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Part 1

Math 140A






CHAPTER 1

Ordered Sets, Ordered Fields, and Completeness

1. Lecture 1: January 5§, 2016

e N,Z,Q,R,C.

e R is the “Réal numbers”. There is nothing real about them! That is the first, most impor-
tant lesson to learn in this class. We will encounter many “obvious” statements that are,
in fact, false. We will also see some counterintuitive statements that turn out to be true.

e Mathematicians roughly split into two groups: analysts and algebraists. (There’s lots of
overlap, though.) Roughly speaking, algebraists are largely concerned about equalities,
while analysts are largely concerned about inequalities.

DEFINITION 1.1. A total order is a binary relation < on a set S which satisfies:
1. transitive: if x,y,z € S, x <y, and y < z, then v < z.
2. ordered: given any x,y € S, exactly one of the following is true: x <y, x =y, ory < .

The usual order relation on Q (and its subsets Z and N) is a total order. As usual, we write
r>ytomeany < x,and x < y to mean “x < yorx = y’”.

DEFINITION 1.2. Let (S, <) be a totally ordered set. Let E C S. A lower bound for E is an
element o € S with the property that o < x for each x € E. A upper bound for E is an element
B € S with the property that x < 3 for each x € E. If E possesses an upper bound, we say E is
bounded above; if it possesses a lower bound, it is bounded below.

For example, the set N is bounded below in Z, but it is not bounded above. Any set that has a
maximal element is bounded above by its maximum; similarly, any set with a minimal element is
bounded below by its minimum.

DEFINITION 1.3. Let (S, <) be a totally ordered set, and let E C S be bounded above. The
least upper bound or supremum of F, should it exist, is
sup F = min{f € S: (3 is an upper bound of E'}.
Similarly, if F' is bounded below, the greatest lower bound or infimum of F', should it exsit, is
inf FF C S =max{a € S: ais alower bound of F'}.
To work with the definition (of sup, say), we rewrite it slightly. A number ¢ € S is the
supremum of F if the following two properties hold:

1. o is an upper bound of E.
2. Given any s € S with s < o, s is not an upper bound of E; i.e. there exists some v € F
with s <z < 0.

EXAMPLE 1.4. Consider the set £ = {1: n € N} C Q. This set has a maximal element:
1. So 1 is an upper bound. Moreover, if s € QQ is < 1, then s is not an upper bound of F (since
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8 1. ORDERED SETS, ORDERED FIELDS, AND COMPLETENESS

1 € E). Thus, 1 = sup E. (This argument shows in general that, if £/ has a maximal element, then
max I/ = sup F.)

On the other hand, £ has no minimal element. But note that all elements of £ are positive,
so 0 is a lower bound for E. If s is any rational number > 0, there is certainly some n € N with
0 < % < s (this is the Archimedean property of the rational field). Hence, no such s is a lower
bound for E. This shows that 0 is the greatest lower bound: 0 = inf F.

EXAMPLE 1.5. It is well known that v/2 is not rational: in other words, there is no rational
number p satisfying p?> = 2. You probably saw this proof in high school. Suppose, for a contradic-
tion, that p? = 2. Since p is rational, we can write it in lowest terms as p = m/n for m,n € Z. So
we have %2 = 2, or m? = 2n?. Thus m? is even, which means that m is even (since the square of
an odd integer is odd). So m = 2k for some k € Z, meaning m? = 4k?, and so 4k? = 2n?, from
which it follows that n? = 2k? is even. As before, this imples that n is even. But then both m and
n are divisible by 2, which means they are not relatively prime. This contradicts the assumption
that p = m/n is in lowest terms.

A finer analysis of this situation shows that Q has “holes”. Let

A={reQ:r>0,r*<2}, and B={reQ:r>0,r>2}.

The set A is bounded above: if ¢ > % then ¢* > % > 2, meaning that ¢ ¢ A; the contrapositive is
that if ¢ € A then ¢ < g, SO % is an upper bound for A. In fact, take any positive rational number
r; then > > 0 is also rational. By the total order relation, exactrly one of the following three
statements is true: 72 < 2, 72 = 2, or r? > 2. In other words, Qo = AU{r € Q: r > 0,7? =
2} U B. We just showed that the middle set is empty, so

Q>0:A|_|B.

e Every element b € B is an upper bound for A. Indeed, if a € A and b € B, then
a’? <2 <b?s00 < b?*—a*= (b—a)(b+a), and dividing through by the positive number
b+ a shows b — a > 0 so a < b. (This also shows that every element a € A is a lower
bound for B.)
e On the other hand, if a € A, then a is not an upper bound for A; i.e. given a € A, there
exists @’ € A with a < d'. To see this, we can just take
2—a® 2a+2
24a a+2’
Since a € A, we know a?> < 2502 — a® > 0, and the denominator 2 +a > 2 > 0, so
a’ > a. But we also have

5 ne  20a+2)P2—(2a+2)? 20°+8u+8—4a>—8u—4 2(2—d?) 0
(@)= (a+2)? B (a+2)? - (a+2)? -

showing that a’ € A, as claimed.

ad =a-+

Thus, B is equal to the set of upper bounds of A in Q-, and similarly A is equal to the set of lower
bounds of B in Q.

But then we have the following strange situation. The set A of lower bounds of B has no
greatest element: we just showed that, given any a € A, there is an @’ € A with ' > a. Hence, B
has no greatest lower bound: inf B does not exist in (Q-(. Similarly, sup A does not exists in Q.

Example |1.5] viscerally demonstrates that there is a “hole” in Q: the fact that r* = 2 has no
solution in Q forces the ordered set to be disconnected into two pieces, each of which is very
incomplete: not only does each fail to possess a max/min, they also fail to possess a sup/inf.
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2. Lecture 2: January 7, 2016

We now set the stage for the formal study of the real numbers: it is the (unique) complete
ordered field. To understand these words, we begin with fields.

DEFINITION 1.6. A field is a set F equipped with two binary operations +,-: F x F — T,
called addition and multiplication, satisfying the following properties.

(1) Commutativity: Va,b e F,a+b=b+aanda-b=10-a.

(2) Associativity: Va,b,c € F, (a+b)+c=a+ (b+c)and (a-b)-c=a-(b-c).

(3) Identity: there exists elements 0,1 e Fs.t. Va e F,0+a=a=1"a.

(4) Inverse: for any a € T, there is an element denoted —a € F with the property that
a+ (—a) = 0. Forany a € F\ {0}, there is an element denoted a" with the property
thata-a= ' = 1.

(5) Distributivity: Va,b,c € F,a-(b+c¢) = (a-b) + (a-c).

EXAMPLE 1.7. Here are some examples of fields.

1. The field Z, = {[0], [1], ..., [p— 1]} for any prime p, where the + and - are the usual ones
inherited from the + and - on Z (namely [a] + [b] = [a + b] and [a] - [b] = [a - b] — you
studied this field in Math 109). All finite fields have this form.

2. Qis a field.

3. Zis not a field: it fails item (4), lacking multiplicative inverses of all elements other than
+1.

4. Let Q(t) denote the set of rational functions of a single variable ¢ with coefficients in Q:

t
Qt) = {% : p(t), q(t) are polynomials with coefficients in Q and ¢(t) is not identically 0} .
q

With the usual addition and multiplication of functions, Q(¢) is a field. For example,

-1
(%) = ;’%, which exists so long as p(t) is not identically 0 — i.e. as long as the
original rational function % is not the O function.

Fields are the kinds of number systems that behave the way you’ve grown up believing numbers
behave, as summarized in the following lemma.

LEMMA 1.8. Let [F be a field. The following properties hold.
(1) Cancellation: Va,b,c € F, ifa+b=a+cthenb=c. Ifa #0,ifa-b=a-cthenb = c.
(2) Hungry Zero: Va € F, 0-a = 0.
(3) No Zero Divisors: Va,b € I, ifa-b = 0, then either a = 0 or b = (.
(4) Negatives: Va,b € F, (—a)b = —(ab), —(—a) = a, and (—a)(—b) = ab.

PROOF. We'll just prove (2), leaving the others to the reader. For any a € [F, note that
0O-a+a=0-a+1-a=0+1)-a=1-a=a=0+a.
Hence, by (1) (cancellation), it follows that 0 - a = 0. 0

EXAMPLE 1.9. As in Example [I.7}1, we can consider Z,, for any positive integer n. This
satisfies all of the properties of Definition[I.6|except (4): inverses don’t always exist. For example,
if n can be factored as n = km for two positive integers k, m > 1, then we have two nonzero
elements [k, [m] € Z, such that [k] - [m] = [km] = [n] = [0], which contradicts Lemma[l.8(3) -
there are zero divisors. So Z, is not a field when n is composite.
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Now, we combine fields with ordered sets.

DEFINITION 1.10. An ordered field is a field F which is an ordered set (F, <), where the order
relation also satisfies the following two properties:

(1) VYa,b,ceF,ifa <bthena+c<b+c.
(2) Ya,b e F, ifa>0andb >0, thena-b > 0.

From here, all the usual properties mixing the order relation and the field operations follow.
For example:

LEMMA 1.11. Let (F, <) be an ordered field. Then

(1) Va eF,a>0iff —a <O.

(2) Va € F\ {0}, a® > 0. In particular; 1 = 1 > 0.
3) Va,beF, ifa>0andb <0, thena-b <.
4) Va €T, ifa> 0thena! > 0.

PROOF. For (1), simply add —a to both sides of the inequality. Note, by the properties of <,
this means [ is the union of three disjoint subsets: the positive elements a > 0, the negative ele-
ments a < 0, and the zero element a = 0; and the operation of multiplication by —1 interchanges
the positive and negative elements. So, for (2), we note that our given a # 0 must be either positive
or negative; if @ > 0 then a® = a-a > 0 by Definition 2), while if a < 0 then a? = (—a)?> > 0
by the same argument. For (3), we then have ¢ > 0 and —b > 0, so —(ab) = a - (—b) > 0, which
means that ab < 0. Finally, for (4), suppose a~! < 0. then by (3) we would have 1 = a-a~! < 0;

but by (2) we know 1 > 0. This contradiction shows that a=* > 0. [l
EXAMPLE 1.12. 1. Q is an ordered field, with its usual order: ’5‘—11 < % iff ming <
msony. In fact, this is the unique total order on the set ) which makes Q into an ordered

field.

2. Zy, is not an ordered field for any prime p. For suppose it were; then by Lemma [I.T1[2)
we know that [1] > [0]. Then [2] = [1] + [1] > [1] + [0] = [1], and so by transitivity
[2] > [0]. Continuing this way by induction, we get to [p — 1] > [0]. But we also have
0] =[1]+[p—1] > [0] + [p — 1] = [p — 1]. This is a contradiction.

3. Let IF be an ordered field. Denote by I, the following set of 2 x 2 matrices over [F:

r.-{[5 ] aver}

The determinant of such a matrix is a® + b°. In an ordered field, we know that > > 0 if
a # 0, and thus we have the usual property that a® + b* = 0 iff a = b = 0. It follows that
all nonzero matrices in [F,. are invertible: we can easily verify that

<a2+62>‘1[_ab ZHZ _ab]:“ H

10 0 —1
SR by
thenF, = {al+bJ: a,b € F}. Note that J?> = —1I. It is now an easy exercise to show that
F. is a field, with +, - being given by matrix addition and multiplication, where [ is the

multiplicative identity and the additive identity is the 2 X 2 zero matrix. (Note: this is not
generally true if T is not an ordered field. For example, in Z, we have 12 4 (—1)? = 0,

If we define
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and as a result the matrix with ¢ = b = 1 is not invertible in this case.) [, is the
complexification of F. We will later construct the complex numbers C as C = R..

3.5 If F is any ordered field, then [, cannot be ordered — there is no order relation that makes
[F. into an ordered field. This is actually what Problem 4 on HW1 asks you to prove.

Item 2 above noted that the finite fields Z,, are not ordered fields. In fact, ordered fields must
be infinite. The next results shows why this is true.

LEMMA 1.13. Let (F, <) be an ordered field. Then, for anyn € Z \ {0}, n - 1y # Op.

Here n - 1p = 1p 4 1p + - - - 4+ 1p. Note that this property is not automatic for fields: for example,
inZ,, p-[1] = 0]

PROOF. First, 1 - 1p = 1y > Op by Lemma [I.T1(2). Proceeding by induction, suppose we’ve
shown that n-1p # Op. Then (n+1)-1p = n-1p+ 1 > 04 1p = 1 > Op. Thus, for every n > 0,
n - 1p > Op, meaning it is # 0. If, on the other hand, n < 0in Z, then n - 1y = —(—n - 1p) < Op,
so also it is # Op. OJ

COROLLARY 1.14. Let IF be an ordered field. The map ¢: Q — F given by (™) = (m - 1g) -
(n - 1g)~! is an injective ordered field homomorphism.

An ordered field homomorphism is a function which preserves the field operations: ¢(a + b) =
w(a) 4+ ¢(b), p(a-b) = p(a) - ¢(b), and p(0) = 0 and (1) = 1; and preserves the order relation:
if a < bthen p(a) < ¢(b). An injective ordered field homomorphism should be thought of as an
embedding: we realize Q as a subset of IF, in a way that respects all the ordered field structure.

PROOF. First we must check that ¢ is well defined: if ’g—ll = 7;;”—22 then miny, = mon,. It then
follows (by an easy induction) that (m; - 1g) - (ng - 1g) = (ms - 1) - (ny - 1g). Dividing out on both
sides then shows that (m; - 1g)(ny - 1g) ™! = (my - 1g) - (ny - 1g) L. Thus, ¢ is well-defined. It is
similar and routine to verify that it is an ordered field homomorphism. Finally, to show it is one-
to-one, suppose that ¢(q1) = ©(g2) for g1, g2 € Q. Using the homomorphism property, this means
o1 —q2) = o(q1) — (g2) = 0. Let gy — g2 = ™; thus, we have (%) = (m-1r)- (n-1p) " = Op.
But then, multiplying through by the non-zero (by Lemma([I.13)) element n- 1z, we have m-1p = Op,
and again by Lemma it follows that m = 0. but this means ¢; — ¢z = ™ = 0,50 q1 = @o.

Thus, ¢ is injective. U

Thus, we will from now on think if QQ as a subset of any ordered field.

In Lecture 1, we saw that Q “has holes”. In example[I.5] we found two subsets A, B C Q with
the property that B = the set of upper bounds of A, A = the set of lower bounds of B, and A has
no maximal element, while B has no minimal element. Thus, sup A and inf B do not exist. This
turns out to be a serious obstacle to doing the kind of analysis we’re used to in calculus, so we’d
like to fill in these holes. This motivates our next definition.
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3. Lecture 3: January 11, 2016

DEFINITION 1.15. An ordered set (S, <) is called complete if every nonempty subset & #
E C S that is bounded above possesses a supremum sup E € S. We also denote this by saying
that (S, <) has the least upper bound property.

We could also formulate things in terms of inf, with the greatest lower bound property. Exam-
ple|1.5|demonstrates how these two are typically related. In fact, they are equivalent.

PROPOSITION 1.16. An ordered set (S, <) has the least upper bound property if and only if,
for every nonempty subset & # ' C S that is bounded below, inf F' € S exists.

PROOF. We will argue the forward implication: the least upper bound property implies the
greatest lower bound property. The converse is very similar.

Let F' # & be bounded below; then L = {lower bounds for F'} is a nonempty subset of S. If
x € Land y € F, then z < y, which shows that every y € F'is an upper bound for L. Thus, L is
bounded above and nonempty; by the least upper bound property of S, o = sup L € S exists. By
definition of supremum, if * < ¢ then x is not an upper bound for L; since every element of F' is
an upper bound for L, this means that such x is not in /. Taking contrapositives, this says that if
z € I'then x > 0. So o is a lower bound for F' —i.e. 0 € L. This shows that 0 = max L: i.e. 0 is
the greatest lower bound of F': ¢ = inf F'. So inf I exists, as claimed. 0J

Let us now prove some important properties that complete ordered fields possess — properties
that are critical for doing all of analysis.

THEOREM 1.17. Let | be a complete ordered field.

(1) (Archimedean) Let x,y € F with x > 0. Then there exists n € N so that nx > .
(2) (Density of Q) Let x,y € IF, with x < y. Then there exists v € Q so that x < r < y.

A field with property (1) is called Archimedean. It tells us (by setting x = 1) that the set N is
not bounded above in the field: there is no y € [F that is > every integer. It also tells us (by setting
y = 1) that there are no “infinitesimals” — that is, no matter how small a positive number z is, there
is always a positive integer n such that 0 < % < . This is an absolutely crucial property for a field
to have if we want to talk about limits. And it does not hold in every ordered field.

EXAMPLE 1.18. In the field Q(¢) of rational functions with rational coefficients, it is always
possible to uniquely express a function f(¢) € Q(¢) in the form f(t) = X - % where A € Q and
p(t), q(t) are monic polynomials: their highest order terms have coefficient 1. This allows us to

define an order on Q(¢): say f(t) < g(t) iff g(t) — f(t) = )\% where p(t), q(t) are monic and

A > 0. (This is the same as insisting that the leading coefficients of the numerator and denominator
of f(t) — g(t) have the same sign.) For example 57227 > (0 while =5 =2%+7 < (. Then it is
easy but laborious to check that this makes Q(¢) into an ordered field. Note: t —n =1- 52 >0
for any integer n; this means that, in the ordered field Q(t), the element ¢ is greater than every
integer. Le. the set Z C Q(t) actually has an upper bound (e.g. t) in Q(¢). This means Q(¢) is a

non-Archimedean field. In particular, by Theorem|1.17, Q(¢) is not a complete ordered field.

PROOF OF THEOREM [[L17]. (1) Suppose, for a contradiction, there there is no such n: that is,
nx <y forevery n € N. Let £ = {nz: n € N}. Then our assumption is that y is an upper bound
for E, so E is bounded above. It is also non-empty (it contains z, for example). Thus, since F is
complete, it follows that & = sup F exists. In particular, since &« — x < «, this means that o« — x is
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not an upper bound for £, so there is some element e € F with « — x < e. There is some integer
m € N so that e = mx, so we have @ — x < ma. Butthen o < (m + 1)z, and (m + 1)z € E.
This contradicts o = sup £ being an upper bound. This contradiction proves the claim.

(2) Since y — x > 0, by (1) there is an n € N so that n(y — =) > 1. Now, letting y = +nz and
applying (1) again, we can find two positive integers mq, my € N so that m; > nx and me > —nux;
in other words

—mMeo < NT < Mjy.
This shows that the set {k € Z: nx < k < mj;} is finite: it is contained in the finite set {—m. +
L, —mo+2,...,mq}. So,letm = min{k € Z: nx < k}. Thensincem —1 € Zandm —1 < m,
we must have m — 1 < nx.

Thus, we have two inequalities:

n(y —z) > 1, m—1<nxr<m.

Combining these gives us
nr<m<nr+1<ny.

m

Dividing through by (the positive) n shows that z < = < y, so setting r = “* completes the
proof. U

Here is another extremely important property that holds in ordered fields; this is crucial for
doing calculus.

PROPOSITION 1.19. Let F be a complete ordered field. For eachn € N, let a,,, b, € F satisfy

@ <a3 < <ap <o <by <o < by < by

Further, suppose that b, — a, < % Then (), cyl@n, by is nonempty, and consists of exactly one

point.

