identified as the tangent space
at the identity su(2), consists of those 2×2 complex matricesA that are skew HermitianA∗ = −A
and have trace 0. This is a Lie algebra of (real) dimension 3: a convenient basis is given by

β =

{
X =

[
0 1
−1 0

]
, Y =

[
0 i
i 0

]
, Z =

[
i 0
0 −i

]}
.



2. INTERLUDE: SU(2) AND SO(3) 239

It is straightforward to compute the brackets

[X, Y ] = 2Z, [X,Z] = −2Y, [Y, Z] = −2X. (15.2)

Now, the Hilbert-Schmidt inner product restricted to su(2) simplifies due to the condition A∗ =
−A, giving

〈A,B〉 = −1

2
Tr(BA) = −1

2
Tr(AB), A,B ∈ su(2),

and in fact is a real inner product. It is easy to check by direct computation that β is an orthonormal
basis for su(2) with respect to this inner product (since X2 = Y 2 = Z2 = −I and XY = Z,
XZ = −Y , and Y Z = X).

Now, consider the Adjoint homomorphism Ad: SU(2) → GL(su(2)). In this case, since
SU(2) is a matrix Lie group, this is simply the conjugation map

Ad(U)A = UAU−1 = UAU∗, U ∈ SU(2), A ∈ su(2).

We consider the image of the homomorphism Ad. We can compute that, for any A,B ∈ su(2) and
U ∈ SU(2),

〈Ad(U)A,Ad(U)B〉 = −1

2
Tr(Ad(U)A · Ad(U)B) = −1

2
Tr(UAU−1UBU−1)

= −1

2
Tr(AB) = 〈A,B〉

where we have canceled the U−1U and also used the cyclic trace property to yield Tr(UABU−1) =
Tr(U−1UAB) = Tr(AB). This shows that Ad(U) is actually an orthogonal transormation of the
Hilbert space su(2), and so Ad(SU(2)) ⊆ O(su(2)). What’s more, since SU(2) is connected, the
image of Ad in O(su(2)) (which contains I) must be contained in the component of the group
containing I , which is SO(su(2)). Thus, Ad is actually a homomorphism

Ad: SU(2)→ SO(su(2)).

We will see that, in fact, this homomorphism is surjective; for the time being, we simply denote the
image as Ad(SU(2)) ⊆ SO(su(2)). (This is called the Adjoint group of SU(2).) It is the image of
a homomorphism, so it is a subgroup of SO(su(2)). Since Ad is continuous and SU(2) is compact,
the image Ad(SU(2)) is compact. In particular, it is a closed subgroup of SO(su(2)), and so by
the Closed Subgroup Theorem 14.5, Ad(SU(2)) is an embedded Lie subgroup of SO(su(2)).

Thus, we have a surjective Lie group homomorphism Ad: SU(2) → Ad(SU(2)). Let us now
compute its kernel. A matrix U ∈ SU(2) is in ker(Ad) iff Ad(U) = Idsu(2), meaning that for all
A ∈ su(2) A = Ad(U)A = UAU−1. That is to say: if U is in the kernel of Ad, then AU = UA
for all A ∈ su(2). This forces U to be ±I .

LEMMA 15.17. If U is any matrix in M2(C) that commutes with all matrices in su(2), then
U = λI for some λ ∈ C. Thus, if U ∈ SU(2), U = ±I .

PROOF. Take the commutation relation UA = AU over the three matrices A ∈ β. This gives
a collection of linear equations for the entries of U . The condition UX = XU yields the two
independent equations u21 = −u12 and u11 = u22; letting λ = u11 and µ = u12, this shows U has
the form

U =

[
λ µ
−µ λ

]
.



240 15. QUOTIENTS AND COVERING GROUPS

Now the commutation relation UY = Y U gives the new equation iµ = −iµ, so µ = 0, and
we conclude that U = λI as claimed. Now, if U ∈ SU(2), we have in particular 1 = detU =
det(λI) = λ2, and so λ = ±1. �

Thus, ker Ad = {I,−I} ⊂ SU(2), which is easily seen to be a normal subgroup. Hence, we
have the chain

Z2
∼= {I,−I} ↪→ SU(2)

Ad−→Ad(SU(2))

and so by the first isomorphism theorem, Ad(SU(2)) is isomorphic to SU(2)/Z2, via the isomor-
phism Φ: SU(2)/Z2 → Ad(SU(2)) : [U ] 7→ AdU . This map is defined so that Φ ◦ π = Ad where
π : SU(2) → SU(2)/Z2 is the quotient map. Since Z2

∼= {I,−I} is a (0-dimensional) closed Lie
subgroup of SU(2), the quotient map π is a surjective submersion, and hence by Lemma 15.5, Φ is
smooth, hence is a Lie group isomorphism.

Now, by Corollary 15.13, π is actually a local diffeomorphism. In particular, this means that
dim(Ad(SU(2))) = dim(SU(2)/Z2) = dim(SU(2)) = 3. Thus Ad(SU(2)) is an embedded Lie
subgroup of SO(su(2)) of dimension 3, which is also the dimension of SO(su(2)) ∼= SO(3). It fol-
lows that Ad(SU(2)) is actually an open subgroup of SO(su(2)), and since the latter is connected,
we finally conclude by Lemma 11.11 that Ad(SU(2)) = SO(su(2)). Summarizing:

PROPOSITION 15.18. The Adjoint homomorphism Ad: SU(2) → SO(su(2)) ∼= SO(3) is a
surjective submersion with kernel isomorphic to Z2, and descends to a Lie group homomorphism

SU(2)/Z2
∼= SO(3).

In particular, the Lie algebras su(2) and so(3) = o(3) are isomorphic.

REMARK 15.19. It is worth noting that the surjectivity of Ad: SU(2) → SO(su(2)) can be
shown directly, by explicitly constructing, for any rotation Q on R3, a special unitary U which
implements Q by conjugation on su(2) ∼= R3. The key is to realize Q as a counterclockwise
rotation of some angle θ in some plane (perpendicular to a given vector in R3), and then build
U with eigenvalues e±iθ/2 with eigenvectors determined by the plane of rotation. This is slightly
painful and left to the interested reader.

Note that o(3) consists of antisymmetric 3 × 3 real matrices, which is spanned by the three
matrices Êjk = Ejk − Ekj for (j, k) ∈ {(1, 2), (1, 3), (2, 3)}, where Ejk is the 3 × 3 matrix unit
with a 1 in the jk position and 0s elsewhere. One can readily compute that

[Ê12, Ê23] = Ê13, [Ê12, Ê13] = −Ê23, [Ê13, Ê23] = −Ê12.

Comparing this to (15.2), we see that the map su(2)→ o(3) defined by

X 7→ 2Ê12, Y 7→ 2Ê23, Z 7→ 2Ê13

defines a Lie algebra isomorphism. So the fact that these two Lie algebras are isomorphic is not so
surprising (there are not many 3-dimensional Lie algebras). That the isomorphism is implemented
by such a discrete quotient map is illustrative of the topic of the next section (covering maps),
which quantifies precisely the degree to which the Lie correspondence fails when the groups need
not be simply connected.
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3. Universal Covering Groups

As we noted in Corollary 15.13, if G is a Lie group and H is a discrete normal subgroup, then
G andG/H have the same Lie algebra. It is then natural to ask whether this is the only way that the
Lie algebra can fail to be a complete isomorphism invariant. The answer is no. But if we restrict
our attention to connected Lie groups, this is in the right direction for a complete answer.

Let us say two Lie groups are Lie algebra equivalent if their Lie algebras are isomorphic;
this is clearly an equivalence relation on Lie groups. If H is a discrete normal subgroup of G,
then G and G/H are Lie algebra equivalent. But there are other ways this can happen in the
same fashion. For example, suppose H1 and H2 are two discrete normal subgroups of G, neither
contained in the other. Then G/H1 and G/H2 are both Lie algebra equivalent to G, and thus they
are Lie algebra equivalent. It will turn out that this is generic: if two connected Lie groups are
Lie algebra equivalent, then they are both isomorphic to quotients of some Lie group by discrete
normal subgroups. At the moment, it is not even clear that this is an equivalence relation: it is
easily seen to be reflexive and symmetric, but transitivity is unclear. This leads us to a discussion
of smooth covering spaces.

DEFINITION 15.20. Let E and M be connected smooth manifolds. A continuous map π : E →
M is called a smooth covering map if it is smooth, surjective, and if every point in M has a
neighborhood U such that π−1(U) is a disjoint union of connected components, each of which is
mapped onto U diffeomorphically by π. (We say that U is smoothly evenly covered by π.) We call
E a smooth covering space for M .

EXAMPLE 15.21. Let ε : R → S1 ⊂ C be the usual Lie group homomorphism ε(x) = e2πix.
It is surjective and smooth, and for any point e2πiθ with θ ∈ [0, 2π), we can take for example the
open neighborhood Uθ = {e2πiφ : |φ− θ| < π

2
}. Then

ε−1(Uθ) =
⊔
n∈Z

(θ + n− 1
4
, θ + n+ 1

4
).

Each interval in the preimage is mapped onto Uθ smoothly and bijectively, and the inverse is a
branch of the complex logarithm which is smooth. Thus ε is a smooth covering map, and R is a
smooth covering space for S1.

Notice that the smooth covering map ε of Example 15.21 is actually a Lie group homomor-
phism R→ S1, whose kernel is the discrete subgroup Z of R. All such Lie group homomorphisms
are smooth covering maps.

PROPOSITION 15.22. LetG be a connected Lie group, and letH be a discrete normal subgroup
of G. Then the quotient map π : G→ G/H is a smooth covering map.

PROOF. The quotient map π is a surjective submersion, so we need only show that it evenly
covers the quotient. Let U0 be a connected open neighborhood of e ∈ G that contains no point of
H \ {e} (which is possible since H is discrete). Let U ⊆ U0 be a connected neighborhood with
the property that for any u, v ∈ U , v−1u ∈ U0 (the existence of which was proved in a homework
problem).

Now, let g ∈ G, and consider the open neighborhood gU of g. Let h 6= h′ be two elements of
H . Then gUh ∩ gUh′ = ∅, for otherwise there would exists u, v ∈ U with guh = gvh′, meaning
uh = vh′, and so v−1u = h′h−1 ∈ H . But we also have v−1u ∈ U0 by definition of U , and since
U ∩H = {e}, it follows that h = h′, contradicting the choice of h 6= h′.
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Since π is an open map, V = π(gU) is an open neighborhood of [g]. The preimage π−1(V ) is
equal to gU ·H , which we just proved is the disjoint union of the open connected sets {gUh : h ∈
H}. For any two points u 6= v ∈ U and given h ∈ H , guh and gvh are in distinct cosets (this
follows from an argument similar to the one above); thus π : gUh→ V is a smooth bijection, and
since π is a local diffeomorphism, it is a diffeomorphism. �

Here are a few important properties of smooth covering maps.

PROPOSITION 15.23. Let E and M be smooth manifolds, and let π : E → M be a smooth
covering map.

(1) π is a local diffeomorphism.
(2) π is a smooth submersion.
(3) π is an open map.
(4) If π is injective, then it is a diffeomorphism.

The proof of this proposition is left as a(n easy) homework exercise.
The theory of covering spaces is one of the earliest topics in algebraic topology. If M is a

sufficiently nice topological space (precisely: connected, locally path connected, and semilocally
simply connected) and if Γ is any subgroup of the homotopy group π1(M), then there is a covering
space EΓ for M with π1(EΓ) ∼= Γ. We will only need this fact for the trivial subgroup, in which
case the covering space is unique and natural.

THEOREM 15.24. Let M be a connected smooth manifold. There exists a simply connected
smooth manifold M̃ , called the universal covering manifold of M , and a smooth covering map
π : M̃ → M . It is, moreover, unique in the following strong sense: if π′ : M̃ ′ → M is a smooth
covering map and M̃ ′ is simply connected, then there is a unique diffeomorphism Φ: M̃ → M̃ ′

such that π′ ◦ Φ = π.

We will not prove Theorem 15.24. Let us just briefly outline how it works. Most of the work is
at the topological level: for any connected, locally path connected, semilocally simply connected
topological space B, there is a universal covering space E in the sense that E is simply connected
and there is a continuous map π : E → B which is a topological covering map: π is surjective
and each point in B has a neighborhood U such that π−1(U) is a disjoint union of connected
components each of which is mapped homeomorphically onto U by π. The proof of the existence
of (B, π) can be found, for example, in [5, §82]. Fixing a basepoint b0 ∈ B, E is defined to be the
set of (endpoints-fixed) homotopy equivalence classes of continuous curves α : [0, 1] → B with
α(0) = b0. The covering map is defined by π([α]) = α(1). The space is then topologized by
defining an open neighborhood of [α] to be the collection of (equivalence classes of) concatenated
paths α ∗ δ with δ(0) = α(1). It can then be shown that E is simply connected (as it is cooked up
to be) and π is a topological covering map.

Now, once we know π : E →M is a topological covering map, note thatE is immediately seen
to be locally Euclidean: if U is a chart in M then π−1(U) is a stack of homeomorphic copies of U .
It is also not hard to see that E is Hausdorff and second countable, so E is a topological manifold.
To define an atlas on it, for any p ∈ E, fix a chart in (U,ϕ) in M centered at π(p) that is evenly
covered by π, and let Ũ be the unique component of π−1(U) that contains p. Define ϕ̃ : Ũ → Rn

be the lift ϕ̃ = ϕ ◦π|Ũ . These charts are smoothly compatible since ψ̃ ◦ ϕ̃−1 = ψ ◦ϕ−1. This gives
E a smooth manifold structure, and it is clear (from the fact that local coordinates on E are given
by local coordinates on M ) that π is a smooth covering map. Thus, we take (M̃, π) = (E, π) with
this smooth structure. We leave the natural uniqueness statement as an exercise for the reader.
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EXAMPLE 15.25. Since R is simply connected and ε : R → S1 of Example 15.21 is a smooth
covering map, it follows that the universal covering manifold of S1 is R.

EXAMPLE 15.26. In Section 2, we found a Lie group isomorphism SO(3) ∼= SU(2)/{I,−I},
a quotient of the connected Lie group SU(2). Hence, by Proposition 15.22, the quotient map
π : SU(2) → SU(2)/{I,−I} ∼= SO(3) is a smooth covering map. Now, as a manifold, SU(2)
is diffeomorphic to S3 (this is a homework exercise), and is hence simply connected. Thus, the
manifold S3 ∼= SU(2) is the universal covering space for SO(3).

It is relatively easy to construct new universal covering manifolds from old ones. For example:

LEMMA 15.27. Let E1, . . . , Ek and M1, . . . ,Mk be smooth manifolds, and suppose πj : Ej →
Mj are smooth covering maps. Then π1 × · · · × πk : E1 × · · · ×Ek →M1 × · · · ×Ek is a smooth
covering map. Hence, if M̃j is the universal covering manifold of Mj , then M̃1 × · · · × M̃k is the
universal covering manifold of M1 × · · · ×Mk.

The proof is immediate: it is quick to verify that π1 × · · · × πk is a smooth covering map, and
since products of simply connected spaces are simply connected, the uniqueness part of Theorem
15.24 shows that the product of universal covers is the universal cover of the product.

One important property of covering manifolds is the existence of lifts of smooth maps (from
simply connected manifolds).

PROPOSITION 15.28 (Lifting Criterion). Let π : E → M be a smooth covering map between
connected manifolds. Let N be a simply connected manifold, and let F : N → M be a smooth
map. Fix p0 ∈ N and q0 ∈ π−1(F (p)). Then there exists a unique smooth map F̃ : N → E

satisfying π ◦ F̃ = F (called a lift of F ) such that F̃ (p0) = q0.

E

π
��

N

F̃
>>

F
// M

Here is a brief outline of the proof. For p ∈ N , let αp be any continuous path with α(0) = p0 and
α(1) = p. The curve F ◦ αp has a unique lift to a continuous path βp in E (i.e. π ◦ βp = F ◦ αp)
satisfying βp(0) = q0; this is the path-lifting property of covering maps. Define F̃ (p) = βp(1).
This is well-defined: since N is simply connected, if αp and α′p are two paths connecting p0 to p,
they are homotopic, and hence F ◦ αp and F ◦ α′p are homotopic. It follows from the Monodromy
Theorem that the lifts βp and β′p are homotopic and βp(1) = β′p(1). Now, to prove F̃ is smooth near
each point p, fix a chart V inM at F (p); then V lifts to a chart Ṽ in E at F̃ (p), and π is the identity
map in the Ṽ , V local coordinates. Thus, for points in Ṽ , F and F̃ have the same local coordinate
representation, and so since F is smooth, so is F̃ . Uniqueness follows from the uniqueness in the
path lifting property.

Now, suppose G is a connected Lie group. Then, by Theorem 15.24, it possesses a (naturally
unique) universal covering manifold (G̃, π) that is simply connected. In fact, G̃ possesses a unique
group structure with respect to which π : G̃→ G is a Lie group homomorphism.

THEOREM 15.29. Let G be a connected Lie group. There exists a simply connected Lie group
G̃ (called the universal covering group ofG), and a smooth covering map π : G̃→ G, such that π
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is a Lie group homomorphism. It is, moreover, unique in the following strong sense: if π′ : G̃′ → G
is a smooth covering map and Lie group homomorphism from another simply connected Lie group
G̃′, then there exists a unique Lie group isomorphism Φ: G̃→ G̃′ such that π′ ◦ Φ = π.

PROOF. Let (G̃, π) be the universal covering manifold of G, cf. Theorem 15.24. Then by
Lemma 15.27, π × π : G̃ × G̃ → G × G is a smooth covering map. Let m: G × G → G denote
the multiplication map as usual, and fix some element ẽ ∈ π−1(e). Since G̃ is simply connected,
so is G̃× G̃, and so by Proposition 15.28, the smooth map m ◦ π × π : G̃× G̃→ G has a unique
smooth lift to a map m̃ : G̃ × G̃ → G̃ satisfying m̃(ẽ, ẽ) = ẽ. We define the product on G̃ as m̃:
g̃h̃ ≡ m̃(g̃, h̃). We must show this makes G̃ into a Lie group (with identity ẽ). Before we do so,
note that the definition of m̃ gives m ◦ π × π = π ◦ m̃, which says that

π(g̃h̃) = π(m̃(g̃, h̃)) = m(π(g̃), π(h̃)) = π(g̃)π(h̃).

This, together with the fact that π(ẽ) = e, shows that π is a homomorphism.
To see that ẽ is the identity element, consider the function F : G̃ → G̃ given by F (g̃) = ẽg̃.

Since π is a homomorphism and π(ẽ) = e, π ◦F (g̃) = eπ(g̃) = π(g̃) – i.e. π ◦F = π, so F is a lift
of π : G̃ → G satisfying F (ẽ) = m̃(ẽ, ẽ) = ẽ. But Id : G̃ → G̃ is another lift, sending ẽ to itself,
and since G̃ is simply connected, the uniqueness part of Proposition 15.28 shows that F = Ĩd.
That is: ẽg̃ = g̃ for all g̃ ∈ G̃, showing that ẽ is an identity element.

Next, we show every element in G̃ has an inverse. Let i : G → G denote the inversion map
i(g) = g−1. The smooth map i ◦ π : G̃ → G has a unique smooth lift ĩ : G̃ → G̃ with ĩ(ẽ) = ẽ

by Proposition 15.28. Now define a function H : G̃ → G̃ by H(g̃) = g̃ · ĩ(g̃). Then, since π is a
homomorphism, we have

π ◦H(g̃) = π(g̃) · π ◦ ĩ(g̃) = π(g̃) · i ◦ π(g̃) = e.

So H is a lift of the constant function e taking value ẽ at ẽ; so is the constant function ẽ, and so by
uniqueness H(g̃) = ẽ for all g̃ ∈ G̃. An analogous argument shows that ĩ(g̃) is a left inverse for g̃
as well.

Finally, we must show that the multiplication on G̃ is associative. Define the two bracket maps
bL, bR : G̃× G̃× G̃→ G̃ by

bL(g̃, h̃, k̃) = (g̃h̃)k̃, bR(g̃, h̃, k̃) = g̃(h̃k̃).

Applying π to both sides, and repeatedly using the homomorphism property, we have

π ◦ bL(g̃, h̃, k̃) = π(g̃h̃)π(k̃) = π(g̃)π(h̃)π(k̃) = π(g̃)π(h̃k̃) = π ◦ bR(g̃, h̃, k̃).

Thus, bL and bR are both lifts of the same map G̃×G̃×G̃→ G given by (g̃, h̃, k̃) 7→ π(g̃)π(h̃)π(k̃).
Since both take the same value at (e, e, e), they are equal, and so the product is associative.

Thus, G̃ is a group under this product. As the product is also smooth, G̃ is a Lie group. The
covering map π : G̃ → G is a smooth homomorphism, hence it is a Lie group homomorphism.
The uniqueness follows immediately from the uniqueness in Theorem 15.24. �

REMARK 15.30. Note: we were able to choose any element of the fibre over e as the identity of
G̃; this, of course, determined the choice of product. A different choice of identity element results
in an isomorphic Lie group, as the uniqueness implies
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EXAMPLE 15.31. As we saw in Example 15.26, the universal covering manifold of SO(3)
is the Lie group SU(2), a Lie group, where the covering map is the adjoint homomorphism
Ad: SU(2) → SO(su(2)). Note that the fibre over I is {±I}, and so we could have taken −I as
the identity of the covering group. Note that the map U 7→ −U is actually a self-diffeomorphism
of SU(2). It is not a group homomorphism per se, but it is if we define the product one of the
copies of SU(2) as it would be in the above construction:

U � V ≡ −UV.

The identity element for this product is−I . The inverse of any element is the usual matrix inverse,
since U � U−1 = −UU−1 = −I . It is easy to verify � is associative: (U � V )�W = UVW =
U � (V �W ). Since it is clearly smooth, this gives a new Lie group structure to SU(2), but it is
not new since the diffeomorphism U 7→ −U is a Lie group isomorphism.

We are now in a position to see that there are Lie groups that are not matrix groups: the
universal covering group S̃L(2) is not a matrix group (where SL(2) denotes SL(2,R) to be clear).
To prove this, we need a few lemmas.

LEMMA 15.32. The Lie group SL(2,C) is simply connected, but the Lie group SL(2,R) is not
simply connected.

PROOF. We utilize the polar decomposition: any matrix A can be written in the form A =
UP where U is unitary (orthogonal in the real case) and P is positive semidefinite: in fact P =√
A∗A. If A is invertible then P is positive definite, and in this case U = A(A∗A)−1/2 is uniquely

determined. If detA = 1, then detP detU = 1, and since detP > 0 and detU ∈ S1, it follows
that detP = detU = 1. Thus, every A ∈ SL(2,C) has a unique decomposition of the form UP
with U ∈ SU(2) and P > 0 with detP = 1 (denoted SL>2(2,C)), and clearly every such pair of
matrices produces an element of SL(2,C); so we have a bijection SL(2,C)↔ SU(2)×SL>2(2,C).
Now, the space SL>0(2,C) is contractible: any P has two positive eigenvalues with product 1,
which means they can be written in the form λ, 1/λ for some positive λ ≤ 1. Utilizing the spectral
decomposition, write any P uniquely in the form

P = VP

[
λ 0
0 1/λ

]
V −1
P

with 0 < λ ≤ 1 and VP ∈ U(2). Define a homotopy H : [0, 1]× P → P by

H(t, P ) = VP

[
(1− t)λ+ t 0

0 1
(1−t)λ+t

]
V −1
P .

ThenH(0, P ) = P ,H(1, P ) = I ,H is clearly continuous, andH(t, P ) ∈ SL>0(2) for all t ∈ [0, 1]
(because we declared the first eigenvalue to be < 1, (1 − t)λ + t > 0 for all t ∈ [0, 1]). Thus
SL>0(2,C) is contractible to the point I . Combining this with the polar decomposition bijection,
this gives a contraction from SL(2,C) onto SU(2), which is simply connected. Thus, SL(2,C) is
simply connected.

A completely analogous argument shows that SL(2,R) contracts onto SO(2,R) = S1, which
shows that SL(2,R) is not simply connected. �

Despite the fact that SL(2,R) is not simply connected, the nice way it sits inside SL(2,C)
makes it eligible for the conclusion of the Lie correspondence.
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LEMMA 15.33. Let n ∈ N, and let φ : sl(2,R) → gl(n,C) be a Lie algebra homomorphism.
Then there exists a Lie group homomorphism Φ: SL(2,R) → GL(n,C) such that Φ(eX) = eφ(X)

for all X ∈ sl(2,R).

PROOF. The Lie algebra sl(2,R) consists of all 2× 2 real matrices with trace 0. Similarly, the
Lie algebra sl(2,C) consists of all 2× 2 complex matrices with trace 0; this decomposes as

sl(2,C) =

{[
a+ ia′ b+ ib′

c+ ic′ −a− ia′
]

: a, a′, b, b′, c, c′ ∈ R
}

=

{[
a b
c −a

]
+ i

[
a′ b′

c′ −a′
]

: a, a′, b, b′, c, c′ ∈ R
}

= sl(2,R) + isl(2,R).

We can therefore extend φ to a linear map φC : sl(2,C)→ gl(n,C) in the obvious way: φC(X+
iY ) = φ(X) + iφ(Y ) for any X, Y ∈ sl(2,R). This defines a linear map, and we also have

[φC(X + iY ), φC(X ′ + iY ′)] = [φ(X) + iφ(Y ), φ(X ′) + iφ(Y ′)]

= [φ(X), φ(X ′)] + i[φ(X), φ(Y ′)] + i[φ(Y ), φ(X ′)]− [φ(Y ), φ(Y ′)]

= [X,X ′] + i[X, Y ′] + i[Y,X ′]− [Y, Y ′] = [X + iY,X ′ + iY ′]

where the third equality is the fact that φ is a Lie algebra homomorphism. Thus φC : sl(2,C) →
gl(n,C) is a Lie algebra homomorphism.

Since SL(2,C) is simply connected by Lemma 15.32, by Theorem 14.35, there is a unique Lie
group homomorphism ΦC : SL(2,C)→ GL(n,C) such that ΦC(eZ) = eφC(Z) for all Z ∈ sl(2,C).
Taking Φ = ΦC|SL(2,R) provides the desired homomorphism. �

REMARK 15.34. One might think that a similar trick should work for SO(2), but one needs
to be careful: the Lie algebra so(2) = o(2) consists of 2 × 2 real antisymmetric matrices, which
is 1-dimensional over R. On the other hand, su(2) is 3-dimensional, so there is no way we could
decompose it as o(2) + io(2). In fact, the complexification of o(2,R) is o(2,C), and the Lie group
SO(2,C) is not simply connected.

COROLLARY 15.35. Let G ⊆ GL(n,C) be a connected matrix Lie group with Lie algebra g,
and suppose Ψ: G → SL(2,R) is a Lie group homomorphism whose induced Lie algebra homo-
morphism Ψ∗ : g→ sl(2,C) is a Lie algebra isomorphism. Then Ψ is a Lie group isomorphism.

PROOF. By assumption the inverse φ = Ψ−1
∗ : sl(2,R) → g ⊆ gl(n,C) is a Lie algebra

isomorphism (ergo homomorphism). By Lemma 15.33, there is a Lie group homomorphism
Φ: SL(2,R) → GL(n,C) such that Φ(eX) = eφ(X) for all X ∈ g; since φ(X) ∈ g, it follows
that Φ maps into G. Now, since φ and ψ are inverses of each other, and since G is connected, it
follows from Lemma 14.36 that Φ and Ψ are inverses of each other. �

COROLLARY 15.36. The universal covering group ˜SL(2,R) is not a matrix Lie group.

PROOF. The covering map π : ˜SL(2,R) is a Lie group homomorphism by Theorem 15.29. It is
also a local diffeomorphism by Proposition 15.23(1); hence, π∗ is invertible, so it is a Lie algebra
isomorphism. By Corollary 15.35, if ˜SL(2,R) ⊆ GL(n,C) for any n ∈ N, then π is a Lie group

isomorphism; but this is impossible since ˜SL(2,R) is simply connected, while SL(2,R) is not
simply connected (cf. Lemma 15.32). �
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4. The Lie-Cartan Theorem

We are nearly ready to classify the set of all Lie groups sharing a common Lie algebra. The
first question is: is this set non-empty for some given Lie algebra? The answer is yes, and this is
the content of the present section.

To motivate the proof, recall Lemma 13.24, which asserts that if H is a Lie subgroup of G,
then Lie(H) can be identified as

Lie(H) = {X ∈ Lie(G) : exp tX ∈ H for all t ∈ R}.
We now turn this around. Let G be a Lie group with Lie algebra g, and let H ⊆ G be a subgroup
that is not a priori known to be a Lie subgroup. The only candidate for its Lie algebra is the set
{X ∈ g : exp tX ∈ H for all t ∈ R}. This is no reason that this set should be a Lie subalgebra
(or even a linear subspace) if H is a generic subgroup; it turns out that the set is always a Lie
subalgebra (though we will not prove this). If the subgroup in question is also generated by the
image of the exponential map on this Lie subalgebra, it is called analytic.

DEFINITION 15.37. Let G be a Lie group with Lie algebra g. An analytic subgroup H of G
is a subgroup with the property that

h ≡ {X ∈ g : exp tX ∈ H for all t ∈ R}
is a Lie subalgebra of g, and such that exp h generates H: i.e.

H = {expX1 expX2 · · · expXn : n ∈ N, X1, . . . , Xn ∈ h}.
Note that a analytic subgroup is a connected subset ofG: for any element h = expX1 · · · expXn ∈
H , the curve h(t) = exp tX1 · · · exp tXn is continuous and connects h(0) = I to h(1) = h. We
will see that analytic subgroups are indeed connected Lie subgroups. It is worth keeping in mind
that they need not be closed. For example: let G = T2, the 2-torus. It’s Lie algebra is R2 with
trivial bracket. If X = (x, y) ∈ R2 is any element with x 6= 0 and y/x ∈ R \ Q, then spanR{X}
is a Lie subalgebra which is the Lie algebra of the dense subgroup {(eitx, eity) : t ∈ R} ⊂ H .

Thus, we will need to giveH a topology that may not be the same as the topology ofG to make
it into a Lie group. As a first step, we will need the following “rational approximation” lemma,
which will be used to show that there is a second countable topology on H .

LEMMA 15.38. Let G be a Lie group with Lie algebra g, let h ⊆ g be a Lie subalgebra, and
let H be the subgroup generated by exp h. Fix a linear basis of h, and call an element X ∈ h
rational if its coefficients in the given basis are rational. Then for any neighborhood U0 of 0 in g,
and any h ∈ H , there is a finite collection R1, . . . , Rn of rational elements in h and an element
X ∈ U0 ∩ h, such that

h = expR1 expR2 · · · expRn expX.

