
Math 140B: Spring 2016
Homework 7

Available Saturday, May 7 Due Friday, May 13

Turn in the homework by 5:00pm in the homework box in the basement of AP&M. Late
homework will not be accepted.

1. Exercise 12, p. 140 in Rudin.

2. Exercise 17, p. 141 in Rudin.

3. Let R1[a, b] denote the set of all functions f : [a, b] → R with the property that |f | is
Riemann integrable. Define a function d1 : R1[a, b]×R1[a, b]→ R+ by

d1(f, g) =

∫ b

a

|f − g|.

(a) Show that if f is Riemann integrable on [a, b], then f ∈ R1[a, b]. Is the converse
true? [Hint: think about the function g that equals 1 on Q and 0 on Qc; consider
g − 1

2
.]

(b) Prove that d1 satisfies all the axioms of a metric on R1[a, b] except that d1(f, g) = 0
for some f 6= g.

(c) Assume that f, g are continuous on [a, b]. Prove that d1(f, g) = 0 iff f = g on [a, b].
Conclude that the subset C [a, b] of continuous functions in R1[a, b] is a metric space
under the metric d1.

4. Consider the metric space (C [−1, 1], d1) in 3(c) (here a = −1, b = 1).

(a) Let fn denote the function

fn(x) =


1, x > 1

n
,

nx, 0 ≤ x ≤ 1
n

0, x < 0

.

Show that fn ∈ C [−1, 1], and calculate
∫ 1

0
fn.

(b) Show that the sequence (fn) is a Cauchy sequence in terms of the metric d1.
(c) Does fn converge in C [−1, 1]? Is this metric space complete?