This is sometimes called the nested intervals property. It is actually equivalent to the least
upper bound property. On HW2, you will prove the converse.

PROOF. By construction, b; is an upper bound for {a,: n € N}, which is a nonempty set.
Thus, by completeness, « = sup a,, exists in F. Since « is an upper bound for {a,}, we have
a, < a for every n. On the other hand, since b,, > a,, for every m,n, b,, is an upper bound for
{an}, and since « is the least upper bound, it follows that o < b,, as well. Thus « € [a,, b,] for
every n, and so it is in the intersection.

Now, suppose 5 € (), [an, by]. Then either o < 3, a > 3, or a = . Suppose, for the moment,
that « < (. Then we have a, < a < g < b, for every n, and since b, — a,, < %, it follows
that 0 < f —a < % for every n. But this violates the Archimedean property of FF. A similar
contradiction arises if we assume o > (5. Thus a = [, and so « is the unique element of the
intersection. 0

Note: in the setup of the lemma, it is similar to see that the intersection consists of inf,, b,; so
sup,, a, = inf, b,.
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4. Lecture 4: January 14, 2014

We have now seen several properties possessed by complete ordered fields. We would hope to
find some examples as well. Here comes the big punchline.

THEOREM 1.20. There exists exactly one complete ordered field. We call this field R, the Real
numbers.

We will talk about the proof of Theorem [I.20as we proceed in the course. The textbook rele-
gates an existence proof to the end of Chapter 1, through Dedekind cuts. This is an old-fashioned
proof, and not very intuitive. We are not going to discuss it presently. Once we have developed a
little more technology, we will prove the existence claim of the theorem using Cauchy’s construc-
tion of R (through sequences).

We can, however, prove the uniqueness claim. To be precise, here is what uniqueness means
in this case: suppose [F and G are two complete ordered fields. Then there exists an ordered field
isomorphism p: F — G. That means ¢ is an ordered field homomorphism that is also a bijection.
So, from the point of view of ordered fields, [F and G are indistinguishable.

The first question is: given two complete ordered fields I and G, how do we define p: F — G?
By Corollary Q embeds in each of F and G via Q - 1y and Q - 1. So we can define ¢ as a
partial function by its action on Q:

o(rly) = rlg, re Q.

The question is: how should we define ( on elements of I that are not necessarily in Q - 1x? Well,
let z € F\ Q. By Theorem 2), there are rationals a,,, b,, € Q such that

1 1
r— —lp<aplp <z <b,lp <zx+ —1p.
2n 2n

In particular, b, — a, < % We should do this carefully and also make sure that a; < ay <

- < by < by — this can be achieved by choosing the a,, and b,, successively, increasing the a,,
or decreasing the b, each step as needed. It follows from Proposition that (), [an1c, bnlG]
contains exactly one point, & = sup,,(a,1g) = inf,(b,1g). So we define

olz) = a.

Note: if x € Q, then x - 1 is the unique element in the intersection, meaning that we can take the
above nested intervals definition as the formula for ¢ on all of [F, not just the irrational elements.
This will be our starting point.

THEOREM 1.21. IfF and G are two complete ordered fields, then there exists an ordered field
isomorphism ¢: F — G.

PROOF. Following our outline from above, we define ¢ as follows. To begin, using the dense-
ness of Q in IF, select aq, by € Q so that

1 1
x—§1F<a11F<x<b11F<x—l—§1F.

Now proceed inductively: once we’ve constructed a4, ..., a,_1 and by, ..., b, 1, choose a, and b,
so that

1 1
max<xr — —1lp,ayp_1 ¢ < aplyg <z < b,lp <min x+ —1p,b,_1 . (1.1)
2n 2n
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Thenwehave a; < ax < --- < a, <-+--<b, <---<by < by, and also

b < +11 11 !
n — Qn T+ — — |- — = —.
QnF 2n]F n

So by the nested intervals property Proposition (1.19|applied in the field G, we have

(lanle, bule] = {a}
neN
where o = sup,, a,,1¢ = inf, b, 1. We thus define p(z) = a.
Now we must verify that:

e pis well-defined: if o/, I/, are some other rational elements satisfying (I.1) then sup,, a,, 1 =

nr-n

sup,, @, 1. In fact, this follows because we also then have the mixed inequalities

| , |
$——1F<anlﬂ:<$<bnlm<$+—1[@
2n 2n

and, as above, we have sup,, a,, 1¢ = inf,, b, 1g = sup,, a,1¢.

e © is an ordered field homomorphism. This is laborious. Let’s check one of the field
homomorphism properties: preservation of addition. Let x,y € F, and let a,, < x < b,
and ¢, <y < d, where b, —a,, < 3= < = andd, — ¢, < 3= < =. Then (z) = sup,, a,
and ¢(y) = sup,, ¢,. Now, on the other hand, we have

1 1 1
n n < <bn dn7 d bn dn_ n n:bn_n dn_n<_ o = -
an+c, < T+y + and (b, +d,)—(an+cn) = (bn—an)+(dn—cn) 5 o =2
It follows that p(z + y) = sup(a, + ¢,). So, to see that p(z + y) = v(x) + ¢(y), it
suffices to show that

ifa, T &c, 1T then sup(a, + c,) = supa, + sup c,.

This is also on HW2. The other ordered field homomorphism properties are verified
similarly.

e ¢ is a bijection. First, suppose that x # y € F. Then either x < y or x > y; wlog = < y.
Since ¢ is an ordered field homomorphism, it follows that p(z) < ¢(y). In particular,
o(x) # ¢(y). A similar argument in the case = > y shows that ¢ is one-to-one.

Now, fix y € G. For each n, choose a,,b, € Q nested so that b, — a, < % and
apleg < y < bylg. Mirroring the above arguments, we know that a = sup,, a,ly €
N, [an1r, b, 15]. Since a,1p < a < b,lp, we have a, 1 = p(a,lr) < ¢(a) < @(b,lr) =
bnlg. Thus ¢(a) € (), [anle, bylg], and this intersection consists of the singleton element
y, by Proposition[I.19] Hence, ¢(a) = y, and so ¢ is onto.

0J

So, we see that there can be only one complete ordered field. (They’re like Highlanders.) A
priori, that doesn’t preclude the possibility that there aren’t any at all. To prove that R exists, we
need to first start talking about convergence properties of sequences. That will be our next task.

Before proceeding, let’s return to our motivation for studying sup and inf and introducing
completeness: we wanted to fill the “hole” in (Q where V2 should be. To see that we’ve filled
at least that hole, the next result shows that R (the complete ordered field) contains square roots,
and in fact nth roots, of all positive numbers. First, let’s state some standard results on “absolute
value”.
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LEMMA 1.22. Let IF be an ordered field. For x € ¥, define (as usual)
x, ifr >0
x| =

—z, ifx <0

Then we have the following properties.
(1) Forallz € F, |x| >0, and |z| = 0 iff v = 0.
(2) Forall z,y € F, |z +y| < |z| + |y|.
(3) Forall v,y € F, |vy| = |2|ly|.

All of these properties are straightforward but annoying to prove in cases. We will use the
absolute value frequently in all that follows.

THEOREM 1.23. Letn € N, n > 1. Forany x € R, x > 0, there is a unique y € R, y > 0, so
that y" = x. We denote it by y = x'/™.

PROOF OF THEOREM [L.23] First, for uniqueness: let y; # vy, be two positive real numbers,
wlog y1 < yo. Then yf = y1y1 < 112 < Y2¥2 = ¥5; continuing by induction, we see that 37" < 7.
That is: the function y — 3" is strictly increasing. In particular, it is one-to-one. It follows that
there can be at most one y with y" = x.

Now for existence. Let £ = {y € R: y > 0,y" < x}.

o E# & mnote thatt = 55 € (0,1). This means that 0 < ™ < ¢, and so since -1 <=,
we have 0 < t" < x, meaning thatt € F.

e F is bounded above: let s = 1 4 . Then s > 1, and so s > s > x. Thus, if y € E, then
y" <z < s andso 0 < s" —y" = (s —y)(s" L+ 8" 2y + -+ +y"1). The sum of
terms is strictly positive, so we can divide out and find that s — y > 0. Thus s is an upper
bound for F.

Hence, by completeness of R, @ = sup £ exists. Since « is the least upper bound, it follows that,
for each k, there is an element vy, € E such that i, > o — % Since y;; < x, we therefore have

1 n
(a—E) <yp <z, forall k£ € N.

But we can expand

(=) =20 () =i 0 ()
k —\j k kg \J k

Thus, we have

<
I

and so, applying the triangle inequality — Lemma 2) —repeatedly, we have

S0 () e 50 ()

a" < x4+ —
=1 j=1

k

Note that n is fixed, and % < 1, so for k > 1 we have (%)j_l <1l.LetM=>7_, (") o™ *: then

J
we have \ \
Vk € N a”<x+?; ie. a”—a:<?.
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By the Archimedean property, it follows that o™ — = < 0; thus, we have shown that o < z

On the other hand, let y € E. Then for any k£ € N we have, by similar calculations,

1\" 1<~ /n 1\ 1 < /n .
) —.ng = n—j [ = < L. n—j_
(i) =i () () = ()
7j=1 7j=1
Since y € E, we know y" < x,s0€e =z —y" > 0. Let L = Z?Zl (?)y”‘j, which is a positive
constant; by the Archimedean property, there is some £ € N so that % - L. < €. Thus, for such £,
+ L) <y"+ L <y'+e=
That is: y + % € E. Buty + % > y. That is, for any y € F, there is ¢y > y withy € E. So E has
no maximal element. This shows that o ¢ E, and hence o > x.
In conclusion: we’ve shown that o < x and x < o". It follows that o™ = z. O

On Homework 2, you will flesh out extending this argument to defining =" for x > 0 in R and
r € Q, and then extending this further to define ¥ for x > 0 and y € R. One can use similar
arguments to define log, (z) for x,b > 0. We will wait a little while until we have a firm grounding
in sequences and limits before rigorously developing the calculus of these well-known functions.






CHAPTER 2

Sequences and Limits

1. Lecture 5: January 19, 2016

DEFINITION 2.1. Let X be a set. A sequence in X is a function a: N — X. Instead of the
usual notation a(n) for the value of the function at n € N, we usually use the notation a,, = a(n);
accordingly, we often refer to the function as (ay)nen OF {ay }nen, or (When being sloppy) simply

(ay) or{a,}.

In ordered fields, we can talk about limits of sequences. The following definition took half a
century to finalize; its invention (by Weierstra}) is one of the greatest achievements of analysis.

DEFINITION 2.2. Let F be an ordered field, and let (a,,) be a sequence in F. Let a € F. Say
that a,, converges to a, written a,, — a or lim,,_, a,, = a, if the following holds true:

Ve >03dN € Ns.t. Vn > N |a, —a| < e.

Let’s decode the three-quantifier sentence here. What this say is, no matter how small a toler-
ance € > () you want, there is some time /N after which all the terms a,, (for n > N) are within €
of a. Some convenient language for this is:

Given any ¢ > 0, we have |a,, — a| < € for almost all n.

Here we colloquially say that a set S C N contains almost all positive integers if the complement
N\ S is finite. This is equivalent to saying that, after some NV, all n > N are in S. So, the limit
definition is that, for any positive tolerance, no matter how small, almost all of the terms are within
that tolerance of the limit.

If (a,) is a sequence and there exists a so that a, — a, we say that (a,,) converges; if there is
no such a, we say that (a,,) diverges. Here are some examples.

EXAMPLE 2.3. Consider each of the following sequences in an Archimedean field.

(1) a, = 1 converges to 1. More generally, if (a,) is equal to a constant a for almost all 7,
then a,, — a.

2) a, = % converges to 0.

3)a,=n+ % diverges.

4) a, = (—1)™ diverges.

B a, =1+ %(—1)” converges to 1.

(6) a, = 2% (defined for n > 1) converges to 7.

In all these examples, we proved convergence (when the sequences converged) to a given value.
However, a priori, it is not clear whether it might also have been possible to prove convergence to
a different value as well. This is not the case: limits are unique.

LEMMA 2.4. Let IF be an ordered field, and let (a,,) be a sequence in F. Suppose a,b € F and
a, — aand a, — b. Then a = b.

19
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PROOF. Fix € > 0. We know that there is N} so that |a,, — a| < § for all n > Ny, and there is
Ny so that |a,, — b| < § for all n > Nj. Thus, for any n > max{N;, N2}, we have
€
2
Now, suppose that a # b. Thus a — b # 0, which means that |a —b| > 0. So we can take € = |a — 0|
above, and we find that |a — b| < |a — b| — a contradiction. Hence, it must be true thata = b. [

|a—b|:|a—an—|—an—b]§|a—an\+\an—b]<§+ — e

REMARK 2.5. Note, in an Archimedean field, we are free to restrict € = % for some k € N;
that is, an equivalent statement of a,, — a 1s

Given any k € N, we have |a, — a| < 1 for almost all n.

In non-Archimedean fields, this does not suffice. For example, in the field Q(¢), to show a,(t) —

a(t) it does not suffice to show that, for any k € N, |a,(t) — a(t)| < 1 for all sufficiently large n.
Indeed, what if a,,(f) — a(t) = 3? This does not go to 0, but it is <  for all k& € N. Similarly, the

sequence a,, = % diverges in a non-Archimedean field.
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2. Lecture 6: January 21, 2016

PROPOSITION 2.6. Let F be a complete ordered field. Let (a,) be a sequence in F, and suppose

an T (i.e. ap, < an4q for all n) and bounded above. Let oo = sup{a,}. Then a,, — «. Similarly, if
b, | and bounded below, then = inf{b,} exists and b, — p.

PROOF. Since F is a complete field, « = sup{a,} exists in F. Lete > 0. Then o — € < a,
and so by definition there exists some element ay € {a,} so that @« — € < ay < . Now, suppose
n > N; then a,, < « of course, but also since a,, T we have a,, > ay > a — €. Thus, we have
shown that |a,, — a| = o — a,, < e for all n > N, which is to say that a,, — .

The decreasing case is similar; alternatively, one can look at a,, = —b,,, which is increasing
and bounded above; then we have by the first part that —b,, = a,, — « where o = sup{—b,} =
—inf{a, } = —p. It follows that b, — —/3, using the limit theorems below.

O

In the proposition, we needed (a,) to be bounded (above or below); indeed, the sequence
a, = n is increasing, but not convergent. This is generally true: for any sequence to be conver-
gent, it must be bounded (above and below). A sequence that is either increasing or decreasing is
called monotone. So the proposition shows that monotone sequences either converge, or grow (in
absolute value) without bound.

This gives us a new perspective on the motivating example that began our discussion of sup and
inf. Consider, again, the sets A = {r € Q: r > 0,7 < 2}and B={r € Q: r > 0,7? > 2}. We
saw that the set of positive rationals is equal to A LI B, and therefore sup A and inf B do not exist
in Q. Note that the sequence 1,1.4,1.41,1.414,1.4142,1.42431, ... is in the set A. We recognize
the terms as the decimal approximations to v/2. This sequence looks like it’s going somewhere;
but in fact the only place it can go is stuck in between A and B, which is not in Q. The question
is: why does it look like it’s going somewhere?

DEFINITION 2.7. A sequence (a,,) in an ordered set is called Cauchy, or is said to be a Cauchy
sequence, if
Ve > 03N € Ns.t. Vn,m > N a, — an| < e

That is: a sequence is Cauchy if its terms get and stay close to each other. That is: for any
given tolerance € > 0, there is some time /N after which all the terms are within distance € of ay.
This notion is very close to convergence. Indeed:

LEMMA 2.8. Any convergent sequence is Cauchy.

PROOF. Let (a,) be a convergent sequence, with limit a. Fix ¢ > 0, and choose N large
enough so that |a,, — a| < § for n > N. Then for any n,m > N,
€ €
lay, — am| = lan, —a+a —ay| <l|a, —a| + |a, — a <gtgz=e

Hence, (a,,) is Cauchy. O
But the converse need not be true.

EXAMPLE 2.9. In Q, the sequence 1,1.4,1.41,1.414,1.4142,1.42431, ... is Cauchy. Indeed,
by the definition of decimal expansion, if a, is the n-decimal expansion of a number, then a,,41
and a,, agree on the first n digits. This means exactly that |a,, — a,| < 10%1 for any m > n. So,
fix ¢ > 0. We can certainly find N so that 1(+N < € (since, for example, 1(+N < %). Thus, for

1 1
n,m>N,Wehave |an—am| < Tomim{m,n} < oV < €.
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Here are some more important facts about Cauchy sequences. Note that, by Lemma any
fact about Cauchy sequences is also a fact about convergent sequences.

PROPOSITION 2.10. Let (a,,) be a Cauchy sequences. Then (a,,) is bounded: there is a constant
M > 0 so that |a,| < M for all n.

PROOF. Taking € = 1, it follows from the definition of Cauchy that there is some N € N so
that |a,, — a,,| < 1 for all n,m > N. In particular, this shows that |a,, — ax,1| < 1 foralln > N,
which is to say that ay,1 — 1 < a, < ays1 + 1. Hence |a,| < max{|ayy1 — 1|, |ani1 + 1|}

for n > N. So, define M = max{|a1],...,|an|,|ans1 — 1|,lans1 + 1]}. If n < N, then
la,| < M since |a,| appears in this list we maximize over; if n > N then, as just shown, |a,| <
max{|ayi1 — 1|, |ays1 + 1|} < M. The result follows. O

Another useful concept when working with sequences is subsequences.

DEFINITION 2.11. Let {ny: k € N} be a set of positive integers with the property that ny, <
Nkt for all k; that is ny, is an increasing sequence in N. Let (a,) be a sequence. The function
k — a,, is called a subsequence of (a,,), usually denoted (ay,,).

EXAMPLE 2.12. (a) Let a, = . Then ay, = 5- and agn = 5 are subsequences. How-
ever

. Qn if n is odd
" an/2 if nis even

is not a subsequence of (a,,). Indeed, by, = a,,, where (n;)5>;, = (1,1,3,2,5,3,7,4,9,5,...

and this is not an increasing sequence of integers.
(b) Let a,, = (—1)". Then ay, = 1 and ay,.; = —1 are subsequences.

Here is an extremely useful fact about the indices of subsequences: if (1) is an increasing
sequence in N, then ny > k for every k. (This follows by a simple induction.)

PROPOSITION 2.13. Let (a,,) be a sequence in an ordered set, and (a,, ) a subsequence.

(1) If (ay) is Cauchy, then (a,, ) is Cauchy.

(2) If (an) is convergent with limit a, then (a,, ) is convergent with limit a.

(3) If (a,) is Cauchy, and (a,, ) is convergent with limit a, then (a,,) is convergent with limit
a.

PROOF. For (1): fixe > 0 and let N € N be chosen so that |a,, — a,,| < € for n,m > N. Then
whenever k, ¢ > N, we have ny, > k > N and n, > ¢ > N, so by definition |a,, — a,,| < €. Thus
(ay,) is Cauchy. The proof of (2) is very similar. Item (3) is on HW3. O

Before proceeding with the theory of Cauchy sequences, here are some useful facts about
convergent sequences sequences.

THEOREM 2.14. Let (a,,) and (b,) be convergent sequences in an ordered field IF.

(1) If a,, < b, for all sufficiently large n, then lim,, a,, < lim,, b,,.