PROOF. We use the Baker-Campbell-Hausdorff-Poincaré formula repeatedly here. Let U be
the neighborhood of 0 in g guaranteed by Theorem 14.21, so that, for X, Y ∈ U ,

expX expY = expC(X, Y ) (15.3)

where C(X, Y ) is defined in (14.7). Note from that equation that C(·, ·) is a continuous function.
Let U1 ⊆ U be a neighborhood of 0 small enough that C(X, Y ) ∈ U whenever X, Y ∈ U1. Wlog,
we will shrink the given neighborhood U0 to U0 ∩ U1 (for if we can find X ∈ U0 ∩ U1 ∩ h, it is in
U0 ∩ h as desired).

Now, for any X ∈ h, there is some k so that 1
k
X ∈ U0; thus expX = (exp 1

k
X)k is a product

of exponentials of elements of U0 ∩ h. Since any element of H is a product expX1 · · · expXn
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for some X1, . . . , Xn ∈ h, it follows that we can write every element h ∈ H in the form h =
expX1 · · · expXm for some m ∈ N and Xj ∈ U0 ∩ h for each j ∈ {1, . . . ,m}. Our goal is to
show that we can replace X1, . . . , Xm with rational elements in this decomposition, tacking on at
most one more expX for some X ∈ U0 ∩ h. We proceed by induction on m. For the base case, if
m = 0 then h = e = exp 0 = exp 0 exp 0, satisfying the conditions.

Proceeding by induction, suppose we know that for any element h ∈ H which can be written in
the form expX1 · · · expXm withX1, . . . , Xm ∈ U0∩h, there are rational elementsR1, . . . , Rm ∈ h
such that h = expR1 · · · expRm expX for some X ∈ U0 ∩ h. Consider, then, some element
h = expX1 · · · expXm expXm+1 with X1, . . . , Xm+1 ∈ U0 ∩ h. By the inductive hypothesis, we
can find rational elements R1, . . . , Rm and some X ∈ U0 ∩ h so that

h = expX1 · · · expXm expXm+1 = expR1 · · · expRm expX expXm+1

= expR1 · · · expRm expC(X,Xm+1)

by the Baker-Campbell-Hausdorff-Poincaré formula (14.7). Since h is a Lie subalgebra of g and
X,Xm+1 ∈ h, C(X,Xm+1) ∈ h, and by the assumption U0 ⊆ U1, C(X,Xm+1) ∈ U . This is not
quite sufficient, since we would like to show it is in the smaller neighborhood U0. To fix this, we
introduce a new rational element Rm+1 ∈ h which is in U and is very close to C(X,Xm+1); since
rational elements are dense in h, such elements clearly exist. In particular, Then we may apply the
Baker-Campbell-Hausdorff-Poincaré formula once more, and we have

h = expR1 · · · expRm expRm+1 exp(−Rm+1) expC(X,Xm+1)

= expR1 · · · expRm+1 expC(−Rm+1, C(X,Xm+1)).

Since Rm+1 and C(X,Xm+1) are in the Lie subalgebra h, so is C(−Rm+1, C(X,Xm+1)). Since
C is continuous, and C(−Z,Z) = 0, we can choose Rm+1 close enough to C(X,Xm+1) that
C(−Rm+1, C(X,Xm+1)) ∈ U0. This concludes the induction, and thus the proof of the lemma.

�

We can now prove that analytic subgroups are, in fact, Lie groups.

THEOREM 15.39. Let G be a Lie group with Lie algebra g, and let H ⊆ G be an analytic
subgroup. Let h = {X ∈ g : exp tX ∈ H for all t ∈ R} (which is therefore assumed to be a Lie
subalgebra of g). There exists a unique smooth structure on H that makes it into a Lie subgroup of
G, such that the inclusion map H ↪→ G is a smooth immersion. The Lie algebra of H is h.

PROOF. Fix a neighborhood U of 0 in g as in the Baker-Campbell-Hausdorff-Poincaré formula
14.7, and also small enough that exponential map is a diffeomorphism from U onto exp(U) ⊆ G.
For simplicity, we also assume U is a ball centered at 0. We define a topology on H by using as a
base the collection

B = {h · exp(V ∩ h) : h ∈ H,V an open nbhd of 0 s.t. V ⊂ U}.

Any set in B is contained in H , since exp h ⊆ H . Open sets in H are those sets W ⊆ H such that
any point w ∈ W is contained in some element B ∈ B with B ⊆ W . This means that two points
h1, h2 ∈ H are “close” if h2 = h1 expX for some sufficiently small X ∈ h.

• H is Hausdorff: if h1 6= h2 in H , since h1, h2 ∈ G which is Hausdorff, we may find a
subneighborhood V of U so that h1 · exp(V ) ∩ h2 · exp(V ) = ∅. Then the two elements
h1 · exp(V ∩ h), h2 · exp(V ∩ h) ∈ B separate h1 and h2, so H is Hausdorff.
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• H is second countable: let B0 ⊂ B be the countable subset of all base elements of
the form expR1 · · · expRm · exp(V0 ∩ h) for some m ∈ N, some rational elements
R1, . . . , Rm ∈ h, and some open ball V0 ⊆ U centered at 0 with rational radius. Given any
base element B = h · exp(V ∩ h) ∈ B, by Lemma 15.38 for any neighborhood U0 of 0 in
g we can express h = expR1 · · · expRm expX for R1, . . . , Rm rational and X ∈ U0 ∩ h.
Taking U0 ⊆ U , then for any Y ∈ V ∩ h ⊂ U0 ∩ h, by the Baker-Campbell-Hausdorff-
Poincaré formula we have expX expY = expC(X, Y ) where C(X, Y ) ∈ U ∩ h. From
(14.7), we have C(0, Y ) = Y , and by continuity and compactness of V , for any open ball
V0 containing V , there is a neighborhood U0 so that C(X, Y ) ∈ V0 for all X ∈ U0 and
Y ∈ V . It follows that B is contained in some element of B0; so B0 is a countable base
for the topology of H .

Now, the topology is evidently locally Euclidean: the map X 7→ h · expX is a homeomorphism
from U ∩ h onto its image in H , and the former is an open subset of the vector space h. We also
use this map as our local coordinate chart near h. To prove this forms an atlas, we must show the
transition maps are smooth. Any element of an overlap of two such charts can therefore be written
in either form h1 expX = h2 expY for some X, Y ∈ U ∩ h, and so h−1

2 h1 = expY exp(−X),
which is small sinceX, Y are small. Shrinking the neighborhoodU to someU ′, we may arrange for
expY exp(−X) ∈ exp(U) whenever X, Y ∈ U ′, and so we will always have h−1

2 h1 ∈ exp(U).
This means that expY = h−1

2 h1 expX . Repeating the process above, we can arrange that this
product is always in exp(U ′), and since exp is a diffeomorphism on U , it follows that the map
X 7→ Y is smooth. This defines our smooth atlas, making H into a smooth manifold. In the
chosen local coordinates, the inclusion map is simply X 7→ h expX on a neighborhood of h, and
this is a smooth immersion as claimed. It now follows that H is a Lie group, since the group
operations are the restrictions of those on G. Its Lie algebra is the tangent space at the identity,
where the chart used was X 7→ expX on U ∩ h; hence, the tangent space is h, as claimed. The
uniqueness is left as an exercise. �

Our main application of analytic subgroups is the following theorem, often called Lie’s Third
Theorem.

THEOREM 15.40. Let G be a Lie group with Lie algebra g, and let h ⊆ g be a Lie subalgebra.
There exists a unique connected Lie subgroup H of G with Lie algebra h.

To see how the proof goes, let us first address uniqueness. If H is a connected Lie subgroup
with Lie algebra h, then expX ∈ H for any X ∈ h. Since H is a subgroup, it follows that H
contains the subgroup generated by exp h. In fact, we will see that H is this subgroup:

H = {exp(X1) · · · exp(Xn) : n ∈ N, X1, . . . , Xn ∈ h}. (15.4)

If H ′ is any other Lie subgroup with Lie algebra h, it must therefore contain H , and since both
have the same Lie algebra, they are the same dimension, so H is open in H ′. But if H and H ′ are
both connected, it follows that H = H ′.

Thus, we must show that the subgroup of (15.4) is, in fact, a Lie group. It suffices to show it is
an analytic subgroup: we must show that

{X ∈ g : exp tX ∈ H for all t ∈ R} = h. (15.5)

The reverse containment ⊇ is clear from the definition: if X ∈ h, so is tX for any t ∈ R, and
hence exp tX ∈ H = 〈exp h〉. It is the forward containment that concerns us now: we must see
that if exp tX ∈ H for all t ∈ R, then in fact X ∈ h. To begin, decompose g = h ⊕ b for



250 15. QUOTIENTS AND COVERING GROUPS

some complementary subspace b (that is not necessarily a Lie subalgebra). By Lemma 14.7, there
are neighborhoods U, V of 0 in h and b so that the map Φ: U × V → G given by Φ(X, Y ) =
expX expY is a diffeomorphism onto its image. Now, by definition of H , expX ∈ H; this does
not preclude the possibility that expY ∈ H , and this is entirely possible. As it happens, however,
this only occurs for countably many Y ∈ V .

LEMMA 15.41. Let U, V be neighborhoods as above, and let E ⊆ V be the set of elements
Y ∈ b with expY ∈ H:

E = {Y ∈ V : expY ∈ H}.
Then E is countable.

PROOF. Let C be the expression in the exponential on the right side of the Baker-Campbell-
Hausdorff-Poincaré formual, cf. (15.3). As in the discussion following that equation, let U1 ⊆ U
be a neighborhood of 0 in h small enough that C(X, Y ) ∈ U for all X, Y ∈ U1. Then for any
sequence R1, . . . , Rn of rational elements of h, there is at most one X ∈ U1 such that

expR1 expR2 · · · expRn expX ∈ expV.

Indeed: if there are X1, X2 ∈ U1 and Y1, Y2 ∈ V such that
expR1 expR2 · · · expRn expX1 = expY1,

expR1 expR2 · · · expRn expX2 = expY2
(15.6)

then expY1 exp(−X1) = expY2 exp(−X2), and it follows that

exp(−Y1) = exp(−X1) expX2 exp(−Y2) = expC(−X1, X2) exp(−Y2),

where C(−X1, X2) ∈ U by assumption. But Φ is a diffeomorphism on U × V , and is therefore
injective; since exp(−Y1) = exp 0 exp(−Y1) with (0,−Y1) ∈ U × V , we must therefore have
C(−X1, X2) = 0 and −Y2 = −Y1. In particular, Y1 = Y2, and so (15.6) implies that expX1 =
expX2. Since X1, X2 ∈ U where exp is a diffeomorphism, it follows that X1 = X2, as claimed.

Now, by Lemma 15.38, every element in H can be expressed as expR1 · · · expRn expX for
some n ∈ N, some rational elements R1, . . . , Rn, and some X ∈ U1. But there are only countably
many elements of the form expR1 · · · expRn for some n, and as shown above, for each such
expression, there is at most one X ∈ U1 for which the product expR1 · · · expRn expX is in
expV . Thus, the set of Y ∈ V for which expY ∈ H is countable. �

PROOF OF THEOREM 15.40. As noted above, it suffices to show that the subgroup H =
〈exp h〉 is an analytic subgroup satisfying (15.5). I.e. let

h′ ≡ {X ∈ g : exp tX ∈ H for all t ∈ R}.
We will show that h′ = h. By definition h ⊆ h′. Conversely, let Z ∈ h′; then exp tZ ∈ H
for all t ∈ R. Let g = h ⊕ b with neighborhoods U, V of 0 in h and b be as above, so that
Φ(X, Y ) = expX expY is a diffeomorphism from U × V onto its image in G. For all sufficiently
small t ∈ R, exp tZ ∈ Φ(U × V ); define (X(t), Y (t)) = Φ−1(exp tZ). So X(t) is a smooth
function from a small time interval into U , and Y (t) is a smooth function from a small time
interval into V .

Now, exp tZ = expX(t) expY (t), and since X(t) ∈ U ⊆ h, expX(t) ∈ H for all t. Thus
expY (t) = exp tZ exp(−X(t)) ∈ H for all small t ∈ R. It follows that Y (t) is a constant
function of t on its interval of definition. For, if not, then the continuous function Y (·) takes
on uncountably many values; but then there would be uncountably many Y (t) = Y ∈ V so
that expY ∈ H , contradicting Lemma 15.41. Thus Y (t) = Y (0) for all small t, and since
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e = exp(0Z) = expX(0) expY (0), it follows (from the fact that Φ is injective) that X(0) =
Y (0) = 0. Thus Y (t) = 0 for all small t, and so, for all small t, exp tZ = expX(t), which shows
that tZ = X(t) (again since Φ is injective). As X(t) ∈ U ⊆ h, it follows that Z ∈ h. We have
thus shown that h′ ⊆ h, concluding the proof. �

Finally, this brings is to the Lie-Cartan theorem, the main result of this section: every finite
dimensional Lie algebra is the Lie algebra of some Lie group.

THEOREM 15.42 (Lie-Cartan). Let g be a finite dimensional Lie algebra. There is a unique
simply connected Lie group G with Lie(G) ∼= g.

PROOF. The vast majority of the proof relies on Ado’s Theorem: if g is any finite dimensional
Lie algebra, there is an injective Lie algebra homomorphism φ : g → gl(n,C) for some finite n
(where n is not usually the dimension of g). This is a hard theorem that is completely algebraic and
well beyond the scope of this course, so we take it on faith; the perturbed reader can then simply
interpret the statement of this theorem to read “If g is a Lie subalgebra of gl(n,C) for some n, then
there is a unique simply connected Lie group with Lie algebra isomorphic to g”.

Thus, we may view g ⊆ gl(n,C) as a Lie subalgebra. By Theorem 15.40, there is a connected
Lie subgroup H ⊆ GL(n,C) with Lie(H) = g. Now, define G = H̃ to be the universal covering
group of H . Then Lie(G) ∼= Lie(H) = g, thus such a simply connected Lie group exists. If G′ is
another simply connected Lie group with Lie(G′) ∼= g, then by the Lie correspondence G′ ∼= G,
proving uniqueness. �

5. The Lie Correspondence Revisited

We can now completely answer the question: given a Lie algebra g, what connected Lie groups
are there having g as their Lie algebra? The Lie-Cartan theorem asserts that there is a unique
simply connected G with Lie algebra g. By Corollary 15.13, if H is any discrete normal subgroup
of G, then G/H also has Lie algebra g. In fact, this is an exhaustive list.

THEOREM 15.43. Let g be a finite dimensional Lie algebra. Let G denote the unique simply
connected Lie group with Lie(G) ∼= g, cf. Theorem 15.42. The set of all connected Lie group whose
Lie algebra is isomorphic to g is the set {G/Γ: Γ is a discrete normal subgroup of G}.

PROOF. The preceding discussion verifies that all Lie groupsG/Γ have Lie algebra isomorphic
to g, so we need only concern ourselves with the converse. Let H be a connected Lie group with
Lie algebra Lie(H) ∼= g. Then the universal covering group H̃ also has Lie algebra ∼= g. As both
G and H̃ are simply connected Lie groups with the same Lie algebra, by the Lie correspondence
they are isomorphic; fix an isomorphism Φ: G → H̃ . Now, the quotient map π : H̃ → H is a Lie
group homomorphism. Thus π ◦ Φ: G → H is a surjective Lie group homomorphism. Its kernel
Γ = ker π ◦ Φ is a normal Lie subgroup of G, and by the first isomorphism theorem for groups,
π ◦Φ descends to a group isomorphism G/Γ→ H; this map is smooth since its composition with
π is smooth, cf. Lemma 15.5. To complete the proof, we must show that Γ is discrete.

Since Lie group homomorphisms are constant rank (cf. Theorem 11.9), and π ◦Φ is surjective,
it follows from the Global Rank Theorem 9.10 that is is a submersion. By Corollary 9.25 (on level-
sets of submersions), the level set Γ = ker(π ◦ Φ) = (π ◦ Φ)−1(e) is an embedded submanifold
of G with codimension equal to the dimension of H; but G and H have the same dimension (both
having isomorphic Lie algebras), and thus Γ is a closed Lie subgroup of dimension 0. Thus, Γ is a
discrete normal subgroup, concluding the proof. �
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Whence, if G1 and G2 are any two connected Lie groups with the same Lie algebra, then both
G1 and G2 are isomorphic to quotients of their common universal covering group G̃ by discrete
normal subgroups Γ1,Γ2 ⊂ G̃: G1

∼= G̃/Γ1, G2
∼= G̃/Γ2. This completely classifies the equiva-

lence relation “having isomorphic Lie algebras” in the connected setting.

Let us conclude by discussing the complete picture: what happens in the disconnected setting?
We need one further group theory definition.

DEFINITION 15.44. Let G and H be groups, and suppose there is a surjective group homo-
morphism Φ: G→ H . Let G0 = kerΦ. We say that G is an extension of G0 by H .

THEOREM 15.45. Let g be a finite dimensional Lie algebra. If G is any Lie group with
Lie(G) ∼= g, then there is a connected Lie group G0 with Lie algebra Lie(G0) ∼= g such that
G is an extension of G0 by a discrete Lie group.

PROOF. This is left as a homework exercise. �



CHAPTER 16

Compact Lie Groups

1. Tori

The simplest example of a compact Lie group is S1. Since Cartesian products of compact
spaces are compact, any torus Tk = (S1)k is a compact Lie group. As we will see, tori play a key
role in understanding all compact connected Lie groups. Of course, by “torus”, we refer only to
the Lie group isomorphism class.

DEFINITION 16.1. A Lie group is called a torus group if it is isomorphic as a Lie group to Tk
for some finite k. We usually use the letter T to refer to tori.

EXAMPLE 16.2. Let T denote the set of diagonal matrices in SU(n); T is evidently a closed
subgroup, and so is a Lie group. If u1, . . . , un are the diagonal entries of U ∈ T , then

I = UU∗ =


|u1|2 0 · · · 0

0 |u2|2 · · · 0
...

... . . . ...
0 0 · · · |un|2

 , and 1 = detU = u1 · · ·un.

Thus u1, . . . , un are complex numbers of unit length, and un = (u1 · · ·un)−1. In particular, if we
define a map Φ: Tn−1 → T by

Φ(u1, . . . , un) =


u1 0 · · · 0 0
0 u2 · · · 0 0
...

... . . . ...
...

0 0 · · · un−1 0
0 0 · · · 0 (u1 · · ·un)−1


then Φ is a bijection. It is also clearly smooth, and easily shown to be a group homomorphism.
Thus Φ is a Lie group isomorphism, and T is a torus, isomorphic to Tn−1.

Note that, in addition to being compact, tori are connected, and abelian. In fact, these properties
characterize tori.

THEOREM 16.3. Every compact, connected, abelian Lie group is a torus.

To prove this theorem, we will need a few supporting lemmas. The first is that, in the connected
abelian category, the exponential map is surjective.

LEMMA 16.4. Let G be a connected abelian Lie group, with Lie algebra g. Consider g is an
(additive) Lie group. Then exp: g→ G is a surjective Lie group homomorphism.

PROOF. Since G is abelian, g has trivial bracket [X, Y ] = 0 (cf. Proposition 12.48). Hence,
by the Baker-Campbell-Hausdorff-Poincaré formula, there is a neighborhood of 0 in g so that

253
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expX expY = exp(X + Y ) for all X, Y ∈ U . In fact, this is true for all X, Y ∈ g: choose some
integer k so that 1

k
X, 1

k
Y ∈ U . Then we have

exp(X + Y ) = exp( 1
k
X + 1

k
Y )k = (exp( 1

k
X) exp( 1

k
Y ))k

= (exp( 1
k
X))k(exp( 1

k
Y ))k = expX expY.

This shows that exp is a group homomorphism g→ G; as it is smooth, it is a Lie group homomor-
phism. Finally, choose a connected neighborhood U0 of 0 in g such that exp: U0 → exp(U0) is a
diffeomorphism. Since U0 is connected, so is exp(U0), and since G is connected, it follows from
Proposition 11.12(c) that exp(U0) generates G. Thus, any g ∈ G can be expressed in the form

g = expX1 expX2 · · · expXk = exp(X1 + · · ·+Xk)

for some X1, . . . , Xk ∈ U0 ⊆ g, which shows that exp is surjective. �

REMARK 16.5. We saw another example where the exponential map is surjective in Section
3: the exponential map of the Heisenberg group H(3,R) is actually a diffeomorphism. It is worth
pointing out that these cases are very unusual: typically the exponential map is neither one-to-one
or onto, even in the connected category. For example, consider the matrix

A =

[
−1 1

0 −1

]
∈ SL(2,C).

There is no matrix X ∈ sl(2,C) with expX = A. Indeed: if X has distinct eigenvalues, then
it is diagonalizable, in which case expX is diagonalizable; while A is not diagonalizable. If,
on the other hand, X has a repeated eigenvalue, this eigenvalue must be 0 since X ∈ sl(2,C) so
Tr(X) = 0. Let v be an eigenvector with eigenvalue 0, soXv = 0; then (expX)v = (exp 0)v = v.
Thus expX has 1 as an eigenvalue, unlike the matrix A.

(There are 2 × 2 matrices Z with expZ = A, but none of them are in sl(2,C); they are all
upper triangular with diagonal entries both equal to π

2
i + 2nπi for some n, and upper-diagonal

entry defined accordingly to give A as the exponential.)

Hence, by the first isomorphism theorem for groups, we can identify G with the quotient
g/ker(exp). Since exp is a Lie group homomorphism, and is surjective, it is a submersion, and its
kernel is a Lie subgroup of codmension dimG = dimg, as in the proof of Theorem 15.43. Thus,
the kernel is a discrete subgroup of g. Discrete additive subgroups of vector spaces are lattices.

LEMMA 16.6. Let V be a finite dimensional inner product space, and let Γ ⊂ V be a discrete
additive subgroup. There are linearly independent vectors v1, . . . , vk ∈ V such that Γ is the integer
linear span of {v1, . . . , vk}:

Γ = {m1v1 + · · ·mkvk : m1, . . . ,mk ∈ Z}.

PROOF. If Γ = {0} there is nothing to prove, so we assume Γ is non-trivial. As Γ is discrete,
we can find a non-zero element γ0 ∈ Γ with minimal length. (There will be more than one, since
−γ0 ∈ Γ as well.) Let P : V → V be the orthogonal projection onto γ⊥0 , and let Γ′ = P (Γ). Since
P is linear, Γ′ is an additive subgroup of the subspace γ⊥0 . We now claim that Γ′ is discrete.

Suppose, for a contradiction, that Γ′ is not discrete. Thus, for every ε > 0, we can find elements
δ 6= δ′ ∈ Γ′ with ‖δ − δ′‖ < ε. Now, δ − δ′ ∈ Γ′ = P (Γ), so there is some element γ ∈ Γ with
P (γ) = δ − δ′. Thus ‖P (γ)‖ < ε, meaning that the distance from γ to span(γ0) is < ε. This
distance is equal to ‖γ − β‖ where β = (I − P )γ is the orthogonal projection of γ onto the span
of γ0. The element β is on the line through γ0, so it lies between mγ0 and (m + 1)γ0 for some
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m ∈ Z. Thus there is some integer n (equal to either m or m+ 1) so that ‖nγ0− β‖ ≤ 1
2
‖γ0‖. But

then we have

‖nγ0 − γ‖ ≤ ‖nγ0 − β‖+ ‖β − γ‖ < 1

2
‖γ0‖+ ε.

Now, by taking ε < 1
2
‖γ0‖ at the beginning, we have found an element γ ∈ Γ whose distance

from some integer multiple nγ0 is less than ‖γ0‖. That is: γ − nγ0 ∈ Γ with ‖γ − nγ0‖ < ‖γ0‖.
But γ0 was chosen to have minimal nonzero length in Γ, and so it follows that γ = nγ0. But then
δ − δ′ = P (γ) = P (nγ0) = 0, contradicting the choice δ 6= δ′.

Thus, Γ′ is indeed discrete. We can now setup an induction on the dimension of V , with
base case V = {0} where the statement is trivially true. Suppose we have verified the statement
of the lemma for all vector spaces of dimension < d, and now let dimV = d. Fix a discrete
subgroup Γ of Γ; by the preceding paragraph, choosing a minimal length non-zero element γ0 ∈
Γ and letting P be the orthogonal projection from V onto γ⊥0 , the subgroup Γ′ = P (γ) is a
discrete subgroup of the d − 1 dimensional vector space γ⊥0 . By the inductive hypothesis, there
are linearly independent vectors u1, . . . , uk−1 ∈ γ⊥0 such that Γ′ is precisely the set of integer
linear combinations of u1, . . . , uk−1. Select any vectors v1, . . . , vk−1 ∈ V with P (vj) = uj for
1 ≤ j ≤ k − 1. Then v1, . . . , vk−1 and γ0 are linearly independent in V . If γ ∈ Γ, then P (γ) =
m1u1 + · · ·+mk−1uk−1 = P (m1v1 + · · ·+mk−1vk−1) for some m1, . . . ,mk−1 ∈ Z, and it follows
that there is some σ ∈ span(γ0) such that

γ = m1v1 + · · ·+mkvk + σ.

We must now prove that σ is an integer multiple of γ0; if not, an argument entirely analogous to the
one in the preceding paragraph would produce a non-zero element in Γ parallel to γ0 with length
< ‖γ0‖, contradicting the minimal-length choice of γ0. This concludes the proof. �

PROOF OF THEOREM 16.3. Let T be a connected abelian Lie group, with Lie algebra t. By
Lemma 16.4, the exponential map is a surjective Lie group homomorphism exp: t→ T ; since exp
is a local diffeomorphism, exp is a submersion, and so its kernel is a discrete additive subgroup of
t. By Lemma 16.6, it follows that Γ = ker(exp) is a discrete lattice: there are linearly independent
vectors v1, . . . , vk ∈ t such that Γ is the integer span of {v1, . . . , vk}.

The first isomorphism theorem for groups shows that the quotient map π : t → t/Γ descents
to a group isomorphism T → t/Γ, and this map is surjective and smooth (since its composition
with π is smooth). Hence, it is a Lie group isomorphism, and so T ∼= t/Γ. By decomposing
t = span{v1} ⊕ · · · ⊕ span{vk} ⊕ span{v1, . . . , vk}⊥, we see that this quotient is isomorphic to
(S1)k × Rn−k, where n = dim(T ). This space is only compact if n = k, in which case T ∼= Tn as
claimed. �

REMARK 16.7. The above proof in fact shows the nominally stronger result that the only
connected abelian Lie groups are those of the form Tk × Rm for some k,m ∈ N. For example,
the Lie group C∗ = C \ {0} is isomorphic as a Lie group to S1 × R, under the isomorphism
(eiθ, t) 7→ eiθet. The compact abelian connected Lie groups are precisely those with no Euclidean
space factor, m = 0.

Now, let us look briefly as Lie subgroups of tori. As we have noted in many examples, R is a
Lie subgroup of T2, immersed (but not embedded) densely. In general it, is useful to know when a
one-dimensional subgroup of a torus is dense. The following proposition gives an important group
theoretic characterization.



256 16. COMPACT LIE GROUPS

PROPOSITION 16.8. Let T be a torus group, and let t ∈ T . The subgroup 〈t〉 generated by t
is dense in T if and only if the only Lie group homomorphism Φ: T → S1 with Φ(t) = 1 is the
constant homomorphism Φ ≡ 1.

PROOF. First, if there exists a nonconstant Lie group homomorphism with Φ(t) = 1, then
ker(Φ) is a closed subgroup of T that contains t; it thus contains the group 〈t〉 generated by t. But
since Φ is nonconstant, ker Φ 6= T , and hence 〈t〉 is contained in a closed strict subgroup of T , this
is not dense in T .

Conversely, let S be the closure of the group 〈t〉. Since it is closed, it is an embedded Lie
subgroup of T ; as T is abelian, S is normal, and so T/S is a Lie group, and the quotient map
π : T → T/S is a surjective Lie group homomorphism. By assumption, S 6= T , and so T/S is not
the trivial group. It is compact and connected, since it is the image of the compact connected Lie
group T under the continuous map π, and is it abelian since it is the image of the abelian group
T under a homomorphism. Thus, by Theorem 16.3, T/S is a torus group. Fix an isomorphism
Ψ: T/S → Tm; since T/S is nontrivial, m > 0. Let π1 : Tm → S1 be the projection onto the first
factor. Set Φ = π1 ◦ Ψ ◦ π. This is a Lie group homomorphism which is non-trivial, and since
t ∈ S, π(t) = e ∈ T/S so Φ(t) = 1. �

As a corollary, we can now give a characterization of when an element generates a dense
subgroup that is more concrete, and related to the examples we know (involving irrational angles).

THEOREM 16.9. Let t = (e2πiθ1 , . . . , e2πiθk) be an element of the torus Tk. Then t generates a
dense subgroup of Tk if and only if the numbers

1, θ1, . . . , θk

are linearly independent over the rational field Q.

PROOF. In light of Proposition 16.8, we must show that {1, θ1, . . . , θk} is linearly indepen-
dent over Q if and only if there is no nonconstant Lie group homomorphism Φ: Tk → S1 with
(e2πiθ1 , . . . , e2πiθk) ∈ kerΦ. We prove this in contrapositive form. First, assume that {1, θ1, . . . , θk}
is linearly dependent over Q: so there are rational numbers r0, r1, . . . , rk with r0 + r1θ1 + · · · +
rkθk = 0. Multiplying by a common denominator for r0, r1, . . . , rk, we find an integer linear com-
bination m0 +m1θ1 + · · ·+mkθk = 0 for m0,m1, . . . ,mk ∈ Z not all 0. Now, define Φ: Tk → S1

by
Φ(u1, . . . , uk) = um1

1 · · ·u
mk
k . (16.1)

Then Φ is a nonconstant Lie group homomorphism, and

Φ(t) = (e2πiθ1)m1 · · · (e2πiθk)mk = 22πi(m1θ1+···+mkθk) = e0 = 1.

Conversely, suppose such a nonconstant homomorphism exists. In fact, every Lie group homomor-
phism Tk → S1 is of the form (16.1) for some integeral m1, . . . ,mk (this is a homework exercise).
Since Φ is assumed nonconstant, not all the mj are 0. Hence

1 = Φ(t) = Φ(e2πiθ1 , . . . , e2πiθk) = e2πi(m1θ1+···+mkθk).

It follows that mθ1 + · · ·+mkθk ∈ Z, and hence there is a (non-trivial) integer linear combination
of 1, θ1, . . . , θk that equals 0. Hence, these numbers are linearly dependent over Z, and hence over
Q. �
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2. Maximal Tori

We will see that torus subgroups control the structure of all connected compact Lie groups.
First we need a notion of the maximal ones. We first look at the Lie algebra level.

DEFINITION 16.10. Let g be a Lie algebra. A maximal abelian subalgebra t ⊆ g is a sub-
space that is an abelian subalgebra ([X, Y ] = 0 for all X, Y ∈ t) such that t is not contained in
any strictly large abelian subalgebra.

