MATH 140B: FOUNDATIONS OF REAL ANALYSIS II
SUMMARY OF KEY FACTS FOR THE FINAL EXAM

TODD KEMP

Throughout, reference numbers (like Definition 2.18 and Proposition 2.21) refer to the course
lecture notes, also available on the website.

Topics after Exam 2

(1) There exists functions that are continuous but nowhere differentiable (Theorems 10.24 &
10.25).

(2) Power series (Definition 10.26)

(3) Power series converge uniformly on compact subsets of their interval of convergence (The-
orem 10.27).

(4) Power series are C'*° on their interval of convergence, and can be differentiated term-by-
term. The derivatives are power series that have the same radius of convergence (Theorem
10.28).

(5) Analytic functions (discussion after Remark 10.29).

(6) Analytic functions have unique power series expansions: the Taylor series (Corollary
10.30).

(7) A function is analytic if the remainder terms in its Taylor polynomials tend to 0 uniformly
on compact sets (Proposition 10.32).

(8) The functions exp, sin, and cos (Examples 10.33-10.34).

(9) Convergence of the Taylor series of f to something does not guarantee convergence to f
(Example 10.36).

(10) There exist functions that are C'* but nowhere analytic (discussion on page 156).

(11) Passing limits and derivatives through an integral of a two-variable kernel (Lemma 10.38
& Theorem 10.39).

(12) Convolution (Definition 10.40).

(13) Convolution as a running average (Example 10.42).

(14) The convolution f * g is at least as smooth as the smoothest of f and g.

(15) Approximate identity sequences (Lemma 10.44).

(16) Convolution with a polynomial yields a polynomial (Lemma 10.45).

(17) The Weierstrass Approximation Theorem (Theorem 10.47).

(18) The Stone—Weierstrass Approximation Theorem (Theorem 10.49).

(19) Trigonometric polynomials are uniformly dense in the circle (Example 10.57).

(20) Closed balls are generally not compact in C'(X) (Example 10.60).

(21) Equicontinuity (Definition 10.61).

(22) Every compact metric space possesses a countable dense subset (Lemma 10.65).

(23) The Arzela—Ascoli Theorem (Theorem 10.64).

(24) A pointwise bounded equicontinuous family of functions is actually uniformly bounded
(Proposition 10.68).
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