(2) (Squeeze Theorem) Suppose also that lim,, a,, = lim,, b,,. If (¢,,) is another sequence, and
a, < ¢, < by, for all sufficiently large n, then (c,,) is convergent, and lim,, ¢,, = lim,, a,, =
lim,, b,,.
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PROOF. Let ¢ = lim, a,, and b = lim, b,. For (1), fix ¢ > 0. There is N, € N so that
lan, — a| < § forn > N,, and there is NV, € N so that |b, — b| < § for n > N;. Thus, letting
N = max{N,, Ny}, we have a, —a > —5 and b, — b < § forn > N. But then

€ €
a, — b, > a 5 b 2—a b—e.
Since a,, < b, for all large n, we therefore have 0 > a,, — b,, > a — b — € for such n, and therefore
a — b — € < 0. This is true for any ¢ > 0, and therefore a — b < 0, as claimed.

For (2), we have a = b. Choosing N,, Ny, and N as above, we have —5 < a, —a < ¢, —a <
by —a < §foralln > N. Thatis: |c, —a| < § < eforall n > N. This shows ¢, — a, as
claimed. O

Cauchy sequences give us a way of talking about completeness that is not so wrapped up in the
order properties. As discussed in Example [2.9|last lecture, the “hole” in Q where v/2 should be is
the limit of a sequence in (Q which is Cauchy, but does not converge in Q. Instead of filling in the
holes by demanding bounded nonempty sets have suprema, we could instead demand that Cauchy
sequences have limits.

DEFINITION 2.15. Let S be an ordered set. Call S Cauchy complete if every Cauchy sequence
in S actually converges in S.

Q is not Cauchy complete. But, as we will see, R is. In fact, Cauchy completeness is equivalent
to the least upper bound property in any Archimedean field. We can prove half of this assertion
now.
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3. Lecture 7: January 26, 2016

THEOREM 2.16. Let IF be an Archimedean field. If F is Cauchy complete, then IF has the nested
intervals property and hence is complete in the sense of Definition|l.1)5|

PROOF. That the nested intervals property implies the least upper bound property is the content
HW?2 Exercise 3; so it suffices to verify that F has the nested intervals property. Let (a,,) and (b,)
be sequences in F with a,, 1, b, |, a, < b,, and b,, — a,, < % Fix € > 0, and let N € N be large
enough that % < € (here is where the Archimedean property is needed). Thus, forn > N, we have
b, —a, < % < % < €. Then for m,n > N, wlog m > n, we have

an < Gy, < by,

and so it follows that |a,, — a,,| = a,,, — a, < b, — a,, < €. Thus (a,) is a Cauchy sequence. By
the Cauchy completeness assumption on [F, we conclude that a = lim,, a,, exists in [F.

Now, fix ng, and note that since a,, > an, for n > ng, Theorem [2.14(1) shows that a =
lim, a, > a,, (thinking of a,, as the limit of the constant sequences (G, @y, - -.)). Similarly,
since a,, < by, for all n, it follows that a < b,,. Thus a € [, [ay, b,], proving this intersection
is nonempty. As usual, it follows that the intersection consists only of {a}. Indeed, if z,y €
M,,[an, by], without loss of generality label them so that z < y. Thus a,, < z <y < b, for every
n. For given € > 0, choose n so that b, — a,, < e;theny —x <e€. So0 <y —x < e forall e > 0;
it follows that x = y. This concludes the proof of the nested intervals property for S. U

REMARK 2.17. The use of the Archimedean property is very subtle here. It is tempting to
think that we can do without it. This is true if we replace the nested intervals property by a slightly
weaker version: say an ordered S satisfies the weak nested intervals property if, given a,, T, b, |,
an, < by, and b, — a, — 0, then () [a,, by,] contains exactly one point. (This is weaker than the
nested intervals property, because the assumption is stronger: we’re assuming b,, — a,, — 0 here,
while in the usual nested intervals property we assume that b, — a, < %, which does not imply
b, — a,, — 0 in the non-Archimedean setting.) The trouble is: this weak nested intervals property
does not imply the least upper bound property in the absence of the Archimedean property. In
fact, there do exist non-Archimedean fields (which therefore do not have the least upper bound
property), but are Cauchy complete. (We may explore this a little later.) This is a prime example
of how counterintuitive analysis can be without the Archimedean property. Soon enough, we will
once-and-for-all demand that it holds true (in the Real numbers), and dispense with these weird
pathologies.

We would like to show the converse is true: that the least upper bound property implies Cauchy
completeness. (This turns out to be true in any ordered set: after all, the least upper bound prop-
erty implies the Archimedean property in an ordered field.) Then we could characterize the real
numbers as the unique Archimedean field that is Cauchy complete. To do this, we need to dig a
little deeper into the connection between limits and suprema / infima.

DEFINITION 2.18. Let S be an ordered set with the least upper bound property. Let (a,) be a
bounded sequence in S. Define two new sequences from (a,):

ay = sup{a,: n > k}, a, = inf{ag: n > k}.

Since {a,} is bounded above (and nonempty), by the least upper bound property Gy, exists for each
k. Similarly, by Proposition[I.16} a, exists for each k.

Note that {a,: n > k+ 1} C {a,: n > k}. Thus @y, is an upper bound for {a,,: n > k + 1}.
It follows that @y, is > the least upper bound of {a,: n > k + 1}, which is defined to be Gy 1.
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This means that a;, > a1 the sequence ay, is monotone decreasing. Similarly, the sequence a,, is
monotone increasing.

By assumption, {a,} is bounded. Thus there is a lower bound a, > L for all n. Since
a; > ap > ap > L for all k, the sequence ay, is also bounded. Similarly, the sequence a; is
bounded.

Thus, ay is a decreasing, bounded-below sequence. By Proposition[2.6] limy,_,, ay, exists, and
is equal to inf{ay}. Similarly, limy,_,, a, exists, and is equal to sup{a, }. We define

limsupa, = lim @, = lim sup{a,: n > k} = inf supa,
00 n—00 k—o0 keN >k

liminf a, = lim @, = lim inf{a,: n > k} = sup inf a,.
n—00 n—00 k—o00 keN N>k
EXAMPLE 2.19. Let a,, = (—1)". _Note that —1 < a,, < 1 for all n. Now, for any k, there
is some k' > k so that byy = 1. Thus b, = sup,,>; ax = 1. Similarly b, = —1 for all k. Thus
limsup,, b, = 1 and lim inf b,, = —1.

Here are a few more examples computing lim sup and lim inf.

EXAMPLE 2.20. (1) Let a,, = . Since a, |, @& = sup,>,an = a, = 3. Thus
lim sup,, a,, = limy, a; = 0. On the other hand, for any &, inf, a;, = 0 (by the Archimedean
property), and so lim inf,, a,, = lim; 0 = 0. In this case, the lim sup and lim inf agree.

(2) Let b,, = D" Note that —1 < b, < 1 for all n, and more generally |b,| < % For

n

any k, we therefore have b, = sup{b,: n > k} < sup{|b,|: n > k} = { and similarly
b, > —%. Now, b, < by, (the sup of any set is > its inf). Thus

1 - 1
Since i% — 0, it follows from the Squeeze Theorem that limy, b, = limy, b = 0. Thus
lim sup,, b, = liminf,, b, = 0.

(3) The sequence (1,2,3,1,2,3,1,2,3,...) has limsup = 3 and liminf = 1.

(4) Let ¢, = n. This is not a bounded sequence, so it doesn’t fit the mold for lim sup and
lim inf. Indeed, for any k, sup,,~; n does not exist for any £, and so lim sup,, ¢,, does not
exist. On the other hand, infnzlg a, = k does exists, but this sequence is unbounded and
has no limit, so liminf ¢,, does not exist. This highlights the fact that we need both and
upper and a lower bound in order for either lim sup or lim inf to exist.

In (1) and (2) in the example, lim sup and lim inf agree. This will always happen for a conver-
gent sequence.

PROPOSITION 2.21. Let (a,) be a bounded sequence. Then lim,, a,, exists iff limsup,, a,, =
liminf,, a,, in which case all three limits have the same value.

PROOF. Suppose that lim sup,, a,, = liminf,, a,. Thus g, and @; both converge to the same
value. Since a; < a; < @ for each k, by the Squeeze Theorem, ay, also converges to this value, as
claimed. Conversely, suppose that lim,, a,, = a exists. Let ¢ > 0, and choose N € N large enough
that |a,, — a| < e forall n > N. That is

a—e<a,<a+e, n > N.

It follows that

a—e€e<infa, <supa, <a-+e, k>N
n>k n>k
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which shows that both @, and a,, are in [a — €, a + €] for k > N. Thus they both converge to a, as
claimed. U

As with sup and inf, there is a useful trick for transforming statements about lim sup into
statements about lim inf.

PROPOSITION 2.22. Let (a,,) be a bounded sequence. Then liminf, (—a,) = — lim sup,, a,.

PROOF. Recall that, for any bounded set A, if —A = {—a: a € A}, then sup(—A) = —inf A
and inf(—A) = —sup A. Now, Let b,, = —a,,. Then b, = inf{b,,: n > k} = inf{—a,: n >k} =
—sup{a,: n >k} = —ay. Thus

liminf b, = sup{b,: k € N} =sup{—ay: k € N} = —inf{a;: k € N} = —limsup a,.
n—oo

n—oo

Here is a useful characterization of lim sup and lim inf.

PROPOSITION 2.23. Let (a,) be a bounded sequence in a complete ordered field. Denote
a = limsup, a, and a = liminf, a,. Then @ and a are uniquely determined by the following
properties: for all e > 0,
a, < a+ € for all sufficiently large n, and
a, > a — € for infinitely many n,
and
an, < a+ € for infinitely many n, and
an, > a — € for all sufficiently large n.
PROOF. This is an exercise on HW4. U
To put this into words: there are many “approximate eventual upper bounds” for the sequence:
numbers a large enough that the sequence eventually never gets much bigger than a. The lim sup,
a, is the smallest approximate eventual upper bound: it is the unique number that the sequence

eventually never strays far above, but also regularly gets close to from below. Similarly, the lim inf,
a, 1s the largest approximate eventual lower bound.
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4. Lecture 8: January 28, 2016

This brings us to an important understanding of lim sup and lim inf: they are the maximal and
minimal subsequential limits.

THEOREM 2.24. Let (a,) be a bounded sequence in a complete ordered field. There exists
a subsequence of (a,,) that converges to limsup,, a,,, and there exists a subsequence of (a,,) that
converges to liminf,, a,,. Moreover, if (by) is any convergent subsequence of (a.,), then

liminf a, < lim b, < limsup a,.
n—00 k—ro0 n—00

PROOF. Let @ = lim sup,, a,,. By Proposition for any k£ € N there are infinitely many n
so that a,, > @ — % So, we proceed inductively: choose some n; so that a,, > @ — 1. Then, since
there are infiniely many of them, we can find some ny > n; so that a,, > a — % Proceeding, we
find an increasing sequence n; < ng < --- < n, < --- sothata, > a— % for each k € N. We
therefore have

a— — < ap, < SUP Ay, = Ay, - 2.1

m>ng

=

Note that (a,, ) is a subsequence of (@, ) which converges to a; thus, by Proposition[2.13] limy, @, =
a. Hence, by (2.1)) and the Squeeze Thoerem, it follows that a,,, — @, and we have constructed the
desired subsequence. The proof for lim inf is very similar; alternatively, it can be reasoned using
Proposition [2.22]

Now to prove the inequalities. Let (b;) be a subsequence, so by, = a,,, for some m; < my <
mg < ---. Then

a,, = inf a, < b, < sup a, = Qp, .
* n2myg n>my

Thus, applying the Squeeze theorem, it follows that

liminf a, = lim q,, < lim b; < lim @, = limsupa,
n—>00 k—o0 k—o0 k—o0 N—00

as desired. O

This allows us to immediately prove our first “named theorem” in Real Analysis: the Bolzano-
Weierstrass Theorem.

THEOREM 2.25 (Bolzano-Weierstrass). Let (a,,) be a bounded sequence in a complete ordered
field, with a,, € [a, B] for all n. Then (a,,) possesses a convergent subsequence, with limit in [, [3].

PROOF. Let @ = limsup,, a,,. By Theorem [2.24} there is a subsequence (a,, ) of (a,) that
converges to a. Note, then, since a < a,, < [ for all £, it follows from the Squeeze Theorem that
a < limy a,, =a < 3, concluding the proof. O

This finally leads us to the converse of Theorem [2.16

THEOREM 2.26. Let ¥ be a complete ordered field (i.e. possessing the least upper bound prop-
erty). Then IF is Cauchy complete.

PROOF. Let (a,) be a Cauchy sequence in F. By Proposition[2.10} (a,,) is bounded. Thus, by
the Bolzano-Weierstrass theorem, there is a subsequence a,,, that converges. It then follows from
Proposition that (a,) is convergent, concluding the proof. UJ
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To summarize: we now have three equivalent characterizations of the notion of “completeness”
in an Archimedean field:

least upper bound property <= nested intervals property <= Cauchy completeness.

We also know, by the half of Theorem [I.20] we’ve proved, that such a field is unique. So, to finally
prove the existence of R, it will suffice to give a construction of a Cauchy complete field that is
Archimedean. The supplementary notes “Construction of R” describe how this is done in gory
detail.

Henceforth, we will deal with the field R, which satisfies all of the three equivalent complete-
ness properties.

Now comfortably working in R, let us state a few more (standard) limit theorems.

THEOREM 2.27 (Limit Theorems). Let (a,,) and (b,) be convergent sequences in R, with a,, —
a and b,, — b.

(1) The sequence c, = a, + b, converges to a + b.
(2) The sequence d,, = a,b, converges to ab.

(3) Ifb # 0, then b, # 0 for almost all n, and e,, = 3> converges to §.

PROOF. For (1), choose N,, N, € N so that |a, —a| < §ifn > N, and |b, — b] < § for
n > Ny. For any n > N = max{N,, N}, we then have |c, — (a + b)| = |(a,, — a) + (b, — b)| <
lan — a| + |b, — b| < § + § = ¢, proving that lim,, ¢, = a + b.

For (2), we need to be slightly more clever. Note that

|d,, — ab| = |anb, — ab| = |anb, — a,b+ a,b — abl < |a,||b, — b + |a, — al|b].

By Proposition [2.10} there is some constant M > 0 so that |a,| < M for all n. So, for € > 0, fix
N1 large enough that |b, — b| < 5% for all n > NNy, and fix N, large enough that |a,, — a| < ﬁ for
all n > N,. (If b = 0, we can take N, to be any number we like.) Then for N = max{ Ny, Ny}, if
n > N we have

€ €
— 4+ — - |b] = ¢,

d, — abl < b, — b —allb M -
|dn — ab| < |ay]|by |+ |an —al|b] < oM 2,{)‘

proving that lim,, d,, = ab.

For (3), first we need to show that (e,,) even makes sense. Note that e,, = 32 1s not well-defined
for any n for which b,, = 0. But we’re only concerned about tails of sequences for limit statements,
so once we’ve proven that b,, # 0 for almost all n, we know that e,, is well-defined for all large
n. For this, we use the assumption that b # 0, and so |b| > 0. Since lim, b, = b, there is an

Ny € N so that, for n > Ny, |b, — b| < %;i.e. —‘%' <b,—b< 19 and so b, <b—|—‘%|and

2 b

also b, > b — % Now, b # 0 so either b < 0 or b > 0. If b < 0, then |b| = —b in which case
b, < b+ @ =b— g = g < 0; that is, for n > Ny, b, < 0. If, on the other hand, b > 0, then
|b| = b, and so b, > b — @ =b— g = g > 0; that is, for n > Ny, b,, > 0. Thus, in all cases,

b, # 0 for n > Ny, proving the first claim.
For the limit statement, note that e, = a,, - ;-. So, by (2), it suffices to show that ;- —
Compute that

=

11 |b—b)
b b [ba]0]
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As shown above, there is Ny so that, for n > N, then b,, > % = % if b,, > 0 and b,, < g = —% if
b, < 0;i.e. this means that |b,| > @ for n > Ny. Hence, we have

1 1 |6, — b |b,, — b

— ——| = <2 > Np.

b b‘ N

By assumption, b, — b, and so we can choose N’ large enough that |b,, — b| < @e forn > N'.
Thus, letting N = max{Ny, N'}, we have
1 1 b, — b 2 |b)?

caln 2 BE

- =P N.
by b A

This proves that i — % as claimed. U

One might hope that Theorem [2.27] carries over to lim sup and lim inf; but this is not the case.

EXAMPLE 2.28. Consider the sequences a,, = (—1)" and b, = —a, = (—1)""'. Then
limsup,, a,, = limsupb,, = 1, liminf, a,, = liminf, b, = —1, but a,, + b, = 0 so limsup,, (a,, +
b,) = liminf,(a, + b,) = 0. Hence, in this example we have

—2 = liminf a,+lim inf b,, < liminf(a,+b,) = 0 = limsup(a,+b,) < limsup a,+limsupb,, = 2.
o0 n—o0

n—00 n— n—o00 n—o00 n—o00

The inequalities in the example do turn out to be true in general.

PROPOSITION 2.29. Let (a,) and (b,,) be bounded sequences in R The following always hold
true.

liminf(a, + b,) > liminf a, + liminfb,, and

n—oo n—oo n—oo
limsup(a, + b,) < limsup a,, + lim sup b,.
n—00 n—00 n—00

If a, > 0 and b, > 0 for all sufficiently large n, we also have the following.
liminf(a, - b,) > liminf a, - liminfb,, and
n—oo n—oo n—oo
limsup(ay, - b,) < limsup a,, - limsup b,.
n—oo n—oo n—o0
PROOF. The proofs of the lim sup inequalities are exercises on HW4. Assuming these, the
lim inf statements follow from Proposition For example, we have
liminf(a, + b,) = liminf[—(—a, — b,)] = — limsup|(—a,) + (=b,)].
n—oo n—oo n—oo
Since limsup,,[(—a,) + (=b,)] < limsup,,(—a,) + limsup, (—b,) by HW4, taking negatives
reverses the inequality, giving
—limsup[(—ay,) + (=b,)] > — limsup(—a,) — limsup(—b,,).
n—00 n—00 n—00
Now using Proposition [2.22] again on each term, we then have
liminf(a, + b,) > — limsup(—a,) — limsup(—b,) = liminf a,, + liminf b,
n—oo n—oo n—oo n—oo n—oo

as claimed. The proof of the inequality for products is very similar. ([l

Let us close out our discussion (for now) of limits of real sequences with a rigorous treatment
of the following special kinds of sequences.
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PROPOSITION 2.30. Let p > 0 and o € R.

1
(1) lim — = 0.

n—oo N,

() lim p'/" = 1.
n—oo

(3) lim n'/™ = 1.

n—o0
«

4) Ifp>land o € R, then lim LY

n—oo pt

() If |p| < 1, then lim p" = 0.
n—oo

PROOF. For (1): fix € > 0, and choose N € N large enough that % < €YP. Then for n > N,
% < % < €/P andso 0 < # = (%)p < €. This shows that n—lp — 0 as claimed.