EXAMPLE 16.11. In su(n), consider the subspace t of diagonal elements: diagonal matrices
with imaginary entries, and having trace 0. All diagonal matrices commute, so this is an abelian
subalgebra. Note that it contains all the elements iEjj − iEkk for 1 ≤ j < k ≤ n. Now, let
X ∈ su(n) be any element not in t. Then X is not diagonal, so there is some entry (j, k), with
j < k, so that Xjk 6= 0. But we can compute that

[(iEjj − iEkk)X]jk = iXjk, [X(iEjj − iEkk)]jk = −iXjk.

Since Xjk 6= 0, this shows that X does not commute with iEjj − iEkk ∈ t, and hence there is no
abelian extension of t. Thus, t is a maximal abelian subalgebra of su(n).

Of course, the maximal abelian subalgebra t in Example 16.11 is the Lie algebra of the torus
subgroup of diagonal matrices in SU(n).

DEFINITION 16.12. Let G be a Lie group. A maximal torus in G is a torus subgroup that is
not contained in any strictly larger torus sugroup of G.

EXAMPLE 16.13. Consider again the torus subgroup T ⊂ SU(n) of Example 16.2. It is, in
fact, a maximal torus. Indeed, if S is another torus subgroup of SU(n) with T ⊆ S, then since
torus groups are abelian, every s ∈ S commutes with every t ∈ T . Thus, any pair (s, t) with s ∈ S
and t ∈ T (which are both unitary matrices) are simultaneously unitarily diagonalizable.

Now, let t ∈ T be an element with all distinct eigenvalues. Then the eigenspace for each is 1-
dimensional (over C); as t is unitary, any collection of eigenvectors is orthogonal. Hence, since t is
already diagonal, and therefore the standard basis {e1, . . . , en} is a diagonalizing basis, it follows
that any diagonalizing basis of unit vectors is of the form {eiθ1e1, . . . , e

iθnen}. Hence, there is a
basis of this form that also diagonalizes s. Thus, each s ∈ S is diagonalized by a diagonal matrix,
and it follows that s is diagonal. Therefore, s ∈ T , and so S = T . So T is a maximal torus.

EXAMPLE 16.14. If T is a maximal torus in K, then so is xTx−1 for any x ∈ K. Indeed,
the conjugation map y 7→ xyx−1 is a group isomomrphism, so xTx−1 is a torus. Suppose it is
contained in another torus S; then T ⊆ x−1Sx. By the same reasoning, x−1Sx is a torus, so since
T is maximal, T = x−1Sx, and so S = xTx−1, which proves that S is maximal.

We will soon see that the correspondence between Examples 16.11 and 16.13 works in general
in a compact Lie group: maximal abelian subalgebras are precisely the Lie algebras of maximal
tori. A first result en route to this result is the following.

PROPOSITION 16.15. Let G be a Lie group with Lie algebra g, and let h be a maximal abelian
subalgebera of g. Then the conneced Lie subgroup H ⊆ G with Lie(H) = h is closed.

PROOF. Since exp(h) contains a connected neighborhood of the identity in H , and since H is
connected, it follows that it generates h (indeed, this is how we defined H in the proof of Theorem
15.40 that such H exists and is unique). Since h is abelian, it follows that H is abelian. It then
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follows easily that the closureH ofH inG is also abelian. In addition, as the closure of a connected
set, H is connected.

Let h′ = Lie(H); then h ⊆ h′. Since H is abelian, h′ is also abelian (by Proposition 12.48),
and by maximality of h, it therefore follows that h = h′. Thus, H is a connected Lie subalgebra of
G with Lie algebra h, and hence, by uniqueness, it is equal to H . Hence, H is closed. �

THEOREM 16.16. Let K be a compact Lie group with Lie algebra k. If T ⊆ K is a maximal
torus with Lie algebra t, then t is a maximal abelian subalgebra of k. Conversely, if h is any
maximal abelian subalgebra, then the connected Lie subgroup H of K with Lie(H) = h is a
maximal torus.

PROOF. First, suppose T is a maximal torus, which is abelian. Thus, its Lie algebra t is abelian.
Let t′ be the maximal abelian subalgebra containing t (i.e. the intersection of all subspaces of k all of
whose elements commute with t). Let T ′ be the connected Lie subalgebra of K with Lie(T ′) = t′.
Since T ′ is connected, it is generated by exp(t′), and hence is abelian. By Proposition 16.15, T ′ is
closed, and sinceK is compact, T ′ is therefore compact. Thus, T ′ is a compact, connected, abelian
Lie group, and thus by Theorem 16.3 T ′ is a torus group. So T ⊆ T ′ is contained in the torus
group T ′, and since T is a maximal torus, it follows that T = T ′. This shows that t = t′, so t is a
maximal abelian subalgebra.

Conversely, suppose h is a maximal abelian subalgebra. By Proposition 16.15, the connectes
subgroup H ⊆ K with Lie(H) = h is a closed subgroup, hence compact. It is also abelian since
h is, and it is connected by definition, so again by Theorem 16.3, H is a torus subgroup. If S is a
torus subgroup with H ⊆ S, then h ⊆ s where s = Lie(S) is abelian; since h is maximal abelian,
it follows that h = s, and since S is connected, it then follows that H = S. Thus H is a maximal
torus. �

Maximal tori will turn out to completely control the structure of compact connected Lie groups.
The following theorem is the key.

THEOREM 16.17. Let K be a connected, compact Lie group. Fix some maximal torus T ⊆ K.
Then every element y ∈ K can be written in the form y = xtx−1 for some x ∈ K and t ∈ T .

EXAMPLE 16.18. Let K = SU(n), and let T be the maximal torus of diagonal elements,
cf. Example 16.13. Theorem 16.17 in this setting is almost precisely the statement of the spec-
tral theorem: for any U ∈ SU(n), we can find V ∈ U(n) such that V −1UV is diagonal. Since
det(V −1UV ) = detU = 1, it follows that V −1UV is in the maximal torus T . Now, the con-
jugating matrix V is composed of eigenvectors of U , which can be independently scaled by any
unit modulus constant without changing the fact that V is unitary; hence, we can rescale the first
column so that detV = 1, proving the theorem in this case.

Theorem 16.17 is often stated in the following equivalent form.

THEOREM 16.19 (Cartan’s Torus Theorem). Let K be a connected, compact Lie group.
(1) Any two maximal tori in K are conjugate: if S1 and S2 are maximal tori in K, there is an

element x ∈ K such that S2 = xS1x
−1.

(2) Every element of K is contained in some maximal torus.

PROOF OF EQUIVALENCE TO THEOREM 16.17. • Theorem 16.17 =⇒ Theorem 16.19
First, for any y ∈ K, there is some x ∈ K with y ∈ xTx−1; since xTx−1 is a maximal
torus, this verifies (2). For (1), let S be any maximal torus, and fix some element s ∈ S
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such that the subgroup 〈s〉 generated by s is dense in S. By Theorem 16.17, there is some
x ∈ K and t ∈ T with s = xtx−1, and so t = x−1sx. Then for any k ∈ Z tk = x−1skx,
which shows that x−1skx ∈ T so sk ∈ xTx−1 for all K. The torus xTx−1 is closed, and
the set {sk : k ∈ Z} is dense in S, so it follows thst S ⊆ xTx−1. But since S is maxi-
mal, and xTx−1 is a torus, it follows that S = xTx−1. Thus, S is conjugate to T . Since
conjugacy is an equivalence relation, it follows that any two maximal tori are conjugate,
verifying (1).
• Theorem 16.19 =⇒ Theorem 16.17 Fix any maximal torus T . Given y ∈ K, by (2) there

is some maximal torus S with y ∈ S. By (1), there is some x ∈ K with S = xTx−1.
Thus y ∈ xTx−1, as required.

�

Before proceeding to prove Theorem 16.17, let us note two important corollaries.

COROLLARY 16.20. If K is a connected, compact Lie group with Lie algebra k, then the
exponential map exp: k→ K is surjective.

PROOF. Let x ∈ K, and choose a maximal torus T containing x. By Lemma 16.4, the restric-
tion of exp to Lie(T ) is surjective, and so x ∈ exp(Lie(T )) ⊆ exp(Lie(K)). �

COROLLARY 16.21. If K is a connected, compact Lie group, and z ∈ K, then z is in the
center of K if and only if z belongs to every maximal torus in K.

(Note: the center of K, Z(K), is the subgroup of K consisting of those elements that commute
with everything in K.)

PROOF. If z ∈ Z(K), let T be a maximal torus containing z. If T ′ is any other maximal torus,
there is some x ∈ K with T ′ = xTx−1, which shows that xzx−1 ∈ T ′. But z commutes with x, so
xzx−1 = z, and so z ∈ T ′. Thus z is in all maximal tori.

Conversely, suppose z belongs to every maximal torus. Then for any x ∈ K, there is some
maximal torus T 3 x, and by assumption z ∈ T as well. Since T is an abelian subgroup, it follows
that x commutes with z. So z ∈ Z(K). �

The proof of Theorem 16.17 is quite involved. We will need two main ingredients: the the-
ory of mapping degrees of smooth maps between compact manifolds (returning to integration of
differential forms), and the Weyl group of a compact Lie group. We begin with the latter.

3. The Weyl Group, and Ad-Invariant Inner Products

We now introduce an important discrete group that plays a central structural role in a compact
connected Lie group.

DEFINITION 16.22. Let K be a compact connected Lie group, and let T be a maximal torus
in K. The normalizer of T , N(T ), is the group of elements x ∈ K such that xTx−1 = T . Note
that T ⊆ N(T ) is a subgroup, and in fact (essentially by definition) it is a normal subgroup. The
quotient group

W (T ) ≡ N(T )/T

is the Weyl group of T .
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EXAMPLE 16.23. Consider the maximal torus T of diagonal elements in U(n), (that this is
a maximal torus is proved analogously as in Example 16.13). If t0 ∈ T , and σ is a permutation
matrix, then for any t ∈ T , (σt0)t(σt0)−1 = σt0tt

−1
0 σ−1 = σtσ−1 is diagonal: its diagonal entries

are those of t permuted according to σ. Thus, letting Σn ⊂ U(n) denote the group of permutation
matrices, we see that ΣnT ⊆ N(T ). In fact, this is an equality. If u ∈ U(n) satisfies utu−1 ∈ T
for all t ∈ T , this must hold in particular for some t with all n diagonal entries distinct. Such a
t is unitarily diagonalizable, with diagonalization unique up to the order of the eigenvalues and a
unit length constant for each eigenvector. Hence, utu−1 = t′ where t′ is a permutation σ of the
diagonal entries of t, and this fixes u to be σ up to a scaling constant in S1 in each diagonal entry:
i.e. u ∈ ΣnT .

Thus, N(T ) = ΣnT , which means that W (T ) = N(T )/T ∼= Σn is the finite group of permtu-
ations.

We will prove (in two sections) that the Weyl group is always be a finite subgroup of an or-
thogonal group. To see why, we describe its actions on several spaces in the following. Note first
that N(T ) is a closed subgroup of T (as can be quickly verified, using compactness of T ). Thus, it
is an embedded Lie subgroup. By definition, we have a left action of N(T ) on T by x · t = xtx−1.
This action descends to an action of the quotient W (T ) = N(T )/T on T : if x, x′ ∈ N(T ) are
in the same coset xT = x′T , then for t ∈ T , there is some t′ ∈ T with xt = x′t′, from which it
follows that

x · t = xtx−1 = x′t′(x′t′t−1)−1 = x′t′(x′t−1t′)−1 = x′t(x′)−1 = x′ · t

where we have used the fact that T is abelian, so t′t−1 = t−1t′. Thus W (T ) acts on T . We will see
later that this action is effective: if w · t = t for all t ∈ T , then w is the identity.

Now, if x ∈ N(T ), then by definition, the conjugation Cx(t) = xtx−1 is in T for each t ∈ T ;
thus, Cx preserves the Lie group T . It follows that the derivative Ad(x) preserves the Lie algebra t
of T . This gives us an action of N(T ) on t: x ·H ≡ Ad(x)H for H ∈ t. This also descends to an
action of W on t: this follows from differentiating x(exp sH)x−1 = y(exp sH)y−1 at s = 0. The
action of W (T ) on t is also effective: if w · H = H for all H ∈ t, it follows that Ad(x)H = H
for all H ∈ t for all x ∈ w, meaning Ad(x) = Idt. Since Cx is a Lie group homomorphism of the
connected Lie group T , it then follows that it too acts trivially.

We summarize this discussion as follows.

PROPOSITION 16.24. Let K be a compact, connected Lie group, and let T ⊆ K be a maximal
torus with Lie algebra t. Let W (T ) = N(T )/T be the Weyl group of T in K. The map

[Ad] : W (T )→ gl(t), [x] 7→ Ad(x)

is a well-defined, injective group homomorphism.

(The only part left unproved is the injectivity, which, as described above, follows from the effec-
tiveness of the conjugation action of W (T ) on T , which we will prove later.)

Hence, we can view W (T ) as a subgroup of gl(t). Let us now put an inner product on t: there
are many choices, but the compactness of K means there exists an Ad-invariant inner product.

LEMMA 16.25. If K is a compact Lie group with Lie algebra k, there exists an inner product
〈·, ·〉 on k that is invariant under the Adjoint action of K:

〈Ad(g)X,Ad(g)Y 〉 = 〈X, Y 〉 g ∈ K, X, Y ∈ k.
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PROOF. Begin by fixing any inner product 〈·, ·〉0 on k. Then define the desired inner product
by averaging over the Adjoint action:

〈X, Y 〉 ≡
∫
K

〈Ad(h)X,Ad(h)Y 〉0 dh

where dh denotes the unique Haar probability measure on K, cf. Proposition 12.6. It is quick to
verify that this is a bilinear form, and it is positive definite since

〈X,X〉 =

∫
K

〈Ad(h)X,Ad(h)X〉0 dh

is in integral of the strictly positive function h 7→ 〈Ad(h)X,Ad(h)X〉0. Hence, this defines an
inner product, and we can quickly check that

〈Ad(g)X,Ad(g)Y 〉 =

∫
K

〈Ad(h)Ad(g)X,Ad(h)Ad(g)Y 〉0 dh =

∫
K

〈Ad(hg)X,Ad(hg)Y 〉0 dh

and this is equal to
∫
K
〈Ad(h′)X,Ad(h′)Y 〉0 dh′ = 〈X, Y 〉 by the left-invariance of the Haar mea-

sure. �

REMARK 16.26. In fact, there is often a unique Ad-invariant inner product up to scale: for ex-
ample, on su(n), the Hilbert-Schmidt inner product 〈X, Y 〉 = −Tr(XY ) is the only Ad-invariant
inner product up to scale. (This is not true on u(n), and the difference is a delicate matter of repre-
sentation theory we may get to later.) It is also not necessary for a Lie group to be compact for it to
possess an Ad-invariant inner product: for example, it is clear that k ⊕ Rn does whenever k does.
It turns out this is a characterization: the Lie algebra of a Lie group G possesses an Ad-invariant
inner product if and only if G ∼= K × Rn for some compact K and finite n. Such Lie groups are
called compact-type.

Thus, if we imbue k with an Ad-invariant inner product, then we see that the homomorphism
[Ad] : W (T ) → gl(t) of Proposition 16.24 maps into the orthogonal group o(t). We will see later
that it is finite: it is the collection of reflections through the hyperplanes orthogonal to a certain
finite set of vectors in k (called the roots).

While we are on the topic of Ad-invariant inner products, let us note a few useful facts about
homogeneous spaces in that context.

PROPOSITION 16.27. Let G be a connected Lie group with Lie algebra g, and let H ⊆ G be
a closed subgroup with Lie algebra h ⊆ g. Suppose that Lie algebra g posses an inner product
that is invariant under the adjoint action of H: 〈Ad(h)X,Ad(h)Y 〉 = 〈X, Y 〉 for all h ∈ H ,
X, Y ∈ g. Let f = g	 h be the orthogonal complement of h in g with respect to this inner product.
Then, for each g ∈ G, the map

τg : f 7→ T[g](G/H), X 7→ d

dt

∣∣∣∣
t=0

[g exp tX]

is a linear isomorphism. Moreover, if g, g′ ∈ G are in the same coset [g] = [g′], then for any h ∈ H
with g′ = gh, we have

τg′(X) = τg(Ad(h)X).

Note: in the proof that G/H is a smooth manifold (Theorem 15.4), we constructed the tangent
space at the identity in this fashion, using a complementary subspace to h in g to give our slice
coordinates. The first statement of the proposition holds in that level of generality (no inner product
needed to choose f); the Ad-invariance is needed to characterize the change τg → τg′ .
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PROOF. From Theorem 15.4, we know that the quotient map π : G→ G/H is a submersion; in
particular, at the identity e ∈ G, dπe : g→ T[e](G/H) is surjective. By point (2) of the theorem, its
kernel is precisely h. So, for any given vector v ∈ T[e](G/H), fix some X ∈ g with dπe(X) = v.
We may uniquely decompose X = X0 + X1 where X0 ∈ h and X1 ∈ g; thus, v = dπe(X0) +
dπe(X1) = dπe(X1), and so we see that dπe|f is a linear surjection f → T[e](G/H). It is also
injective: if X1, X2 ∈ f satisfy dπe(X1) = dπe(X2), then X1 − X2 ∈ ker(dπe) = h, and since
X1 −X2 ∈ f = h⊥, we have X1 −X2 = 0.

Thus, dπe|f : f → T[e](G/H) is a linear isomorphism. Since t 7→ exp tX is a smooth curve
with derivative X at t = 0, by definition we can compute

dπe(X) =
d

dt

∣∣∣∣
t=0

π(exp tX) = τe(X)

which proves the first statement in the case g = e. For other g ∈ G, we use the left action of G on
G/H which is smooth by Theorem 15.4(3), and thus dLg|[e] : T[e](G/H) → T[g](G/H) is a linear
isomorphism, and we may compose to find an isomorphism

dLg|[e] ◦ dπe : f→ T[g](G/H).

But by the chain tule dLg|[e] ◦ dπe = d(Lg ◦ π)e, and so as above

d(Lg ◦ π)e(X) =
d

dt

∣∣∣∣
t=0

g · π(exp tX) =
d

dt

∣∣∣∣
t=0

[g exp tX] = τg(X).

Finally, if h ∈ H and g′ = gh, then for all t ∈ R and X ∈ f we have

[g′ exp tX] = [gh exp tX] = [gh(exp tX)h−1] = [gCh(exp tX)] = [g exp(tAd(h)X)].

Differentiating at t = 0 yields τg′ = τg ◦ Ad(h). �

REMARK 16.28. Note: the identity τg′ = τg ◦Ad(h) appears to be valid in general here without
any assumption on the inner product, but the domain of τg′ is, in general, Ad(h)(f). Of course, in
order for τg to really be well-defined (since we must choose some g ∈ [g]), we need the domain to
be consistent.

To conclude, as a corollary, we show that homogeneous spaces G/H with compact connected
H possess unique (up to scale) Haar measures.

PROPOSITION 16.29. LetG be a connected Lie group, and letK ⊆ G be a connected compact
subgroup. Then there exists a left-invariant volume form on G/K, which is unique up to scale. In
particular, G/K is orientable.

PROOF. Following precisely the proof of Lemma 16.25, we may choose an Ad(K)-invariant
inner product on g = Lie(G). Let f = g 	 k be the orthogonal complement of k = Lie(K) in g.
Then, for h ∈ K, Ad(h)|f ∈ O(f) by the Ad(K)-invariance of the inner product, and since H is
connected and Ad(e) = I ∈ SO(f) (the connected component of the identity in O(f)), we must
have Ad(h)|f ∈ SO(f) for all h ∈ K.

Now, fix an orientation on f, and let ω0 be the standard volume form associated to it: i.e.
the unique top form which satisfies ω0(e1, . . . , en) = 1 whenever {e1, . . . , en} is an orientation-
preserving orthonormal basis for f. Since Ad(h) ∈ SO(f) for any h ∈ K, it follows that

ω0(Ad(h)v1, . . . ,Ad(h)vn) = ω(X1, . . . , Xn), h ∈ K, v1, . . . , vn ∈ f.
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We use this to define a volume form on G/H using the identification of all tangent spaces with f
in Proposition 16.27: for any g ∈ G, we define a n-form λg : T[g](G/H)n → R by

λg(X1|[g] . . . , Xn|[g]) = ω0(τ−1
g (X1|[g]), . . . , τ−1

g (Xn|[g])).
If we choose a different g′ ∈ [g], then then with h ∈ K given such that g′ = gh, Proposition 16.27
shows that τg′ = τg ◦ Ad(h), which means that for v1, . . . , vn ∈ T[g](G/H),

λg′(v1, . . . , vn) = ω0(τ−1
g′ (v1), . . . , τ−1

g′ (vn))

= ω0(Ad(h−1)τ−1
g (v1), . . . ,Ad(h−1)τ−1

g (vn))

= ω0(τ−1
g (v1), . . . , τ−1

g (vn))

= λg(v1, . . . , vn).

Hence, we may define a (rough) antisymmetrix contravariant tensor field ω on G/H by

ω[g](X1|[g], . . . , Xn|[g]) = λg(X1|[g], . . . , Xn|[g])
for any choice of g ∈ [g]. It is left as a simple exercise (from the definition of τg) to show that
ω ∈ Ωn(G/H) (i.e. it is smooth), and left-invariant.

As for uniqueness up to scale, if ω and ω′ are two volume forms on G/H , then (as top forms)
ω|[e] and ω′|[e] are proportional, ω′[e] = λω[e] for some λ > 0. Since the left action of G on G/H is
transitive, for any x ∈ G/H , we may find some g ∈ G with g · [e] = x, and thus if ω and ω′ are
left-invariant, we have ω′|x = L∗gω

′|[e] = λL∗gω[e] = λω|x as well. Hence, ω′ = λω. �

4. Interlude: Mapping Degrees

Let M,N be smooth manifolds. We will be concerned with smooth maps F : M → N , and
their level sets at regular values. In order for there to exist any regular values at all, we must assume
that M and N have the same dimension. The first observation is that, if the domain manifold M is
compact, then such level sets are finite.

LEMMA 16.30. Let M,N be smooth manifolds of the same dimension, with M compact, and
let F : M → N be smooth. If q ∈ N is a regular value for F , then F−1(q) is finite.

PROOF. Suppose, for a contradiction, that F−1(q) is infinite. Since M is compact, it follows
that the infinite set F−1(q) ⊂ M has an accumulation point p ∈ M , and so by continuity of F ,
F (p) = q. Since q is a regular value, by definition dFp is invertible. By the inverse function
theorem, it follows that there is a neighborhood of p in M where F is a diffeomorphism onto its
image; in particular, F is injective on a neighborhood of p. This is a contradiction: since F−1(q)
accumulates at p, any neighborhood of p contains infinitely many points that map to q. �

Now, suppose that M and N are oriented manifolds. If F : M → N , then for any regular value
q ∈ N and preimage p ∈ F−1(q), the (invertible) derivative dFp is either orientation-preserving, or
orientation-reversing. (Of course, if it is orientation-preserving at p, it is also orientation preserving
at any point in a neighborhood of p, and likewise for the orientation-reversing case.)

DEFINITION 16.31. Let M,N be smooth oriented manifolds of the same dimension, with M
compact, and let F : M → N be smooth. For each regular value q ∈ M for f , the degree of F at
q, degq(F ), is the integer

degq(F ) =
∑

p∈F−1(q)

sgn(dFp)



264 16. COMPACT LIE GROUPS

where, for any linear map L between oriented vector spaces, sgn(L) = +1 if L is orientation-
preserving and sgn(L) = −1 if L is orientation-reversing.

The main theorem of this section is that this degree is constant: it does not depend on which
regular value we compute it at.

THEOREM 16.32. Let M,N be smooth, oriented, connected, compact manifolds of the same
dimension ≥ 1, and let F : M → N be a smooth map. There is an integer deg(F ) such that, for
all regular values q ∈ N of F , degq(F ) = deg(F ).

The constant integer deg(F ) is called the mapping degree of F . We will prove Theorem 16.32 by
showing that it can be calculated in an analytic way, involving how integrals of differential forms
change under pullback by F . To motivate how, consider the following example.

EXAMPLE 16.33. Fix an integer k ∈ Z, and let F : S1 → S1 be the map F (u) = uk. We give
S1 the usual ccw orientation in both cases; then F is orientation-preserving at all points if k > 0
and orientation-reversing at all points if k < 0. Note, the exponential map exp: R → S1, given
by exp θ = eiθ, is a diffeomorphism from (−π, π) onto S1 \ {−1}; on this neighborhood, we have
F̂ (θ) = F (eiθ) = ekiθ, and the total derivative is DF̂θ(X) = kiekiθX which is a surjective for
all θ so long as k 6= 0. We can use the shifted exponential map θ 7→ ei(θ+π) to make the same
conclusion about S1 \ {1}. So, as long as k 6= 0, every value of F is a regular value. Note also
that, for any point u ∈ S1, F−1(u) has size k: it is the collection of kth roots of u (which is, up to
a fixed rotation, the same as the set of kth roots of unity).

Now, let ω ∈ Ω1(S1); then we may write ω = f dθ for some f ∈ C∞(S1). (Recall that, even
though θ is not a smooth function on all of S1, the global vector field ∂

∂θ
is smooth; dθ is its dual

1-form. It can be expressed as the restriction to S1 ⊂ R2 of the global 1-form x dy − y dx.) We
now compare ∫

S1
ω vs.

∫
S1
F ∗ω.

If F were a diffeomorphism, then by Proposition 10.15(d), these two would be equal (up to a
minus sign of F is orientation-reversing). Indeed, this is what happens when k = ±1. But, for
other k, F is not injective. Instead, we can compute as follows. Using the exponential map as our
parametrization exp: [0, 2π]→ S1, we have∫

S1
ω ≡

∫
α

ω =

∫ 2π

0

α∗ω =

∫ 2π

0

f(eiθ) dθ.

At the same time, by Proposition 6.23(d), we have∫
S1
F ∗ω =

∫
α

F ∗ω =

∫
F◦α

ω =

∫ 2π

0

f(eikθ) d(kθ).

For the latter, we make the substitution φ = kθ. Then this becomes∫ 2kπ

0

f(eiφ) dφ =
k∑
j=1

∫ 2jπ

2(j−1)π

f(eiφ) dφ = k

∫ 2π

0

f(eiφ) dφ.

Thus, we have
∫
S1 F

∗ω = k
∫
S1 ω.

Example 16.33 demonstrates how we must modify Proposition 10.15(d) when the pullback
function F is not a diffeomorphism. In this example, the value of the integral gets multiplied by
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an integer, and this integer happens to be exactly the degree of F . This is, in fact, always true, and
gives us a way to access the mapping degree of F using differential forms.

LEMMA 16.34. Let M,N be compact, connected, oriented n-manifolds, and let F : M → N
be a smooth map. Let q ∈ N be a regular value for F . Then for all sufficiently small neighborhoods
V of q, and all n-forms ω supported in V ,∫

M

F ∗ω = degq(F )

∫
N

ω.

PROOF. By Lemma 16.30, the preimage F−1(q) is a finite set F−1(q) = {p1, . . . , pm}. By
assumption dFpj is an isomorphism for each j, and so by the inverse function theorem there is
some neighborhood Uj of pj such that F |Uj is a diffeomorphism onto its image. By shrinking the
neighborhoods as necessary, we may assume that dFp is orientation-preserving for all p ∈ Uj or
orientation-reversing for all p ∈ Uj for all j; and we may assume that the Uj are all disjoint.

Let V be any neighborhood of q contained in
⋂
j F (Uj). Thus, if ω is supported in V , then

F ∗ω is supported in
⊔
j Uj , and we have∫

M

F ∗ω =
m∑
j=1

∫
Uj

F ∗ω.

But F is a diffeomorphism on Uj , and so by Proposition 10.15(d), each term in the sum is equal
to ±

∫
F (Uj)

ω = ±
∫
V
ω, with the sign determined by whether F is orientation-preserving or

orientation-reversing. This concludes the proof. �

Now, fix a regular point q for F and a neighborhood V as in Lemma 16.34, and let ω be any top
form supported in V for which

∫
N
ω 6= 0. Then the lemma shows us that we can compute degq(F )

as

degq(F ) =

∫
M
F ∗ω∫
N
ω

. (16.2)

Thus, to show degq(F ) does not depend on q, our approach will be to show that the ratio in
(16.2) does not really depend on the form ω. In particular, given two regular values q, q′ with
neighborhoods V, V ′ and top forms ω, ω′, we will show that we can deform ω to ω′ while holding
the numerator and denominator in (16.2) constant.

PROPOSITION 16.35. Let N be a compact oriented n-manifold. Let Ψ: [0, 1] × N → N be
a continuous map, and denote Ψt(q) = Ψ(t, q). Suppose Ψ is piecewise smooth, in the sense that
there is a partition {0 = t0 < t1 < · · · < tm = 1} of [0, 1] so that Ψ|(tj−1,tj)×N is smooth for all
1 < j ≤ m. Suppose also that Ψ0 = IdN , and Ψt is an orientation-preserving diffeomorphism for
each t ∈ [0, 1].

Let ω ∈ Ωn(N), and for each t, let ωt = Ψ∗tω. Then, for 0 ≤ t ≤ 1,∫
N

ωt =

∫
N

ω. (16.3)

Moreover, let M be another compact oriented n-manifold, and let F : M → N be smooth. Then,
for 0 ≤ t ≤ 1, ∫

M

F ∗ωt =

∫
M

F ∗ω. (16.4)
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PROOF. It suffices to prove the proposition assuming Ψ is smooth; for then we can apply the
result on each subinterval [tj−1, tj], and then use continuity to conclude the full result. Note,
moreover, that (16.3) is an immediate consequence of Proposition 10.15(d), because Ψt is an
orientation-preserving diffeomorphism. So we need only establish (16.4). For this purpose, we
will use Stokes’s theorem for manifolds with boundary (which we have not covered, so you will
have to take some of this on faith).

Note that F ∗ωt = F ∗(Ψ∗tω) = (Ψt ◦ F )∗ω. So, define G : [0, 1] × M → N by G(t, p) =
Ψ(t, F (p)). Then for each t ∈ [0, 1], noting that ω = ω0, we have∫

M

F ∗ωt −
∫
M

F ∗ω =

∫
∂([0,t]×M)

G∗ω =

∫
[0,t]×M

d(G∗ω) =

∫
[0,t]×M

G∗(dω).

But ω is a top form on N , and so dω = 0. Thus, the above integral is 0, showing that
∫
M
F ∗ωt =∫

M
F ∗ω, as desired. �

We will then be able to prove our main theorem provided we can find such a piecewise-smooth
family of diffeomorphisms exchanging any two regular values of F . In fact, we can exchange any
two points.

LEMMA 16.36. Let N be a connected, oriented manifold, and let q, q′ ∈ N . There exists a
piecewise smooth continuous map Ψ: [0, 1]×N → N as in Proposition 16.35 such that Ψ(1, q′) =
q.

