2. (10 points) Let f : [a,b] — R be a continuous function.

Prove that there exists zq € [a, b] such that ff f(z) dz = (b—a)f(xo).



4. (10 points) Consider the series

1
f(z) = Z ] for every x > 0.
1

n=

(a) (4 points) Prove that the series converges uniformly on [a, 00), for every a > 0.
(b) (3 points) Prove that f is differentiable on (0, c0).

(c) (3 points) Prove that the series does not converge uniformly on (0, c0).



4. (10 points) Let f: [—1,1] be a continuous function.

(a) (3 points) Assume that f(z) = f(—z), for all z € [—1,1].

Prove that f_ll 2?1 f(z)dx = 0, for all integers n > 0.

(b) (4 points) Assume that f(z) = f(—x), for all z € [-1,1].

Prove that there exists a sequence of polynomials { P, } such that the sequence f,(z) = P, (x?)
converges uniformly to f on [—1,1].

(¢) (3 points) Assume that fj1 z? 1 f(x)dz = 0, for all integers n > 0.
Prove that f(x) = f(—=z), for all x € [—1,1].



5. (10 points) Let f : [0,00) — [0,1] be a continuous function and {a,} be a sequence of
positive real numbers. For every integer n > 1, define a function F, : [0,1] — R by letting

Fu(r) = / " de

(a) (5 points) Prove that the sequence {F,} is equicontinuous.

(b) (5 points) Prove that the sequence {F,} contains a uniformly convergent subsequence.
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