For (2): as above, in the case p = 1 the sequence is constant 11/ = 1 with limit 1. If p > 1,
put 2, = p'/* — 1. Since p > 1 we have p'/* > 1 and so x,, > 0. From the binomial theorem,

then,
" /n
1+2,)" = xﬁzl—l—nwn.
(1+a,) ;(k)

By definition (1 4 z,,)" = p, and so

1 2t =1 —1
0<xn<(+x) _P .
n n

Knowing that p%l — 0, it now follows from the Squeeze Theorem that x,, — 0. This proves the
limit in the case p > 1. If, on the other hand, 0 < p < 1, thenr = % > 1,and p/™ = (%)1/71 =4

rl/n:
We have just proved that '/* — 1, and so it follows from Theorem 3) that p!/m — 1 = 1.
For (3): we follow a similar outline. Let z,, = n'/™ — 1, which is > 0 (and > 0 for n > 1). We

use the binomial theorem again, this time estimating with the quadratic term:

n=1+z,)" = i (Z)dj > (Z):c,i - @xg

k=1

Thus, we have (for n > 2)
2

0<az, <
= In = n—1

and by the Squeeze Theorem z,, — 0.
For (4): Choose a positive integer / > «. Letp = 1 + r, sor > 0. Applying the binomial
theorem again, when n > ¢ we have

RS o (A (S

k=0

Now, if we choose n > 2/, eachtermn — ¢ + 7 > gforl1 <j < ¢, and so in this range

n 1 nzf
p >a<§>“

ne nr et

«a
—_— = —n
pn TLET'E T.Z

Hence, for n > 2¢, we have
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.. Y4
This is a constant Z;—%

result.
Finally, for (5): the special case of (4) with o = 0 yields Tin — 0 when r > 1. Thus, with

Ip| < 1, setting r = ﬁ gives us |p"| = |p|™ — 0. The reader should prove (if they haven’t already)
that |a,,| — 0iff a,, — 0, so it follows that p” — 0 as claimed. O

times n® ¢, where o — ¢ < 0; applying part (1) with p = « — ¢ proves the






CHAPTER 3

Extensions of R (R and C)

1. Lecture 9: February 2, 2016

Now that we have a good understanding of real numbers, it is convenient to extend them a little
bit to give us language about certain kinds of divergent sequences.

DEFINITION 3.1. Let (a,) be a sequence in R. Say that a,, diverges to +oo or a,, — +00 if
VM >0dN € Ns.t.VVn > N a,, > M.

That is: no matter how large a bound M we choose, it is a lower bound for a,, for all sufficiently
large n. Similarly, we say that a,, diverges to —oo if —a,, — 400, this is equivalent to

VM >03dN € Ns.t.VVn > N a,, < —M.

The expressions a,, — Fo00 are also sometimes written as lim a,, = +00, and accordingly it
n—oo

is sometimes pronounced as a,, converges to +-oo.

EXAMPLE 3.2. The sequence a,, = n” diverges to +oo for any p > 0. Indeed, fix a large
M > 0. Then M'/? > 0, and by the Archimedean property there is an N € N with N > M/»,
Thus, for n > N, n > M7, and so a,, = n? > (M'/?)P = M, as desired.

On the other hand, the sequence (a,) = (1,0,2,0,3,0,4,0,...) does not diverge to +00: no
matter how large NV is, there is some integer n > N with a,, = 0. (Indeed, we can either take
n = N orn = N + 1.) This sequence diverges, but it does not diverge to +oo.

This suggests the we include the symbols +oc0 in the field R. We must be careful how to do
this, however. We have already proved that R is the unique complete ordered field, so no matter
how we add +oo, the resulting object cannot be a complete ordered field. In fact, it won’t be a
field at all, for we won’t always be able to do algebraic operations.

DEFINITION 3.3. Let R = RU {—00, +00}. We make R into an ordered set as follows: given
x,y € R, ifin fact v,y € R then we use the order relation from R to compare x,y. If one of the
two (say x) is in R, then we declare —oo < x < +o00. Finally, we declare —oo < +o0.

We make the following conventions. If a € R with a > 0, then 00 - a = a - 00 = +00; if
a € Rwith a < 0 then £00 - a = a - 00 = Foo. We also declare that a + (£00) = o0 for any
a € R, and that (+00) 4 (+00) = +00 while (—o0) + (—00) = —o0. We leave all the following
expressions undefined:

00
(+00) + (=00), (~00) + (00), =, 0 (d00), and (00) 0.
EXAMPLE 3.4. Let o, 8 € R with a > 0, and let a,, = n while b,, = —an + . Then

+o0, ifa<l
lim (a, + b,) = B, ifa=1.
n—oo

—oo0, ifa>1

33
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Hence the value of the limit of the sum depends on the value of av. However, Example shows
that a,, — +oo while a similar argument shows that b,, — —oo for any «, 5. So we ought to have

lim a, + lim b,” = "(4+00) + (—00).
n—oo n—oo

This highlights why it is important to leave such expressions undefined: there is no way to consis-
tently define them that respects the limit theorems.

We can also use these conventions to extend the notions of sup and inf to unbounded sets, and
the notions of lim sup and lim inf to unbounded sequences.

DEFINITION 3.5. Let E C R be any nonempty subset. If E is not bounded above, declare
sup ' = +oo; if F is not bounded below, declare inf E = —oo. We also make the convention that
sup(@) = —oo while inf(&) = +o0. (Note: this means that, in the one special case E = @, it is
not true that inf £ < sup F.)

Similarly, let (a,) be any sequence in R. If (a,,) is not bounded above, declare lim sup,, a,, =
+o0, if (a,) is not bounded below, declare lim inf,, a,, = —occ.

With these conventions, essentially all of the theorems involving limits extend to unbounded
sequences.

PROPOSITION 3.6. Using the preceding conventions, Lemma 2.4} Proposition[2.6] Proposition
2.13[2), Squeeze Theorem Proposition [2.21) Proposition 2.22] and Theorem [2.24] all gener-
alize to the cases where the limits in the statements are allowed to be in R rather than just R.
Moreover, Theorem [2.27|and Proposition|2.29 also hold in this more general setting whenever the
statements make sense. i.e. excluding the cases when the involved expressions are undefined (like
(+00) + (=00)).

PROOF. It would take many pages to prove all of the special cases of all of these results remain
valid in the extended reals. Let us choose just one to illustrate: Theorem 1): if lim,, a,, = a
and lim,, b, = b, then lim,,(a,, + b,) = a + b. We already know this holds true when a,b € R. If
a=+ocoand b = —o0, or a = —oo and b = +00, the sum a + b is undefined, and so we exclude
these cases from the statement of the theorem. So we only need to consider the cases that a € R
and b= +o00,a=tooand b € R,ora = b = +o0.

e a € Rand b = +o0: Since (ay,) is convergent in R, it is bounded; thus say |a,| < L.
Then fix M > 0 and choose N so that b, > M + L forn > N. Thus a, + b, >
—L+ (M+L)= M forn > N, and so a,, + b, — +00. The argument is similar when
b= —o0.

e a = +oo and b € R: this is the same as the previous case, just reverse the roles of a,, and
b,, and a and b.

ea =0b= +oo: let M > 0, and choose N; so that a, > M/2 for n > Nj; choose
Ny so that b, > M/2 for n > N,. Thus, for n > N = max{Ny, Ny}, it follows that
an + b, > M/2+ M/2 = M, proving that a,, + b,, — 400 as required. The argument
when a = b = —o0 is very similar.

O

Now we turn to a very different extension of R: the Complex Numbers. We’ve already dis-
cussed them a little bit, in Example [I.12[(3-3.5) and HW1.4, so we’ll start by reiterating that dis-
cussion. We will rely on our knowledge of linear algebra.
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DEFINITION 3.7. Let C denote the following set of 2 x 2 matrices over R:

cz{lZ:f]wweR}
Then C = spang{I, J}, where

10 0 -1
[:{o 1}’ J:{1 0 }
As is customary, we denote I = 1 and J = i. We can compute that J*> = —1I, so i*> = —1. Every

complex number has the form al + bi for unique a,b € R; we often suppress the 1 and write this
as a + 1b. We think of R C C via the identification a <+ a + 10 (so a is the matrix al ).

It is convenient to construct C this way, since, as a collection of matrices, we already have
addition and multiplication built in; and we have all the tools of linear algebra to prove properties
of C.

PROPOSITION 3.8. Denote 1¢ = I and Oc¢ the 2 X 2 zero matrix. Define + and - on C by their
usual matrix definitions. Then C is a field.

PROOF. Most of the work is done for us, since + and - of matrices are associative and distribu-
tive, and + is commutative, and 1¢ and O¢ are multiplicative and additive identities. All that we
are left to verify are the following three properties:

e C is closed under + and -, i.e. we need to check that if z,w € C then z + w € C and
z-w € C. Setting z = a + b and w = ¢ + id, we simply compute

+_a—b+c—d_a+c—b—d
U= 4 d ¢ | | b+d a+c

a —b c —d ac—bd —ad—be )
Zw:|:b a:||:d c :|:|:ad+bc aC—bd :|:(ac_bd)+<a/d+bc)7/€c

] =(a+c)+ (b+d)ieC,

e - is commutative: this follows from the computation above: if we exchange z < w,
meaning a <> c and b <> d, the value of the product z - w is unaffected, so z - w = w - z.

o If z € C\ {Oc} then 2! exists: here we use the criterion that a matrix z is invertible iff
det(z) # 0. We can readily compute that, for z € C,

det(z) = det { Z _ab } =a’ +

and this = 0 iff ¢« = b = 0 meaning a + tb = O¢.

Now more notation.

DEFINITION 3.9. Let z = a + ib € C. We denote a = R(z) and b = (z), the Real and
Imaginary parts of z. Define the modulus or absolute value of z to be

2] = /det(z) = Va2 + b2 = /R(2)2 + S(2)%

For z € C, its complex conjugate Z is the complex number zZ = R(2) —i3(z), in terms of matrices,
this is just the transpose z = z .
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Note that z+z = 2%(z) and z —z = 2iS(2). Since i is invertible (indeed i ! = —i), it follows
that

R(2) = 2%2—27 3(2) = Z;f. 3.1)

Note that, if z € C happens to be in R (meaning that Sz = 0 so z = R(z)), then |z| =

VR(2)240 = V22 = |z| corresponds to the absolute value in R; so the complex modulus
generalizes the familiar absolute value.
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2. Lecture 10: February 4, 2016
Here are some important properties of modulus and complex conjugate.

LEMMA 3.10. Let z,w € C. Then we have the following.

() z=z

Q) z+tw=zZ+wandzw =7 - W.

(3) 2z = |z~

@) [z = |z|.

(5) |zw| = |z||w|, and so |2"| = |z|" for all n € N.

() [R(2)| < [2] and [3(2)] < |z].
(D |z 4+ w| < |2| + |w].
8) |z| =0iff z=0.
(9) If 2 # 0 then 2z~ (which we also write as %) is given by
1 2
z2 = Fe
(10) If z # O then |27 Y = |z|71, and so |2"| = |z|" for all n € Z.

PROOF. (1) is the familiar linear algebra fact that ()" = 2, and (2) follows similarly from
linear algebra (and the commutativity of - in C): z+w = (z + w)" = 2" +w' =z + w, and

7w = (zw)" =w'2" = z"w" = zw. For (3), writing z = a + ib we have

2Z = (a+ib)(a —ib) = a® + b* + (ab — ab)i = a* + b* = |z|*.

(4) then follows that from this and (1), and commutativity of complex multiplication: |z\2 =

7z = zZz = 2Z = |z|% taking square roots (using the fact that |z| > 0) shows that |z| = |z|.
(Alternatlvely, for (4), we simply note that |z| = det(z") = det(z) = |2].)

(5) is a well-known property of determinants: |zw| = det(zw) = det(z) det(w) = |z||w];
taking z = w and doing induction shows that |2"| = |z|". (6) follows easily from the fact that

2| = \/|§R )|2 4+ |S(2)]2. For (7), we have
lz+w?=C+w)(z+w)=(z4+w)(Z+W) = 2Z + 20 + wZ +ww = | 2> + 20 + wz + |w|?.

The two middle terms can be written as 2w + wz = zw + (2w) and, by (3.1)), this equals 2R (2w).
Now, any real number z i , and so

|z +wl* =2* + 29‘3(%0) +wl* < |Z|2 +2R(zw)] + [wl|* < [2]* + 2[2w]* + Jw?

= |2[|w] = |

|2 +wl* < |2 + 2]z lw] + [w]* = (|2 + |w])*.

, and so finally we have

Taking square roots proves the result.

For (8), it is immediate that |0| = 0; the converse was shown in the proof of Proposition
|z| = det(z) = 0iff (R(2))*> + (S(2))? = 0 which happens only when R(z) = 3(z) = 0, so
z = 0. Part (9) follows similarly from the matrix representation; alternatively we can simply check
from (3) that

z  zZz
EEERER
showing that z ﬁ Finally, for (10), using (5) we have

272l =127 e =1 =1
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so |z|7' = |z7!|. An induction argument combining this with (5) shows that |z|™" = [27"| for
n € N, and coupling this with the second statement of (5) concludes the proof. U

Items (7) and (8) of Lemma [3.10] show that the complex modulus behaves just like the real
absolute value: it satisfies the triangle inequality, and is only O at 0. These properties are all that
were necessary to make most of the technology of limits of sequences in R work, and so we can
now use the complex modulus to extend these notions to C.

DEFINITION 3.11. Let (z,) be a sequence in C. Given z € C, say that lim z, = z iff
n—oo

Ve >03dN € Ns.t. Vn > N |z, — 2| < e.
Say that (z,) is a Cauchy sequence if
Ve >0dN € Ns.t. Vn,m > N |z, — z,,| < €.

Note that these are, symbolically, exactly the same as the definitions and of limits
and Cauchy sequences of real numbers; the only difference is, we now interpret |z| to mean the
modulus of the complex number 2 rather than the absolute value of a real number.

The properties of complex modulus mirroring those of real absolute value allow us to prove
the results of Lemmas [2.4and [2.8] Propositions [2.10]and [2.13] and the Limit Theorems (Theorem
with nearly identical proofs. To summarize:

THEOREM 3.12. (1) Limits are unique: if z,, — z and z, — w, then z = w.
(2) Every convergent sequence in C is Cauchy.
(3) Every Cauchy sequence in C is bounded.
(4) (a) If z, — =z then any subsequence of (z,) converges to z.
(b) If (z,,) is Cauchy then any subsequence of (z,) is Cauchy.
(¢) If (z,) is Cauchy and has a convergent subsequence with limit z, then z, — z.
(5) If z, — z and w,, — w, then z, + w, — z + w, z,w, — zw, and if z # 0 then z, #* 0
for sufficiently large n and i — %

To illustrate how to handle complex modulus in these proofs, let us look at the analog of Proposi-
tion that Cauchy sequences are bounded. As before, we set e = 1 and let [V be large enough
that |z, — z,| < 1 whenever n,m > N. Thus, taking m = N + 1, for any n > N we have
|20 — znve1] < 1. Now, z, = (2, — 2y+1) + 2n+1, and so by the triangle inequality

|2n] = [(2n — 2nv41) + 2n41] < |20 — 2vga] + [envga] < 14 [2nvgal, Vn > N.

So, as in the previous proof, if we set M = max{|z1], |22, ..., |zn], 1 + |2n41]|} then |z,| < M
for all n.

In fact, convergence and Cauchy-ness of complex sequences boils down to convergence and
Cauchy-ness of the real and imaginary parts separately.

PROPOSITION 3.13. Let (z,) be a sequence in C. Then (z,) is Cauchy iff the two real se-
quences (R(ay,)) and (3(b,)) are Cauchy, and z, — z iff R(z,) — R(z) and I(z,) — S(2).

PROOF. Let z, = a,, + ib,. Suppose (a,,) and (b,,) are Cauchy. Fix ¢ > 0 and choose N; large
enough that |a,, — a,,| < § for n,m > N, and choose N large enough that |b, — b,| < § for
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n,m > Ny. Then for n,m > N = max{Ny, N>}, we have
120 = Zm| = [(an +ibn) — (@ + iby)| = |(an — am) +i(bn — bp)| < Jan — @ | + |i(by — biy)|

= |y — Q| + by — by

< € 4 €

—_ — =€

2 2

where, in the second last step, we used the fact that |i(b,, — by,)| = |i||b, — b,,| and || = 1. Thus,

(z,) is Cauchy. For the converse, suppose that (z,) is Cauchy. Fix ¢ > 0, and choose N large
enough that |z, — 2,,,| < € for n,m > N. Then we also have

1R(z) — R(zm)| = [R(zn — 2m)| < |20 — 2m| <€, and
’%(Zn) - %(Zm)‘ = ’%(zn - Zm)‘ < ’Zn - Zml <€

for n,m > N. Thus, both (R(z,)) and (3(z,)) are Cauchy, as claimed.
The proof of the limit statements is very similar, and is left as a homework exercise (on HW6).
O

Now, C is not an ordered field (you proved this on HW1), so it does not even make sense to
ask if it has the least upper bound property (and likewise we cannot talk about a Squeeze Theorem,
or lim sup and lim inf). This is one of the main reasons we gave an equivalent characterization of
the least upper bound property — Cauchy completeness — that does not explicitly require an order
relation.

THEOREM 3.14. The field C is Cauchy complete: any Cauchy sequence is convergent.

PROOF. Let (z,) be a Cauchy sequence in C. By Proposition the two real sequences
(R(z,)) and (3(z,)) are both Cauchy. Since R is Cauchy complete, it follows that there are real
numbers a,b € R so that R(z,) — a and S(z,) — b. It then follows, again by Proposition
that z,, — a + b. O

In R, we proved the Bolzano-Weierstrass theorem (that bounded sequences have convergent
subsequences) using the technology of lim sup and lim inf. As noted, since C is not ordered, there
is no way to talk about lim sup and liminf for a complex sequence. Nevertheless, the Bolzano-
Weierstrass theorem holds true in C. We conclude our discussion of C (for now) with its proof.

THEOREM 3.15 (Bolzano-Weierstrass). Every bounded sequence in C contains a convergent
subsequence.

PROOF. Let (z,) be a bounded sequence. Letting z,, = a,, + ib,, since |a,| < |z,| and |b,| <
|z, it follows that (a,,) and (b, ) are bounded sequences in R. Now, by the Bolzano-Weierstrass
theorem for R, there is a subsequence a,, of (a,,) that converges to some real number a. Consider
now the subsequence b,, of (b,). Since (b,) is bounded, so is (b,, ), and so again applying the
Bolzano-Weierstrass theorem for R, there is a further subsequence (bn,%) that converges to some
b € R. The subsequence (ank) is a subsequence of the convergent sequence a,, and hence also
converges to a. Thus, by Propostion[3.13] the subsequence z,, convergestoa+ibas{ — oo. [

REMARK 3.16. This proof highlights an important technique with subsequences in higher di-
mensional spaces. We chose the second subsequence as a subsubsequence, not only a subsequence.
Had we tried to select the subsequences of the real and imaginary parts independently, we could not
have concluded anything about the two together. Indeed, the Bolzano-Weierstrass theorem gives
us a convergent subsequence a,, and also gives us a convergent subsequence b,,, . But we need to



40 3. EXTENSIONS OF R (R AND C)

use the same index n for both a,, and b,,, which might not be possible with independent choices
like this. A priori, the chosen convergent subsequence of a,, might have been (a1, as, as, . . .), while
from b,, we might have chosen (bs, b4, bg, . . .), ne’er the ’tween shall meet.