PROOF. This is a standard connectedness argument. We fix q, and consider the set E of all
q′ for which such a Ψ. Then one sees that E is open by working in local coordinates (where the
family of diffeomorphisms can be constructed as a piecewise linear extension). Similarly, one sees
that the set E is closed, by working in local coordinates near any limit point of E. The details are
left to the interested reader. �

REMARK 16.37. In our intended use of all the results in this section, the manifold N will be a
compact, connected Lie group. As such, Lemma 16.36 is very easy to prove. Let α : [0, 1] → N
be a continuous, piecewise smooth curve connecting e to q(q′)−1. Then we can define Ψt = Lα(t),
which is a smooth family of orientation-preserving diffeomorphisms (taking any left-invariant ori-
entation), Ψ0 = IdN , and Ψ1(q′) = q, as desired.

This brings us to the proof of Theorem 16.32.

PROOF OF THEOREM 16.32. It suffices to show that degq(F ) = degq′(F ) for any two regular
values q, q ∈ N of F . According to Lemma 16.34, we may compute degq(F ) by selecting a
sufficiently small neighborhood V of q and a top form ω supported in V with

∫
N
ω 6= 0; then

degq(F ) =

∫
M
F ∗ω∫
N
ω

. (16.5)

Now, choose a map Ψ: [0, 1]×N → N as in Lemma 16.36. Since Ψ1(q′) = q, Ψ∗1ω is supported in
a neighborhood of q′. Shrinking the neighborhood V if necessary, we may assume that the support
set of Ψ∗1ω satisfies the conditions of Lemma 16.34 at q′, and so

degq′(F ) =

∫
M
F ∗Ψ∗1ω∫
N

Ψ∗1ω
.

But, by Proposition 16.35, this ratio is equal to the one on the right-hand-side of (16.5). This
concludes the proof. �
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We now give a corollary to Theorem 16.32 which we will use in the proof of the torus theorem.

COROLLARY 16.38. Let M,N be compact, connected, oriented manifolds, and let F : M →
N be a smooth map with at least one regular value. If deg(F ) 6= 0, then F (M) = N : F is
surjective.

The idea is simply this: if q /∈ F (M), then q is vacuously a regular value of F , and since
F−1(q) = ∅, degq(F ) = 0; since the mapping degree is constant, this means deg(F ) = 0. This
may feel like cheating, so we give a more detailed explanation below.

PROOF. Suppose that there is some point q ∈ N \ F (M). Since M is compact, F (M) is
compact, and so N \ F (M) is open. Thus, there is some neighborhood V of q contained in
N \F (M). Fix some top form ω on N that is supported in V , such that

∫
N
ω 6= 0. Since F ∗ω = 0,∫

M
F ∗ω∫
N
ω

= 0.

Now, fix a regular value q′ ∈ F (M), and let Ψ: [0, 1] × N → N be a family of diffeomorphisms
with Ψ1(q′) = q as in Lemma 16.36. Then by Theorem 16.32, Lemma 16.34, and Proposition
16.35, we have

deg(F ) = degq′(F ) =

∫
M
F ∗Ψ∗1ω∫
N

Ψ∗1ω
=

∫
M
F ∗ω∫
N
ω

= 0.

�

It is also worth recording that the identification of the mapping degree in Lemma 16.34 can be
extended to all top forms, not just those supported in a sufficiently small neighborhood of a regular
point.

PROPOSITION 16.39. Let M,N be compact, connected, oriented manifolds of the same di-
mension n ≥ 1, and let F : M → N be smooth. Then for every top form ω ∈ Ωn(N),∫

M

F ∗ω = deg(F )

∫
N

ω.

The proof is left as a homework exercise.

5. Cartan’s Torus Theorem

We now proceed to prove Theorem 16.17. Let K be a connected, compact Lie group, and
fix a maximal torus T ⊆ K. Typically, T is not a normal subgroup, but it is an embedded Lie
subgroup (as compact submanifolds are always embedded, cf. Proposition 9.16(3)), and so, by
Theorem 15.4, the quotient K/T is a homogeneous K-space: a smooth manifold of dimension
dim(K)− dim(T ) in possession of a transitive, smooth, left action of K.

DEFINITION 16.40. Define a map

Φ: T ×K/T → K, Φ(t, [x]) = xtx−1.

This map is well-defined: for any other element y ∈ K with [y] = yT = xY = [x], there is
some s ∈ T with y = xs, and so

yty−1 = (xs)t(xs)−1 = x(sts−1)x−1 = xtx−1
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since s, t ∈ T and T is abelian. Note, moreover, that the map π : T × K → T × K/T given by
π(t, x) = (t, [x]) is a surjective submersion, and Φ ◦ π(t, x) = xtx−1 is smooth; thus, by Lemma
15.5, Φ is smooth.

We will show that Φ is surjective; Theorem 16.17 then follows immediately (for then every
y ∈ K is of the form y = Φ(t, [x]) = xtx−1 for some x ∈ K and t ∈ T ). We will show that Φ is
surjective using Corollary 16.38. We will show that K/T is compact and orientable, and that the
degree of Φ is nonzero. In fact, we will see that elements t ∈ T ⊂ K for which 〈t〉 is dense in
T are regular values for Φ, and we will compute deg(Φ) = degt(Φ) explicitly at such points. We
require the following lemma, which identifies the preimage of Φ on such points t using the Weyl
group of T .

LEMMA 16.41. Let t ∈ T be such that the subgroup 〈t〉 is dense in t. Then

Φ−1({t}) = {(x−1tx, [x]) : [x] ∈ W (T ) = N(T )/T ⊆ K/T}.

In particular, if xsx−1 = t for some x ∈ K and s ∈ T , then s must be of the form s = w−1 · t for
some w ∈ W (T ).

PROOF. If x ∈ N(T ), then x−1tx ∈ T , and so Φ(x−1tx, [x]) = t, which shows the reverse
containment ⊇. Conversely, let s ∈ T and x ∈ K with (s, [x]) ∈ Φ−1(t). Then xsx−1 =
Φ(s, [x]) = t, and so x−1tkx = sk ∈ T for all k ∈ Z. Since {tk : k ∈ Z} is dense in T , it follows
that x−1Tx ⊆ T . But T is a maximal torus, and therefore so is x−1Tx; thus, x−1Tx = T , which
implies that T = xTx−1, so x ∈ N(T ), as required.

Finally, if xsx−1 = t, then (s, [x]) ∈ Φ−1({t}), and so by the preceding paragraph [x] ∈ W (T ).
We then have s = x−1tx = w−1 · t where w = [x] and · denotes the usual conjugation action of
W (T ) on T . �

REMARK 16.42. The lemma gives a bijection between Φ−1({t}) and W (T ); this will be im-
portant shortly.

Now we must compute dΦt at such points t. To succinctly express the differential, we identify
tangent spaces as in Proposition 16.27. Fixing an Ad-invariant inner product on K, we decompose
Lie(K) = k = t ⊕ f where t = Lie(T ) and f = t⊥. At each point [x] ∈ K/T , we select some
representative element x ∈ K g ∈ [g], and then identify τx : f → T[x](K/T ); thus, we identify
the tangent space T(t,[x])(T × (K/T )) ∼= t ⊕ f. We may also use Proposition 16.27 to identify the
tangent space T[y]K = T[y](K/{e}) with k for each y ∈ K, and also to identify Tt(T ) = Tt(T/{e})
with t. To summarize:

T(t,[x])(T × (K/T )) ∼= t⊕ f, T[x]K ∼= k, Tt(T ) ∼= t.

Hence, dΦ(t,[x]) : T(t,[x])(T ×K/T )→ Txtx−1K can be viewed as a linear map

dΦ(t,[x]) : t⊕ f→ k = t⊕ f.

That is, it can be represented as a 2× 2 matrix of linear maps. In this form, we can easily compute
it.

LEMMA 16.43. Let (t, [x]) ∈ T × K/T . Identify the tangent spaces with t, f, and t ⊕ f via
Proposition 16.27 as above. Then

dΦ(t,[x]) = Ad(x)

[
I 0
0 Ad(t−1)|f − I

]
.
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PROOF. For X ∈ t, we compute that

d

dτ

∣∣∣∣
τ=0

Φ(t exp τX, [x]) =
d

dτ

∣∣∣∣
τ=0

xt exp(τX)x−1

= Ad(x)

(
d

dτ

∣∣∣∣
τ=0

t exp(τX)

)
= Ad(x) ◦ dLt(X).

Now, note that for any y ∈ K,

Cx(ty) = xtyx−1 = xtx−1(Cx(y)).

Differentiating with respect to x, we have

Ad(x) ◦ dLt = dLxtx−1 ◦ Ad(x).

But the identification of TΦ(t,[x])K with k is precisely via the left action of xtx−1, this shows that

dΦ(t,[x])(X, 0) = Ad(x)X.

On the other side, we use the product rule of Lemma 14.18.

d

dτ

∣∣∣∣
τ=0

Φ(t, [x exp τY ]) =
d

dτ

∣∣∣∣
τ=0

x exp(τY )t exp(−τY )x−1

=
d

dτ

∣∣∣∣
τ=0

x exp(τY )tx−1 · x exp(−τY )x−1

= Ad(x) ◦ dRt(Y )− dLxtx−1 ◦ Ad(x)Y.

Differentiating the identity xytx−1 = xtx−1(xt−1ytx−1) with respect to Y , we can rewrite

Ad(x) ◦ dLt(Y ) = dLxtx−1 ◦ Ad(xt−1)Y = dLxtx−1 ◦ Ad(x) ◦ Ad(t−1)(Y ).

Hence, we have

d

dτ

∣∣∣∣
τ=0

Φ(t, [x exp τY ]) = dLxtx−1 ◦ Ad(x)
(
Ad(t−1)− I

)
Y.

As above, since TΦ(t,[x])K is identified with k via the left action of xtx−1, this shows that

dΦ(t,[x])(0, Y ) = Ad(x)
(
Ad(t−1)− I

)
Y.

Since dΦ(t,[x])(X, Y ) = dΦ(t,[x])(X, 0) + dΦ(t,[x])(0, Y ), this completes the calculation. �

Our goal is to show (that for a particular point (t, [x])) this differential is invertible (so Φ(t, [x])
is a regular value), and then compute the degree of Φ at that point. To do so, we need orientations
on T and K/T . Note that both are orientable: T is a Lie group, and so is orientable by Proposition
12.4, and K/T is orientable by Proposition 16.29. To fix orientations on these manifolds, we
fix orientations on t and f (which then gives us an orientation on k = t ⊕ f). We then use the
identifications of all tangent spaces to T and K/T with these spaces in order to define orientations
on the manifolds. Note that this is well-defined: for example, to identify T[x](K/T ) with f, we
choose one of the maps τx with x ∈ [x]. If we were to choose another τx′ with [x′] = [x] (meaning
x′ = xt for some t ∈ T ), then (by Proposition 16.27) τx′ = τx ◦ Ad(t). As T is connected,
t 7→ det Ad(t) has constant sign, and so all such identifications produce the same orientation on
each tangent space. It gives rise to a global smooth orientation form because the maps x 7→ τx are
smooth.
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Our next lemma shows when the second factor Ad(t−1)|f−I in Lemma 16.43 is invertible, and
in that case, how it affects the orientations of the tangent spaces, in the special case that t generates
a dense subgroup of T .

LEMMA 16.44. Let t ∈ T be an element that generates a dense subgroup. Then Ad(t−1)|f − I
is an invertible linear transformation of f. Moreover, for all w ∈ W (T ),

det(Ad(w · t−1)|f − I) = det(Ad(t−1)|f − I).

PROOF. For invertibility, we show that Ad(t−1)|f does not have 1 as an eigenvalue. Suppose
that there is some Y ∈ f with Ad(t−1)Y = Y . By infuction, it follows tha Ad(tm)Y = Y for all
m ∈ Z. Since {tm : m ∈ Z} is dense in T , by continuity we have Ad(s)Y = Y for all s ∈ T . It
then follows that, for any X ∈ t,

[X, Y ] = ad(X)Y =
d

dτ

∣∣∣∣
τ=0

Ad(exp τX)Y =
d

dτ

∣∣∣∣
τ=0

Y = 0.

Since T is a maximal torus, t is a maximal abelian subalgebra, and so since Y commutes with t, it
follows that Y ∈ t = f⊥. Thus, Y = 0. Hence, there is no non-zero eigenvector of 1 for Ad(t−1)|f,
proving that Ad(t−1)|f − I is invertible.

For the second point, if w ∈ W (T ) = N(T )/T is represented by the element x ∈ N(T ), then

Ad(w · t−1) = Ad(xt−1x−1) = Ad(x)Ad(t−1)Ad(x)−1

and so Ad(w · t−1) − I = Ad(x)(Ad(t−1) − I)Ad(x)−1, showing that the two have the same
determinant. �

We can now prove Theorem 16.17.

PROOF OF THEOREM 16.17. Let t ∈ T be an element that generates a dense subgroup. By
Lemma 16.41, the preimage Φ−1(t) consists of those (x−1tx, [x]) for which [x] ∈ W (T ). By
Lemmas 16.43 and 16.44, for any [x] ∈ K/T , (t, [x]) is a regular point of Φ. Hence t is a regular
value of Φ. It follows from Lemma 16.30 that Φ−1(t) is a finite set. This set is in bijective
correspondence with W (T ) by Lemma 16.41, and so we have proved that W (T ) is finite.

Now, referring to the formula in Lemma 16.43 for dΦ(t,[x]), the first factor Ad(x) is in SO(k)
because the inner product is Ad-invariant and K is connected, thus it has determinant 1 for any
x ∈ K. As for the subfactor Ad(t−1)|f − I: it appears to depend only on t, not on [x]. We
should note, however, that the identification of the tangent space to K/T at [x] is only defined
up to conjugation. However, if s, t ∈ T are in the same K-conjugacy class, then by Lemma
16.41 there is some w ∈ W (T ) such that s = w · t, and then by Lemma 16.44, Ad(s−1) − I
and Ad(t−1) − I have the same determinant over f. Hence, dΦ(t,[x]) has the same determinant at
each point (t, [x]) ∈ Φ−1(t). It follows that degtΦ = |W (T )| or = −|W (T )|, depending on the
(constant) sign of this determinant. In either case, since |W (T )| ≥ 1, this shows that the mapping
degree of Φ is not zero. Hence, by Corollary 16.38, Φ is surjective.

Thus, for every element y ∈ K, there is a pair (t, [x]) ∈ T×K/T so that y = Φ(t, [x]) = xtx−1

for any x ∈ [x]. This proves the torus theorem. �

In the midst of the proof, we saw that the Weyl group is finite. We record this as a separate
corollary, with some other properties that also follow easily at this point.

COROLLARY 16.45. Let K be a compact, connected Lie group. The Weyl groups W (T ) of all
maximal tori in K are all isomorphic (by inner automorphisms of K). Henceforth, we denote this
common finite group as W = W (K).
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PROOF. As noted in the proof above, W (T ) is in bijective correspondence with the level set of
a regular value of Φ: T ×K/T → K, and since T ×K/T is compact, W (T ) is finite. Now, let
T and S be two maximal tori in K. By Theorem 16.19, there is some x ∈ K with S = xTx−1.
Then the conjugation map Cx−1 restricts to an isomorphism from N(S) onto N(T ), which we see
as follows.

Cx−1 is it (of course) an injective group homomorphism. Let y ∈ N(S). Any t ∈ T can be
written as t = x−1sx for some s ∈ S. Then

Cx−1(y) · t · Cx−1(y)−1 = x−1yx · x−1sx · (x−1yx)−1 = Cx−1(Cy(s)).

Since y ∈ N(S), Cy(s) ∈ S, and since T = x−1Sx, it follows that Cx−1(Cy(s)) ∈ T . Thus
Cx−1(y) ∈ N(T ). The same argument shows that Cx maps N(T ) into N(S), and since (Cx)

−1 =
Cx−1 , this shows that Cx−1 is a group isomorphism from N(S) onto N(T ).

Finally, as shown in the proof of Proposition 16.24 (in the preceding discussion),Cx−1 descends
to a homomorphism from W (S) to W (T ), and again since its inverse is Cx, it follows that this is
an isomorphism. �

6. The Weyl Integration Formula

In the previous section, we saw that if K is a compact connected Lie group and T ⊆ K is a
maximal torus, then the map

Φ: T ×K/T → K, Φ(t, [x]) = xtx−1

is smooth and surjective. In this section, we will use this map to give a decomposition of the Haar
measure on K, which is (in a sense) a generalization of spherical coordinates on SU(2) ∼= S3, and
will play an important role in the representation theory of compact Lie groups.

As usual, we fix an Ad-invariant inner product on K, and let f be the orthocomplement of the
Lie algebra t of T in k = Lie(K). Identifying the tangent spaces or T , K/T , and K with t, f, and
k = t ⊕ f using Proposition 16.27, we then expressed the differential of Φ as a 2 × 2 matrix of
linear maps. Of greatest importance to us here is the entry of that matrix (up to a global Ad-factor)
mapping f into f. Let ρ : T → R denote the function

ρ(t) = det(Ad(t−1)|f − I). (16.6)

In Lemma 16.44, we showed that this function is non-zero whenever t generates a dense subgroup
of T .

Now, the compact Lie groups K and T possess unique Haar (left-invariant) probability mea-
sures (cf. Proposition 12.6), and the homogeneous spaceK/T possesses a unique left-K-invariant
probability measure (cf. Proposition 16.29). The main theorem of this section is the following in-
tegration formula, decomposing the Haar measure on K in terms of the measures on T and K/T .

THEOREM 16.46 (Weyl Integration Formula). Let W be the Weyl group of K. For all continu-
ous function f : K → R,∫

K

f(x) dx =
1

|W |

∫
T

ρ(t)

(∫
K/T

f(yty−1) d[y]

)
dt (16.7)

where dx, dt, and d[y] denote the left-invariant probability measures on K, T , and K/T respec-
tively.
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The theorem will be most useful in the special case that f is a class function, meaning that
it is constant on conjugacy classes: f(yxy−1) = f(x) for all x, y ∈ K. IN this case, the Weyl
integration formula takes the special form∫

K

f(x) dx =
1

|W |

∫
T

ρ(t)f(t) dt. (16.8)

(This follows immediately from (16.7), since the inside integral there reduces to
∫
K/T

f(t) d[y]

which equals f(t) since the measure on K/T is normalized.)
Before proving the Weyl integration formula, we give an example of how it looks in the group

SU(2).

EXAMPLE 16.47. Let K = SU(2), and let T ⊂ K be the maximal torus of diagonal elements,
cf. Examples 16.2 and 16.13. This torus is 1-dimensional, consisting of all matrices of the form

t =

[
eiθ 0
0 e−iθ

]
, θ ∈ [−π, π].

The Lie algebra t of this subgroup is the one-dimensional algebra spanned by the matrix diag(1,−1).
Now, fix the usual Hilbert-Schmidt inner product on su(2). The orthogonal complement of t is

then the two-dimensional subspace

f = t⊥ =

{
X =

[
0 x+ iy

−x+ iy 0

]
: x, y ∈ R

}
.

Direct computation shows that

Ad(t−1)(X) =

[
0 e−2iθ(x+ iy)

e2iθ(−x+ iy) 0

]
.

This shows that Ad(t−1) acts as a rotation by angle −2θ, and we can then compute that

ρ(t) = det(Ad(t−1)− I) = det

[
cos(2θ)− 1 sin(2θ)
− sin(2θ) cos(2θ)− 1

]
= 4 sin2 θ.

As for the Weyl group: following the reasoning in Example 16.23, the Weyl group of SU(2) is the
symmetric group Σ2, acting via {I,−I}, so |W | = 2. Using the normalized Haar measure dθ/2π
on T ∼= S1, the Weyl integration formula for class functions in this case then reads∫

SU(2)

f(x) dx =
1

2

∫ π

−π
f(diag(eiθ, e−iθ)) · 4 sin2 θ

dθ

2π
.

We can make one further simplification: the matrices diag(eiθ, e−iθ) and diag(e−iθ, eiθ) are conju-
gate in SU(2): [

e−iθ 0
0 eiθ

]
=

[
0 1
−1 0

] [
eiθ 0
0 e−iθ

] [
0 1
−1 0

]−1

.

So any class function takes the same value on both. Thus, we may restrict the integral to [0, π], and
by symmetry ∫

SU(2)

f(x) dx =
2

π

∫ π

0

f(diag(eiθ, e−iθ)) · sin2 θ dθ. (16.9)

Now, SU(2) can be identified with S3, as you showed on a homework set. In another homework
exercise, you will show that, under this identification, two matrices in SU(2) are conjugate if and
only if they represent two points on the sphere that have the same polar angle θ. Thus, class
functions SU(2) → R are those function S3 → R that depend only on the polar angle θ. The
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interested reader can verify that (16.9) is precisely the usual spherical polar integration formula for
the 3-sphere, in the special case that the function depends only on the polar angle. (The volume
element in general is sin2 θ sinφ1 dθ dφ1 dφ2, with φ2 ranging over [0, 2π] and θ and φ1 ranging
over [0, π]. Note: the volume of S3 in these standard coordinates is 2π2. Integrating out φ1 and
φ2 gives a factor of 4π, and renormalizing to give a probability measure on SU(2) then gives a
constant of 4π · 1

2π2 = 2
π

as we see here.)

Let us now prove Theorem 16.46, up to a constant.

PROOF OF THEOREM 16.46, UP TO A CONSTANT. Let us, for the moment, assume f is smooth.
Then f(x) dx is a top form on K. Since Φ: T ×K/T → K is smooth, Proposition 16.39 shows
that

deg(Φ)

∫
K

f(x) dx =

∫
T×K/T

Φ∗(f(x) dx) =

∫
T×K/T

(f ◦ Φ)Φ∗(dx).

We showed in the proof of Theorem 16.17 that deg(Φ) = ±|W |; we can certainly reverse the
orientation on anyone of the three factors if need be to make it positive (and we assume that choice
in what follows). Thus ∫

K

f(x) dx =
1

|W |

∫
T×K/T

(f ◦ Φ) Φ∗(dx). (16.10)

Equation (16.10) holds for smooth f . Since K and T ×K/T are compact topological spaces, the
Weierstrass approximation theorem shows that smooth functions are uniformly dense in continuous
functions on both sides, and since the integrals behave well with respect to uniform limits, it
follows that (16.10) holds for all continuous functions.

Since Φ(t, [y]) = yty−1, it now suffices to show that Φ∗(dx) = ρ(t) d[y] ∧ dt. To see why
this is true, up to a constant, we refer to the proof of Proposition 16.29, where we constructed the
left-invariant volume form on K/T . The form ωK/T is defined by selecting a volume form on f,
and extending it to K/T using the identifications of tangent spaces of K/T with f via Proposition
16.27. So, fix a volume form ω0 on f, and also fix a volume form ω1 on f. By the same procedure,
we may regard ω1 as a left-invariant volume form on T . At the same time, ω1∧ω0 is a volume form
on t ⊕ f = k, and again we may regard this is a left-invariant volume form on K. By uniqueness
of left-invariant volume forms in all three cases, ω1, ω0, and ω1 ∧ω0 are equal to the volume forms
dt, d[y], and dx on T , K/T , and K up to scale.

Now, fix an orthonormal basis {X1, . . . , Xr} for t and an orthonormal basis {Y1, . . . , Ym} for
f; their union is an orthonormal basis for k = t⊕ f. We may choose the volume forms ω1 and ω0 to
be normalized in these basis, in which case ω1 ∧ ω0 is noramlized in the joint basis. we can then
compute, in these coordinates, that

Φ∗(ω1 ∧ ω0)(X1, . . . , Xr, Y1, . . . , Ym)

= ω1 ∧ ω0(dΦ(X1), . . . , dΦ(Xr), dΦ(Y1), . . . , dΦ(Ym))

= det[dΦ]ω1 ∧ ω0(X1, . . . , Xr, Y1, . . . , Ym).

From Lemma 16.43, we can compute this determinant. Since Ad(x) ∈ SO(k), its determinant is
1. The determinant of a block diagonal matrix is the product of the determinants of the diagonal
blocks. Thus det[dΦt,[x]] = det(Ad(t−1)|f − I) = ρ(t). So we have

Φ∗(ω1 ∧ ω0) = ρ(t)ω1 ∧ ω0.

Up to the the identifications above (which are only valid up to scale), this shows that Φ∗(dx) =
ρ(t) d[y] ∧ dt, as claimed. �
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REMARK 16.48. It is possible to show that the scaling constant found in the above proof is
1 directly, being more careful about the tangent space identifications and working in local slice
coordinates. We will not give this level of detail here; the proof that the scaling constant is 1 will
be given in a different, algebraic way in the next chapter.



CHAPTER 17

Basic Representation Theory

1. Introduction and Examples

Most of the examples of Lie groups we’ve considered have been matrix Lie groups: subgroups
of GL(n,C). We’ve seen only one example, the universal covering group ˜SL(2,R) that is not a
matrix group, cf. Corollary 15.36. To be more precise, what we showed is that there is no Lie
subgroup of GL(n,C) that is isomorphic to ˜SL(2,R).

The question of whether a given Lie group is isomorphic to a subgroup of GL(n,C) is an
important one, which began the largest piece of Lie theory: representation theory. This applies
equally well to Lie groups and Lie algebras.

DEFINITION 17.1. Let G be a Lie group. A finite-dimensional complex representation of G
is a pair (V,Π) where V is a finite-dimensional non-zero complex vector space and Π Lie group
homomorphism

Π: G→ GL(V ).

If V is a real vector space instead, we call Π a finite-dimensional real representation.
Similarly, if g is a Lie algebra, a finite-dimensional complex representation of g is a pair

(V, π) where V is a finite-dimensional non-zero complex vector space and π is a Lie algebra
homomorphism

π : g→ gl(V ).

If V is a real vector space instead, we call π a finite-dimensional real representation.
If a representation is injective, we call it faithful.
The question of whether a given Lie group (or Lie algebra) is a matrix group (or algebra) is thus

the question of whether it possesses a faithful representation. But, as we will see, understanding all
representations of a given Lie group / Lie algebra gives much more information than this humble
question.

NOTATION 17.2. In many instances, we will de-emphasize the representation homomorphism
Π or π, and refer to V itself as the representation. In the case of a Lie group homomorphism, a
representation Π: G → GL(V ) gives rise to a left action of G on V : g · v = Π(g)v. So we may
describe V as a G-space. It is important that this is no ordinary action: it is a linear action.

Let us now consider several examples of representations, beginning with the stupidest one.

EXAMPLE 17.3. The constant homomorphism Π: G → GL(1,C) given by Π(g) = I for all
g ∈ G is (trivially) a complex representation of the Lie group G. Similarly, π : g→ gl(1,C) given
by π(X) = 0 for all X ∈ g is (trivially) a complex representation of the Lie algebra g. We call
these representations the trivial representations.

EXAMPLE 17.4. If G ⊆ GL(n,C) is a matrix Lie group, or if g ⊆ gl(n,C) is a matrix Lie
algebra, then the inclusion maps Π(g) = g and π(X) = X are faithful representations. They are
called the standard representations.

275
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EXAMPLE 17.5. Given a Lie groupGwith Lie algebra g, the Adjoint representation Ad: G→
GL(g) is a Lie group representation (complex if g happens to be a complex Lie algebra). It is typ-
ically not faithful, although it can be, for example on SO(3). Similarly, ad: g → gl(g) (given by
ad(X)Y = [X, Y ]) is a adjoint representation of g. Again, it is typically not faithful, although it
can be, for example on so(3).

EXAMPLE 17.6. For m ∈ N, let Vm denote the space of homogeneous polynomials of degree
m in two complex variables. Elements of Vm have the form

f(z1, x2) = a0z
m
1 + a1z

m−1
m z2 + a2z

m−2
1 z2

2 + · · ·+ amz
m
2 , a0, a1, . . . , am ∈ C

and so we see that Vm is a complex vector space of dimension m + 1. Now, for any matrix
A ∈ GL(2,C) and any f ∈ Vm, we can compute that the function (z1, z2) 7→ f(A−1[z1, z2]>)
is again in Vm. Indeed, by linearity, it suffices to show this is true for f(z1, z2) = zk1z

`
2 for any

k, ` ∈ N with k + ` = m. For A ∈ GL(2,C) with entries A−1
ij ,

f(A−1[z1, z2]>) = f(A−1
11 z1 + A−1

12 z2, A
−1
21 z1 + A−1

22 z2)

= (A−1
11 z1 + A−1

12 z2)k(A−1
21 z1 + A−1

22 z2)`

=
k∑
i=0

(
k

i

)
(A−1

11 z1)i(A−1
12 z2)k−i ·

∑̀
j=0

(A−1
21 z1)j(A−1

22 z2)`−j

=
k∑
i=0

∑̀
j=0

(A−1
11 )i(A−1

12 )k−i(A−1
21 )j(A−1

22 )`−jzi+j1 z
k+`−(i+j)
2

This allows us to define a representation

Πm : GL(2,C)→ GL(Vm), [Πm(A)f ](z) = f(A−1z).

Indeed, Πm(A) is a linear map on f , as can be immediately checked. It is invertible, since
Πm(A−1) ◦ Πm(A) = IdVm . And it is a homomorphism:

[Πm(AB)f ](z) = f((AB)−1z) = f(B−1A−1z) = [(Πm(B)f)(A−1·)](z) = [Πm(A)Πm(B)f ](z).

(Indeed, this is why we have GL(2,C) act by inverse on the left; if we had defined it by f(z) 7→
f(Az), it would have been an anti-homomorphism – i.e. a right action, instead of a left action.)

Note that the restriction of Πm to any matrix Lie group G ⊆ GL(2,C) is a representation of G
on Vm. We will soon look at the case G = SU(2).

Since any representation Π: G→ GL(V ), of a Lie group G is a Lie group homomrphism, we
may differentiate it to give the induced Lie algebra homomorphism π∗ : g→ gl(V ). We summarize
this and the usual properties of the exponential map (cf. Theorem 13.9) in the present context as
follows.

PROPOSITION 17.7. Let G be a Lie group with Lie algebra g, and let (V,Π) be a finite-
dimensional (real or complex) representation of G. Then π = Π∗ : g → gl(V ) is the unique
representation of g satisfying

Π(expX) = eπ(X), ∀ X ∈ g. (17.1)

The representation π can be computed as

π(X) =
d

dt

∣∣∣∣
t=0

Π(exp tX). (17.2)
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It satisfies

π(Ad(g)X) = Ad(Π(g))π(X) = Π(g)π(X)Π(g)−1, ∀ g ∈ G,X ∈ g. (17.3)

PROOF. Equation 17.2 is just the definition of π = Π∗ = dΠe, and (17.1) is Theorem 13.9(g)
applied to the homomorphism Π. For (17.3), we note that, for t ∈ R, g ∈ G, and X ∈ g,

etπ(Ad(g)X) = eπ(Ad(g)tX) = Π(exp Ad(g)tX)

by (17.1). But Ad(g) = (Cg)∗, and so again applying Theorem 13.9(g) to the homomorphism Cg
we have exp Ad(g)tX = Cg(exp tX). Since Π is a homomorphism, we therefore have

etπ(Ad(g)X) = Π(g exp(tX)g−1) = Π(g)Π(exp tX)Π(g−1) = Π(g)etπ(X)Π(g)−1

again using (17.1). Differentiating both sides at t = 0 yields (17.3). �

Of course, not every Lie algebra homomorphism arises this way in general (cf. the Lie Corre-
spondence), but in the special case thatG is simply connected, there is a one-to-one correspondence
between representations of G and representations of g.

