
MATH 140B: FOUNDATIONS OF REAL ANALYSIS II
SUMMARY OF KEY FACTS FOR EXAM 1

TODD KEMP

Throughout, reference numbers (like Definition 2.18 and Proposition 2.21) refer to the course
lecture notes, also available on the website.

Continuity
(1) A composition of continuous functions is continuous (Proposition 7.1).
(2) Functions as set maps: image and preimage (Definition 7.2).
(3) Preimage is well-behaved under union, intersection, and complement (Lemma 7.3).
(4) A function is continuous iff preimages of open sets are open, iff preimages of closed sets

are closed (Theorem 7.5 and Corollary 7.7).
(5) The inverse of a continuous bijection need not be continuous (Example 7.8), unless the

domain is compact (Theorem 7.10).
(6) Connected sets (Definition 7.11); in R connected sets are intervals (Proposition 7.13).
(7) Continuous images of connected sets are connected (Theorem 7.14).
(8) The Intermediate Value Theorem (Corollary 7.15).
(9) Left and right limits and continuity (Definition 7.19).

(10) Jump discontinuity, and non-jump discontinuities (Definition 7.20; Example 7.18 = sin 1
x
).

(11) Monotone functions (Definition 7.22) have left and right limits, ergo only jump disconti-
nuities (Proposition 7.23).

Differentiation of Functions of a Real Variable
(1) Difference quotients (p. 89).
(2) Sum, product, and quotient rules for difference quotients (Lemma 8.2).
(3) Chain rule for difference quotients (Lemma 8.4).
(4) Derivatives and differentiability (Definition 8.5).
(5) Differentiable functions are continuous (Proposition 8.7).
(6) Sum, product, and quotient rules for derivatives (Proposition 8.11).
(7) Chain rule for derivatives (Proposition 8.12).
(8) Local extrema (Definition 8.13).
(9) Local extrema of differentiable functions occur at critical points (Theorem 8.14).

(10) The derivative f ′ as a new function (Definition 8.15).
(11) Derivatives can be bad functions (Examples 8.16 and 8.17).
(12) Darboux’s Theorem: a derivative has the intermediate value property (Proposition 8.20).
(13) The Mean Value Theorem (Theorem 8.18).
(14) The sign of the derivative dictates where the function is monotone (Corollary 8.19).
(15) Continuously differentiable, Ck, and C∞ functions (Definition 8.23).
(16) Taylor’s Theorem (Theorem 8.24).
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