CHAPTER 4

Series

1. Lecture 11: February 9, 2016
We now turn to a special class of sequences called series.

DEFINITION 4.1. Let (a,) be a sequence in R or C. The series associated to (a,,) is the new
sequence (s,) given by

n
Sp = E ar=a1 +as+ -+ a,.
k=1

It is a bit of a misnomer to refer to series as special kinds of sequences; indeed, any sequence
is the series associated to some other sequence. For let (a,,) be a sequence. Define a new sequence

(bn) by
b1 = aq, b, = a,, — a,_1 forn > 1.

Then a; = b; = 2,1621 by, and for n > 1 we compute that

Zbk:bl+b2+"'+bk:a1+(GZ_a1>+(a3_a2)+"‘+(an_an71):an-
k=1
Thus, (a,) (the arbitrary sequence we started with) is the series associated to the sequence (b,,).
We will see, however, that the concept of convergence is quite different when applied to the
series associated to a sequence rather than the sequence itself.

DEFINITION 4.2. Let (a,) be a sequence in R or C, and let s,, =Y ,_, ay, be its series. We say
that the series converges if the sequence (s,) converges. If the limit is s = lim,,_,, s,,, we denote

it by
(o) n
S:E anzlimg ar.
n—oo

In this case, we will often use the cumbersome-but-standard notation “the series y | a, con-
verges” .

EXAMPLE 4.3 (Geometric Series). Let r € C, and consider the sequence a,, = " (in this case
it is customary to start at n = 0). We can compute the terms in the series exactly, following a trick
purportedly invented by Gauss at age 10.

n
sn:Zak:1+r—|—r2+~~+r”.
k=0
TSy = R R A o st
So, subtracting the two lines, we have
(1 =7)8p = 8y — 78, = 1 — 1",

41
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Now, if r = 1, this gives no information. In that degenerate case, we simply have s,, = 1+ 1 +
.-+ 4+ 1 = n, and this series does not converge. In all other cases, we have the explicit formula
1— Tn+1
Sp = ———.
" 1—7r

Using the limit theorems, we can decide whether this converges, and to what, just looking at the
shifted sequence a, 41 = r"*1. If |r| < 1, then this converges to 0. If |r| > 1, this sequence does
not converge. (This is something you should work out.) Thus, we have

> 1
n— if |r] <1
;r . iflr]

while the series diverges if |r| > 1.

EXAMPLE 4.4. Consider the sequence a, =
fractions decomposition:

ﬁ. We can employ a trick here: the partial

1 1 1

nn+1) n n+1

Thus, taking the series s,, = ZZ:1 a,, we have

- 1 ~ (1 1 1 1 1 1 1
n = —_— —_—— — = 1 —_— — —_— — .« .. _— .
s ;k(kJrl) ;<k k:+1> ( 2)+(2 3)+ +(n n—i—l)
This is a telescoping sum: all terms except for the first and the last cancel in pairs. Thus, we have
a closed formula

1
n+1
Hence, the series converges, and we have explicitly

=~ . . 1
E :hmsn:llm(l— >:1.

n=1

Sp = 1 —

EXAMPLE 4.5 (Harmonic Series). Consider the series s, = Y ,_, % That is

1 1 1 1
Sp =1+ 5 + 3 +- -
If you add up the first billion terms (i.e. s1g9) you get about 21.3. This seems to suggest conver-
gence; after all, the terms are getting arbitrarily small. However, this series does not converge. To
see why, look at terms sy with N = 2™ + 2™~ ... 4+ 2 + 1 for some positive integer m. (By the
way, from the previous example, this could be written explicitly as N = 2™*! — 1.) Then we can
group terms as

(1) + 1+1 + 1+1—|—1—|—1 +---+ ! + ! +- !

S — - — - — - — PO PP e — .
o 2 '3 47567 om £ 1 2m 42 om+1 1
That is: we break up the sum into m + 1 groups, the first group with 1 term, the second with 2, the
third with 4, up to the last with 2" terms. Now, 1 > % In the sec ond group of terms, both % and %
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are > }1. In the next group, each of the four terms is > %. That is, we have

S T (i (Y (I P
N~ 3 177 8 878 "3 gm+1 ' gm+tl gm+1

_1+1+1+ +1_m+1
2202 2 2
Now, Sp41 = Sp + n%l > Sn, 80 (s,,) is an increasing sequence. We’ve just shown that, for any

integer m, we can find some time N so that sy > ’”T“, and so it follows that for all larger n > N,

Sp > SN > mT“ Since mT“ is arbitrarily larger, we’ve just proved that s,, — +00 as n — oo. So
the series diverges.

In Example 4.3] we were able to compute the nth term in the series as a closed formula, and
compute the limit directly. It is rare that we can do this explicitly; more often, we will need to
make estimates like we did in Example So we now begin to discuss some general tools for
attacking such limits.

PROPOSITION 4.6 (Cauchy Criterion). Let a,, be a sequence in R or C. Then the series

Zf;l a,, converges if and only if: for every ¢ > 0, there is a natural number N € N so that,
forallm >n > N,

m

j{: ai| < €.

k=n+1

PROOF. This is just a restatement of the Cauchy completeness of R and C. Let s,, = > ;_, ay.
Then

m
Z =Upy1t -+ Am = S — Sp-
k=n+1
Thus, having decided to always use m to denote the larger of m, n, the statement is that, for every
€ > 0 there is N € N such that, form > n > N, |s,, — s,| < ¢; this is precisely the statement that
(s,) is a Cauchy sequence. In R or C, this is equivalent to (s,,) being convergent, as desired. [

COROLLARY 4.7. Let (ay,) be a sequence such that the series .~ a, converges. Then a,, —
0.

PROOF. By the Cauchy Criterion (Proposition §.6)), given ¢ > 0 we may find N € N so that
(letting n = m — 1) form > N,

m
e>| Y a] =lanl.
k=(m—1)+1
This is precisely the statement that a,,, — 0 as m — oo. 0
As Example points out, the converse to Corollary is false: there are sequences, such as
an, = %, that tend to 0, but for which the series Z;’il a,, diverges.

It is often impossible to compute the exact value of the sum ) | a,, of a convergent series.
More often, we use estimates to approximate the value. More basically, we use estimates to de-
termine whether the series converges or not, without any direct knowledge of the value if it does
converge. The most basic test for convergence is the comparison theorem.

THEOREM 4.8 (Comparison). Let (a,) and (b,,) be sequences in C.
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(1) Ifb, > 0 and ), b, converges, and if |a,| < b, for all sufficiently large n, then ) a,,
converges, and | Y a,| <> by
(2) If a,, > b,, > 0 for all sufficiently large n and ), b, diverges, then ) a,, diverges.

PROOF. Foritem 1: by assumption ) _ b, converges, and so by the Cauchy criterion, for given
€ > 0 we can choose Ny € N so that, form > n > N,,

(here we have used the fact that b, > 0 to drop the modulus). Now, let /V; be large enough that
la,,| < b, for n > Nj. Then for m > n > max{Ny, N1}, we have

m m m
E ar| < E |6Lk| < E bk < €.
k=n+1 k=n+1 k=n+1

So the series ) . a, satisfies the Cauchy criterion, and therefore is convergent.
Item 2 follows from item 1 by contrapositive: if Zn a,, converges, then since b,, = |b,| < a,
for all large n, we have just proven that ) b, converges. Thus, if ) b, diverges, so must

> On. O

EXAMPLE 4.9. The series Z dlverges since \lf > % and, by Example . Z di-
verges. On the other hand, note that

1
forn > 1. Thus 5 < ( ok As we computed in Exampleﬂ Zn e +1)

theorems, Zn 1 n2+1) = 2. That is: this series converges. It follows from the comparison test

that >~ | =5 converges.

= 1, so by the limit

In showing that the harmonic series diverges, we broke the terms up into groups of exponen-
tially increasing size. This is an important trick known as the lacunary technique, and it works
well when the sequence of terms is positive and decreasing.

PROPOSITION 4.10 (Lacunary Series). Suppose (a,) is a sequence of non-negative numbers
that is decreasing: a, > an+1 > 0 for all n. Then Y | a, converges if and only if the series

ZQkCLQk = a1 +2a2+4a4+8a8+
k=0
converges.

PROOF. Since a; > 0 for all k, the series of partial sums s,, = 22:1 a 18 monotone increas-
ing. Hence, convergence of s, is equivalent to the boundedness of (s, ). Let tx, = a1 + 2as + 4day +
-+ + 2*a,. We will show that (s,,) is bounded iff (¢;) is bounded.
Note that 2 < 2+t1 — 1 and so if n < 2" then n < 21 — 1. Then we have for such n

Sp=a1+ax+az+---+a, <ap+ax+az+ -+ Qg1
= (@) + (@ + ag) + -+ (g + - + azevs )
< a4 2ag + -+ 2Kay = .
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(In the last inequality, we used the fact that a,, is decreasing.) This shows that if (¢;) is bounded,
then so is (s,,). For the converse, we just group terms slightly differently (exactly as we did in the
proof of the divergence of the harmonic series): if n > 2*, then

Sp=a1+ax+az+---+a, >a1+ay+az+ -+ am

= (a1) + (az) + (az + aq) + - + (age-1 41 + - + agr)
1 - 1
2§a1+a2+2a4---+2 anzﬁtk.
Thus ¢, < 2s,, whenever n > 2%. This shows that if (s,,) is bounded then so is (#; ), concluding the
proof. U

oo 1

EXAMPLE 4.11. Let p € R, and consider the series ) ", ->. We’ve already seen that this
series diverges when p = 1. If p < 1, then % > %; it follows by the comparison theorem that the
series > n—lp diverges for p < 1.

On the other hand, consider p > 1. Here the sequence of terms a, = ni is positive and

p
decreasing, so we may use the lacunary series test to determine whether the series converges.

Compute that
o o0 1 o
k, o _ kL (1-p)k
IETTED SEE S e
k=0 k=0 k=0

This is a geometric series, with base 7 = 277, So 0 < r < 1 provided that p > 1, in which
case the series converges. Hence, by Proposition the series >~ , % converges if and only if
p>1.
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2. Lecture 12: February 11, 2016

Two generally effective tools for deciding convergence, that you already saw in your calculus
class, are the Root Test and the Ratio Test. Both of them are predicated on rough comparison with
a geometric series, cf. Example If a, = r", then ) a, converges iff |r| < 1. Now, note for
this series that this important constant |r| can be computed either as |a,|"/™ or as | “£X|. Even when
these quantities are not constant, they still can give a lot of information about the ?:onvergence of
the series.

THEOREM 4.12 (Root Test). Let (a,,) be a sequence in C. Define
o = limsup |a,|'/".
n—oo

Ifa <1, then )  a, converges. If o > 1, then ) a,, diverges.

REMARK 4.13. It is important to note that the theorem gives no information when o« = 1.
Indeed, consider Examples and showing that >~ % diverges, while ) ° # converges.

But, in both cases, we have
1 1/n 1 1/n
lim (—) = lim (—2> =1

(see Theorem 3.20(c) in Rudin). Thus, lim sup,, |a,|*/™

or diverges.

= 1 can happen whether ) a,, converges

PROOF. Suppose @ < 1. Then choose any » € R with @« < r < 1. That is, we have
lim sup,, |a,|"/™ < r. Let b, = |a,|'/"; then the statement is that lim sup,, b, = lim,, b, < r. That
means that, for all sufficiently large n, b, < r, and so since b,, < b,,, we have |an|1/ " < r for all
sufficiently large n. That is: there is some N so that |a,| < r" for n > N. Since the series ), "
converges (as 0 < r < 1), it now follows that ) a,, converges by the comparison theorem.

Now, suppose o > 1. As above, let b,, = ]anll/ ". Since o = limsup,, b,,, from Theoremm
there is a subsequence b, that converges to «. (This is even true of o = +00; in this case, it is
quite easy to see that the series diverges.) In particular, this means that b,,, > 1 for all k£, and so
|an, | = b, > 1 as well. It follows that a,, does not converge to 0, and so by Corollary >l
diverges. U

The Ratio Test, which we state and prove below, is actually weaker than the Root Test. Its
proof is based on comparison with the Root Test, using the following result.

LEMMA 4.14. Let c,, be a sequence of positive real numbers. Then
. . Cn+1
lim sup c,ll/ " < limsup 4=, and
n—00 n—oo  Cn
. .. 2 Cntl
lim inf ¢}/ > lim inf —=.
n—00 n—00 Cn

PROOF. We prove the lim sup inequality, and leave the similar lim inf case as an exercise. Let

. 1. Cn+1 . . . .
v = limsup, ==. If 7 = +o0, there is nothing to prove, since every extended real number x
satisfies x < +o00. So, assume 7 € R. Then we can choose some 3 > -, and as in the proof of
the Root Test above, it follows that “* < 3 for all sufficiently large n, say n > N. But then, by

induction, we have
CN+E CN+k CN+k-1 CN+1
= e < @k’.

CN CN+k—1 CN+k—2 CN
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Thus, for n > N, letting k = n — N, we have

Cn = Cnpe < OnBF = enf™ N = (eng™) - "
and so
el < (enpM)"- .
From the Squeeze Theorem, it follows that

limsup ¢/™ < limsup(ey~")V"- g =6 lim (eyB8~N)V" = 6.
n—00 n—00 n—00
(Here we have used the fact that p = cy3~" is a positive constant, and lim,, pl/" = 1 for any
p > 0; this last well-known limit can be found as Theorem 3.20(b) in Rudin.) Thus, for any 3 > =,

we have limsup, /™ < $. It follows that lim sup, /™ < ~, as claimed. O

THEOREM 4.15 (Ratio Test). Let (a,,) be a sequence in C.

An41

(1) Iflimsup, .,
(2) Ifliminf,

< 1, then ), a, converges.

An41

n

> 1, then ), a, diverges.

PROOF. For (1): from Lemma {4.14] limsup, |a,|"/" < limsup, =+l < 1, and so by the

|an|

Root Test, Y, a, converges. For (2): from Lemma 4.14} lim sup,, |a,|*™ > liminf, |a,|'/" >

liminf,, laZ—:'l' > 1, and so by the Root Test, Zn a,, diverges. O

REMARK 4.16. Once again, if the lim sup or lim inf of the ratio of successive terms = 1, the

test cannot give any information: letting a,, = % and b, = #, in both cases we have lim,, |“2| =

lim,, bg—“| =1,and yet ) a,, diverges while ) b, converges.

EXAMPLE 4.17. Consider the sequence (a,) = (3,3, 35, 35,--.). Thatis: as,—y =

G20 = g forn > 1. Thus [ag,o|Y/@*0 = (1) 5 L while ag,| /2" = (1)
- 1

Thus lim sup,, |a,|'/" = 5 and so by the Root Test, the series }_,, a, converges. But the R
Test 1s no use here. Note that

Ao2n—1 1/2" 3 ’

A2n+1 1/2n+1 1 3 "

a  L/3n 2\2 oo
Thus lim sup,, az—:f = +o0 > 1 while liminf, % = (0 < 1; so the Ratio Test gives no informa-
tion.

and

[l

1
75
atio

REMARK 4.18. You may remember the Ratio and Root Tests as being described as equivalent
in your calculus class. This is only true if you restrict to the case when lim,, ]azl\ exists. In
this case, the limit is equal to both the lim inf and the lim sup, and then Lemma [4.14| shows that
lim,, |a,|'/™ also exists. But this rules out series like the one above, that somehow “alternate”

between different kinds of terms, all of which are shrinking fast enough for the series to converge.

EXAMPLE 4.19 (The number e). Consider the series

o0

1
2 or

n=0
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Note that the sequence of terms a,, satisfies “Z“ = Y 57:'1)' = n%l — 0 asn — oo, and so
by the ratio test the series converges. Its exact value is called e. It is sometimes called Napier’s
constant, since it was first alluded to in a table of logarithms in an appendix of a book written
by the Scottish mathematician / natural philosopher John Napier, circa 1618. It was first directly
studied by Jacob Bernoulli, who used the letter b to denote it. But, like everything else from that
era, it was eventually Euler who proved much of what we know about it, and Euler called it e.

The approximate value is
e ~ 2.71828182845904523536028747135266249775724709369995.

Fun fact: when Google went public in 2004, their IPO (initial public offering) was $2,718,281,828.
Nerrrrrrds.

1 n
LEMMA 4.20. The number e is given by e = lim <1 + —) .
n—o00 n

n

PROOF. Let s, = >_._ + be the nth partial sum of the series defining e. Let ¢, = (1 + +)™.
Now, for fixed m, we can use the binomial theorem to expand

B

k=0 k=0

Write the kth term as
1 m m-—1 m—k+1
k! n n n '
Thus, specializing to the case m = n, we have

1\" 1 n—1 n—k+1 1
tn:<1+ﬁ> :kzﬁl. Lk <kZH:5”'
=0 =0

We have yet to prove that lim,, , ¢,, exists, but since s,, converges to the finite number e, it follows
from ¢,, < s, thatt, is bounded above, and so lim sup,, ¢,, exists, and (by HW5)

limsupt, < limsups, = e.
n—oo n—oo

Now, on the other hand, let m be fixed. Then for n > m,

"1 n—1 n—k+1 Tl n—1 n—k+1
;k! n n _;k! n n "

So, for fixed m, the two sequences (,,) and (¢") are comparable: ¢, > . Again by HWS5, and
using the limit theorems (for the finite sum with m terms), we have

m

liminf ¢, > Iminf " = — lim
n—00 "= n—oo ZO In—=oc0 N 0

1 n—lun—kz%—l i

As this holds true for every m, it follows from the squeeze theorem that

liminft¢, > lim s, = e.
n—0o0 m—0o0

Thus
e <liminft, <limsupt, <e

n—00 n—oo

which implies that the lim sup and lim inf are both equal to e, as claimed. 0
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The second form of e, as a limit, is (one of the) reason(s) it is so important: this shows that
e shows up in many problems related to compound interest or exponential decay. However, as a
means of approximating e, this limit is very slow: for example

t10 ~ 2.5937 (4.6% error), ti99 ~ 2.7048 (0.50% error).

That is: you need 100 terms in order to get 2 digits of accuracy. On the other hand, s, is within
1078 of e, and s19 is so close to e my computer cannot compute the difference. But we can give a
bound on this tiny error as follows. First note that s,, is increasing, so |e — s,| = e — s,,. Now
€T = E_ZH: > P
k=0 k=0 k=n-+1
Now, we factor the terms (all of which have £k > n + 1) as
I 1 B 1 1 - 1 1
E (n+Dn+2)(n+3)-—-k m+D! n+2(n+3)---k  (n+1) (n+ 1)k
Thus

1 1
6_3”<mk§+1 (n+1)kn-1 (n+1)!;(n+1)j'

This is a geometric series, and 0 < #1 < 1, so we know the sum is

[e.9]

1 1 n+1
Thus, we have our estimate:
1 n+1 1
e— s, < =

(n+1! n  nln

This is a tiny number. Since 10! = 3,628, 800, this shows that e — 519 < 3X107 (and in fact it’s 3

times smaller than this). For n = 100, we have 100! - 100 ~ 109, so s4¢ differs from e only after
the 160th decimal digit!

This is one of the rare occasions where a perfectly practical question of error approximation
actually allows us to prove something entirely theoretical.

PROPOSITION 4.21. The number ¢ is irrational.