In Examples 17.3, 17.4, and 17.5, the two representations given (of a Lie group and its Lie al-
gebra) are related as in Proposition 17.7. Let us now consider the induced Lie algebra represention
from the Lie group representation in Example 17.6.

EXAMPLE 17.8. Let (Vm,Πm) be the representation in Example 17.6, restricted to the group
SU(2). Let us calculate the induced representation πm : su(2)→ gl(Vm). It is given by

[πm(X)f ](z) =
d

dt

∣∣∣∣
t=0

f(e−tXz) = − ∂f
∂z1

· (X11z1 +X12z2)− ∂f

∂z2

· (X21z1 +X22z2). (17.4)

The (real) Lie algebra su(2) is spanned by the three vectors

A =

[
0 1
−1 0

]
, B =

[
0 i
i 0

]
, C =

[
i 0
0 −i

]
,

where [A,B] = 2C, [B,C] = 2A, and [C,A] = 2B. Then we have

πm(A) = −z2
∂

∂z1

+ z1
∂

∂z2

πm(B) = −iz2
∂

∂z1

− iz1
∂

∂z2

πm(C) = −iz1
∂

∂z1

+ iz2
∂

∂z2

.

The interested reader can check that these satisfy the same commutation relations as A,B,C, and
so πm is indeed a Lie algebra homomorphism. Applying these operators to the basis elements zk1z

`
2

(k + ` = m) of Vm, we have

πm(A)(zk1z
`
2) = −kzk−1

1 z`+1
2 + `zk+1

1 z`−1
2

πm(B)(zk1z
`
2) = −ikzk−1

1 z`+1
2 − i`zk+1

1 z`−1
2

πm(C)(zk1z
`
2) = i(`− k)zk1z

`
2

with the understanding that when an exponent drops below 0 or rises above m the result is the
0 vector. So the given basis of Vm consists of eigenvectors for πm(C), while the others act as
combinations of raising- and lowering-operators on the two factors.
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In Example 17.8, since Πm and πm are complex representations of a real Lie group and Lie
algebra. At least in the case of the Lie algebra, it is straightforward to complexify, as we did in the
proof of Lemma 15.33. Let us formalize this.

DEFINITION 17.9. Let g be a real Lie algebra. Its complexification gC is the complex Lie
algebra gC = g + ig, where the bracket is given by distributing:

[X + iY,X ′ + iY ′] = [X,X ′]− [Y, Y ′] + i([X, Y ′] + [X ′, Y ]).

It is easy to check that gC is a Lie algebra. If g was already the “real version” of a complex
Lie algebra (for example sl(2,R) as opposed to sl(2,C)), its complexification is the “complex
version”, but there are many examples where the complexification is quite different.

EXAMPLE 17.10. In Lemma 15.33, we showed that sl(2,R)C = sl(2,C); in fact, the same
argument shows that sl(n,R)C = sl(n,C). More interestingly, consider su(n)C. This is the space
of complex matrices in gl(n,C) of the form X + iY where X, Y ∈ su(n). Both X and Y have
trace 0, and therefore so does X + iY ; but subject to this constrant, the diagonal entries can be
any complex numbers now. Moreover, the off-diagonal entries are now completely unconstrained:
since Y is skew Hermitian, iY is Hermitian, and since any matrix is a sum of a Hermitian and a
skew-Hermitian part, it follows that

su(n)C = {Z ∈ gl(n,C) : Tr (Z) = 0} = sl(n,C).

Thus, the two very different real Lie algebras sl(n,R) and su(n) have the same complexification
sl(n,C).

The following lemma was essentially proved in Lemma 15.33; the proof is immediate.

LEMMA 17.11. Let g be a (real) Lie algebra, with complexification gC. If (V, π) is a complex
representation of g, it has a unique extension to a complex representation (V, πC) of gC (on the
same space). The complexification is given by

πC(X + iY ) = π(X) + iπ(Y ).

EXAMPLE 17.12. Consider again Example 17.8. The representation πm of su(2) given there
extends uniquely to a representation (πm)C of the complex Lie algebra su(2)C = sl(2,C), cf.
Example 17.10. By linearity, it is immediate that (πm)C is also given by the right-hand-side of
(17.4).

The complex Lie algebra sl(2,C) is spanned (over C) by the three vectors

X =

[
0 1
0 0

]
, Y =

[
0 0
1 0

]
, H =

[
1 0
0 −1

]
,

where [X, Y ] = H , [Y,H] = 2Y , and [X,H] = −2X . Now we have

(πm)C(X) = −z2
∂

∂z1

(πm)C(Y ) = −z1
∂

∂z2

(πm)C(H) = −z1
∂

∂z1

+ z2
∂

∂z2

.
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Acting on the basis elements zk1z
`
2 (k + ` = m) of Vm, we have

(πm)C(X)(zk1z
`
2) = −kzk−1

1 z`+1
2

(πm)C(Y )(zk1z
`
2) = −`zk+1

1 z`−1
2

(πm)C(H)(zk1z
`
2) = (`− k)zk1z

`
2

with the understanding that when an exponent drops below 0 or rises above m the result is the
0 vector. Again, we see that the standard basis vectors are eigenvectors for (πm)C(H), while
(πm)C(X) and (πm)C(Y ) are (somewhat less complicated) shift operators, exchanging exponents
between the two variables. In particular, note that (πm)C(X) increases the eigenvalue of (πm)C(H)
by 2, while (πm)C(Y ) decreases the eigenvalue of (πm)C(H) by 2.

Following is the notion of isomorphism for Lie Group representations.

DEFINITION 17.13. Let G be a matrix Lie group with two representations (V,Π) and (W,Θ).
An intertwining map for the two representations is a linear map φ : V → W with the property
that

φ(Π(g)v) = Θ(g)φ(v), ∀ g ∈ G, v ∈ V.
If φ is additionally a linear isomorphism, we call it an isomorphism of representations, and we
call the two representations isomorphic.

The precisely analogous notion and language is used for Lie algebra representations.

Viewing the two representations as (linear) actions of G, the linear map φ : V → W is an
intertwining map iff φ(g·v) = g·φ(v); in the language of group actions on manifolds (cf. Definition
11.18), φ is equivariant. (We also used the term intertwines in that context.)

It is worth noting that the presence of (multiple) isomorphisms between representations de-
pends on whether they are real or complex.

EXAMPLE 17.14. Consider the following two real representations of C∗ = GL(1,C), both on
the vector space V = C:

Π(z)w = zw, Θ(z)w = zw.

Both are easily seen to be representations C∗ → GL(V ). Π is the standard representation of
GL(1,C). These two representations are isomorphic: the map φ : V → V given by φ(v) = v is
a(n R-)linear isomorphism, and φ(Π(z)w) = φ(zw) = zw = Θ(z)φ(w).

Note, however, that although Π and Θ are also both complex representations, φ is not a C-
linear map. In fact, we will soon see (as a consequence of Schur’s lemma) that there are no other
complex representations of C∗ isomorphic to Π (other than Π itself).

EXAMPLE 17.15. The standard representation and the Adjoint represention of SO(3) are iso-
morphic; this is a homework exercise.

The notions of isomorphism for Lie group representations and Lie algebra representations are
equivalent (for connected groups), in the following sense.

LEMMA 17.16. Let G be a connected Lie group, with two representations (V,Π) and (W,Θ).
Let (V, π), and (W,ϑ) be the induced Lie algebra homomorphisms. Then (V, π) and (W,ϑ) are
isomorphic iff (V,Π) and (W,Θ) are isomorphic.

PROOF. Suppose first that (V,Π) and (W,Θ) are isomorphic, via intertwining isomorphicm
φ : V → W . Then we have, for each v ∈ V , X ∈ g, and t ∈ R,

φ(Π(exp tX)v) = Θ(exp tX)φ(v).
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Differentiating both sides at t = 0 shows that φ(π(X)v) = ϑ(X)φ(v), showing that φ is also an
intertwining isomorphism for the Lie algebra representations.

Conversely, suppose φ : V → W is a Lie algebra isomorphism. Since G is connected, every
element g ∈ G has the form g = expX1 expX2 · · · expXn for some X1, . . . , Xn ∈ g. We make
use of the Baker-Campbell-Hausdorff formula, so (by writing each term expX = exp( 1

k
X)k for

large enough k if needed) we assume that X1, . . . , Xn are all in a sufficiently small neighborhood
of 0 so that the BCH formula applies jointly to both X1, . . . , Xn and to π(X1), . . . , π(Xn). Now,
for v ∈ V ,

φ(Π(g)v) = φ(Π(expX1 · · · expXn)v) = φ(Π(expX1) · · ·Π(expXn)v) = φ(eπ(X1) · · · eπ(Xn)v).

By the BCH formula there is a functions C in n variables, built out of brackets, so that

eπ(X1) · · · eπ(Xn) = eC(π(X1),...,π(Xn)).

Because π is a Lie algebra homomorphism, we also have

C(π(X1), . . . , π(Xn)) = π(C(X1, . . . , Xn)).

Thus

φ(Π(g)v) = φ(eπ(C(X1,...,Xn))v) = φ(Π(expC(X1, . . . , Xn))v)

= Θ(expC(X1, . . . , Xn))φ(v).

Reversing the preceding calculation shows that expC(X1, . . . , Xn) = expX1 · · · expXn = g, and
this concludes the proof that φ intertwines the Lie group representations. �

REMARK 17.17. It is possible to prove the preceding lemma without the BCH formula, by
expanding the matrix exponential as a power series and setting up and inductions argument; despite
the fact that it uses “heavy machinery”, the above proof is much cleaner.

2. Irreducible and Completely Reducible Representations

As with most mathematical structures, there are basis “indecomposable” objects that all others
(ideally) can be built from in representation theory. They are called irreducible representation.

DEFINITION 17.18. Let (V,Π) be a finite-dimensional real or complex representation of a Lie
group G. A subspace W ⊆ V is called invariant for the representation if Π(g)w ∈ W for all
w ∈ W and g ∈ G. Clearly {0} and V are invariant subspaces; all others are called nontrivial
invariant subspaces. The representation is irreducible if it has no nontrivial invariant subspaces.
For short, irreducible representations are sometimes called irreps.

The precsiely analogous notion and language is used for Lie algebra representations.

REMARK 17.19. If (V, π) is a complex representation of g, an invariant subspace is requires to
be a complex subspace. It is entirely possible for a complex representation to be irreducible, but to
have invariant real subspaces when viewed as a real representation.

EXAMPLE 17.20. Any 1-dimensional representation is trivially irreducible; so the trivial rep-
resentation of any Lie group / Lie algebra is irreducible.
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EXAMPLE 17.21. The standard representation of SO(n) is irreducible. Indeed, let W ⊆ Rn be
an invariant subspace. For any w ∈ W , the orbit SO(n) · w is the sphere of radius ‖w‖. Hence W
must contain all vectors of length ‖w‖, and so if w 6= 0, since W is a subspace, W = Rn.

On the other hand, the standard representation of SO(n)× SO(m) on Rn+m is not irreducible:
the subspaces Rn × {0} and {0} × Rm are invariant.

Let us record as a lemma a fact that is elementary to prove and left to the reader.

LEMMA 17.22. If two representations are isomorphic, then one is irreducible iff the other is
irreducible.

An important example of irreducible representations are those in Example 17.12.

PROPOSITION 17.23. The representations (Vm, (πm)C) of sl(2,C) in Example 17.12 are irre-
ducible.

PROOF. Let W ⊆ Vm be a non-zero invariant subspace, and let w ∈ W . Write it in the form

w = a0z
m
1 + a1z

m−1
1 z2 + a2z

m−2
1 z2

2 + · · ·+ amz
m
2 .

Since w 6= 0, at least one of the coefficients is nonzero, so let k0 be the smallest index of a nonzero
coefficient, meaning that all nonzero terms have zm−k1 zk2 with k ≥ k0. Now, repeatedly apply
(πm)C(X) to w. Since this operator has the effect of increasing the exponent of z2, if we apply it
m− k0 times, we kill all the terms except ak0z

m−k0
1 zk02 , so we have

(πm)C(X)m−k0w = ak0(m− k0)!zm2 .

Now we apply the lowering operator (πm)C(Y ) repeatedly: for 0 ≤ j ≤ m, we have

(πm)C(Y )jzm2 = m(m− 1) · · · (m− j + 1)zj1z
m−j
2 .

Thus, for each j, there is a non-zero constant cj = ak0(m − k0)!m(m − 1) · · · (m − j + 1) such
that

(πm)C(Y )j(πm)C(X)m−k0w = cjz
j
1z
m−j
2 .

Since W is an invariant subspace, and w ∈ W , it follows that cjz
j
1z
m−j
2 ∈ W for each j. The span

of these vectors is all of Vm, so it follows that W = Vm. �

We will see later that, up to isomorphism, the representations (Vm, (πm)C) are the only irreducible
complex representations of sl(2,C).

From Proposition 17.23, we can actually conclude that the corresponding real representations
(Vm, πm) of su(2) and (Vm,Πm) of SU(2) are irreducible, due to the following lemmas.

LEMMA 17.24. Let g be a Lie algebra with complexification gC, and let (V, π) be a complex
representation of g with complexification (V, πC). Then (V, π) is an irreducible representation of g
iff (V, πC) is an irreducible representation of gC.

PROOF. Suppose (V, πC) is irreducible. If W ⊆ V is an invariant subspace for π, then for any
X, Y ∈ g and w ∈ W , πC(X + iY )w = π(X)w + iπ(Y )w ∈ W + iW = W since W . Thus
W is invariant for πC, and so by assumption W = V or W = 0. Hence, (V, π) is irreducible.
Conversely, suppose (V, π) is irreducible, and let W ⊆ V be an invariant subspace for πC. Then
for any X ∈ g and w ∈ W , W 3 πC(X + i0)w = π(X)w, which shows that W is an invariant
subspace for π, and so by assumption W = V or W = 0. Hence, (V, πC) is irreducible. �
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LEMMA 17.25. Let G be a connected Lie group with Lie algebra g. Let (V,Π) be a Lie group
representation with induced Lie algebra representation (V, π). Then (V,Π) is irreducible iff (V, π)
is irreducible.

PROOF. Suppose (V,Π) is irreducible, and let W ⊆ V be an invariant subspace for π. Since
G is connected, any g ∈ G can be written in the form g = expX1 expX2 · · · expXn for some
X1, . . . , Xn ∈ g. Then we have

Π(g) = Π(expX1 · · · expXn) = Π(expX1) · · ·Π(expXn) = eπ(X1) · · · eπ(Xn).

Now, since W is invariant under π(Xj), it is also invariant under π(Xj)
k for all k ∈ N, and so by

continuity, W is invariant under eπ(Xj) as well. Thus, W is invariant under Π(g) for all g ∈ G,
which shows that W is an invariant subspace for Π. Since Π is irreducible, it follows that W = 0
or W = V . Thus, (V, π) is irreducible.

Conversely, suppose (V, π) is irreducible, and let W ⊆ V be an invariant subpace for Π. For
any X ∈ g and t ∈ R, W is invariant under Π(exp tX), and so for any w ∈ W

π(X)w =
d

dt

∣∣∣∣
t=0

Π(exp tX)w ∈ W.

HenceW is invariant for each π(X) forX ∈ g, and so is invariant for π. Since (V, π) is irreducible,
it follows that W = 0 or W = V , and so (V,Π) is irreducible. �

Thus, Proposition 17.23 shows that the representation (Vm, πm) of su(2) (cf. Example 17.8) is
irreducible, and hence the representation (Vm,Πm) of SU(2) (cf. Example 17.6) is irreducible.

Now, not every representation is irreducible, of course. Naively, one would hope that every
representation can be decomposed into a finite collection of irreps in some way. The notion of
decomposition is direct sum.

DEFINITION 17.26. Let (V1,Π1), . . . , (Vm,Πm) be representations of a Lie group G. The
direct sum representation (V1 ⊕ · · · ⊕ Vm,Π1 ⊕ · · ·Πm) is defined by

[Π1 ⊕ · · · ⊕ Pm(g)](v1, . . . , vm) = (Π1(g)v1, . . . ,Πm(g)vm), g ∈ G.
Similar notation and definitions apply to direct sums of representations of Lie algebras.

It is straightforward to verify that the direct sum really is a represention. Note that it is never
irreducible (unless all factors but one are the 0 vector space), since 0⊕ · · · ⊕ 0⊕ Vj ⊕ 0⊕ · · · ⊕ 0
are all nontrivial invariant subspaces.

DEFINITION 17.27. A finite-dimensional representation of a Lie group or Lie algebra is called
completely reducible if it is isomorphic to a (finite) direct sum of irreducible representations. A Lie
group or Lie algebra is said to have the complete reducibility property if every finite-dimensional
representation is completely reducible.

If (V,Π) is completely reducible, then fix an isomorphism φ : V → W1 ⊕ · · · ⊕Wm and irrep
Θ1, . . . ,Θm such that φ intertwines Π and Θ1⊕ · · · ⊕Θm. Since the subspaces {0}⊕ · · · ⊕ {0}⊕
Wj ⊕ {0} ⊕ · · · ⊕ {0} are invariant for Θ1 ⊕ · · · ⊕ Θm, it follows that the their preimages Vj
under φ are invariant subspaces for Π in V . Hence, if (V,Π) is completely reducible, then there are
invariant subspaces V1, . . . , Vm ⊆ V for Π such that V1⊕· · ·⊕Vm = V ; moreover, note that Π|Vj is
irreducible (since the isomorphism φ intertwines it with the irreducible representation (Wj,Θj)).
Conversely, if V can be decomposed as a direct sum of invariant subspaces for Π such that the
restriction of Π to each subspace is irreducible, then one can decompose Π = Π|V1 ⊕ · · · ⊕ Π|Vm
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(up to the isomorphism between internal and external direct sum) to see that (V,Π) is completely
reducible. That is:

LEMMA 17.28. A representation (V,Π) is completely reducible iff there are invariant sub-
spaces V1, . . . , Vm ⊆ V so that V = V1 ⊕ · · · ⊕ Vm such that (Vj,Π|Vj) is irreducible for each
j.

The naive hope expressed above would be that every representation is completely reducible
(meaning every Lie group or Lie algebra has the complete reducibility property). As it turns out,
this is very false.

EXAMPLE 17.29. Let Π: R→ GL(2,C) be the map

Π(x) =

[
1 x
0 1

]
.

It is easy to check that (C2,Π) is a representation of R. It is not irreducible: letting {e1, e2}
denote the standard basis of C2, the subspace Ce1 is invariant for Π, since Π(x)e1 = e1. However,
Ce1 is the only nontrivial invariant subspace. Indeed, suppose W is a nonzero invariant subspace,
containing some vector w = ae1 + be2 not in Ce1 (so b 6= 0). Then

Π(1)w − w = (Π(1)− I)v =

[
0 1
0 0

] [
a
b

]
= be1

and since W is invariant and a subspace, Π(1)w − w ∈ W . Hence e1 ∈ W , and so W ⊇
span{e1, w} = C2.

It then follows that (C2,Π) is not completely reducible: if it were, Lemma 17.28 shows that
C2 could be decomposed as a direct sum of invariant subspaces for Π; but the unique invariant
subspace for Π is Ce1, which does not span C2.

In some sense, most representations are not completely reducible. One notably exceptional
class are unitary representations.

DEFINITION 17.30. Let V be a finite-dimensional Hilbert space. A representation (V,Π) of
a Lie group G is called unitary of Π(g) is a unitary operator on V for each g ∈ G. (If the
representation is real, we interpret “unitary” to mean “orthogonal” here.)

Similarly, if g is a Lie algebra, then a representation (V, π) is called unitary (or skew-
Hermitian) if π(X)∗ = −π(X) for all X ∈ g.

As usual, the notions of unitarity for Lie group vs. Lie algebra representations are equivalent,
modulo connectivity of the group.

LEMMA 17.31. Let (V,Π) be a representation of a connected Lie group, with induced Lie
algebra representation (V, π). Then (V,Π) is unitary iff (V, π) is unitary.

PROOF. Let G denote the Lie group, and g its Lie algebra. If (V,Π) is unitary, then for all
g ∈ G, Π(g) ∈ U(V ). In particular, for X ∈ g and t ∈ R, Π(exp tX) = etπ(X) ∈ U(V ).
Differentiating at t = 0 shows that π(X) ∈ u(V ) which (of couse) consists of skew-Hermitian
matrices. So (V, π) is unitary. Conversely, suppose (V, π) is unitary. Since G is connected, any
g ∈ G has the form g = expX1 · · · expXn for some X1, . . . , Xn ∈ g. Then

Π(g) = Π(expX1 · · · expXn) = Π(expX1) · · ·Π(expXn) = eπ(X1) · · · eπ(Xn).

Since each π(Xj) ∈ u(V ), eπ(Xj) ∈ U(V ), and as U(V ) is a group, the product Π(g) ∈ U(V ). So
(V,Π) is unitary. �
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Unitary representations abound, in the sense that it is often possible to define an inner product
on the representation space that makes the given representation unitary. This is always the case,
for example, for representations of compact Lie groups and their Lie algebras.

LEMMA 17.32. Let (V,Π) be a representation of a compact Lie groupK. There exists an inner
product on V with respect to which (V,Π) is a unitary representation.

PROOF. To begin, fix any inner product 〈·, ·〉0 on V . Define a new inner product by averaging
the action of Π over the Haar masure of K:

〈v, w〉 ≡
∫
K

〈Π(x)v,Π(x)w〉0 dx.

This is a generalization of the same trick we used in Lemma 16.25 to construct an Ad-invariant
inner product; the same proof here shows that this averaged bilinear form is an inner product that
is preserved by Π(g) for all g ∈ G; in other words, with respect to this inner product, (V,Π) is a
unitary representation. �

This is very useful, because unitary representations are always completely reducible.

PROPOSITION 17.33. Unitary representations (of Lie groups or Lie algebras) are completely
reducible.

PROOF. We write the proof here for group representations; the argument is the same for Lie
algebra representations is analogous. Let (Π, V ) be a unitary representation of a Lie group G on
a finite-dimensional Hilbert space V ; denote the inner product by 〈·, ·〉. If the representation is
irreducible, it is completely reducible vacuously. If not, there is some nontrivial subspace W ⊂ V
that is invariant. Let W⊥ be the orthogonal complement in V with respect to the inner product.
Then W⊥ is also an invariant subspace. To see thus, note that for any g ∈ G Π(g−1) = Π(g)−1 =
Π(g)∗. Thus, for any w ∈ W and v ∈ W⊥,

〈Π(g)v, w〉 = 〈v,Π(g)∗w〉 = 〈v,Π(g−1)w〉 = 0

because w ∈ W is invariant for Π and so Π(g−1)w ∈ W which is orthogonal to W⊥. Thus Π(g)v
is orthogonal to W for all g ∈ G, and so is in W⊥.

Now, V = W ⊕W⊥ is a direct sum of invariant subspaces. We proceed by induction. Suppose
we have decomposed V = V1 ⊕ · · · ⊕ Vm into invariant subspaces. If all are irreducible for Π,
then we have shown (V,Π) is completely reducible. Otherwise, there is at least on Vj that is not
irreducible, so it has a nontrivial invariant subspace Wj . The preceding argument shows that W⊥

j

is also invariant, and so V = V1⊕· · ·⊕Vj−1⊕Wj⊕W⊥
j ⊕Vj+1 · · ·⊕Vm is a finer decomposition

of V into invariant subspaces. This process must terminate finitely: at each step of the process,
the maximal dimension of any non-irreducible invariant subspace decreases, and since V is finite
dimensional, we eventually decompose V into a direct sum of invariant irreducible subspaces. By
Lemma 17.28, it follows that (Π, V ) is completely reducible. �

COROLLARY 17.34. Compact Lie groups have the complete reducibility property.

PROOF. Let (Π, V ) be a representation of a compact Lie group. By Lemma 17.32, there is
an inner product on V with respect to which Π is unitary. Then by Proposition 17.33, (Π, V ) is
completely reducible. �

COROLLARY 17.35. If G is a Lie group with Lie algebra g, and if there is a simply-connected
compact Lie groupK with Lie algebra k so that g ∼= kC, thenG and g have the complete reducibility
property.



3. THE REPRESENTATION THEORY OF sl(2,C) 285

Note: we have not formally defined complex Lie algebras, but in this context we simply mean
that the Lie algebra of G happens to be a complex Lie algebra.

PROOF. Let (V,Π) be a complex representation of G, and let (V, π) be the induced Lie algebra
representation of g. Since g ∼= kC = k + ik, we may view k as a Lie subalgebra, and so φ = π|k is
a Lie algebra representation of k on V . Since K is simply-connected, by the Lie correspondence
(Theorem 14.35), there is a unique representation Φ: K → GL(V ) with Φ∗ = φ. By Corollary
17.34, Φ is completely reducible, so V = V1 ⊕ · · · ⊕ Vm is a direct sum of invariant subspaces
each of which is irreducible for Φ. It follows from Lemma 17.25 that the subspaces V1, . . . , Vm are
invariant for φ and φ|Vj is irreducible, and then it follows from Lemma 17.24 that π = φC has the
same properties. Thus, (V, π) is completely reducible, and one more application of Lemma 17.25
shows that (V,Π) is completely reducible. �

EXAMPLE 17.36. The Lie group SU(2) is compact and simply-connected (as it is diffeomor-
phic to S3). Note that sl(2,C) = su(2)C. Hence, by Corollary 17.35, sl(2,C) and SL(2,C) have
the complete reducibility property.

From Example 17.36, we see that to understand all representations of sl(2,C), it suffices to
understand the irreps (since all representations are then isomorphic to direct sums of these). We
will classify all such irreps. First, we need the most important tool in representation theory: Schur’s
Lemma, which is the topic of the next section.

3. The Representation Theory of sl(2,C)

In this section, we will prove that the irreducible representations of sl(2,C) in Example 17.12
and Proposition 17.23 are, up to isomorphism, all of the irreps. Since SL(2,C) has the complete
reducibility property (cf. Example 17.36), this gives us a complete picture of all representations of
this group and its Lie algebra.

Before proceeding with the proof, a few words on why we pay this special case special atten-
tion. First, since sl(2,C) = su(2)C, and su(2) ∼= so(3), this will also give us a good understanding
of the representation theory of SO(3), which is a group of great physical significance. In short:
if we are trying to study the solutions of a (linear) PDE, if that PDE happens to be rotationally
invariant, then its solution space forms a representation of SO(3), and therefore also of so(3).
Having a complete understanding of all representations of so(3) then gives us tools to understand
the solutions of the PDE. This applies in particular to the Schrödinger equation for the Hydrogen
atom, which is SO(3)-invariant. In fact, the computations we will do in this section are done in
every standard quantum mechanics textbookm under the heading “angular momentum”.

Second, and more important for us: in understanding the representation theory of other (semisim-
ple) Lie algebras, we will make frequent use of the representations of sl(2,C) which appears as a
common subalgebra. In particular, the approach we use presently (via commutation relations) to
determine the representations is illuminating of how we will approach the problem in general.

THEOREM 17.37. For each integer m ≥ 0, there is (up to isomorphism) precisely one complex
irrep of sl(2,C) of dimensionm+1; it is isomorphic to the representation (Vm, (πm)C) of Example
17.12.

Since two representations of different dimensions are trivially non-isomorphic, Theorem 17.37
completely classifies all irreps of sl(2,C).
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Before proceeding with the proof, we remind ourselves of the notation used in Example 17.12.
The Lie algebra is spanned by

X =

[
0 1
0 0

]
, Y =

[
0 0
1 0

]
, H =

[
1 0
0 −1

]
,

and these three matrices satisfy the commutation relations

[X, Y ] = H, [Y,H] = 2Y, [X,H] = −2X. (17.5)

Note, then, that if V is any vector space, andA,B,C ∈ gl(V ) are three linear operators that happen
to satisfy

[A,B] = C, [B,C] = 2B, [A,C] = −2A

then the linear map π : sl(2,C)→ gl(V ) defined by π(X) = A, π(Y ) = B, and π(H) = C will be
a Lie algebra representation (thanks to the bilinearity and skew-symmetry of brackets). Conversely,
the images of π(X), π(Y ), and π(H) in any representation must satisfy the same relations. (They
may satisfy additional representations, of course.) As a result, we have the following Lemma
which shows that the same “raising” and “lowering” properties shown to be satisfied by (πm)C(X)
and (πm)C(Y ) hold in any representation of sl(2,C).

LEMMA 17.38. Let (V, π) be a representation of sl(2,C). Let u be an eigenvector of π(H),
with eigenvalue α ∈ C. Then

π(H)π(X)u = (α + 2)π(X)u, and π(H)π(Y )u = (α− 2)π(Y )u.

Thus, π(X)u and π(Y )u are either 0 vectors or are eigenvectors of π(H) with eigenvalues α± 2.

PROOF. We deal with the case π(X); π(Y ) is analogous. Since [π(X), π(H)] = π([X,H]) =
π(−2X) = −2π(X), we have

π(H)π(X)u = π(X)π(H)u− [π(X), π(H)]u = π(X)αu− (−2π(X))u = (α + 2)π(X).

�

With this in hand, we now prove Theorem 17.37.

PROOF OF THEOREM 17.37. Let (V, π) be a complex irrep of sl(2,C). Our strategy is to
diagonalize the operator π(H). Since the representation is complex, π(H) has an eigenvalue α; let
u ∈ V be an eigenvector with this eigenvalue. Applying Lemma 17.38 repeatedly, we find that

π(H)π(X)ku = (α + 2k)π(X)ku, k ∈ N.
This says that, if π(X)ku 6= 0, it is an eigenvector of π(H) with eigenvalue α + 2k. Only finitely
many of these can therefore be nonzero, since π(H) can have only finitely-many distinct eigenval-
ues. Thus, there is some n ≥ 0 such that u0 ≡ π(X)nu 6= 0 but π(X)n+1u = 0. Let λ0 = α + 2n.
Thus u0 6= 0, and

π(H)u0 = λ0u0, π(X)u0 = 0.

Now, for k ∈ N, define
uk = π(Y )ku0.

Then by Lemma 17.38, we have

π(H)uk = (λ0 − 2k)uk. (17.6)

As above, since π(H) has only finitely-many distinct eigenvalues, it follows that only finitely-many
of the uk are nonzero, and hence there is some m ≥ 0 such that um 6= 0 but um+1 = 0. Since
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uk = π(Y )ku0, if uk = 0 then uk+1 = π(Y )uk = 0 as well, and this we see that u0, u1, . . . , um are
all nonzero, while uk = 0 for k ≥ m+ 1.

