
Math 140B: Spring 2016
Homework 3

Available Saturday, April 9 Due Friday, April 15

Turn in the homework by 5:00pm on Friday, April 15, in the homework box in the base-
ment of AP&M. Late homework will not be accepted.

1. Fix α > 0, and a < b in R. A function f : (a, b)→ R is called α-Hölder continuous if

sup
a<x6=y<b

|f(x)− f(y)|
|x− y|α

≡ ‖f‖Cα <∞.

In the special case α = 1, we call such a function Lipschitz. The constant ‖f‖Cα is
called the α-Hölder norm of f .

(a) If α > β > 0 and f is α-Hölder continuous, show that f is β-Hölder continuous.
(b) If f is α-Hölder continuous for some α > 0, show that f is uniformly continuous.
(c) If f is α-Hölder continuous for some α > 1, show that f is constant.
(d) Suppose f is differentiable, and that f ′ is bounded. Show that f is Lipschitz, and
‖f‖C1 = supa<x<b |f ′(x)|. [Hint: Use the Mean Value Theorem.]

(e) Show that the function f(x) = |x| is Lipschitz on (−1, 1), even though it is not
differentiable there.

(f) Let f(x) =
√
|x| on (−1, 1). Show that f is 1

2
-Hölder continuous with ‖f‖C1/2 = 1,

but f is not α-Hölder continuous for any α > 1
2
.

2. Exercise 2, p. 114 in Rudin.

3. Exercise 3, p. 114 in Rudin.

4. Exercise 8, p. 114 in Rudin.