PROOF. For a contradiction, let us suppose e € Q. Since e > 0, this means there are positive
integers m, n so that e = % Now, from the above estimate, we have

O<e—s,<

1
, . 0<nle—nls, < —.
nl-n n

Now,

n'sn—nzk' k‘ Zn(n—l)~--(n—k—|—1)€N
k=0
Also, by assumption e = ™, and SO n!e =m-(n—1)! € N. Thus £ = nle — nls,, € N. But this
means 0 < ¢ < % for some n € N, and that is a contradiction (there are no integers between 0 and
1
=) [l

Moving to our final topic on the subject of series, let us consider absolute convergence.
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DEFINITION 4.22. Let (a,) be a sequence in C. We say that the series »_ - | a, converges
absolutely if, in fact, Y~ | |a,| converges.

LEMMA 4.23. If Y™ | a, converges absolutely, then it converges.

PROOF. This follows immediately from the Cauchy criterion. Fix e > 0 and choose N € N
large enough that, form >n > N, Y " |ax| < e. Then by the triangle inequality

m m
> afz Y i<
k=n+1 k=n+1

and so >~ | a, converges. O
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3. Lecture 13: February 16, 2016

The converse of Lemmal4.23]is quite false. To see why, let us study one particular class of real
series known as alternating series.

PROPOSITION 4.24 (Alternating Series). Let a,, > 0 be a monotone decreasing sequence with
limit a,, — 0. Then "2 (=1)""'a, = a1 — az + ag — as + - - - converges.

PROOF. Fix m > n € N and consider the tail sum
[(=1)"ans1 + <_1)n+1an+2 + <_1)m_1am‘ = |Ant1 = Gny2 + - .
We consider two cases: either m — n is even or odd. If it is even, then we can group the terms as
‘(anJrl - an+2) T+t (amfl - am)‘ = (an+1 - an+2) Tt (amfl - am)v
where we have used the fact that a,, |. On the other hand, we may group terms as
= Gnt1 — (an+2 - an+3) - (an+4 - an+5) — = < Gy
On the other hand, if n — m is odd, then by similar reasoning

Z (_1)k—1ak

k=n+1

- (an+1 - an—‘r?) + -+ (am—2 - 6Lm—l) + Am

and we may group this as

= Gp41 — (an—‘r? - an+3) - (am—l - am) < Apy1-

Hence, in all cases, we have

m

Z (_1)k71ak

k=n+1

< Apy-

Thus, fix € > 0. Since a,, — 0, we may choose N € N so that, forn > N, a, = |a,| < €. Since
ny1 < ap, we therefore have | >°" . (—=1)*"'ay| < api1 < € whenever m > n > N, which
verifies the Cauchy criterion showing that _>° (—1)""'a,, converges. U

EXAMPLE 4.25. The sequence a,, = % is positive, decreasing, and satisfies a,, — 0. Therefore,

by Proposition 4.24]
o

— 2 3 4
converges. (Remembering your calculus, it in fact converges to In 2.) This is known as the alter-
nating harmonic series. Note that the absolute series ) -, % diverges. So this is an example of a
series that is convergent but not absolutely convergent. These are sometimes called conditionally
convergent series.

Conditionally convergent series have strange properties, particularly with regard to rearrange-
ments. That is: suppose we reorder the terms. Continuing Example rearrange the terms as
follows.

1 1 1 1 1 1 1 1 n 1 1 1+
2 4 3 6 8 5 10 12 7 2n—1 4n—-2 4n
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Each of the terms in the alternating harmonic series appears exactly once in this sum. It is no
longer alternating, so we cannot apply a theorem to tell whether it converges; but we can in fact
sum it as follows: in each three-term group, simplify

1 1 r 1 1 1 11 1 1
2n—1 4n—-2 4n \2n—-1 4n—-2) 4n 4n—-2 4n 2\2n—-1 2n)°
So, the sum of the whole rearranged series is

1 1 1/1 1 1 1 1 Lo (=)t 1

2(1 2>+2(3 4>+ +2(2n—1 2n>+ _2; R
That is: this rearrangement produces half the value of the original series!

This is always possible for a conditionally convergent series of real numbers. Riemann proved
this: if 7 | a, is conditionally convergent and a,, € R, then there is a rearrangement a/, of the
terms so that the sequence s, = Y ,_, a,, has any tail behavior possible: given any «, 5 with
—o0 < a < B < +00, one can find a rearrangement so that lim sup,, s/, =  and liminf, s, = a.

(This is proved as Theorem 3.54 in Rudin.) Fortunately, this kind of craziness is not possible for
absolutely convergent series, as our final theorem in this section attests to.

o0
n=1

THEOREM 4.26. Let (a,) be a complex sequence such that

rearrangement al, Of Gy, Y o, Q) =Y " Ap.

|a,,| converges. Then for any

PROOF. Fix ¢, and choose N € Nsothat Y " |ag| < eform >n> N.Lets, =>,_, a
and s/, = Y ,_, aj. The numbers 1,2,..., N appear as indices in the rearranged sequence (a/,)
each exactly once, so there must be some finite p so that they all appear by time p in (a],). Thus, for
m > n > p, in the difference s,, — s/, the N terms a4, ..., ay cancel leaving only with (original)
indices > N. Thus, by the choice of N, this difference is < | Y /" v ar| < D700 vy |ax] < e
This shows that the sequence s,, — s/, converges to 0, and it follows, since we know s,, converges
to > 7 | a,, that s/, also converges to the sum. O

n=1



CHAPTER 5

Metric Spaces

For the remainder of this course, we are going to generalize the concepts we’ve worked with
(notably convergence) beyond the case of R or C. The key to this generalization was already
discussed in the generalization from R to C: we replace the absolute value in R (defined in terms
of the order relation) with the complex modulus in C. For all of the same technology to work, only
a few basic properties of the absolute value / modulus were needed: that |z| > 0, that || = 0 only
when x = 0, and finally the triangle inequality |z + y| < |z| + |y|.

This last property requires a notion of addition, and we’d like to move beyond vector spaces.
The trick is that, in the notion of convergence, the absolute value / modulus only ever comes up as
a means of measuring distance between two elements: | — y|. Thinking of it this way, what do
the three key properties say?

e For any two elements x, y, the distance |x — y| is > 0.

e If the distance |z — y| is 0, then actually x = y.

e The triangle inequality: for any three elements z,y, z, the distance |z — z| is bounded
above by |x — y| + |y — z|. (This is really why it’s called the triangle inequality: draw the
associated picture.) Indeed, we have

[z =z =lz-y)+ -2 <|z—yl+|y—z|

Interpreted in this light, we don’t need a notion of addition: everything can be stated purely in
terms of the notion of distance (in this case given by (z,y) — |z — y|). We generalize thus.

DEFINITION 5.1. Let X be a nonempty set. A function d: X X X — R is called a metric if it
satisfies the following three properties.
(1) Forany z,y € X, d(x,y) = d(y,x) > 0.
(2) Forany z,y € X, ifd(xz,y) = 0, then x = .
(3) Forany z,y,z € X, d(z,2) < d(z,y) + d(y, 2).
The pair (X, d) is called a metric space.

EXAMPLE 5.2. (1) As above, if we let dc(x,y) = |z — y|, then (C, d¢) is a metric space.
Same goes for R equipped with the restriction of d¢ to R.
(2) More generally, fix n, and consider the set C" of n-tuples of real numbers. Define the

Euclidean norm on C" as follows:
1/2
@, @)l = (Jzf + -+ Jzal?) 2.

It is a simple but laborious exercise to verify that the Euclidean metric dy(x,y) = ||x —
y|l2 is a metric on C". As above, the restriction to R is also a metric.
(3) There are many other, different metrics on R". The best known are the p-metrics: for
1 <p<o0,
1
@i, @a)lly = (J@af? + -+ fzaP) 7
53
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There is also the co-norm, aka the sup norm

|(z1, .., 20) |0 = max{|x1|,. .., |za|}

As above, all of these norms yield metrics in the usual way, d,(x,y) = ||x — y||,. Note:
the definition still makes sense when p < 1, but it no longer gives a metric: the triangle
inequality is violated. For example, taking p = %, we have

109.1) + (16,0)[1/2 = [1(25, D)llyj2 = (25" + 1'/%)? = 36
19, 1)l + 1(16,0) 1/ = (9% + 1/2)2 4 (16/2 4 02)? = 32 < 36.

(4) Let B[0, 1] consist of all bounded functions [0, 1] — R. Then define a function d,,: B[0, 1] x

B[0,1] — R by

z€(0,1]
This is well-defined: since f and g are bounded, the set {f(z) — g(z): = € [0,1]} is a
bounded, nonempty set, so it has a sup. It is > 0, and moreover if d,(f,g) = 0, then
for every zy € [0, 1], [f(x0) — g(z0)| < sup,eo 1) |f(7) — g(2)| = 0, which implies that
f(zo) — g(xg) = 0 —1i.e. f = g. This verifies the first two properties of Definition
For the triangle inequality, we have

%Uﬂ%=QWHﬂ@—h@HZS@Iﬂ@—g@%+ﬂ®—h@H

z€[0,1 x€[0,1]
Sﬁ&W@%M@HM@—MM)
x€|0,
< sup |f(z) —g(z)[ + sup |g(x) — h(z)
x€[0,1] z€[0,1]

= du(f,9) +dul(g, h)

using the properties of sup we now know well. Thus the triangle inequality holds for d,
as well, and so it is a metric. Note, like the above examples, it has the form d,(f, g) =
|f — gl|. for a norm || - ||,: a function on B[0, 1] which has the properties || f||. > 0
and = 0 only if f = 0, and satisfies the triangle inequality ||f + gll. < ||fllu + [|9]lw-

Whenever we have a function like this defined on a vector space, it gives rise to a metric
by subtraction.

(5) Not every metric is given in terms of a norm like this. For example, consider on R the

function
It is easy to verify that this satisfies properties (1) and (2) in Definition The triangle

inequality is also easy to see, by breaking into eight cases (depending whether |z — y/,
|z — z|, and |y — z| are < 1 or > 1); this boring proof is left to the reader.

(6) Given any nonempty set X, one can define a metric on X by the silly rule

1, z#y

This is known as the discrete metric. It says two points are close only if they are equal;
otherwise they are far apart. It is again simple to verify this is a metric.

ﬂ%wz{a ey
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One important observation was made at several points in the examples: if (X, d) is a metric
space, and Y C X, then (Y, d|, ) is a metric space — that is, the metric Y defined on all pairs
(x,y) € X x X, also defines a metric when restricted only to pairsin Y x Y, as is straightforward to
verify. Thus, the Euclidean metric on C" automatically gives us a metric (also called the Euclidean
metric) on R™. Similarly, the usual metric on R restricts to a metric on [0, 1].

Usually thinking of metric spaces using our intuition from R? and R3, we introduce the follow-
ing notation.

DEFINITION 5.3. Let (X, d) be a metric space, and let xy € X. For a fixed r > 0, the ball of
radius r centered at xg, denoted B,.(xy), is the set
B, (zo) ={z € X: d(zg,x) < r}.
(Rudin calls this a neighborhood N,.(x().) With r = 1, we refer to this as the unit ball centered
at x.
EXAMPLE 5.4. (1) In R", using the definition of the Euclidean metric (and choosing the
base point 0 to simplify things), we have
BT(O) = {<x17"'7$n): x%_i__’_xi < 702}

which is what we usually know as a ball (in n-dimensions).
(2) Consider (R?,d,), with the p-metric of Example [5.2((3). Here are some pictures of the
unit ball:

0.5 |-

-0.5 |- ]

(3) In a discrete metric space (X,d) as in Example |5.2}6), B,(z9) = X if r > 1, and
B (xo) = {xo}ifr < 1.
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1. Lecture 14: February 18, 2016
Now, once more, we define convergence and Cauchy in the wider world of metric spaces.

DEFINITION 5.5. Let (X, d) be a metric space, and let (x,,) be a sequence in X, and let v € X.
Say that (x,,) converges to =, or x,, — x, or lim,_,o T, = x, if

Ve > 0dN € Ns.t. Vn > N d(z,, z) < €.

In other words, x,, — x means that the real sequence d(x,,x) — 0. Alternatively, we could state
this as: for all sufficiently large n, x,, € B.(x).
Similarly, say that () is a Cauchy sequence in X if

Ve > 03dN € Ns.t. Vn,m > N d(zp, x,) < €.

As discussed in the generalization from R to C, limits are unique: if x,, — = and x,, — vy, then
x = y (this follows from the fact that d(x, y) = 0 implies that = = y; it is primarily for this reason
that this non-degeneracy property is required in the definition of a metric).

EXAMPLE 5.6. Consider a discrete metric space: (X, d) where d is given as in Example [5.2/(6).
Let x,, — z. In particular, this means that there is some time NN such that, forn > N, d(x,,x) < 3
But by the definition of d, either d(z,,, z) = 0 or d(z,,, z) = 1;s0if d(z,, z) < i thend(z,,z) =0,
and so x, = x. Thus, if z, — =z, then x,, = x for all large n. In a discrete metric space,
convergence is the same thing as eventually constant. The same holds true for Cauchy.

In general, there is a fundamental difference between convergent sequences that are eventually
constant and convergent sequences that are not eventually constant. We use this difference to define
one of the most important topological concepts.

DEFINITION 5.7. Let (X, d) be a metric space, and let E C X be a subset. A point x € X (not
necessarily in E) is called a limit point of E if there is a sequence x,, € E \ {x} that converges
to x, x,, — x. That is: a limit point of E is a limit of some not eventually constant sequence in L.
A point e € E that is not a limit point of E is called an isolated point of E.

EXAMPLE 5.8. In R with the usual metric, take £ = (—1,0] UN. Then —1 is a limit point
of E: for example, —1 = lim(—1 + %) and —1 + % € E for each n. Also, any point x € E

is a limit point of £: take z, = x — 1;;—:” as the sequence. This is in £ since 1 + > 0 and so
r— Mt <z <0, butalsor — 2 >0 — (14+2) = —1.

On the other hand, the positive integers N are isolated points of . For example, consider 1.
If y,, is any sequence in R that converges to 1, then we must have y,, € (0.9,1.1) for all large n;
but then if y,, € E it follows that y,, = 1 for all large n, which isn’t allowed. Thus, no sequence in
E\ {1} converges to 1, showing that the point 1 € FE is not a limit point of £ — it is an isolated
point.

The set of all limit points of a set £ is denoted E’. So E is closed iff £’ C F.

DEFINITION 5.9. A subset E of a metric space is called closed if it contains all of its limit
points.

EXAMPLE 5.10. (1) The set £ = (—1,0] UN from Example [5.8]is not closed: —1 is a
limit point of F, but —1 ¢ E.

(2) The set F' = [—1,0] U N is closed. The argument in Example shows that each of the

points in [—1, 0] is a limit point of F’, while each of the points n € N is an isolated point
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of F'. On the other hand, if x is a real number not in F', then either x+ < —1 or z > 0 and
x ¢ N. In the former case, this means that no sequence in F' can come within distance
1+ 2 > 0 of x, and so cannot converge to x; a similar argument with z > 0 shows that
x 1s not a limit point of F'. Thus, the set of limit points of F' consists exactly of the set
[—1, 0], and this set is contained in F'. So F'is closed.

Definition is stated in terms of limit points to make it clear that there are two kinds of
points to consider in deciding whether a set is closed: isolated points and non-isolated points. For
example, if one has a closed set, then adding to it a finite collection of isolated points will preserve
closedness. But for the purposes of a concise definition, one need not be concerned about the
distinction.

PROPOSITION 5.11. A subset E of a metric space (X,d) is closed if and only if, for any
sequence (x,,) in E that converges in X, the limit lim,,_,, ,, is actually in E.

That is: closed means closed under limits of sequences.

PROOF. Suppose E is closed, so £’ C E. Now, let (x,,) be any sequence in F that converges
to some point z. If x, # x for any n, then by definition z € E’, and therefore by assumption
x € E. If, on the other hand, there exists n with x,, = x, then since x,, € E for each n, we have
x € E. Thus, the E is closed under limits of sequences.

Conversely, suppose F is closed under limits of sequences. Let = € E’; so by definition there
is a sequence x,, € E \ {z} such that z,, — z. Well, since z,, — z and z,, € F, by assumption
xz € FE. Thus E/ C F, and F is closed. O

There is a complementary notion to closed, called open.

DEFINITION 5.12. A subset E of a metric space is called open if, for any point x € E, there
is a ball B, (x) (for some r > 0) with B,.(z) C E.

EXAMPLE 5.13. (1) The set £ = (—1,0] U N from Example is not open. Consider
the point 0 € E. For any 0 < r < 1, the ball B,.(0) = (—r,r) contains some points (for
example ) that are in (0, 1), and hence not in E. Similarly, any of the points in N are in
E but none is contained in a ball contained in £. So E' is not open.

(2) On the other hand, the set U = (0, 1) is open. Indeed, let x € U. Let’s consider two
cases: either 0 < z < 3 or 3 < x < 1. In the former case, the ball B,(z) = (0,2z) is
contained in U = (0, 1); in the latter case, the ball B;_,(x) = (2x — 1, 1) is contained in
U. So every point of x is contained in a ball inside U, showing that U is open.

(3) Let (X, d) be a discrete metric space. If 2 € X, then by Example [5.4(3), B;(z) = {z}.
Thus, every singleton point in a discrete metric space is an open set. On the other hand,
by Example[5.6] there are no non-eventually-constant sequences converging to any point
x, which means every point is isolated. That is: X has no limit points, which means that
(vacuously) X contains all its limit points. So X is also closed.

(4) Consider the empty set & in any metric space. It is both open and closed. Indeed, the

definitions of “open” and “closed” each start with “for every point in the set...” and
since there are no points in & to check the condition, it follows that the condition holds
vacuously.

Example [5.13(12)) has a nice, important generalization to any metric space. Not that (0, 1) is
itself a ball in R: it is the ball B;/5(1/2). The fact is, any ball is open.
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PROPOSITION 5.14. Let (X, d) be a metric space, let v € X, and let v > 0. Then the ball
B,.(x) is openin X.
PROOF. Lety € B,(x). This means d(z,y) < r. Hence, there is some € > 0 so that d(z,y) =
r —e. I claim that B.(y) C B,(x). Indeed, suppose that z € B,(y), meaning that d(z,y) < €. Then
d(z,z) < d(xz,y)+d(y,z) =r—e+d(y,z) <r—e+e=r.

so z € B,(x). We have thus shown that, for any y € B, (z), there is a ball B.(y) C B,(z). That
is: B,.(x) is open. O
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2. Lecture 15: February 23, 2016

We referred to open and closed as complementary properties. That doesn’t mean that any set
is either open or closed: for example, the set (—1, 0] considered above is neither open nor closed.
But they concepts are complementary, in the following precise sense.

PROPOSITION 5.15. Let (X, d) be a metric space. A subset E C X is open if and only if
E¢= X\ E is closed.

Since (E°)¢ = E, it follows similarly that £ is closed iff £ is open. In the proof we will use the
characterization of closed given in Proposition[5.11]

PROOF. Suppose E is open. Let (x,,) be a sequence in E° that converges to some point z € X.
We want to show that x € E*; to produce a contradition, we therefore assume that z ¢ E°, meaning
x € E. Since F is open, by definition there is some r > 0 so that B,.(z) C E. On the other hand,
since x,, — x, there is certainly some N so that d(zy,z) < r. Thus zy € B,(x) C E, which
means that zy € E. But we assumed that z € E¢, so this is a contradition. Therefore x € E°.
This shows that any convergent sequence in £ has limit in £, which shows that £ is closed.