We wish to compute π(X)uk for each k. For k = 0, we have π(X)u0 = π(X)N+1u = 0. For
k = 1,

π(X)u1 = π(X)π(Y )u0 = (π(Y )π(X) + [π(X), π(Y )])u0

= π(Y )π(X)u0 + π([X, Y ])u0

= 0 + π(H)u0 = λ0u0. (17.7)

Similarly, we have

π(X)u2 = π(X)π(Y )u1 = (π(Y )π(X) + [π(X), π(Y )])u1

= π(Y )π(X)u1 + π(H)u1.

Applying (17.7) and (17.6), we have

π(X)u2 = π(Y )(λ0u0) + (λ0 − 2)u1 = λ0u1 + (λ0 − 2)u1 = 2(λ0 − 1)u1.

Proceeding by induction, we can quickly show that

π(X)uk = k(λ0 − (k − 1))uk−1, k ∈ N. (17.8)

Applying this with k = m+ 1, we have

0 = π(X)0 = π(X)um+1 = (m+ 1)(λ0 −m)um.

Since um 6= 0, it follows that λ0 = m is a non-negative integer.
Let us summarize what we have shown so far: for every complex irrep (V, π) of sl(2,C), there

is an integer m ≥ 0 and nonzero vectors u0, . . . , um such that:
(a) π(H)uk = (m− 2k)uk for 0 ≤ k ≤ m,
(b) π(Y )uk = uk+1 for 0 ≤ k < m and π(Y )um = 0, and
(c) π(X)uk = k(m− (k − 1))uk−1 for 0 < k ≤ m and π(X)u0 = 0.

Since the nonzero vectors u0, . . . , um are eigenvectors of π(H) with all distinct eigenvalues, they
are linearly independent. What’s more, W = spanC{u0, . . . , um} is manifestly invariant under
each of π(X), π(Y ), and π(H), and since X, Y,H generate sl(2,C) and π is a Lie algebra homo-
morphism, it follows that W is invariant under π(H) for all H ∈ sl(2,C). Since π is irreducible,
and W 6= 0, we must therefore have W = V . So dim(V ) = m + 1. Points (a)–(c) above thus
completely determine the representation π.

It is now a simple exercise to show that, considering the representation (Vm, (πm)C) of Example
17.12 and letting uk = zk1z

m−k
2 , (a)–(c) are satisfied. Since we proved that this representation is

irreducible, this shows that there is a unique (up to isomorphism) irrep of sl(2,C) of dimension
m+ 1, completing the proof. �

As noted above, since SL(2,C) has the complete reducibility property, every representation is
isomorphic to a direct sum of irreps. Since we now have a complete understanding of all irreps,
we therefore also understand all representations. The following properties of all sl(2,C) represen-
tations follow easily.

COROLLARY 17.39. Let (V, π) be a finite-dimensional complex representation of sl(2,C) (not
necessarily irreducible).

(1) Every eigenvalue of π(H) is an integer. Furthermore, if v is an eigenvector for π(H) with
eigenvalue λ, and if v ∈ kerπ(X), then λ ∈ N is a non-negative integer.
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(2) If k ∈ Z is an eigenvalue for π(H), then so are −|k|,−|k|+ 2, . . . , |k| − 2, |k|.
(3) The matrices π(X) and π(Y ) are nilpotent – there are positive integers k, ` with π(X)k =

π(Y )` = 0.
(4) Let S ∈ End(V ) be the matrix S = eπ(X)e−π(Y )eπ(X). Then Sπ(H)S−1 = −π(H).

PROOF. First note that all four properties are invariant under isomorphism, as is trivial to check.
So we may assume that the representation (V, π) actually is a direct sum of irreps (Vj, πj)1≤j≤r.

(1) If v ∈ V is an eigenvector of π(H) with eigenvalue λ, then v = (v1, . . . , vr) and

(λv1, . . . , λvr) = λv = π(H)v = (π1(H)v1, . . . , πk(H)vr)

showing that λ is an eigenvalue of each πj(H). In the proof of Theorem 17.37, we showed
that there is a basis {u0, . . . , um} for Vj in which πj(H) is diagonal, with πj(H)uk =
(m − 2k)uk; thus the eigenvalues of π(H) are all integers, and so λ ∈ Z. If π(X)v = 0
then πj(X)vj = 0 for all j, and we showed that πj(X)uk = k(m − (k − 1))uk−1 for
0 < k ≤ m while πj(X)u0 = 0; this shows that kerπj(X) = Cu0, and since u0 is an
eigenvector of π(H) with eigenvalue m ≥ 0, it follows that λ ≥ 0 in this case.

(2) If k is an eigenvalue of π(H), then it is an eigenvalue for πj(H) as in part (1). Since the
set of eigenvalues of πj(H) has the form−m,−m+ 2, . . . ,m− 2,m for some integer m,
the result follows immediately.

(3) It follows immediately from (b) and (c) in the proof of Theorem 17.37 that, with m+ 1 =
dim(Vj), πj(X)m+1 = πj(X)m+1 = 0. A finite direct sum of nilpotent operators is
nilpotent, hence π(X) and π(Y ) are nilpotent.

(4) In this case, it is simpler not to use the direct sum approach, but rather argue directly.
Note that

Sπ(H)S−1 = eπ(X)e−π(Y )eπ(X)π(H)e−π(X)eπ(Y )e−π(X)

= Ad(eπ(X))Ad(e−π(Y ))Ad(eπ(X))π(H)

= ead(π(X))e−ad(π(Y ))ead(π(X))π(H).

Now, [X,H] = −2X , and so (adX)H = −2X and (adX)kH = 0 for k > 1. Since
π is a Lie algebra homomorphism, we similarly have ad(π(X))π(H) = −2π(X) and
(ad(π(X)))kπ(H) = 0 for k > 1. Thus

ead(π(X))π(H) =
∞∑
k=0

1

k!
(ad(π(X)))kπ(H) = π(H)− 2π(X).

For the next term, since [Y,H] = 2Y and [Y,X] = −H , thus (−ad(π(Y )))kπ(H) =
−2π(Y )1k=1, while (−ad(π(Y )))kπ(X) = π(H)1k=1 − 2π(Y )1k=2. Thus

e−ad(π(Y ))ead(π(X))π(H) = e−ad(π(Y ))(π(H)− 2π(X))

= (π(H)− 2π(Y ))− 2(π(X) + π(H)− 1

2
· 2π(Y ))

= −π(H)− 2π(X).

Finally, this means that

ead(π(X))e−ad(π(Y ))ead(π(X))π(H) = ead(π(X))(−π(H)− 2π(X))

= (−π(H) + 2π(X))− 2π(X) = −π(H)

as claimed.
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�

We conclude this section with the comparable statement of Theorem 17.37 for Lie group rep-
resentations of SU(2).

COROLLARY 17.40. For each integer m ≥ 0, there is (up to isomorphism) precisely one
complex irrep of SU(2) of dimension m + 1; it is isomorphic to the representation (Vm,Πm) of
Example 17.6.

PROOF. Let (V,Π) be an irrep of SU(2), and let π = Π∗ be the induced Lie algebra represen-
tation of su(2). By Lemma 17.25, (V, π) is irreducible. Then, by Lemma 17.24, the complexi-
fication (V, πC) is an irrep of sl(2,C) = su(2)C. It follows from Theorem 17.37 that (V, πC) ∼=
(Vm, (πm)C) where m = dim(V ). Restricting to the real form su(2) ⊂ sl(2,C), it follows that
(V, π) ∼= (Vm, πm). Note that πm = (Πm)∗. Since SU(2) is connected, it therefore follows from
Lemma 14.36 that (V,Π) ∼= (Vm,Πm). �

EXAMPLE 17.41. The standard representation Π(U) = U of SU(2) on C2 is irreducible (the
proof is the same as for SO(n), cf. Example 17.21). Since it is 2-dimensional, it follows from
Corollary 17.40 that (C2,Π) ∼= (V1,Π1). we can, in fact, see this explicitly: the isomorphism
φ : C2 → V1 can be chosen as φ(e1) = f2 and φ(e2) = −f1 where fj(z1, z2) = zj . Then, for
U ∈ SU(2) and v = v1e1 + v2e2,

φ[Π(U)v](z1, z2) = (U11v1 + U12v2)φ(e1)(z1, z2) + (U21v1 + U22v2)φ(e2)(z1, z2)

= (U11v1 + U12v2)z2 − (U21v1 + U22v2)z1.

On the other hand,

[Π1(U)φ(v)](z1, z2) = v1f2(U−1[z1, z2]>)− v2f1(U−1[z1, z2]>)

= v1(U−1
21 z1 + U−1

22 z2)− v2(U−1
11 z1 + U−1

12 z2)

= v1(−U21z1 + U11z2)− v2(U22z1 − U12z2),

where the last equality comes from the fact that detU = 1, so that

U−1 =

[
U22 −U12

−U21 U11

]
.

Thus φ(Π(U)v) = Π1(U)φ(v) for all U ∈ SU(2) and v ∈ C2. Since φ is a linear isomorphism (it is
the “ccw right-angle rotation”), we have (C2,Π) ∼= (V1,Π1) as claimed. Note that the exact same
computation shows that these two representations of SL(2,C) are isomorphic; this also follows
from the same reasoning as in Corollary 17.40, since (πm)C is the induced Lie algebra represention
from Πm on SL(2,C).

4. The Representation Theory of sl(3,C)

To motivate the general techniques we will use to analyze representations of many Lie groups,
let’s take a brief look at how the pictures gets complicated moving from sl(2,C) to sl(3,C). To
begin, we need a basis for the Lie algebra. As there is only one (complex) constraint, sl(3,C) =
{X ∈ gl(3,C) : Tr (X) = 0}, the algebra is 8-dimensional (over C). The following basis naturally
generalizes the basis {X, Y,H} of sl(2,C) used in the preceding section.
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DEFINITION 17.42. The following is the standard basis of sl(3,C).

X1 =

 0 1 0
0 0 0
0 0 0

 X2 =

 0 0 0
0 0 1
0 0 0

 X3 =

 0 0 1
0 0 0
0 0 0


Y1 =

 0 0 0
1 0 0
0 0 0

 Y2 =

 0 0 0
0 0 0
0 1 0

 Y3 =

 0 0 0
0 0 0
1 0 0


H1 =

 1 0 0
0 −1 0
0 0 0

 H2 =

 0 0 0
0 1 0
0 0 −1

 .
Since sl(3,C) is a Lie algebra, we know the Lie bracket of any two of these is a linear com-

bination of them. There are
(

8
2

)
= 28 brackets in total, much more than the

(
3
2

)
= 3 in the case

of sl(2,C)! To begin enumerating them, note that the first two columns each give an isomorphic
copy of sl(2,C) inside sl(3,C):

[X1, H1] = −2X1

[Y1, H1] = −2Y1

[X1, Y1] = H1

[X2, H2] = −2X2

[Y2, H2] = −2Y2

[X2, Y2] = H2

One might hope that these two copies of sl(2,C) commute with each other, but this is not the case:
[X1, X2] = X3

[X1, Y2] = 0

[X2, Y1] = 0

[Y1, Y2] = −Y3

[X1, H2] = X1

[Y1, H2] = −Y1

[X2, H1] = X2

[Y2, H1] = −Y2

[H1, H2] = 0.

The remaining commutation relations in sl(3,C) are as follows:
[X1, X3] = 0

[X2, X3] = 0

[Y1, X3] = X2

[Y2, X3] = −X1

[H1, X3] = X3

[H2, X3] = X3

[Y1, Y3] = 0

[Y2, Y3] = 0

[X1, Y3] = −Y2

[X2, Y3] = Y1

[H1, Y3] = −Y3

[H2, Y3]− Y3

[X3, Y3] = H1 +H2.

If (V, π) is any representation of sl(3,C), then all the matrices π(Xj), π(Yj), π(Hj) will have
the same commutation relations as above (since π is a Lie group homomorphism). We hope to
mimic some features of the irreps of sl(2,C) we saw in Section 3, where a standard basis was
given by the eigenvectors of π(H) and π(X) and π(Y ) acted as “raising” and “lowering” oper-
ators through this basis. Hence, a starting point will be to try to diagonalize π(H1) and π(H2).
Fortunately, since [π(H1), π(H2)] = π([H1, H2]) = 0, if both are diagonalizable they will be si-
multaneously diagonalizable (i.e. they have a common basis of eigenvectors). This motivates the
following definition.
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DEFINITION 17.43. Let (V, π) be a complex representation of sl(3,C). An ordered pair µ =
(m1,m2) ∈ C2 is called a weight for π if there is a common eigenvector v ∈ V \ {0} such that

π(H1)v = m1v

π(H2)v = m2v.
(17.9)

Any such v is called a weight vector for the weight µ, and the space of all such common eigenvec-
tors is called the weight space of µ. The multiplicity of the weight µ is the dimension of its weight
space.

The weights and multiplicities are invariant under isomorphism, as can be easily checked.

LEMMA 17.44. If (V, π) and (V ′, π) are isomorphic representations of sl(3,C), then they have
the same weights with the same multiplicities.

If π(H1), π(H2) are simultaneously diagonalizable, then (following the language of Definition
17.43) there is a basis of V consisting of weight vectors. In general, this will not be true for every
representation (although it is true for the adjoint representation (sl(3,C), ad), which will be im-
portant later). However, it is always true that π(H1), π(H2) have at least one common eigenvector.

PROPOSITION 17.45. Every representation of sl(3,C) has at least one weight.

PROOF. Let (V, π) be a complex representation of sl(3,C). Then π(H1) has an eigenvalue
m1 ∈ C. Let W ⊆ V be the eigenspace of π(H1) for eigenvalue m1. Since [π(H1), π(H2)] = 0, it
follows that for any w ∈ W

m1π(H2)w = π(H2)π(H1)w = π(H1)π(H2)w

which shows that π(H2)w is an eigenvector of π(H1) with eigenvalue m1 – i.e. π(H2)w ∈ W .
Thus W is an invariant subspace for π(H2), and therefore π(H2)|W is an operator which again
must have an eigenvalue m2 ∈ C. If v ∈ W is any eigenvector of π(H2) with eigenvalue m2, then
since v ∈ W , we see that (m1,m2) is a weight for π with weight vector v. �

Let us also note that all weights are in the integer lattice.

PROPOSITION 17.46. If µ = (m1,m2) is a weight of a complex representation (V, π) of
sl(3,C), then m1,m2 ∈ Z.

PROOF. The restriction of (V, π) to the Lie subalgebra 〈X1, Y1, H1〉 ∼= sl(2,C) is a complex
representation, and hence by Corollary 17.39(1), the eigenvalue m1 of π(H1) is an integer. The
same argument applied to the restriction to 〈X2, Y2, H2〉 ∼= sl(2,C) shows that m2 ∈ Z. �

Now that we have a common eigenvector for π(H1) and π(H2), if we mimic the construction
of all irreps of sl(2,C), we should begin applying π(Xj) and π(Yj) to see what happens to this
eigenvector. The calculations needed to characterize this in the proof of Theorem 17.37 relied on
the commutation relations [X,H] = −2X and [Y,H] = 2Y . Note that these say that X and Y are
eigenvectors of adH , with eigenvalues ±2. This motivates the following definition.

DEFINITION 17.47. A non-zero weight for the adjoint representation (sl(3,C), ad) is called a
root; its weight vector is called a root vector. In other words: a α = (a1, a2) ∈ C2 \ {(0, 0)} is
called a root for (3,C) if there is a vector Z ∈ (3,C) \ {0} such that

[H1, Z] = a1Z

[H2, Z] = a2Z.

Such a Z is called a root vector for the root α.
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Considering all the commutation relations listed above, we can pick off 6 roots immediately:
Note thatH1 andH2 are also both weight vectors for the adjoint representation, but each has weight

weight α weight vector Z α weight vector Z
(2,−1) X1 (−2, 1) Y1

(−1, 2) X2 (1,−2) Y2

(1, 1) X3 (−1,−1) Y3

(0, 0), so it is not a root by Definition 17.47. Since the vectors X1, X2, X3, Y1, Y2, Y3, H1, H2 form
a linear basis for sl(3,C), it is not hard to check that the 6 roots listed above are the only roots.

The following lemma is the generalization of Lemma 17.38 to sl(3,C), showing how, in any
representation (V, π), π(Xj) and π(Yj) act as raising and loweing operators for weight vectors
(common eigenvectors of π(H1), π(H2)).

LEMMA 17.48. Let α = (a1, a2) be a root of sl(3,C) with root vector Zα. Let (V, π) be a
complex representation of sl(3,C), with a weight µ = (m1,m2) and weight vector v 6= 0. Then

π(H1)π(Zα)v = (m1 + a1)π(Zα)v,

π(H2)π(Zα)v = (m2 + a2)π(Zα)v.

Thus, either π(Zα)v = 0 of π(Zα)v is a new weight vector with weight µ+α = (m1+a1,m2+a2).

PROOF. Since Zα is a root vector with root α, by definition [Hj, Zα] = ajZα for j = 1, 2. Thus

π(Hj)π(Zα)v = (π(Zα)π(Hj) + ajπ(Zα))v = π(Zα)mjv + ajπ(Zα)v = (mj + aj)π(Zα)v.

�

Now, if we are to proceed mimicking the classification of irreps of sl(2,C), we want to start
with some weight vector v for π, and apply the root vectors until we get to a “top” weight. Things
are more complicated now, with two directions to move, however. So we need a more sophisticated
notion of “top”.

Let us single out the roots of X1 and X2:

α1 = (2,−1), α2 = (−1, 2). (17.10)

We will call these the positive simple roots (although this is a fairly arbitrary choice, as we’ll see).
Note that (1, 1) = α1 + α2, and so all of the roots are integer linear combinations of the positive
simple roots, with all coefficients of the same sign. (Any other pair of roots with the same property
would suffice for our purposes.) We use them to introduce a partial order on all weights.

DEFINITION 17.49. Let µ1, µ2 ∈ Z2. We say µ1 is higher than µ2, written µ1 < µ2 or µ2 4 µ1,
if µ1 − µ2 is “nonnegative” in the sense that it is a nonnegative linear combination of the positive
simple roots {α1, α2} of (17.10):

µ1 < µ2 ⇐⇒ µ1 − µ2 = aα1 + bα2, ∃ a, b ≥ 0.

Let (V, π) be a representation of sl(3,C). A weight µ0 for (V, π) is called a highest weight if
µ 4 µ0 for all weights µ of (V, π).

Note that 4 is not a total order: for example, α1 − α2 cannot be written as an integer linear
combination of α1, α2 with both coefficients of the same sign (as you can check), so it is neither
4 (0, 0) or < (0, 0). The relation 4 is, however, a partial order:

• Reflexive: for any µ ∈ Z2, µ− µ = (0, 0) = 0α1 + 0α2, so µ 4 µ.
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• Antisymmetric: if µ1, µ2 ∈ Z2 satisfy µ1 4 µ2 and µ2 4 µ1, then µ1 − µ2 = aα1 + bα2

and µ1 − µ2 = a′α1 + b′α2 with a, a′, b, b′ ≥ 0; thus aα1 + bα2 = −a′α1 − b′α2 so
(a + a′)α1 + (b + b′)α2. Since α1, α2 are linearly independent, it follows that a + a′ =
b+ b′ = 0, and as they are all ≥ 0, it follows that a = a′ = b = b′ = 0; thus µ1 − µ2 = 0,
so µ1 = µ2.
• Transitive: if µ1, µ2, µ3 ∈ Z2 with µ1 4 µ2 and µ2 4 µ3, then µ3 − µ1 = (µ3 − µ2) +

(µ2 − µ1) is a sum of nonnegative linear combinations of the simple positive roots, and
thus is a nonnegative linear combination of the positive simple roots. Hence µ1 4 µ3.

Note also that the coefficients a, b ≥ 0 need not be integers, simply nonnegative real numbers. For
example: (1, 0) = 2

3
α1 + 1

3
α2 is < (0, 0).

REMARK 17.50. The definition of the partial order depends on the choice of positive simple
roots, but any other choice will give an isomorphic partial order.

As a partial order on Z2, 4 has no global maximal or minimal elements, of course. It will
turn out the, for a given irrep of sl(3,C), the set of weights (which is a finite subset of Z2) has a
unique maximal element. This is part of the statement of the main theorem we now state, which
generalizes Theorem 17.37, classifying the irreps of sl(3,C).

THEOREM 17.51 (The Theorem on Highest Weights for sl(3,C)). Fix simple positive roots of
sl(3,C) as in (17.10), and define the partial order 4 as in Definition 17.49 accordingly.

(1) Every irrep of sl(3,C) has a unique highest weight; this highest weight µ is in N2.
(2) Every µ ∈ N2 is the highest weight of some irrep of sl(3,C). Two irreps are isomorphic

iff they have the same highest weight.
(3) Every irrep of sl(3,C) is the direct sum of its weight spaces.

This is the precise analog of the structure theorem for irreps of sl(2,C) in Theorem 17.37.
In that case, weights and weight vectors are simply eigenvalues and eigenvectors of π(H). The
“highest weight” of (Vm, (πm)C) is just m. (Vm, (πm)C) is the only representation with this weight
up to isomorphism, giving uniqueness. And, in any irrep, the eigenvectors of (πm)C(H) form a
basis for Vm; this is the analog of (3) (which is the statement that, in any irrep (V, π) of sl(3,C),
π(H1), π(H2) are simultaneously diagonalizable). Note that the “only if” direction of (2) follows
immediately from Lemma 17.44.

We will not prove Theorem 17.51. While we have all the tools to give a complete proof,
it would take most of our remaining time, and this is just one more Lie algebra. The theorem
generalizes considerably, not to all Lie algebras, but to all semisimple Lie algebras (which we will
define in the next section). The interested reader is urged to study the book [2] for the proof of
Theorem 17.51 and an excellent general introduction to the representation theory of Lie groups
and Lie algebras.

We conclude this section by recasting weights in a different light. Our present Definition 17.43
defines a weight µ as a pair of eigenvalues of π(H1) and π(H2) sharing a common eigenvector v.
Any such v is also a common eigenvector of any linear combination aH1 + bH2 ∈ sl(3,C); since
[H1, H2] = 0, this linear span is a Lie subalgebra. It is, in fact, a maximal abelian subalgebra.

DEFINITION 17.52. The standard Cartan subalgebra of sl(3,C) is h = spanC{H1, H2}. It is
a maximal abelian subalgebra.

Note: H1 and H2 are also in the real form su(3); Example 16.11 showed that h is a maximal
abelian subalgebra of su(3). It is easy to show that it is therefore also a maximal abelian subalgebra
of sl(3,C) = su(2)C, as claimed in Definition 17.52.
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Thus, any weight vector v of a representation (V, π) is an eigenvector for all elements of the
Cartan subalgebra h; moreover, if v’s weight is (m1,m2), then for any element H = aH1 + bH2 ∈
h, we have π(aH1 +bH2)v = aπ(H1)v+bπ(H2)v = am1v+bm2v = (am1 +bm2)v. In particular,
the eigenvalue of π(H) with eigenvector v depends linearly on H . So we may think of a weight
as a linear functional on h: if µ = (m1,m2), we may identify the weight as the linear functional
µ∗ ∈ h∗ defined by µ∗(Hj) = mj .

Now, by choosing an inner product on h, we can identify h∗ with h in the usual way. In fact, we
have a nice inner product not only on h but on all of sl(3,C): the Hilbert-Schmidt inner product
〈H,H ′〉 = Tr(H∗H ′). This inner product is Ad(SU(3))-invariant. Restricted to the diagonal
matrices in h, this is just the usual Euclidean inner product

〈diag(a, b, c), diag(a′, b′, c′)〉 = aa′ + bb′ + cc′.

Every linear functional µ∗ ∈ h∗ can be represented in the form

µ∗(H) = 〈λ,H〉
for a unique element λ ∈ h. Hence, we may think of a weight (in the new light above) as an
element of h; then Definition 17.43 becomes the following.

DEFINITION 17.53. Let h ⊂ sl(3,C) be the standard Cartan subalgebra. Let (V, π) be a
complex representation of sl(3,C). An element λ ∈ h is called a weight for this representation if
there is a nonzero vector v ∈ V such that

π(H)v = 〈λ,H〉v
for all H ∈ h. Such a vector v is a weight vector of λ; the linear span of all weight vectors is the
weight space, and its dimension is the multiplicity of λ.

To match up with our previous terminology: if λ is a weight in our new sense, then the corre-
sponding old weight (m1,m2) is given by

(m1,m2) = (〈λ,H1〉, 〈λ,H2〉).
Note: the roots are just the nonzero weights of the adjoint representation, and so in the new lan-
guage, the roots are also elements of h. Let’s calculate them for the positive simple roots α1, α2:
in fact, α1

∼= H1 and α2
∼= H2, since

(〈H1, H1〉, 〈H1, H2〉) = (2,−1), (〈H2, H1〉, 〈H2, H2〉) = (−1, 2).

Hence, the 6 roots of sl(3,C) are the elements ±H1,±H2,±(H1 +H2) in h.
Now, consider a representation (V,Π) of the Lie group SU(3). Then Π∗ is a representation of

su(3), and so its complexification π = (Π∗)C is a representation of sl(3,C). Hence, it has weights
λ ∈ h, using the new Definition 17.53. The weights thus live in h = tC, where t is the maximal
abelian subalgebra of su(3) corresponding to the maximal torus T of diagonal elements.

Recall the Weyl group from Section 16.3: W (T ) = N(T )/T , where N(T ) is the normalizer
of the maximal torus T ⊂ SU(3). It is a finite discrete group. By Proposition 16.24, there is a
well-defined action ofW on t = Lie(T ), given by w ·H = Ad(U)H for anyH ∈ t and any U ∈ w.
This, of course, extends to an action of W (T ) on tC = h, given by the same formula. As discussed
following Lemma 16.25, the linear operator H 7→ w ·H is in U(t) whenever t is imbued with an
Ad(SU(3))-invariant (complex) inner product.

The next proposition, with which we conclude this introductory discussion, shows that the
Weyl group acts as a symmetry group of the weights of any representation.
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PROPOSITION 17.54. Let (V,Π) be a complex representation of SU(3), with induced repre-
sentation (V, π) of sl(3,C). Let T ⊂ SU(3) denote the maximal torus of diagonal elements, with
Lie algebra t, and let h = tC denote the standard Cartan subalgebra of sl(3,C). If w ∈ W (T ) is
in the Weyl group, and if λ ∈ h is a weight for (V, π), then w · λ is also a weight for (V, π), with
the same multiplicity. In particular, taking (V, π) = (sl(3,C), ad), the roots are invariant under
the action of the Weyl group.

PROOF. First, note that for any U ∈ SU(2) and H ∈ h,

π(H)Π(U) = Π(U)(Π(U)−1π(H)Π(U)) = Π(U)CΠ(U−1)(π(H)) = Π(U)π(Ad(U−1)H).

Now, let U ∈ N(T ); then U−1 ∈ N(T ) as well, so that U−1gU ∈ T for all g ∈ T . Differentiating
with respect to g, this shows that Ad(U−1)H ∈ t for all H ∈ t, and so Ad(U−1)H ∈ h for any
H ∈ h.

Now, let λ ∈ h be a weight for (V, π) with weight vector v. Then for U ∈ N(T ) and H ∈
h, since Ad(U−1)H ∈ h we have π(Ad(U−1)H)v = 〈λ,Ad(U−1)H〉v, and hence the above
calculation shows that

π(H)Π(U)v = Π(U)π(Ad(U−1)H)v = 〈λ,Ad(U−1)H〉Π(U)v.

Thus, if w = [U ] ∈ W (T ), then w−1 ·H = Ad(U−1)H , and we have

π(H)Π(U)v = 〈λ,w−1 ·H〉Π(U)v = 〈w · λ,H〉Π(U)v

where, in the last equality, we have used the fact that the inner product is Ad(SU(2))-invariant,
and so the action of w ∈ W (T ) is unitary (i.e. w−1 = w∗). Thus, we see that Π(U)v is a weight
vector for (V, π) with weight w · λ.

Since Π(U) is an isomorphism of V , it follows that it maps the weight space of λ onto the
weight space of w · λ isomorphically. Thus, the two weights have the same multiplicities. �

Hence, the Weyl group can be viewed as a group of symmetries of the weights of any represen-
tation, and in particular of the roots. Time permitting, we will later see that, in this form, the Weyl
group consists exactly of the group generated by the reflections across the hyperplanes orthogonal
to the roots.

5. Semisimple Lie Groups and Representations: an Overview

We now examine how far we can push the strategy of the previous two sections in classifying
irreps of Lie algebras. The jump in complexity from sl(2,C) to sl(3,C) was significant (indeed,
we left out most of the proofs). It turns out this was the biggest jump. It is not hard to imagine
how to proceed to work out the representation theory of sl(n,C) in general. In fact, the same ideas
work for a very large class of Lie algebras. Let us define them now.

DEFINITION 17.55. A finite-dimensional Lie algebra g is called simple if it is nonabelian and
has no nontrivial ideals. It is semisimple if it is a finite direct sum of simple Lie algebras.

Many of the Lie algebras we’ve studied turn out to be semisimple (or even simple). Neverthe-
less, the question of verifying this is a laborious one that is very algebraic. In better sync with our
goals, we consider an ostensibly different class of Lie algebras.
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DEFINITION 17.56. A Lie algebra k is called compact if there is a compact Lie group K with
Lie(K) ∼= k. A Lie algebra g is called reductive if there is a compact Lie algebra k with g = kC.

Conversely, given a (complex) Lie algebra g, a real Lie subalgebra k ⊂ g is called a compact
real form of g if it is a compact Lie algebra and g = k + ik.

In particular, a Lie algebra is reductive iff it possesses a compact real form.

REMARK 17.57. The algebraically-minded reader may be unsatisfied with the preceding def-
inition of compact Lie algebra, as it is extrinsic to the world of Lie algebras. In fact, there is an
intrinsic characterization. The Killing form of a Lie algebra g is the bilinear form B : g× g→ C
defined by B(X, Y ) = Tr(ad(X)ad(Y )) (where the trace is on the space End(g) where ad(X)
and ad(Y ) live). It is a theorem that a Lie algebra is compact if and only if its Killing form is neg-
ative semidefinite. (Among these, the only ones that are degenerate are the abelian Lie algebras;
all other Killing forms of compact Lie algebras are strictly negative definite.)

EXAMPLE 17.58. Since su(n)C = sl(n,C) and su(n) is a compact Lie algebra, sl(n,C) is
reductive. The same is true of gl(n,C) = u(n)C. On their face, these two seem pretty similar,
but there is an easy structural difference: the center of gl(n,C) is nontrivial, consisting of the 1-
dimensional span of the identity matrix. On the other hand, sl(n,C) has trivial center, consisting
only of {0} when n ≥ 2.

To see this, recall Example 16.11 where we showed that the torus Lie algebra t of diagonal
matrices in su(n,C) is a maximal abelian subalgebra. The proof came from showing that, for any
matrix X and any j, k,

[(Ejj − Ekk)X]jk = Xjk = −[X(Ejj − Ekk)X]jk.

It then follows that ifX commutes with all the elementsEjj−Ekk ∈ sl(n,C), thenXjk = −Xjk =
0 for j 6= k, and so X must be diagonal. But then for j < k we may test it against the matrix unit
Ejk ∈ sl(n,C) instead, to find that

0 = [X,Ejk] = (Xjj −Xkk)Ejk

which shows that X has all equal diagonal entries, and so is a scalar multiple of the identity.
Finally, since X ∈ sl(n,C), it has trace 0, and so X = 0.

This difference turns out to be precisely the difference between reductive and semisimple.

THEOREM 17.59. A finite-dimensional complex Lie algebra g is semisimple if and only if it is
reductive and has trivial center.

The “if” direction of Theorem 17.59 is not too hard to prove. The idea is similar to the proof
of Proposition 17.33 (that unitary representations have the complete reducibility property). Since
g is reductive, choose a compact real form k ⊂ g, and a compact Lie algebra K with Lie algebra k.
Fix an Ad(K)-invariant inner product on k; then adX is skew self-adjoint for each X ∈ k. Since
ideals in g are simply invariant subspaces for the adjoint representation, this can be used in short
order to show that any ideal in g has a complementary ideal. Iterating this shows that any reductive
Lie algebra is a finite direct sum of maximal ideals. The only wrinkle is that some of these ideals
may well be abelian. The trivial center condition rules this out (since, as can be quickly calculated,
complementary ideals commute with each other, so if any one is abelian, it is contained in the
center).

On the other hand, the “only if” direction is very involved algebra, and far beyond the scope
of this course. So, while we will discuss the representation theory of semisimple Lie algebras,
the skeptical reader may content themselves only with the “special case” of reductive Lie algebras
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with trivial center. Nevertheless, we will use the theorem to identify the two notions, and therefore
use the term “semisimple” throughout.

Now, to mimic our approach to classifying representations, we need something like the stan-
dard Cartan subalgebra of sl(3,C).

DEFINITION 17.60. Let g be a complex semisimple Lie algebra. A Cartan subalgebra h of g
is a maximal abelian subalgebra with the property that ad(H) is diagonalizable for each H ∈ h.

Note that, since h is abelian, all elements commute, and therefore so do all ad(H); thus, since
they are all diagonalizable, they are simultaneously diagonalizable by the spectral theorem. This
will allow us to define roots and weights just as in Definition 17.53.

Definition 17.60 makes sense in any Lie algebra, semisimple or not. We will see in a moment
that semisimple Lie algebras always have Cartan subalgebras; by this definition, others may not.
In fact, this is not the usual definition of Cartan subalgebra. The more general notion, introduced
in Élie Cartan’s PhD thesis, is as follows.

DEFINITION 17.61. Let g be a Lie algebra. A Lie subalgebra h ⊆ g is called nilpotent if there
is some finite n so that ad(X1)ad(X2) · · · ad(Xn) = 0 for all X1, . . . , Xn ∈ g. A general Cartan
subalgebra h of g is a nilpotent subalgebra that is self-normalizing: if X ∈ g is such that ad(X)
maps h into h, then X ∈ h.

The two notions of Cartan subalgebra in Definitions 17.60 and 17.61 are not equivalent in
general. It turns out that, in a semisimple Lie algebra, they are equivalent. Again, showing this
would be a long algebraic discussion, immaterial to our goals. For our purposes, Definition 17.60
gives the structure we need to classify irreps.

PROPOSITION 17.62. Let g = kC be a complex semisimple Lie algebra, and let t ⊂ k be a
maximal abelian subalgebra. Then h ≡ tC = t + it is a Cartan subalgebra of g.

PROOF. Since t is abelian, clearly so is h = tC. We wish to see that it is maximal abelian.
So, suppose X ∈ g commutes with h. Since t ⊂ h, X therefore commutes with t. Decomposing
X = X1 + iX2 ∈ k + ik, this shows that

0 = [X,H] = [X1, H] + i[X2, H], ∀ H ∈ t.

Since the decomposition of any element in g (in this case 0) into k and ik is unique, it follows that
[X1, H] = [X2, H] = 0, and so X1, X2 ∈ t since t is maximal abelian. Thus X ∈ t + it = h, so h
is maximal abelian.

Now, let K be a compact Lie group with Lie algebra k, and fix any Ad(K)-invariant inner
product on k. Since 〈Ad(g)X,Ad(g)Y 〉 = 〈X, Y 〉 for all g ∈ K, differentiating with respect to g
shows that

〈ad(Z)X, Y 〉 = −〈X, ad(Z)Y 〉, ∀ X, Y, Z ∈ k.

Thus, for each H ∈ t ⊂ k, adH is skew self-adjoint, and hence diagonalizable. So if H ∈ h = tC,
then H = H1 + iH2 for H1, H2 ∈ t, and since t is abelian, [H1, H2] = 0, and thus adH1, adH2 also
commute. Since they are both diagonalizable, they are therefore simultaneously diagonalizable,
and hence adH = adH1 + iadH2 is diagonalizable. �

So we now have plenty of examples of Cartan subalgebras. In fact, these are the only ones, due
to the following theorem.

THEOREM 17.63. Let g be a Lie algebra, and let h1 and h2 be Cartan subalgebras. Then there
is an automorphism of g that maps h1 onto h2.
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(Again, we will make no attempt to prove this purely algebraic result.) A complex automorphism
maps a compact real form to a compact real form, and so it follows that all Cartan subalgebras of a
semisimple Lie algebra are complexifications of maximal abelian subalgebras. These all have the
same dimension (by Cartan’s torus Theorem 16.19 and Theorem 16.16), and so we may talk about
the rank of a Lie algebra being the dimension of any Cartan subalgebra. (In the semisimple case,
this naturally generalizes our earlier notion of rank for compact Lie groups and their Lie algebras:
the dimension of any maximal torus.) For example: sl(n) has rank n− 1.

Now that we have a maximal abelian subalgebra of elements whose adjoint representations are
diagonalizable, we can proceed to try to construct the framework for the classification of irreps we
discussed for sl(3,C).

DEFINITION 17.64. Let g be a semisimple Lie algebra, with a compact real form k. Fix a
Cartan subalgebra h = tC where t is a maximal abelian subalgebra of k. Let K be a compact Lie
group with Lie algebra k, and fix an Ad(K)-invariant inner product in k, and thus on t. Extend it
to a (complex) Ad(K)-invariant inner product on h by

〈X + iY,X ′ + iY ′〉 ≡ 〈X,X ′〉+ 〈Y, Y ′〉+ i(〈X, Y ′〉 − 〈Y,X ′〉).
Let (V, π) be a complex representation of g. An element µ ∈ h is called a weight for (V, π)
(relative to h) if there is a nonzero vector v ∈ V so that

π(H)v = 〈µ,H〉v, ∀ H ∈ h.

Such a vector v is called a weight vector for µ; the space of all weight vectors for µ is the weight
space, and its dimension is the multiplicity of µ.

The roots of g (relative to h) are the nonzero weights of the adjoint representation of g; that is,
α ∈ h \ {0} is a root if there is some nonzero X ∈ g such that

[H,X] = 〈α,H〉X, ∀ H ∈ h

The set of all roots is denoted R(g|h). Any such vector X is a root vector for α. The space of all
root vectors for a given root α is the root space gα.

In fact, the roots necessarily lie on the “imaginary axis” in h.

PROPOSITION 17.65. Each root α ∈ R(g|h) belongs to it ⊂ h.

PROOF. As in the proof of Proposition 17.62, for each H ∈ t is a skew self-adjoint operator
on h, and so adH has purely imaginary eigenvalues. Let X ∈ gα be a root vector; the equation
[H,X] = 〈α,H〉X shows that X is an eigenvector of adH with eigenvalue 〈α,H〉. It follows that
this inner product is purely imaginary for H ∈ t. Since the inner product is real-valued on t, this
can only happen if α ∈ it. �

Now, since the vectors H ∈ h have adjoint representations ad(H) that are simultaneously di-
agonalizable, there is a basis of g of common eigenvectors for all adH . Among these are elements
of H , which are eigenvectors with eigenvalue 0; the others (nonzero elements with nonzero eigen-
vectors) are root vectors for various roots. Moreover, eigenvectors with distinct eigenvalues are
linearly independent. In summary, we have the following.

PROPOSITION 17.66. Let g be a semisimple Lie algebra, and let h be a Cartan subalgebra of
g. Then

g = h⊕
⊕

α∈R(g|h)

gα.
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(This is a vector space sum, not necessarily a Lie algebra direct sum: the elements of h typically
do not commute with the elements of gα.)

Now, from the finite set R(g|h), we select a subset R+(g|h) with the property that every root
is an integer linear combination of elements of R(g|h), with all coefficients of the same sign. (It
takes significant work to show that the discrete subset R(g|h) ⊂ it has the right symmetries to
make such a spanning condition possible.) We call the elements of R+(g|h) the simple positive
roots; R+(g|h) is sometimes called a base for R(g|h).

We define on h the same partial order from Definition 17.49: say that µ1 < µ2 iff µ1 −
µ2 is a nonnegative linear combination of simple positive roots. This makes the weights of any
representation into a finite partial order.

Now, for any root α ∈ R(g|h), its coroot Hα is the rescaled vector

Hα =
2α

〈α, α〉
.

DEFINITION 17.67. A weight µ ∈ h is called integral if 〈µ,Hα〉 ∈ Z for all α ∈ R(g|h). It is
called dominant if 〈α, µ〉 ≥ 0 for all α ∈ R+(g|h).

For example: in sl(3,C) with its standard Cartan subalgebra, and positive simple roots α1 =
H1, α2 = H2, the associated coroots are also Hαj = Hj (since 〈Hj, Hj〉 = 2), and so integral
weights are those whose inner products with H1, H2 are integers. It is easy to check that this gives
precisely the integer lattice Z2. The conditions 〈Hj, µ〉 ≥ 0 then specify the nonnegative integer
lattice N2.

We can now state (superficially) the exact analog of Theorem 17.51.

THEOREM 17.68 (The Theorem on Highest Weights). Let g be a complex semisimple Lie al-
gebra. Fix a Cartan subalgebra h of g, and a base of simple positive roots.

(1) Every irrep of g has a unique highest weight, which is dominant integral weight.
(2) Every dominant integral weight is the highest weight of some irrep of g. Two irreps are

isomorphic iff they have the same highest weight.
(3) Every irrep of g is the direct sum of its weight spaces.

We have most of the technology needed to prove Theorem 17.68 in place already, but the ex-
ercise would take a minimum of 5 more weeks. What’s more, the theorem doesn’t tell us much
unless we have some kind of machinery to actually compute the roots, weights, and dominant
integral elements, and use them (together with some sophisticated raising and lowering type oper-
ators as in the sl(2,C) case) to actually understand the irreps. This can be done nearly completely,
and would take us another solid 5 weeks. So, a real understanding of the representation theory of
semisimple Lie algebras would require another full quarter.

For each semisimple Lie algebra, its collection of roots forms what is abstractly known as a
root system. For example, the root system of sl(n + 1,C) is called An. There are four infinite
families of root systems, creatively called An, Bn, Cn, and Dn. Three other “families” of root
systems exists, called “sporadic”: E6, E7, E8, along with F4 and G2. We will make no attempt to
describe all of them here. They are classified by Dynkin diagrams. The interested reader is urged
to consult the book [2] for further details.

One more note: a somewhat more sophisticated version of the proof of Proposition 17.33
shows that all semisimple Lie algebras have the complete reducibility property. Hence, once we
understand the irreps, we understand all representations.
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6. Schur’s Lemma

We close out this chapter with an elementary tool we will need in the sequel. The main result
of this section (Schur’s Lemma) applies simultaneously to groups and Lie algebras. In order to
state it effectively, we use a standard abuse of notation here, and refer to “the representation V ”
instead of the representation (V,Π) or (V, π) – highlighting the fact that we are talking about a
linear action of the group / algebra on V .

THEOREM 17.69 (Schur’s Lemma). Let V and W be irreducible (real or complex) represen-
tations of a Lie group or Lie algebra.

(1) If φ : V → W is an intertwining map, then either φ = 0 or φ is an isomorphism.
(2) If V is a complex irrep, and φ : V → V is an intertwining map, then φ = λI for some

λ ∈ C.
(3) If V,W are complex irreps and φ, ψ : V → W are nonzero intertwining maps, then φ =

λψ for some λ ∈ C.

PROOF. As usual, we will provide the proofs in the case of representations of a group G; the
Lie algebra case is identical modula the necesssary changes in notation.

(1) Let v ∈ kerφ. Since φ is an intertwining map, for any g ∈ G

φ(g · v) = g · φ(v) = g · 0 = 0

because the action of G is linear. Hence g · v ∈ kerφ as well, and so kerφ is an invariant
subspace. Since the representation is irreducible, it follows that either kerφ = V or
kerφ = 0, meaning that either φ = 0 or φ is one-to-one. In the latter case, the image
φ(V ) ⊆ W is a non-zero subspace. It is, in fact, an invariant subspace: if w = φ(v) ∈
φ(V ) then, for all g ∈ G, g · w = g · φ(v) = φ(g · v) ∈ φ(V ). Thus, since φ(V ) 6= 0
and the representation is irreducible, it follows that φ(V ) = W , and so φ is onto. Thus, if
φ 6= 0, then φ is a linear isomorphism. Since it is an intertwining map, it is therefore an
isomorphism of the two representations.

(2) Since φ : V → V is a C-linear map, it has eigenvalues, so let λ ∈ C be an eigenvalue.
Denote the representation as (V,Π). Since φ is an intertwiner of this representation (with
itself), this means that φ(Π(g)v) = Π(g)φ(v) for all v ∈ V and g ∈ G, meaning that the
matrices φ : V → V and Π(g) : V → V commute. Hence, if U is the eigenspace of φ for
eigenvalue λ, Π(g) leaves U invariant: for u ∈ U ,

φ(Π(g)u) = Π(g)φ(u) = Π(g)λu = λΠ(g)u

showing that Π(g)u is also an eigenvector of φ with eigenvalue λ. Thus, U is an invariant
subspace for the irrep (V,Π), and hence either U = 0 or U = V . Since λ is an eigenvalue,
U 6= 0, and so U = V . Thus, for all v ∈ V = U , φ(v) = λv, and so φ = λI .

(3) Since ψ 6= 0, by (1) it is an isomorphism, and (as we can easily check) ψ−1 : V → W
is an intertwining map. Thus φ ◦ ψ−1 : V → V is an intertwining map from V to itself,
and so by (2) it is constant, φ ◦ ψ−1 = λI for some λ ∈ C. This shows that φ = λψ as
claimed.

�

Schur’s lemma is one of the most important elementary tools in representation theory; we will
use it frequently from now on. We conclude this short section with two immediate corollaries.
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COROLLARY 17.70. If (V,Π) is a complex irrep of a Lie group G, and if g ∈ Z(G) is in the
center of G, then Π(g) = λI for some λ ∈ C. Simialry, if (V, π) is a complex irrep of a Lie algebra
g, and if X ∈ Z(g) is in the center of g, then π(g) = λI for some λ ∈ C.

PROOF. Since g ∈ Z(G), for any h ∈ G we have Π(g)Π(h) = Π(gh) = Π(hg) = Π(h)Π(g),
which shows that Π(g) is an intertwiner of (V,Π) with itself. The result now follows from Schur’s
Lemma, part (2). The Lie algebra case is analogous. �

COROLLARY 17.71. Every complex irrep of an abelian group or Lie algebra is one-dimensional.

PROOF. Let (V,Π) denote the complex irrep. If G is abelian then G = Z(G), and so Corollary
17.70 shows that, for every g ∈ G, there is a λ = λ(g) ∈ C with Π(g) = λ(g)I . But this means
that every subspace of V is invariant, since every vector is an eigenvector for all Π(g). Hence, since
the representation is irreducible, the only way it can fail to have nontrivial invariant subspaces is
if there are no nontrivial subspaces, meaning V is one-dimensional (since we do not include the
0-dimensional space in the definition of representations). �





CHAPTER 18

Representations of Compact Lie Groups

Throughout this chapter, K will be a compact Lie group. From Proposition 12.6, we know
that each such K possesses a unique left-invariant Haar measure. It will be useful to note that this
measure is also right invariant.

PROPOSITION 18.1. For compact Lie group K, the left-invariant Haar measure is in fact the
unique bi-invariant probability measure.

PROOF. For the purposes of this proof, let µ denote the left Haar measure of K; so µ(K) = 1
and, for any fixed y ∈ K and f ∈ C(K),∫

K

f(yx)µ(dx) =

∫
K

f(x)µ(dx).

Now, fix z ∈ K and let µz be the Borel measure on K given by µz(B) = µ(Bz) for any Borel set
B ⊆ K, or equivalently∫

K

f(x)µz(dx) =

∫
K

f(xz)µ(dx), f ∈ C(K).

Note that Kz = K, and so µz(K) = 1, so it is still a probability measure. Also, for any y ∈ K
and f ∈ C(K), we have∫

K

f(yx)µz(dx) =

∫
K

f(yxz)µ(dx) =

∫
K

(R∗zf)(yx)µ(dx)

where R∗zf(a) = f(az). Since group multiplication is continuous, R∗zf ∈ C(K), and therefore by
left-invariance of µ, this equals∫

K

(R∗zf)(x)µ(dx) =

∫
K

f(xz)µ(dx) =

∫
K

f(x)µz(dx).

Hence, we have shown that, for all f ∈ C(K) and all z, y ∈ K,
∫
K
L∗yf dµz =

∫
K
f dµz, which

means that µz is a left-invariant measure. Since it is also a probability measure, by the uniqueness
clause of Proposition 12.6, we must have µz = µ for all z ∈ K. This shows that µ is also right-
invariant. �

REMARK 18.2. The preceding proof used, in a fundamental way, the fact that the Haar measure
on a compact group can be normalized. If one tries to make the same argument work without
normalization, on a noncompact Lie group G, knowing only that the Haar measure is unique
up to scale, then one finds instead that µ and µz are related by a function µz = ∆(z)µ. The
function ∆: G → R+ is called the modular function of the group. It is a group homomorphism.
Compact groups are unimodular: the function ∆ is constantly equal to 1. The same is true for
abelian groups, discrete Lie groups, and in fact all semisimple Lie groups (i.e. Lie groups whose
Lie algebras are semisimple). There are, however, many examples of non-unimodular Lie groups.
Their representation theory turns out to be a lot harder to understand.

303



304 18. REPRESENTATIONS OF COMPACT LIE GROUPS

1. Representative Functions and Characters

Fix a finite-dimensional representation (V,Π) of K, with dimension d. Thus Π: K → GL(V )
is a group homomorphism, and so for each x ∈ K, Π(x) is a linear operator on V . If we fix a basis
{ej}dj=1 for V , then we can think of Π(x) as a matrix. Hence, note that, for x, y ∈ K,

[Π(xy)]jk = [Π(x)Π(y)]jk =
d∑
`=1

[Π(x)]j`[Π(y)]`k. (18.1)

Denote by Πjk : K → C the matrix entry functions associated to the representation Π. The above
calculation says that, for fixed j, k, and fixed y ∈ K,

the function x 7→ Πjk(xy) is a linear combination of the functions {Πj` : 1 ≤ ` ≤ d} .
Thus, the≤ d2-dimensional space of matrix entry functions {Πjk : 1 ≤ j, k ≤ d} is invariant under
right-translation by the group (on the variable of the function).

To (apparently) generalize this kind of function, we introduce the left and right regular repre-
sentations (which are not finite dimensional in general).

DEFINITION 18.3. Let L2(K) denote the Hilbert space of L2-functions on K with respect to
the Haar measure. The left and right regular representations (L2(K),L) and (L2(K),R) are
defined by

[L(x)f ](y) = f(x−1y), [R(x)f ](y) = f(yx).

It is a quick exercise to check that these are indeed representations. In fact, note that for each
x ∈ K

‖R(x)f‖L2(K) =

∫
K

|f(yx)|2 dy =

∫
K

|f(y)|2 dy = ‖f‖L2(K)

holds for f ∈ C(K) and thus in general by standard density theorems; thus R(x) ∈ U(L2(G)). A
similar argument applies to the left regular representation – they are both unitary representations.

Now, for a given finite dimensional representation (V,Π), with a given basis for V , the matrix-
entry functions Πjk are smooth, and hence since K is compact they are in L2(K). So in the
language of Definition 18.3, the above discussion shows that the space of matrix entry functions
{Πjk : 1 ≤ j, k ≤ dim(V )} is an invariant subspace of the representation (L2(K),R), all of whose
elements are continuous functions.

DEFINITION 18.4. A continuous function f ∈ L2(K) is called a representative function if
there is a finite dimensional invariant subspace of (L2(K) ∩ C(K),R) containing f .

It might make sense to call such functions right representative functions, as the same notion for
the left-regular representation makes good sense. We will see below that the two coincide.

In general, one would expect the orbit of a random function f ∈ L2(K) under the action of
all R(x) for x ∈ K to be infinite-dimensional. On the other hand, any linear combination of
representative functions is immediately seen to be a representative function. In fact, up to linear
combinations over potentially different representations, all representative functions have this form.

PROPOSITION 18.5. Any representative function ofK is a linear combination of matrix entries
of irreducible representations of K.

PROOF. Let f be a representative function. By definition, there is a finite dimensional subspace
V ⊂ L2(K)∩C(K) containing f that is invariant under the right regular representation R. In other
words, (V,R|V ) is a finite dimensional representation of K. It is therefore completely reducible
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(cf. Corollary 17.34), so V =
⊕

j Vj is a finite direct sum of irreducible invariant subspaces for R;
thus (Vj,R|Vj) are irreps of K.

Now, the evaluation functional Vj → C given by g 7→ g(e) is a well-defined linear functional
on the finite dimensional space Vj of continuous functions. It is therefore continuous. Hence, by
the Riesz-Fisher theorem, there is a vector ξj ∈ Vj such that

g(e) = 〈ξj, g〉 =

∫
ξj(x)g(x) dx.

But then we have, for each g ∈ Vj and x ∈ K,

g(x) = [R(x)g](e) = 〈ξj,R(x)g〉. (18.2)

In particular, since Vj is irreducible (and therefore not trivial), the vector ξj is not 0. Let ξ̂j =
ξj/〈ξj, ξj〉1/2. We can therefore select an orthonormal basis {hk : 1 ≤ k ≤ dim(Vj)} for Vj with
h1 = ξ̂j . Expanding g in this basis g =

∑
k akhk, we therefore have

g(x) =
∑
k

ak〈ξj,R(x)hk〉 =
∑
k

ak〈ξj, ξj〉1/2〈h1,R(x)hk〉.

This shows that every g ∈ Vj is a linear combination of the matrix entries [R|Vj ]1k of an irrep. Since
f ∈ V =

⊕
j Vj is a sum of such gj , it too is a linear combination of matrix entries of irreps. �

COROLLARY 18.6. Any finite dimensional invariant subspace of (L2(K),R) is also invariant
for L; hence, left and right representative functions coincide.

PROOF. By Proposition 18.5, if V is a finite dimensional invariant subspace for R, then there
is a finite collection of irreducible representations whose matrix entries span V . A calculation akin
to (18.1) shows that the space of matrix entries of any representation is also invariant for L, and so
V is as well. �

Now, let us focus on a very important class of representative functions.

DEFINITION 18.7. For a given finite dimensional representation (V,Π) ofK, let χ = χV : K →
C be the function χ = Π11 + Π22 + · · ·+ Πdd where d = dim(V ); that is: ξ(x) = Tr (Π(x)). The
function ξ is called the character of (V,Π). It is a linear combination of matrix entries, and so it
is a representative function. Note that it is also a class function:

χ(yxy−1) = Tr [Π(yxy−1)] = Tr [Π(y)Π(x)Π(y)−1] = Tr [Π(x)] = χ(x).

If (V,Π) is an irreducible representation, its character is called an irreducible character.

These characters (especially irreducible ones) play a very important role in harmonic analysis
on compact Lie groups, as we will see a bit later. The following examples gives an indication why.

EXAMPLE 18.8. Consider the special case K = S1, and look at all irreducible representations.
Since S1 is abelian, by Schur’s lemma any complex irrep Π is one-dimensional, so we may take
the representation space to be C, and Π: S1 → GL(C); the trace is the identity map on GL(C),
and so the irreducible characters are just the irreps themselves. Moreover, since S1 is compact,
wlog Π is a unitary representation, which in this case simply means Π: S1 → S1. A homework
exercise showed that the only such group homomorphisms are of the form Π(u) = um for some
m ∈ Z. Thus, the irreducible characters of S1 are precisely all the functions χ(eiθ) = eimθ. These
are precisely the standard Fourier basis for the circle.
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In a sense, much of this chapter is devoted to generalizing the basic ideas of Fourier series
to general compact Lie groups. The following lemma gets this started. First, let (V,Π) be a
representation of K. We denote by V K the subspace of V that is (pointwise) invariant under the
action of V (via Π):

V K ≡ {v ∈ V : Π(x)v = v for all x ∈ K}.

LEMMA 18.9. Let (V,Π) be a finite dimensional representation of K, and let P : V → V be
the operator given by

P =

∫
K

Π(x) dx; i.e. P (v) =

∫
K

Π(x)v dx.

Fix an inner product on V with respect to which Π is a uniary representation. Then P is the
orthogonal projection onto V K .

PROOF. Fix y ∈ K and v ∈ V ; then

Π(y)Pv = Π(y)

∫
K

Π(x)v dx =

∫
K

Π(yx)v dx =

∫
K

Π(z)v dz = Pv

by the left-invariance of the Haar measure. Hence, Pv ∈ V K . On the other hand, if v ∈ V K , then

Pv =

∫
K

Π(x)v dx =

∫
K

v dx = v

and so P maps V onto V K and restricts to the identity on V K . It is therefore a projection onto V K .
What’s more, for v, w ∈ V ,

〈Pv, w〉 =

∫
K

〈Π(x)v, w〉 dx =

∫
K

〈v,Π(x−1)w〉 dx

because the representation Π is unitary. The bi-invariant Haar measure is also invariant under the
inversion map x 7→ x−1 (this follows anaologously to the proof of Proposition 18.1), and so

〈Pv, w〉 =

∫
K

〈v,Π(z)w〉 dz = 〈v, Pw〉.

Hence P = P ∗. This identifies P as the orthogonal projection onto V K . �

Next, we will state a few important properties of characters. This will require a few new notions
of how to put different representations together.

DEFINITION 18.10. Let (V,Π) and (W,Σ) be representations of K. The tensor product rep-
resentation (V ⊗W,Π⊗ Σ) determined by

Π⊗ Σ: K → GL(V ⊗W ), [(Π⊗ Σ)(x)](v ⊗ w) = Π(x)v ⊗ Σ(x)w

for v ∈ V and w ∈ W . In other words: as linear operators, (Π ⊗ Σ)(x) = Π(x) ⊗ Σ(x). It is a
simple matter to check that it is, indeed, a representation.

REMARK 18.11. The tensor product representation also makes sense for representations of
different groups G and H: we then have Π ⊗ Σ is a representation of G × H given by (Π ⊗
Σ)(x, y) = Π(x) ⊗ Σ(y). In the applications at hand, we only need the “diagonal” case of this
where G = H = K.
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DEFINITION 18.12. Let (V,Π) be a representation of K. The dual or contragredient repre-
sentation (V ∗,Π∗) is defined by

Π∗ : K → GL(V ∗), [Π∗(x)λ](v) = λ(Π(x−1)v)

for v ∈ V and λ ∈ V ∗. It is a simple matter to check that it is, indeed, a representation (due to the
transpose and inverse together).

Using standard abuse of notation, we may refer to the tensor product of the representations simply
as V ⊗W , and contragredient simply as V ∗ (just as we refer to the direct sum representation simply
as V ⊕W ).

Following are some basic computationally-useful properties of characters.

PROPOSITION 18.13. Let (V,Π) and (W,Σ) be representations of K, and let χV and χW
denote their characters.

(1) χV is a C∞ class functions.
(2) If (V,Π) ∼= (W,Σ), then χV = χW .
(3) χV⊕W = χV + χW .
(4) χV⊗W = χV · χW .
(5) χV ∗(x) = χV (x−1), for x ∈ G.
(6) χV (e) = dim(V ).

PROOF. Item (1) follows immediately from Definition 18.7, and item (2) is a simple calculation
using the trace property. Items (3)-(5) are elementary calculations untwisting the definitions; we
give the proof of (4) here and leave the others to the reader. Fix bases {vj} for V and {wk} for W ;
then {vj ⊗ wk} is a basis for V ⊗W . For any linear operators A on V and B on W with matrices
[A]j1j2 and [B]k1k2 in the given bases, it is easy to check that the matrix of A ⊗ B in the tensor
product basis is [A⊗B](j1,k1)(j2,k2) = Aj1j2Bk1k2 . Thus

Tr (A⊗B) =
∑
j,k

[A⊗B](j,k)(j,k) =
∑
j,k

AjjBkk =
∑
j

Ajj ·
∑
k

Bkk = Tr (A) Tr (B).

In particular, for x ∈ K, taking A = Π(x) and B = Σ(x),

χV⊗W (x) = Tr [(Π⊗W )(x)] = Tr [Π(x)⊗ Σ(x)] = Tr [Π(x)] Tr [Σ(x)] = χV (x)χW (x).

Finally, for imem (6), χV (e) = Tr [Π(e)] = Tr (IdV ) = dim(V ). �

This brings us to the orthogonality relations. Consider, again, Example 18.8, where we saw
that the characters of irreps of S1 are the functions χm(eiθ) = eimθ for m ∈ Z. These are the
standard Fourier basis for the circle: with respect to the uniform probability measure on S1 (which
is, of course, the Haar measure), they form an orthonormal basis. This turns out to be true for
irreducible characters on all compact groups. The easy half (that they form an orthonormal set) is
the content of the next theorem.

THEOREM 18.14. The irreducible characters of K are an orthonormal set in L2(K). More
precisely: if (V,Π) and (W,Σ) are two irreps of K, then∫

K

χV (x)χW (x) dx =

{
1 if V ∼= W,

0 otherwise.
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PROOF. Fix an inner product on V with respect to which (V,Π) is a unitary representation.
Now, note that for x ∈ K

χV (x) = Tr [Π(x)] = Tr [Π(x)∗] = Tr [Π(x−1)] = χV (x−1) = χV ∗(x)

where the second equality is an easy fact about traces, the second is due to the unitarity of Π, and
the third is Proposition 18.13(5). Hence, using Proposition 18.13(4),

χV (x)χW (x) = χV ∗(x)χW (x) = χV ∗⊗W (x), x ∈ K.

Thus∫
K

χV (x)χW (x) dx =

∫
K

χV ∗⊗W (x) dx =

∫
K

Tr [(Π∗⊗Σ)(x)] dx = Tr

(∫
K

(Π∗ ⊗ Σ)(x) dx

)
.

This integral is the orthogonal projection onto the space (V ∗ ⊗W )K fixed by Π∗ ⊗ Σ, cf. Lemma
18.9, and thus its trace is the dimension of the space:∫

K

χV (x)χW (x) dx = dim((V ∗ ⊗W )K). (18.3)

Now, we use the canonical linear isomorphism ϑ : V ∗ ⊗W → End(V,W ), where ϑ(λ⊗w)(v) =
λ(v)w. Let us now define a representation (End(V,W ),Φ) of K by

Φ(x)A = Σ(x)AΠ(x)−1.