Conversely, suppose E° is closed. Let x € E. We want to show that there is some r > 0 so that
B,(xz) C E; to produce a contradiction, we therefore assume that there is no such r. That means
that, for say r = % Bin(x) € E, which means precisely that there is som point z,, ¢ £ such that
T, € Bim(x). So, we have produced a sequence z,, € E° such that d(z,,z) < %, meaning that
T, — 2. Thus z is the limit of a sequence in £, and so by assumption x € F°. This contradicts
the assumption that = € E. Therefore there must be some » > 0 so that B,.(z) C E, and so E° is
closed. U

Let us make a few more definitions that pertain the local properties of open and closed sets.

DEFINITION 5.16. Let (X, d) be a metric space, and let E C X.

(1) The closure of E is the set E = EU E'.
(2) A point x € E is called an interior point if there is some r > 0 with B,(x) C E. The set

of all interior points of E is called the interior of I, and is denoted E.
(3) The boundary of E is the set 0F = E \ E.

REMARK 5.17. Following the proof of Proposition [5.11] E can alternatively be described as
the set of all limits of convergent sequences in E.

EXAMPLE 5.18. Consider again the set £ = (—1,0] U N in R, considered in Examples
and We’ve shown that the points in (—oo, —1) and (0, co) are not limit points (the points
1,2,3,... are in E but are isolated); on the other hand, we’ve shown that the points [—1, 0] are
all limit points. Thus £/ = [~1,0], and so E = E U E' = [~1,0] UN. We’ve also shown in
Example @Kl) that there is no ball centered at 0 contained in F; similarly, there are no balls
centered at the points 1,2, 3, ... contained in £, so these are not interior points. On the other hand,
an argument very similar to Example [5.13(2) shows that the points in (—1,0) are interior points.

So E = (—1,0). Finally, this shows that )F = E\ E = {-1,0,1,2,...}.
EXAMPLE 5.19. Let Q denote the rational numbers as a subset of the metric space R. By

Theorem 2) (the density of QQ in R), given any real numbers a < b there is a rational number
qg € Qwith a < g < b. In particular, fix x € R; then for n € N there is a rational number
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Gn With x + ﬁ < gn < T+ % In particular, we have % < g — 2| < % This shows that
gn — x but g, # z for any n; thus z € Q'. So every real number is a limit point of Q, and so
Q=QUQ = QUR = R. (This is another way of saying Q is dense in R; in general, we say a
subset I/ C X is dense in a metric space X if E=X)

On the other hand, let » > 0, and let ¢ € Q. The number x = g + \/% 1s < x + r, which shows

thatz € (¢ —7,q¢ +7) = B.(q). But x ¢ Q: indeed, we can solve /2 = pranr
rational /2 would also be rational, which we know it is not. Thus B,(q) € Q for any r > 0. This

shows ¢ is not interior to Q. This holds for any ¢ € Q, and so, in fact, Q = &.

THEOREM 5.20. Let (X, d) be a metric space, and let E C X.
(1) E is closed; E is closed iff E= E.
(2) Eisopen; Eisopeniff E = E.

PROOF. We begin with item 1. Let (z,,) be a sequence in E with limit . We wish to show
x € E. Ifx € E C E we are done, so assume ¢ E. For each x,, either z, € Forz, € E'.
In the latter case, by definition of E’ there is some other sequence y, € E such that y, — x,;
in particular, we can choose some k large enough that d(yy, z,) < % So, we can define a new
sequence (7)) as follows: if x,, € E then x/, = z,; if z,, € E’, then x/, = yy, as above, so 2/, € E
and d(xz,,,x],) < L. Then we have d(z,,z) < d(a,, x,) + d(zn,2) < = + d(z,,2) — 0, and so
2! — 2. As2! € Fandz ¢ E, it follows that z is a limit point of £, andsox € E' C EUE' = E.
Thus E is closed under limits; by Proposition it follows that E is closed, as claimed. Now,
by definition E is closed iff £’ C F, and this happens iff E = E U E' = E, proving the second
point.

For item 2, let € F; thus, there is some ball B, (z) contained in E. But by Proposition [5.14}

the ball B () is open, Wthh means all its pomts are interior points; thus B.(x) C E. So, any
pomt in E is 1nter10r to E which shows that E is open. By definition E C E for any set I; thus
E Eiff £ C E which is the statement that every point of £ is an interior point, which is
precisely the definition of £ being open. U

EXAMPLE 5.21. Let & C R be nonempty and bounded above. Then o = sup F exists. By
definition, oo — % is not an upper bound for F for any n € N, which shows that there is an element
z, € F with a — % < ®z, < «. This shows that x,, — «a. By Remark , it follows that
a € E: the supremum is always in the closure. On the other hand, if there were some r > 0 with
B,.(«) C E, then, for example, o + 5 € E. Since a + 5 > a, this contradicts o being an upper

bound for E. Thus, avis notin E. Thatis: sup £ € E\ E =0F.
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Now we come to an important concept you may not have encountered before: compactness.

DEFINITION 5.22. Let (X, d) be a metric space. A subset K C X is called compact if every
sequence (x,,) in K has a convergent subsequence whose limit is in K.

EXAMPLE 5.23. (1) Let a < b be real numbers, and consider the set X' = [a,b]. The
Bolzano-Weierstrass Theorem for R (Theorem [2.25)) is precisely the statement that [a, b]
1s compact.

(2) On the other hand, E = [a, b) is not compact: the sequence x, = b — b_T“ is in FE, but
converges to b ¢ E, therefore all of its subsequences converge to b, and hence none of
them converge in F. Similarly, an unbounded interval like [0, 00) is not compact: for
example the sequence x,, = n has no convergent subsequences at all.

(3) Let (X, d) be adiscrete metric space. If K is a finite subset of X, say K' = {y1, %2, ..., Ym }
then K is compact. Indeed, if (z,,) is any sequence in K, then there must be some (per-
haps many) y; so that z,, = y; for infinitely many n (by the pigeonhole principle). That
means exactly that there is an increasing sequence n;, with z,, = y; for all k, which
means z,, — y; € K. Thus K is compact. On the other hand if £ C X is infinite,
it is not compact: for then we can find an infinite sequence xy, xs,r3,... € FE all dis-
tinct. Thus, any subsequence also has all distinct terms, which means it is not eventually
constant. By Example[5.6] this means no subsequence converges.

Now, there is an alternate definition of compactness which is the only one used in Rudin;
we refer to it as topological compactness, given in Definition below. First, let us highlight
the fact that Definition [5.22| was the original definition of compact, and predated the so-called
“modern” definition by almost a century. Bolzano was already using our definition of compactness
in 1817, although it would not be until 1906 that Definition [5.22] was written down formally (by
Fréchet). It was around this time that Lebesgue proved (as a useful lemma) that Definition[5.24]also
characterizes compactness; indeed, as we will see, it is a very useful tool. Much later, in 1929, the
Russian school (led by Alexandrov and Urysohn) redefined compactness as what we are calling
topological compactness. Our definition of the word compact is now often called sequentially
compact.

DEFINITION 5.24. Let (X, d) be a metric space. Let K C X be a subset. An open cover
of K is a collection (finite or infinite) of open set ¢ in X such that every point in K is in at
least on U € €: thatis X C |J%. We call K topologically compact if, given any open cover
€ of K, there is a finite sub cover: that is, there are finitely many Uy, ..., U,, € € such that
KCUU---UUp,.

EXAMPLE 5.25. Consider the interval (0, 1]. We have already seen this is not compact. It is
also not topologically compact. Indeed, consider the sets U,, = (%, 2) forn € N. If z € (0,1)
then 2 > 0 and so there is some n € N with + < . Therefore 2 € (+,1) C (£,2) = U,. This
shows that the collection 4 = {U,,: n € N} is an open cover of (0, 1]. Now, consider any finite
collection of sets from ¢ Uy, Uy,,...,U,, for some k € N. Note that = < ; when m > ¢,
and so U, C U, in this case. What that means is that, if we let m = max{ny,...,n;} then
Up, U+ UU,, = U, = (=+,2). But then this does not cover (0, 1]: there are points = € (0, 1]
with z < % Thus, no finite subcover of € will cover all of (0, 1]. The existence of such an open
cover without any finite subcover shows that (0, 1] is not topologically compact.
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THEOREM 5.26. Let K be a set in a subset of a metric space. Then K is sequentially compact
iff K is topologically compact.

We will not prove Theorem here; this is the sort of thing that will be covered in an under-
graduate topology course (such as Math 190). Rudin chooses to use the more abstract topological
definition of compactness (for historical reasons that I find unsatisfactory), and this has the effect
of both making everything more abstract, and also making all the proofs harder than necessary.
We will stick exclusively with sequential compactness. This means all our proofs will be different
from Rudin’s — and generally shorter and easier to understand!

In Example [5.23((2), the absence of the point b from [a, b) makes the set non-compact. Note
that b is in the closure of [a, b). This highlights the following proposition.

PROPOSITION 5.27. Compact sets are closed. Also, if K is compact and F' C K is closed,
then F'is compact.

PROOF. Suppose K is compact. Let (z,,) be a sequence in K which converges. By compact-
ness, there is some subsequence (x,, ) that converges to a point in K. But we know that every
subsequence of (x,,) converges to lim z,,, and hence lim x,, € K. Thus, K is closed under limits,
and so K is closed.

Now, let I be a closed subset of a compact set /{. Let (y,,) be any sequence in F'. Then (y,,)
is a sequence in K, and hence by compactness there is a subsequence (y,, ) that converges in K.
Note that y,, € F' for each k, and hence since " is closed it follows that lim y,,, € F'. Thus, any
sequence in F' has a convergent subsequence with limit in F'; i.e. F' is compact. 0

DEFINITION 5.28. Let E be a subset of a metric space. The diameter of F, denoted diam(FE)
is defined to be
diam(F) = sup{d(z,y): =,y € E}.
Note: this might well be +oco. If diam(E) < +oo, we call E bounded; otherwise F is unbounded.

EXAMPLE 5.29. (1) diam(B,(x)) < 2r for any ball in a metric space. But it could be
less: for example in a discrete metric space with at least two elements, diam(B,.(z)) = 0
ifr<land=1ifr > 1.

(2) In R, diam(0, 1) = diam(0, 1] = diam[0, 1) = diam[0, 1] = 1.
(3) In R, diam(N) = oc. Indeed, d(0,n) = n so sup{d(z,y): z,y € N} > n for every n.

Note: if F is a bounded set, with diameter 6 > 0, then for any point z € E, E C Bys(x)
(or Bi.g001s(), or Bsio.0001(), etc.) Conversely, suppose there is some z in the metric space and
some r > 0 with £ C B,(x). Since diam(B,(x)) < 2r, it follows that diam(E) < 2r. So, to say
E is bounded is the same as saying it is contained in some ball.

PROPOSITION 5.30. Compact sets are bounded.

PROOF. We prove the contrapositive: unbounded sets are not compact. Let £ be unbounded,
and fix a point o € E. Consider the set of balls B, (xy) for n € N. By assumption, £ € B,,(z)
for any 7, so we can choose a point z,, € F with d(zg, z,) > n.

In fact, the sequence (z,,) has no convergent subsequences. For let  be any point in the metric
space. Let n € N be large enough that N > d(xg, z). Then for n > N + 1, we have by the triangle
inequality

d(xp,x) > d(zn, o) — d(xo, ) > n —d(xg,x) > 1+ N —d(xg,2) > 1.
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That is: for any point x in the metric space, eventually x,, never comes within distance 1 of z.
It follows that no subsequence of (x,) can converge to x. Since this holds for any z, it follows
that (z,,) has no convergent subsequences. Since (z,) is a sequence in F, this means F is not
compact. U

Thus, we have seen that compact sets are closed and bounded. One of the biggest theorems of
this course, the Heine—Borel Theorem, states that the converse is true in Euclidean space.

THEOREM 5.31 (Heine-Borel). Let m € N. A subset of R™ is compact iff it is closed and
bounded.

PROOF. Let K C R™. If K is compact, then by Propositions and K is closed and
bounded. We must prove the converse. Suppose K is a closed and bounded subset of R™. Let (x,,)
be a sequence in K. We may write it in terms of its components

T, = (), 22, ..., 2.

Consider first the sequence (x})22; in R. Note that
2l | < |2 = d(zn, 21) < diam(K).

So the sequence (z!) is a bounded sequence in R. By Theorem (the Bolzano-Weierstrass
Theorem for R), there is a subsequence 5571% that converges. Now we proceed as in the proof of
Theorem (the Bolzano-Weierstrass Theorem for C). Consider the subsequence xik Again
we have |z;, | < diam(K) is bounded, so by the Bolzano-Weierstrass Theorem for R, it possesses
a further subsequence xflké that is convergent. Note that x}lké is a subsequence of the convergent
subsequence :c}%, so it is also convergent. Now we proceed to select a further convergent subsub-
subsequence that makes xf’“ﬂe converge, and so forth. The notation becomes ridiculous, but in the

end (after m steps) we prodilce a single set of indices 1 < ¢; < ¢5 < --- such that all of the
components (x; ,x7 ,...,x}") converge as n — co. We now follow the proof of Propositionm

exactly to see that convergence in R™ is equivalent to convergence of each component separately,
and so we conclude that the subsequence (zy, ) converges to some element z € R™. Finally, note
that z,, € K by assumption, and K is closed; thus the point = is also in K. This shows that
every sequence in K has a convergent subsequence with limit in /&, concluding the proof that K
is compact. 0
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4. Lecture 17: February 29, 2016

So, closed intervals [a,b] are compact (as we already knew), as are sets like [0, 1] U [2,3] U
{4,5,6,7,8}. In fact, there are much more complicated closed and bounded sets in R (e.g. the
Cantor set of Example [5.34]below). Let’s emphasize that the Heine—Borel Theorem is exclusively
about the metric spaces R?; it does not apply in general.

EXAMPLE 5.32. (1) Let (X, d) be a discrete metric space. Then for any two points =,y €
X, either d(x,y) = 0 or d(z,y) = 1. Thus, for any subset £ C X, diam(F) < 1,s0 £
is bounded. We have also shown that any subset £ is closed. However, if £ is an infinite
set, it is not compact, cf. Example [5.23|(3). So any infinite discrete metric spaces contains
closed and bounded sets that are not compact.

(2) For a less contrived example, consider again B0, 1], the set of all bounded, real-valued
functions on [0, 1], which is a metric space with respect to the metric

d(f,9) = s |/ (z) = g(2)].

z€[0,1
Consider the functions
1, z>1
falz) = { "
0, z< P

All of these functions are in B[0, 1]. We can also compute the function f,, — f,,,; assuming
m > n we have

8
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This shows that d(f,, fn) = sup, |fu(x) — fm(x)] = 1 for any m # n! Thus, the
sequence ( f,,) cannot have a convergent subsequence: no two terms in the sequence are
ever closer to (or farther from) each other than 1.

Here is an important property of compact sets. This is the generalization of the nested intervals
property that we used in the construction of R.

PROPOSITION 5.33. Let K1, Ky, K3, ... be nonempty compact sets in a metric space, and
suppose they are nested: K,y C K, for all n. Then (), K, is a nonempty compact set. If, in
addition, diam(K,) — 0 as n — oo, then ), K,, consists of exactly one point.

PROOF. Since K,, # @ for any n, we can choose a point z,, € K,, for each n. By the nested
property, z,, € K; for each n. Thus, (z,) is a sequence in the compact set K, and therefore it
has a convergent subsequence xz,,, with a limit z € K. Now, for any m € N, the tail subsequence
(n, )72, also converges to x; but this is a sequence of terms in K, which is closed, and so
x € K, . This holds for every m. Finally, for any n, there is n,, > n, and therefore K,,,, C K,;
thus, z € K, for every n, which shows that x € [, K,,. This intersection is therefore nonempty.
It is an intersection of compact sets, therefore it is compact (Exercise 1 on HW9).

For the second claim, let z,y € (), K,,. Fix € > 0; since diam(X,,) — 0, there is some n with
diam(K,) < €. Thus, since z,y € K,,, d(z,y) < diam(K,) < e. So0 < d(z,y) < eforall e > 0;
it follows that d(z,y) = 0 and so = y. That is: there is at most one point in the intersection.
As we’ve shown the intersection is nonempty, this proves that it consists of exactly one point, as
claimed. U

m?
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EXAMPLE 5.34 (Cantor set). The unit interval K, = [0, 1] is compact. Now remove the
“middle third” and let K; = [0, 1] U [2, 1]; this set is also compact, and K; C K. Now repeat this:
remove the middle third from each of the two intervals in K7, producing K = [0, 3] U [2, 3] U
2, 5] U[5,1]. Again, this set is compact, and K, C K. We can repeat this “delete middle thirds”
process indefinitely. Note a certain self-similarity: K5 has two pieces, each of which looks like /Ky

shrunk down by a factor of % In fact, we can inductively define

1 2 1
K, = 3Kn_1 U (3 + 2Kn_1) )
All of these sets are finite collections of closed, bounded intervals, so they are all compact, and they
are nested K,,.; C K,. Hence, by Proposition the set C' = [, K, is a nonempty compact
set. This set is called the Cantor set.

What can we say about this set? Well, what is the length of the longest interval in it? Note that
K, consists of 2" intervals, each of length 3% Since the length of the intersection of two intervals
is < the length of either interval, and since C' C K, for every n, this means C' contains no intervals
of length > 3% for any n € N; but 3% — 0 as n — oo, and therefore C' contains no intervals of

length > 0. This proves that C' = &. Indeed, if x were an interior point of C, that would mean
B,(x) C C for some r > 0; but B,(x) = (z — r,z + r) is an interval of length 2r > 0, which we
know is not contained in C. Thus no point is interior to C. At the same time, C' is compact, so it

is closed. Thus C' = C, and so 9C = C'\ C = C — the Cantor set is its own boundary.
That also happens for discrete sets: if K consists entirely of isolated points, then K is closed

o

and K = @, s0 0K = K. But the Cantor set is the opposite of a discrete set: it contains no isolated
points, so C' consists entirely of limit points, C' = C'. To see this, fix z € C; so x € K, for every
n. Now K, is a collection of disjoint closed intervals, so there is some interval [,, C K, with
x € I,. Either x is in the interior of this interval or it is one of the endpoints; either way, there
is one endpoint z,, of I, with x,, # x. Now, from the construction of (', the endpoints of all the
intervals are in C, so z,, € C. Also, as diam(/,,) = 3l — O0and x, z,, € I,,, we have d(x, z,) — 0.
This z,, — z, but z,, # x for any n, and x,, € C; this proves that z € C’. Since = was an arbitrary
element of C, this means C' C ’, and since C is closed, we have C' C C,so C = (C".






CHAPTER 6

Limits and Continuity

1. Lecture 18: March 3, 2016

We now begin to study functions. We have, of course, been studying functions (for example
sequences, which are functions with domain N); now we will concentrate on metric properties of
functions. So we will set things up in terms of functions between metric spaces.

DEFINITION 6.1. Let X and Y be metric spaces. Let E C X, and let xo € E’ be a limit point
of E. Let L. € Y. Now, for any function f: E — Y, we say f(x) tends to L as = — x, or the
limit as © — x( of f(x) is L, in symbols

lim f(x)=1L

T—T0
if: given any sequence (x,) in E \ {x¢} that converges x,, — x, it follows that the sequence
(f(xn)) inY converges f(x,) — L.