Then ϑ intertwines Π∗ ⊗ Σ and Φ:

ϑ[(Π∗⊗Σ)(x)(λ⊗w)](v) = ϑ[Π∗(x)λ⊗Σ(x)w](v) = (Π(x)∗λ)(v)Σ(x)w = λ(Π(x−1)v)Σ(x)w

while

[Φ(x)ϑ(λ⊗ w)](v) = Σ(x)ϕ(λ⊗ w)Π(x)−1(v) = Σ(x)λ(Π(x)−1v)w = λ(Π(x−1)v)Σ(x)w.

So the representation (V ∗ ⊗ W,Π∗ ⊗ Σ) is isomorphic to (End(V,W ),Φ). Under this isomor-
phism, (V ∗ ⊗W )K is therefore mapped to the set of all endomorphisms A with the property that
Σ(x)AΠ(x)−1 = Φ(x)A = A for all x ∈ K, meaning that A is an intertwining map from (V,Π) to
(W,Σ). Since both representations are irreducible, by Schur’s lemma any two intertwining maps
are scalar multiples of each other, so the image of the space (V ∗ ⊗W )K has dimension 0 or 1. If
(V,Π) ∼= (W,Σ) then there is an isomorphism which is an intertwining map, so the dimension is 1;
if they are not isomorphic, then by Schur’s lemma all intertwining maps are 0, hence the dimension
is 0. The theorem now follows from (18.3). �

Let us conclude this section by noting one obvious consequence of the orthogonality relations:
if two irreps are non-isomorphic, they have orthogonal, and hence different, characters.

COROLLARY 18.15. The isomorphism class of an irreducible representation is completely
determined by its character.
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2. Group Convolution

DEFINITION 18.16. If f, g ∈ L2(K), their convolution f ∗ g is a new function on K defined
by

(f ∗ g)(x) =

∫
K

f(xy−1)g(y) dy.

Since the Haar measure is bi-invariant (and invariant under inversion), the function f̌ : y 7→
f(xy−1) is also in L2(K) with norm ‖f̌‖L2(K) = ‖f‖L2(K); thus the product f̌ · g is in L1(G):
by the Cauchy-Schwarz inequality, it satisfies∫

K

|f(xy−1)g(y)| dy =

∫
K

|f̌(y)g(y)| dy ≤ ‖f‖L2(K)‖h‖L2(K)

which shows that (f ∗ g)(x) is well defined and satisfies the pointwise bound

|(f ∗ g)(x)| ≤ ‖f‖L2(K)‖g‖L2(K), x ∈ K. (18.4)

Hence, for all f, g ∈ L2(K), f ∗ g ∈ L∞(K). By squaring both sides of (18.4) and integrating, we
see that also

‖f ∗ g‖L2(K) ≤ ‖f‖L2(K)‖g‖L2(K) (18.5)
which shows that f ∗ g ∈ L2(K) (although we already knew this since the measure is finite,
so L∞(K) ⊂ L2(K)). In fact, convolution is a “smoothing” operation: the convolution of L2

functions is, in fact, continuous.

PROPOSITION 18.17. If f, g ∈ L2(K), then f ∗ g ∈ L2(K) ∩ C(K).

PROOF. First, assume that f, g ∈ C(K) to start. Since K is compact, f, g are uniformly
continuous and bounded. Fix x ∈ K and let xn → x. Then

|(f ∗ g)(xn)− (f ∗ g)(x)| ≤
∫
K

|f(xny
−1)− f(xy−1)||g(y)| dy

≤ ‖g‖L∞(K)

∫
K

|f(xny
−1)− f(xy−1)| dy.

Since f is uniformly continuous, f(xny
−1) → f(xy−1) uniformly in y, and hence the above

integral converges to 0. Thus f ∗ g is continuous.
Now for general f, g ∈ L2(K). The space C(K) of continuous functions is dense in L2(K)

(generically true in measure theory), so let (fn) and (gm) be continuous functions on K with
fn → f and gm → g in L2(K). Then note that, for x ∈ K and m ∈ N,

|(fn ∗ gm)(x)− (f ∗ gm)(x)| = |((fn − f) ∗ gm)(x)| ≤ ‖f − fn‖L2(K)‖gm‖L2(K)

by (18.5). The quantity on the right tends to 0 and does not depend on x, so fn ∗ gm converges to
f ∗ gm uniformly. By the above argument, fn ∗ gm is continuous, and hence f ∗ gm is a uniform
limit of continuous functions, which is therefore continuous. An analogous argument now exhibits
f ∗ g as the uniform limit of these continuous functions, proving that it is continuous. �

We now consider some invariance properties of the convolution operation, in particular with
regard to the left and right regular representations of K.

LEMMA 18.18. Convolution on the left commutes with right translation, and convolution on
the right commutes with left translation. That is: for f, g ∈ L2(K) and x ∈ K,

(L(x)f) ∗ g = L(x)(f ∗ g), and f ∗ (R(x)g) = R(x)(f ∗ g).
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PROOF. We prove only the statement for R, leaving the similar calculation for L to the reader.
For z ∈ K,

[f ∗ (R(x)g)](z) =

∫
f(zy−1)(R(x)g)(y) dy =

∫
f(zy−1)g(yx) dy.

Now make the substitution u = yx; the right-invariance of the Haar measure means that du = dy,
and since y = ux−1 we have y−1 = xu−1 and the above integral equals∫

f(zxu−1)g(u) du = (f ∗ g)(zx) = [R(x)(f ∗ g)](z).

�

On Rn, convolution is commutative. That is not generally true for group convolution (on non-
abelian groups). However, it remains true if one of the convolved functions is a class function.

PROPOSITION 18.19. Let f ∈ L2(K) be a class function. Then for all g ∈ L2(K), f∗g = g∗f .

PROOF. The trick is to make the change of variables z = y−1x for fixed x. Then y = xz−1 and
y−1 = zx−1, and by the invariance of the Haar measure dy = dz. Thus

(f ∗ g)(x) =

∫
K

f(xy−1)g(y) dy =

∫
K

f(xzx−1)g(xz−1) dz =

∫
K

f(z)g(xz−1) dz

where we used the fact that f is a class function in the last equality. The last integral is, by
definition, (g ∗ f)(x). �

We will now use convolution to construct an approximate identity: a sequene of smooth func-
tions that act in the (L2-)limit like the delta function. The idea, as in Rn, is to construct non-negative
bump functions ϕn suppored in small neighborhoods of the identity (shrinking as n grows), and
normalized to each have area 1; then f ∗ ϕn will converge to f in L2(K). In fact, we can do this
with class functions ϕn. To understand what is meant by “small neighborhoods”, we will need a
bi-invariant Riemannian metric, cf. Section 14.6.

LEMMA 18.20. There exists a bi-invariant Riemannian metric g onK. The resultant Riemann-
ian distant function dg is also bi-invariant.

It is important to note that the compactness of K is needed here, or more precisely the existence of
an Ad-invariant inner product on its Lie algebra.

PROOF. Fix an Ad(K)-invariant inner product on k = Lie(K), and (as in Definition 14.30)
extend it to a Riemannian metric on K by defining, for any x ∈ K and Xx, Yx ∈ TxK

gx(Xx, Yx) = 〈dLx−1|x(Xx), dLx−1|x(Yx)〉.

I.e. translate Xx, Yx to vectors at e and take the inner product there. Since Lx−1 is a diffeomor-
phism, this map is smooth: i.e. is X, Y ∈ X (K) then x 7→ gx(Xx, Yx) is a C∞(K) function. It is
evidently positive definite on each tangent space, so it is a Riemannian metric. We need to check
that it is bi-invariant. It is more or less obviously left-invariant. On the other side, for x, y ∈ K,

(Ry)
∗(g)(X, Y )(x) = gxy(dRy|x(Xx), dRy|x(Yx))

= 〈dL(xy)−1|xy ◦ dRy|x(Xx), dL(xy)−1|xy ◦ dRy|x(Yx)〉.
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Now dL(xy)−1◦dRy = d(L(xy)−1◦Ry) = d(Ly−1◦Lx−1◦Ry) = d(Cy−1◦Lx−1) = Ad(y−1)◦dLx−1 .
Thus

(Ry)
∗(g)(X, Y )(x) = 〈Ad(y−1) ◦ dLx−1|x(Xx),Ad(y−1) ◦ dLx−1|x(Yx)〉

= 〈dLx−1|x(Xx), dLx−1|x(Yx)〉
= g(X, Y )(x)

where the second equality is the Ad-invariance of the inner product.
The fact that the resultant Riemannian distance is bi-invariant follows exactly as the left-

invariant version of this statement does in Proposition 14.31. �

Thus, we fix a bi-invariant Riemannian metric g on K. We may then talk about balls in K:
Bε(e) = {x ∈ K : dg(e, x) < ε} is the Riemannian ball of radius ε > 0 centered at the identity
e ∈ K. As the Riemannian distance function is left invariant, this ball is symmetric, meaning that
Bε(e) = Bε(e)

−1; indeed, d(e, x−1) = d(x, e) = d(e, x) for x ∈ K by left-invariance. A similar
argument shows that y−1(Bε(e))y = Bε(e) for each y ∈ K.

THEOREM 18.21. There exists a sequence of nonnegative C∞ class function (ϕn)n∈N on K
with the following properties.

(1) supp (ϕn) ⊆ B1/n(e),
(2) ϕn(x−1) = ϕn(x) for all x ∈ K, and
(3)
∫
K
ϕn(x) dx = 1.

For any such sequence,
lim
n→∞

‖f ∗ ϕn − f‖L2(K) = 0

for all f ∈ L2(K). If f is continuous, then additionally f ∗ ϕn → f uniformly.

PROOF. Fix a C∞ bump function ψn that is supported in B1/n(e). Define

ξn(x) =

∫
K

ψn(yxy−1) dy.

Then ξn is a nonnegative C∞ class function, and it is still supported in B1/n(e): if x /∈ B1/n(e)
then yxy−1 /∈ B1/n(e) for all y ∈ K (since B1/n(e) is invariant under conjugation) and so the
integrant of ξn(x) is the 0 function. Now, define

ϕ̌n(x) =
1

2
(ξn(x) + ξn(x−1)).

Again, ϕ̌n is supported in B1/n(e) since the ball is symmetric, and it manifestly satisfies properties
(1) and (2). It is a C∞(K) function that is positive on some neighborhood (as ψn is), and so its
integral is positive. Thus, if we define

ϕn =
ϕ̌n∫

K
ϕ̌n(x) dx

,

these functions have properties (1)-(3), as desired.
Now, fix any such sequence ϕn, and let g ∈ C(K). Since K is compact, f is uniformly

continuous. Fix ε > 0; then for all sufficiently large n ∈ N |g(x) − g(y)| < ε for y ∈ B1/n(x).
Then we have

(ϕn ∗ g)(x)− g(x) =

∫
K

ϕn(xy−1)g(y) dy − g(x) =

∫
K

[ϕn(xy−1)g(y)− g(x)] dy



312 18. REPRESENTATIONS OF COMPACT LIE GROUPS

where the last equality just comes from the fact that the Haar measure is normalized. Thus

|(ϕn ∗ g)(x)− g(x)| ≤
∫
K

ϕn(xy−1)|g(y)− g(x)| dy.

The integrand is 0 whenever xy−1 is outside the support of ϕn, which is contained in B1/n(e);
hence, the integral is really over those y for which xy−1 ∈ B1/n(e); right invariance of the distance
functions shows that this is precisely the set y ∈ B1/n(x). Thus, for n sufficiently large that
|g(y)− g(x)| < ε when y ∈ B1/n(x), we have

|(ϕn ∗ g)(x)− g(x)| < ε

∫
K

ϕn(xy−1) dy = ε

∫
K

ϕn(y−1) dy = ε.

We have thus shown that, for all sufficiently large n, |(ϕn ∗ g)(x) − g(x)| < ε for all x. That
is: ϕn ∗ g converges uniformly to g, proving the second claim. Since uniform convergence is
stronger than L2-convergence, it follows that ϕn ∗ g converges to g in L2(K) as well, in the case
that g ∈ C(K). The extension from this to all L2(K) is a standard approximation argument that is
left to the reader. �

Hence, we can approximate (uniformly or in L2) any (continuous) function f by convolutions
ϕ ∗ f . In typical analysis arguments, the benefit of this approach is that ϕ ∗ f is nicer than f : for
example, since ϕ is smooth, so is ϕ ∗ f , regardless of how rough f is. In the present situation, we
are motivated by a different notion of “niceness”, stemming from our desire to approximate any
function by representative functions. The key here is to realize that the linear operator

Cϕ : f 7→ ϕ ∗ f
is the closest kind of object there is to an “infinite dimensional matrix”. Indeed, we have

Cϕ(f)(x) =

∫
K

ϕ(xy−1)f(y) dy =

∫
K

κ(x, y)f(y) dy

where κ : K ×K → C is a “continuous matrix”, better known as an integral kernel. In this case,
since ϕ(x) = ϕ(x−1) (Theorem 18.21(2)), we have

κ(x, y) = ϕ(xy−1) = ϕ((xy−1)−1) = ϕ(yx−1) = κ(y, x)

so κ is a “symmetric continuous matrix”. As this κ is real-valued, this is equivalent to “Hermitian
continuous matrix”. Finally, note that∫

K×K
|κ(x, y)|2 dx dy =

∫
K

dy

∫
K

dxϕ(xy−1)2 =

∫
K

dy

∫
K

dxϕ(x)2 =

∫
K

dy(1) = 1

and so κ is a square-integrable function on K ×K. These properties qualify the integral operator
Cϕ, whose integral kernel is κ, as a Hermitian Hilbert-Schmidt operator – a special example of
a Hermitian compact operator. Compact operators are the closest infinite dimensional operators
to matrices. There is a spectral theorem for them that resembles the finite dimensional one very
closely. We state it here with no proof; the reader who has not seen these ideas is referred to the
excellent treatment in [1].

THEOREM 18.22 (The Spectral Theorem for Compact Operators). There is a (Hilbert space)
orthonormal basis {en}∞n=1 of L2(K) consisting of eigenvectors for Cϕ. The corresponding se-
quence of eigenvalues {λn}∞n=1 are all real, and λn → 0 as n→∞.

COROLLARY 18.23. Let λ 6= 0 be a nonzero eigenvalue of Cϕ. Its eigenspace Eλ ⊂ L2(K) is
a finite-dimensional invariant subspace of (L2(K),R).
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PROOF. As the sequence of eigenvalues converge to 0, |λn| < |λ| for all sufficiently large n.
Hence, there are only finitely-many n for which λ = λn, so there are only finitely-many n for which
en is an eigenvector of λ. As the en form an orthonormal basis for L2(K), any eigenvector of λ is
a linear combination of these finitely-many en, and thus the eigenspace Eλ is finite dimensional.

Now, let f ∈ L2(K), and let x ∈ K. Then

Cϕ(R(x)f) = ϕ ∗ (R(x)f) = R(x)(ϕ ∗ f) = R(x)Cϕf

by Lemma 18.18. In particular, if f ∈ Eλ, then

Cϕ(R(x)f) = R(x)Cϕf = R(x)λf = λR(x)f

showing that R(x)f ∈ Eλ. Thus, Eλ is an invariant subspace. �

3. The Peter-Weyl Theorem

We now state and prove the central result of this chapter: the Peter-Weyl theorem, published
by Herman Weyl and his PhD student Fritz Peter in 1927. We will state it in two parts, and to
understand the second part we first need a bit more notation, given in the following two lemmas.

LEMMA 18.24. LetL2(K)class denote the subspace of class function inL2(K). ThenL2(K)class

is a Hilbert subspace.

PROOF. A function f ∈ L2(K) is a class function iff f(u−1xu) = f(x) for all x, u ∈ K. We
can write this in the form [L(u)R(u)]f(x) = f(x), so

L2(K)class =
⋂
u∈K

ker(L(u)R(u)− I).

Now L(u) and R(u) are unitary operators, and therefore so is their composition. Thus L(u)R(u)−
I is a bounded operator, and its kernel is therefore a closed subspace. An intersection of closed
subspaces is closed, and hence L2(K)class is a closed subspace of a Hilbert space, therefore it is a
Hilbert subspace. �

LEMMA 18.25. Let C(K)class denote the subspace of class function in C(K). Then C(K)class

is a closed subspace of C(K) in the uniform topology.

PROOF. It is easy to check thatC(K)class is a subspace. Let (fn) be a sequence in this subspace,
and suppose f ∈ C(K) is its uniform limit. Then for any x, u ∈ K,

|f(x)− f(uxu−1)| ≤ |f(x)− fn(x)|+ |fn(x)− fn(uxu−1)|+ |fn(uxu−1)− f(uxu−1)|.
The middle terms is equal to 0 since fn ∈ C(K)class. The first and third terms are both less than
‖f − fn‖∞ which tends to 0. Hence |f(x)− f(uxu−1)| = 0. �

And now, the main event.

THEOREM 18.26 (Peter-Weyl). Let K be a compact Lie group.
(1) The space of representative functions on K is dense in both C(K) and L2(K).
(2) The linear span of irreducible characters of K is dense in both C(K)class and L2(K)class.

In particular, the characters of all pairwise non-isomorphic irreducible representations
form an orthonormal basis for L2(K)class.
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REMARK 18.27. In fact, Peter and Weyl proved this theorem, as stated, for the much larger
class of compact topological groups (i.e. groups with a Hausdorff compact topology making the
group operations continuous).

Since C(K) is dense in L2(K) (and ergo the same is true for the subspaces of class functions),
it would be enough to prove the uniform density results for continuous functions. In fact, we will
go the other direction, proving first density in L2(K) and then (with the help of the Weierstrass
approximation theorem) deducing uniform density in C(K).

For ease of reading, we prove each of the four statements (two in each of (1) and (2)) as separate
propositions.

PROPOSITION 18.28. The representative functions are dense in L2(K).

PROOF. Suppose, to the contrary, that g ∈ L2(K) is not in the closed linear span of the rep-
resentative functions; then it is in the orthogonal complement of this closed subspace, and hence
g is orthogonal to every representative function f . Now, let (ϕn) be an approximate identity se-
quence as in Theorem 18.21; then ϕn ∗ g → g in L2(K) by that theorem. Now, by Corollary
18.23, the eigenspaces of nonzero eigenvalues of Cϕn are finite-dimensional invariant subspaces of
(L2(K),R), meaning that these eigenvectors are representative functions. Hence, g is orthogonal
to all eigenvectors of Cϕn with nonzero eigenvalues. By Theorem 18.22 (the Spectral Theorem),
the eigenvectors of Cϕn form an orthonormal basis for L2(K), and hence g is in the closed linear
span of the eigenvectors with eigenvalue 0. This means precisely that ϕn ∗ g = Cϕng = 0, for all
n. Thus g = 0 (which was, of course, in the closed linear span of the representative functions).
This contradiction proves the proposition. �

COROLLARY 18.29. The space of representative functions separates points: if x 6= y ∈ K,
there is a representative function f with f(x) 6= f(y).

PROOF. Let β be any continuous function with β(x) = 1 and β(y) = 0 (for example, take a
smooth bump function centered at x whose support does not contain y). Then β is in L2(K), and
by Proposition 18.28 there is a sequence fn of representative functions with fn → β in L2(K).
We can then choose a subsequence fnk that converges pointwise to β. (This is a standard result
in measure theory for Lp spaces: convergence in Lp norm implies convergence almost everywhere
for a subsequence, and since all the involved functions are continuous, this implies pointwise
convergence.) Hence, fnk(x) → β(x) = 1 and fnk(y) → β(y) = 0, and hence for all large k
fnk(x) 6= fnk(y). �

REMARK 18.30. Since all matrix entries are representative functions, an immediate corollary
is that the set of all irreducible representations separates points: if x 6= y then there is an irrep Π
with Π(x) 6= Π(y). Otherwise all matrix entries would agree on x and y, and hence also all linear
combinations of them; Proposition 18.5 would then show that all representative functions agree on
x and y.

PROPOSITION 18.31. The representative functions are dense in C(K).

PROOF. The set of representative functions is, by Proposition 18.5, the same as the set of linear
combinations of matrix entries of representations of K. This set is therefore a complex unital ∗-
algebra:

• It is a C-vector space by definition.
• It is closed under product: the product of two matrix entries is a matrix entry for the tensor

product of the two representations.
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• It is closed under complex conjugation: for any representation Π, Πjk = Π∗kj is a matrix
entry of the contragredient representation.

By Corollary 18.29, this algebra separates points of K. Since K is a compact Hausdorff space, it
follows from the Stone-Weierstrass theorem that the algebra of representative functions is dense in
C(K). �

Now moving to the second item of Theorem 18.26, we need the following lemma.

LEMMA 18.32. If g is a representative function, then

h(x) =

∫
K

g(uxu−1) du

is a linear combination of irreducible characters.

PROOF. Since any representative function is a linear combination of matrix entries of irreps (by
Proposition 18.5), by linearity of the integral it suffices to prove the statement for matrix entries
g. So let (V,Π) be a representation and take g = Πjk. Note that Πjk(x) = Tr (Π(x)Ekj) (where
Ekj is the matrix with a 1 in the kj position and 0s everywhere else, in the basis used to determine
Πjk). Hence

h(x) =

∫
K

Tr (Π(uxu−1)Ekj) du =

∫
K

Tr (Π(x)Π(u)−1EkjΠ(u)) du = Tr (Π(x)A)

where A =
∫
K

Π(u)−1EkjΠ(u) du. Note that, for x ∈ K,

Π(x)−1AΠ(x) =

∫
K

Π(ux)−1EkjΠ(ux) du =

∫
K

Π(y)−1EkjΠ(y) du = A.

So A commutes with the representation, meaning that it is an intertwining map. Since the repre-
sentation is irreducible, by Schur’s lemma, A = λI for some constant λ ∈ C. Hence, h(x) =
λTr (Π(x)) = λχΠ(x) is a scalar multiple of an irreducible character. �

PROPOSITION 18.33. The linear span of irreducible characters is dense in C(K)class.

PROOF. Let f ∈ L2(K)class. By Proposition 18.31, there is a sequence of representative func-
tions gn with ‖gn − f‖∞ → 0. Now, let

fn(x) =

∫
K

gn(uxu−1) du.

By Lemma 18.32, fn is a linear combination of irreducible characters. We can compute that, for
each x,

|fn(x)− f(x)| =
∣∣∣∣∫
K

gn(uxu−1) du− f(x)

∣∣∣∣ =

∣∣∣∣∫
K

[gn(uxu−1)− f(uxu−1)] du

∣∣∣∣
≤
∫
K

|gn(uxu−1)− f(uxu−1)| du

≤ ‖gn − f‖∞
where we used the fact that f is a class function in the second equality. Hence, ‖fn − f‖∞ ≤
‖gn − f‖∞ → 0, which shows that fn → f uniformly. Since fn is a linear combination of
irreducible characters, this proves the result. �
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PROPOSITION 18.34. The linear span of irreducible characters is dense in L2(K)class; in
particular, the characters of all pairwise non-isomorphic irreducible representations form an or-
thonormal basis for L2(K)class.

PROOF. SinceK is compact and the Haar measure is normalized, the L2 norm is≤ the uniform
norm; thus, if fn is a sequence of linear combinations of characters that converges uniformly to a
given f ∈ L2(K)class (cf. Proposition 18.33), it also converges in L2, proving the first statement.
The second is just the statement that the given set is orthonormal and its span is dense; this follows
from the first statement and the orthogonality relations of Theorem 18.14. �

EXAMPLE 18.35. Consider the Lie group SU(2). As we showed in Section 3, the irreducible
representations of sl(2,C) are (up to isomorphism) precisely the representations (Vm, (πm)C) of
Example 17.12. This, in turn, shows that the representations (Vm,Πm) of Example 17.6 are (up
to isomorphism) all of the irreducible representations of SU(2) (this follows from Lemmas 17.16,
17.22, 17.24, and 17.25). As a reminder, the irreps (Vm,Πm) are given by Vm = Cm[z1, z2] (the
m+1 C-dimensional space of degree m homogeneous polynomials in two complex variables) and

[Πm(U)f ](z1, z2) = f(U−1[z1, z2]>), U ∈ SU(2).

Let us now compute the characters χm(U) = Tr [Πm(U)] of these representations. First, fix the
standard maximal torus T of SU(2):

T =

{
tθ ≡

[
eiθ 0
0 e−iθ

]
: θ ∈ [0, 2π)

}
.

By the torus Theorem 16.17, for every U ∈ SU(2) there is some V ∈ SU(2) with U = V tθV
−1

for some tθ ∈ T . (In this case, this follows easily from the spectral theorem the spectral theorem.)
Since characters are class functions, it follows that χm(U) = χm(tθ) – i.e. they only depends on
U through their eigenvalues. So we need only compute the characters restricted to T . We have

[Πm(tθ)f ](z1, z2) = f

([
e−iθ 0

0 eiθ

] [
z1

z2

])
= f(e−iθz1, e

iθz2).

Fixing the usual basis {fk(z1, z2) = zm−k1 zk2 : 0 ≤ k ≤ m} for Cm[z1, z2], the action of Πm(tθ) on
fk is

[Πm(tθ)fk](z1, z2) = (e−iθz1)m−k(eiθz2)k = ei(2k−m)θzm−k1 zk2 ,

i.e. Πm(tθ)fk = ei(2k−m)θfk. So the standard basis diagonalizes Πm(tθ), and so its trace is the sum
of the eigenvalues

χm(tθ) = Tr [Πm(tθ)] =
m∑
k=0

ei(2k−m)θ = e−imθ + e−i(m−2)θ + · · ·+ ei(m−2)θ + eimθ.

We can write this more simply by summing the geometric series:

χm(tθ) = e−imθ
m∑
k=0

e2ikθ = e−imθ
(e2iθ)m+1 − 1

e2iθ − 1
.

Cleverly writing e−imθ = e−i(m+1)θ/e−iθ, we have

χm(tθ) =
ei(m+1)θ − e−i(m+1)θ

eiθ − e−iθ
=

sin((m+ 1)θ)

sin θ
.

These are the irreducible characters of SU(2). Hence, by the Peter-Weyl theorem, these from a
Hilbert space basis for all L2 class functions on SU(2).
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4. Compact Lie Groups are Matrix Groups

We now conclude the course with one application if the Peter-Weyl theorem, stated as the
subject of this section. First, we need the following lemma, which applies to Lie groups in general.

LEMMA 18.36. Let G be a Lie group. There is a neighborhood U of the identity e ∈ G such
that {e} is the only subgroup contained in U .

PROOF. Fix any norm on g = Lie(G), and let ε > 0 be small enough that exp is a diffeomor-
phism from Bε(0) ⊂ g onto its image in G. Let 0 < δ < ε/2, and set U = exp(Bδ(0)); since exp
is a diffeomorphism on a neighborhood of Bδ(0), U is an open neighborhood of exp(0) = e. As-
sume, for a contradiction, that there is a nontrivial subgroupH ofGwithH ⊆ U . Let h ∈ H \{e};
then there is a unique X ∈ Bδ(0) ⊂ g with expX = h. Since h 6= e, X 6= 0, and so for all suffi-
ciently large n, nX /∈ Bδ(0). Let n0 be the largest integer with n0X ∈ Bδ(0); note n0 ≥ 1. Then
(n0 + 1)X /∈ Bδ(0), but

‖(n0 + 1)X‖ =
n0 + 1

n0

‖n0X‖ <
n0 + 1

n0

δ ≤ 2δ < ε

and so (n0 + 1)X ∈ Bε(0). Now, exp((n0 + 1)X) = hn0+1 ∈ H ⊆ U , and U = exp(Bδ(0)), so
there is some Y ∈ Bδ(0) such that exp((n0 + 1)X) = expY . Since both (n0 + 1)X and Y are in
Bε(0) where exp is a one-to-one, it follows that (n0 + 1)X = Y . But this is a contradiction, since
Y ∈ Bδ(0) by (n0 + 1)X /∈ Bδ(0). �

Now, on the other hand, in a compact Lie group, we can use the Peter-Weyl theorem to construct
a representation whose kernel is contained in any given neighborhood of e.

LEMMA 18.37. Let K be a compact Lie group, and let U be a neighborhood of e ∈ K. There
is a representation (V,Π) of K such that ker Π ⊆ U .

PROOF. Let x ∈ K \U . Since e /∈ K \U , Corollary 18.29 (which states that the representative
functions of K separate points) shows that there is a representative function f such that f(x) 6=
f(e). By Proposition 18.5, f is a linear combination of matrix entries, and hence there is at least
one matrix entry that separates x and e, and so it follows that there is a representation (which we
call Πx) with Πx(x) 6= Πx(e) = I . By continuity of Πx, it follows that there is a neighborhood Vx
of x such that Πx(y) 6= I for y ∈ Vx.

The neighborhoods {Vx : x ∈ K \ U} cover K \ U . Since K is compact and U c is a closed
subset of K, K \ U = K ∩ U c is compact. Hence, there is a finite subcover {Vx1 , . . . , Vxn}, and
so there are finitely many representations Πx1 , . . . ,Πxn so that, for each y ∈ K \ U , there is at
least one Πxj with Πxj(x) 6= I . Thus, we may take Π = Πx1 ⊕ · · · ⊕ Πx1; for each y ∈ K \ U ,
Π(y) 6= I ⊕ · · · ⊕ I (which is the identity for the direct sum), so y /∈ ker(Π). �

Hence, we are positioned to prove:

THEOREM 18.38. Any compact Lie group K has a faithful unitary representation K ↪→ U(n)
for some finite n.

PROOF. Fix a neighborhood U of the identity in K as in Lemma 18.36. By Lemma 18.37,
there is a representation (V,Π) of K with ker Π ⊆ U . But ker Π is a subgroup of K, and hence, by
construction of U , ker Π = {e}. Thus, (V,Π) is a faithful representation. Since K is compact, by
Lemma 17.32 there is an inner product on V with respect to which Π is a unitary representation.
Identifying V with Cn for n = dimC(V ) by sending some orthonormal basis of V to the standard
basis of Cn, we identify K as a closed subgroup of U(n). �
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REMARK 18.39. Virtually everything we’ve done in this chapter before the present section ap-
plies much more generally than to Lie group: the Peter-Weyl theorem holds for compact Hausdorff
topological groups (and continuous representations). This is also true of Lemma 18.37: continuous
representations of compact Hausdorff topological groups can have kernels contained in arbitrarily
small neighborhoods of the identity.

However, Lemma 18.36 explicitly used Lie theory, and this cannot be avoided: Theorem 18.38
does not hold for any non-Lie group! After all, by the closed subgroup Theorem 14.5, since U(n)
is a Lie group, if K ↪→ U(n) is a closed subgroup, it is a Lie group.

Hence, we see that Lemma 18.36 must fail for any compact Hausdorff topological group that
is not a Lie group: all such groups have arbitrarily small nontrivial subgroups.
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