This is a more general kind of limit than the limit of a sequence: we are letting the argument
“tend to” a limit point through a set that may be quite different from N. Our definition makes use
of our knowledge of limits of sequences. This is useful, for example, in establishing some of the
basic properties of limits. For example:

LEMMA 6.2. Limits are unique: if lim, ., f(z) = L1 and lim,_,,, f(x) = Lo, then L1 = L.

PROOF. Since z is a limit point, there is a sequence (x,,) with z,, # z, for any n and x,, — .
By definition of lim,_,,, f(x) = L4, this means that the sequence f(z,) converges to L;; by
definition of lim,_,,, f(x) = Lo, this means that f(x,) converges to L,. Thus, by uniqueness of
limits of sequences, L; = Ls. O

REMARK 6.3. (1) If we had not included in the definition the fact that z, is a limit
point, this argument would fail. Indeed, if x( is an isolated point, vacuously it holds
that lim,_,,, f(z) = L for all L.

(2) On the other hand, we might try to modify the definition of limit so that this wouldn’t
happen: we could, for example, insist that f(z,) — L for any sequence x,, that converges
to xq, even if it does hit xy at some times. But this would rule out some of our intuition
about limits, as the following example shows.

EXAMPLE 6.4. Consider the function f: R — R given by

_JO, x#0

We know from our calculus intuition that lim,_,o f(z) = 0. Indeed, we can verify this from
Definition if z,, is any sequence in R \ {0}, then f(x,) = O for all n, and the constant
sequence 0 does indeed converge to 0.

67
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On the other hand, suppose we had left out the x,, # x( clause in Definition and insisted
that f(x,) — L for every sequence x,, — x¢. In this scenario, the function above would have no
limit at 0. Indeed, we could take the sequence x,, = % if n is even and x,, = 0 if n is odd. Then
the sequence f(z,,) = (0,1,0,1,0,1,...) has no limit.

This illustrates the fundamental idea of limits: a limit is where a function is going as you
approach the limit point; it is unrelated to the actual value of the function at that point (if it is even
defined).

We can use our theory of limits of sequences to calculate many limits. For example, if the
range space for the function is the familiar C, we have the following echo of the limit theorems for
C-sequences:

THEOREM 6.5 (Limit Theorems). Let f,g: X — C, and let xy be a limit point in X. If
lim, ., f(x) = L and lim,_,,, g(x) = M, then
lim [f(@) + 9(@)] = L+ M, and I [f(z) - g(a)] = L- M.
T—T0 T—x0
PROOF. Let (x,,) be any sequence in X \ {z} that converges to xy. By assumption, f(x,) — L
and g(z,) — M. Thus, by the limit theorems for sequences in C, cf. Theorem 2.27, f(z,) +
g(xn) — L+ M and f(x,) - g(xr,) — L - M. This is precisely what it means to say that
lim, ., [f(2) + g(x)] = L+ M and lim,_,,,[f(z) - g(x)] = L - M. O

There is an equivalent definition of limit which does not explicitly rely on sequences. This
definition is one of the crowning achievements of 19th Century mathematics. The calculus was
built on an intuitive understanding of limits in the minds of Newton and Liebnitz (and others),
but it wasn’t until Weierstrass came up with this modern definition that analysis of functions was
finally put on rigorous footing.

THEOREM 6.6. Let (X,dy) and (Y,dy) be metric spaces, let E C X, let f: E — Y be a
function, let to € E', and let L. € Y. Then lim,_,,, f(x) = L if and only if the following holds
true:

Ve>030>0s.t Ve e E, x€ Bs(xy) \ {0} = f(z) € BL).
Le.
Ve>030>0st Ve e E, 0<dx(xz,xg) <0 = dy(f(x),L) <e (6.1)

In words: to say f(z) tends to L as x tends to 2, means that, for any tolerance ¢ > 0, no matter
how small, there is some (potentially even smaller) tolerance 6 > 0 so that, if = is d-close to xg
(but not equal to x,), then f(x) is e-close to L.

PROOF. First, suppose that holds. Let z,, € E'\ {z(} be a sequence converging to x(. Fix
€ > 0, and let 6 > 0 be the corresponding §. Now, as x,, — xg, there is some N € N so that, for
n > N, dx(z,,x9) < 6. It follows from that dy (f(x,), L) < € for all n > N. This proves
that f(x,) — L. Thus, we have shown that lim,_,,, f(z) = L by definition.

Conversely, suppose (6.1)) fails to hold. This means that there exists some € > 0 so that, for all
d > 0, there is some point x5 € Bs(xo) \ {zo} such that f(xs) is not in B.(L). In particular, do
this with 6 = +: for each n € N, choose some z,, € Bi(xo) such that dy (f(zn), L) > €. On the
one hand, since 0 < dx(x,, o) < % — 0, we have x,, — ¢ but x,, # xo. On the other hand,

since dy (f(x,), L) > € for all n, this means that the sequence f(z,) does not converge to L. By
definition, this means that the statement lim,. ., f(z) = L is false. O
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EXAMPLE 6.7. Let us work directly from the e—0 definition of to show that lim,_» 2% = 4.
Here the domain and range metric spaces are both R. Fix ¢ > 0. We want to guarantee that
|z? — 4] < e. Write this as |z — 2|z + 2| < e. We want to choose § > 0 and force 0 < |z — 2| < 6,
meaning 2 — ) < x < 2+ 4. So, as long as we assure that 6 < 2, this means that 0 < z < 4, in
which case |z — 2||z + 2| < 6|z — 2|. Thus, it suffices to make sure that 6|z — 2| < ¢, which is to
say |z — 2| < €/6. This tells us how to choose §.

So, starting fresh: Let € > 0. Choose 6 = ¢/6 if this is < 2, or § = 2 otherwise. Then, so long
as0 < |r—2| <d,wehave 0 <2—0 <z <240 <4,and so

|x2—4|=|x+2||x—2|§6|x—2|<6-§:e.

Thus, by (6.1, we have proven that lim,_,, 2% = 4.

On the other hand, if we refer to Theorem we see that this follows from the fact that
lim, ,» x = 2 (which is easy to verify by either definition of limit) and therefore lim, oz - z =
2 -2 = 4. Similar considerations show that lim,_,,, f(x) = f(x) holds for any point zy € R (or
C) if f is a polynomial, for example.
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2. Lecture 19: March 8, 2016

In Example[6.7} what we showed is that the function f(z) = 22 satisfies lim,» f(z) = f(2).
We should recognize this as saying that f is continuous at 2.

DEFINITION 6.8. Let X,Y be metric spaces, E C X, and f: E — Y. Let xy € E' be a limit

point. Say that f is continuous at x if
Jim f(x) = f(xo).

Note that this only defines continuity at limit points: we have left undefined what it would mean for
f to be continuous at an isolated point of its domain of definition. Indeed, what should we mean
by saying that a function is continuous on the set N? This is, to some degree, up to debate. The
standard answer is to say this is a vacuous condition: every function is continuous on a discrete set.

Now, consider again Example To use the definition of limit, we assumed that d(z, xy) =
|z — 2| > 0 (as limits are about where you’re going, not where you get to). However, observe
that this requirement was never used in the proof. That is generically true in limits of continuous
functions, as the next result demonstrates.

PROPOSITION 6.9. Let X,Y be metric spaces and f: X — Y. Let vg € X'. Then [ is
continuous at x if and only if for every sequence (x,,) in X with lim,,_,, x,, = xo, it follows that
lim,, . f(z,) = f(x0). Similarly, f is continuous at xy if and only if

Ve>030>0stVrekE, dy(z,z0) <0 = dy(f(x), f(z0)) <e.

That is: we need not assume that the sequence (z,,) never hits z(; and we need not remove x from
the d-ball in the e—¢ definition of the limit. In fact, with these assumption no longer required, there
is no reason to assume xo € X'; this definition makes perfect sense for isolated points as well,
so we take it more generally as the definition of continuity. From this more general definition, it
follows that any function is continuous at an isolated point of its domain (as you should work out).

PROOF. Suppose that z,, — x¢ implies f(x,) — f(zo) in general; then in particular this holds
if we also assume that x,, # x, for any n, which means that lim,_,,, f(z) = f(zo) by definition.
Thus f is continuous at zy. Conversely (in contrapositive form), suppose there is some sequence
xn, — xo such that f(x,) /4 f(x). This means there is some ¢ > 0 so that d(f(x,), f(zo)) > €
for infinitely many n. So let ny,n9, ng, ... be these infinitely many indices where, for each k,
d(f(xn,), f(xg)) > € then (z,, )72, is a sequence in X that converges to x, (as a subsequence of
a sequence x,, which converge to ), but f(z,,) /4 f(zo) and, moreover, since f(x,,) # f(zo)
for any k, it follows that z,,, # x for any k. This shows, from the definition, that it is false that
lim, ., f(x) = f(xo), completing the proof of the first statement.

The proof of the equivalence of the e—¢ statement is similar and left to the reader. 0

The point is: when the putative limit is the value of the function at the limit point, there is no
reason to exclude the limit point from consideration: where you are going and where you get to
are the same in this case!

EXAMPLE 6.10. Let (X, d) be a metric space, and let y € X. Then the function f(z) = d(z,y)
is continuous at every point in X . Indeed, fix z € X, and let (z,,) be a sequence in X with x,, — x.
Then

d(zp,y) < d(x,,x) +d(z,y)



2. LECTURE 19: MARCH 8, 2016 71

and so d(z,,y) — d(z,y) < d(z,,x). But also
d(z,y) < d(w,2n) + d(n,y)
and so d(x,y) — d(z,,y) < d(z,x,) = d(x,, ). Together, these give
0 < |d(zn,y) — d(z,y)| < d(wn, z).

Since z,, — z, d(x,, z) — 0 by definition, and so by the squeeze theorem |d(x,,, y) —d(x,y)| — 0,
meaning that f(x,) = d(x,,y) — d(x,y) = f(x). This shows that f is continuous at x.

We would be remiss if we did not include some examples of discontinuous functions.

EXAMPLE 6.11. Let f: R — R be the function

_fo. 2¢0
ﬂ@—{Ler.

Then f (sometimes called Dirichlet’s function) is not continuous at any point. Indeed, fix x € R.
For any ¢ > 0, the ball Bs(z) = (z — 0, x + §) contains both rational and irrational numbers. So,
if z € Q, choose some y ¢ Q in the ball, and we have |f(z) — f(y)| = |1 — 0] = L, if 2 ¢ Q,
choose some y € Q in the ball, and we have | f(z) — f(y)| = |0 — 1] = 1. In any case, we see that
for any 0 > 0 there are points y € Bs(x) so that |f(y) — f(x)| = 1, so we can never force f(y) to
be in, for example, B (f(x)). This shows f is discontinuous at z, for any z.

EXAMPLE 6.12. Consider the following function f: [0, 1] — [0, 1], sometimes called the pop-
corn function:

ﬂ@z{? ey

x = § in lowest terms

Ea
The graph of this function looks like this:

In fact, f is discontinuous at all rational points, but it is actually continuous at all irrational
points. Indeed, let x = § be rational, and let z,, = x + \/75 for all n large enough that this
is in [0,1]; then #, — x. Then x, ¢ Q meaning that f(z,) = 0; but f(z) = { # 0, so
f(z,) # f(x). On the other hand, let x ¢ Q; we want to show that f is continuous at =, meaning
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lim,_,, f(y) = f(z) = 0. Fix € > 0, and choose some integer n € N with 2 < €. As f(z) > 0 for
all z, it suffices to show that f(y) < = for all y sufficiently close to 2. Well, if y is a point in [0, 1]
where f(y) > %, then y € Q and, when written in lowest terms, y = § with ¢ < n. There are only
finitely many such rational numbers, and = (which is irrational) is not one of them. Thus, we can
define § = min{|z —y|: y = § in lowest terms, with ¢ < n}; then for |y — z| < 4, it follows that

f(y) < + < e, proving that lim,_,, f(y) = 0, and so f is continuous at x.

In Examples [6.1T]and [6.12] we looked at the set of points where a function is continuous. That
is: if f: X — Y is a function and £ C X, say that f is continuous on F if, foreach x € F, f is
continuous at .

EXAMPLE 6.13. Let X = (0,1), and let f: (0,1) — R be the function f(z) = 1. Then f
is continuous on its whole domain: for every z € (0,1), f is continuous at . We could see this
by applying the limit theorems; but let’s use this as an opportunity to practice our e—d proofs. Fix
€ > 0. We want to guarantee that, when y is close to z, we have |% — §| < e. That is

1 1 1

——e< —<—+e¢€

x y
We only need this to hold for all sufficiently small € > 0, so it’s fine to assume ¢ is small enough
that % — € > (. Thus we can reciprocate to get

1 1
1/x —€ e 1/ +¢€
Now, subtract = from both sides and we have

—€ex 1 1 €x
1/x+e - 1/x+€—x<y—m< 1/$—6_x: 1)z —¢€
This shows us how to choose §: we define
, €T €T €T
5:m1n{1/$+6,1/x_6}:1/x+6. (6.2)
Then, reversing the above steps, we have that for any y € Bjs(z), we have |y —z| <

€T €T
1/z+e < 1/x—e’
and this gives in particular the above two inequalities that can be reversed to say |% — §| < e So
we have proved that there is a > 0 for any given € > 0 (as long as € < %; otherwise, if e > = > 1,

we could take  to be something silly and big), proving continuity at .

8=
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3. Lecture 20: March 10, 2016

In Example|6.13] we showed explicitly that the function f(z) = L is continuous at every point
x € (0,1). But note: the § we had to choose for each ¢ > 0 in depends on x as well as €. This
will generically be true. Look at the e~ definition of continuity: a function f is continuous on a
set I if

Vee EVe>03)>0st.Vy € E, dx(z,y) <0 = dy(f(x), f(y)) <e. (6.3)

Having chosen a = and € > (0, we must then find a suitable 6 = d(z, €). In Example not only
does ¢ depend on z, but it does so in a bad way: as z — 0, for given € > 0, the § — 0 as well (quite
fast, in fact: the numerator is shrinking and the denominator is growing). The closer x is to 0, the
smaller ¢ must be to get the same control over the function. So, while the function is continuous,
there is a lack of uniformity in how continuous it is. (Note: we have shown this § works; one might
ask whether a larger, possibly more uniform ¢ could work just as well. The answer is no: it is not
hard to show in this example that the J in (6.2)) is the largest possible § for the given x and €; it is
called the modulus of continuity of the function.)

DEFINITION 6.14. Let X,Y be metric spaces, E C X, and f: E — Y. Call f uniformly
continuous on E if

Ve>030>0s.tVo,y € B, dx(z,y) <d = dy(f(x), f(y)) <e. (6.4)

Compare (6.4) with (6.3). The difference appears subtle: just the placement of the quantifier
V. This makes a world of difference: (6.4)) says that, not only is f continuous at each point x, but
one can choose a § = §(¢) that is uniform: it need not depend on . This outlaws behavior like
the function f(z) = I near 0.

EXAMPLE 6.15. Let f(x) = 2z on R. Then |f(z) — f(y)| = 2|z — y|, so for any € > 0, we
may let 6 = ¢/2; then if |z — y| < 6 = ¢/2, it follows that | f(z) — f(y)| = 2|z —y| < 20 = e.
This shows that f is continuous at all points; moreover, we may choose § = d(¢) = €/2 uniformly
over all x,y € R. Thus, f is uniformly continuous on R.

EXAMPLE 6.16. Let f(z) = 22 on [0,00). We want to make |z*> — y?| small. We have
|#* = y*| = (z + y)|z — y[. Thus, in order for |2 — y?| < ¢, we must have |z — y| < ;% (these
are equivalent). But this shows that f is not uniformly continuous. Indeed, in order for |z —y| < ¢
to imply that [z — y| < -, we must have § < _+: and there is no positive number § = d(e) that

is < = for all x,y > 0.

In Examples and we saw continuous functions on the intervals (0, 1) and [0, o0)
that are not uniformly continuous. In both cases, the non-uniformity was manifest by uncontrolled
growth near the “edge”. As it turns out, if the domain of the continuous function is compact, this
cannot happen. That will be our final big theorem of this class.

THEOREM 6.17. Let X,Y be metric spaces, K C X compact, and f: K — Y a continuous
function. Then f is uniformly continuous.

PROOF. Suppose, for a contradiction, that f is not uniformly continuous on K. Negating
Definition [6.14] this means

de >0V >03z,y € K s.t. dx(z,y) <0, butdy(f(z), f(y)) > e.

That is: there is a positive number ¢ > 0 so that, for every positive number 6 > 0, we can find
two points = and y that are within distance 0 of each other, but such that f(z) and f(y) are at
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least € apart. So, let’s do this with § = % for any given positive integer: we can find z,,, y,, with
dx (Tp, yn) < L, and yet dy (f(zn), f(yn)) > €

Now, we use the compactness of the domain K: the sequence (x,) has a convergent subse-
quence (x,, ) with a limit + € K. Consider, now, the corresponding subsequence y,, ; this has
a convergent subsequence y,, Wwith a limit y € K. Now, z,, is a subsequence of z,, which
converges to x, hence Tn,, — T as well. But we also have

1 1
dx (Tny, s Yny,) < -~ <77 0.

Hence, it follows from the triangle inequality that x = y. On the other hand, by their very con-
struction, the points x,, and yy, all satisfy

dy (f (@, )s [ (Yn,)) = €. (6.5)

But z,,,, — x and so, since f is continuous, f(xnkz) — f(z); similarly, Yny, = Y = , and so by
continuity f(y»,,) — f(y) = f(z). Thus, by Problem 4 on Exam 2,

dY(f(l'nke), f(ynkz)) - dY(f('r)? f(l')) =0.

This contradicts (6.5). Thus, we have proven that f is, in fact, uniformly continuous. O

Theorem [6.17]is typically the best way to prove uniform continuity of a function. For example:
any polynomial is continuous on R, but, as we saw in Example they need not be uniformly
continuous. By Theorem polynomial functions on compact intervals [a, b] are automatically
uniformly continuous. What’s more: once you know a function is uniformly continuous on a set
K, it is then automatically uniformly continuous on any subset £ C K (the same 6 = d(¢) that
works on all of K also works on all of &/ C K). So, for example, polynomials are uniformly
continuous on all bounded intervals (a, b), (a, b], etc. Similarly, the function f(x) = 1 of Example
m is uniformly continuous on [, 1] for any o > 0. We could see this directly from (6.2), since

the modulus of continuity
€x

1)z +¢€
decreases as = decreases; it follows that the uniform § = §(«, €) will work for all z > «. However,

this gets smaller as « shrinks, and if we include all of (0, 1] in the domain, there is no uniform 0.
For an alternate proof of the non-uniformity in this example, see HW10.4.

d=0(z,€) =

Here is another very useful property of continuous functions on compact sets.

PROPOSITION 6.18. Let X, Y be metric spaces, K C X compact, and f: K — Y continuous
(hence uniformly continuous). Then the image f(K) CY is compact.

To be clear: f(K) denotes the image of f on K:
f(K)={f(z)eY:ze K} ={yeY:drv e Ksty= f(z)}.

PROOF. Let (y,) be any sequence in f(K'). By definition of f(K), for each y,, there exists
some (or potentially many) x,, € K such that y,, = f(x,,). Since K is compact, it then follows that
the sequence (z,,) has a convergent subsequence (z,, ) with limit = € K. Since f is continuous, it
then follows that f(z,,) — f(z) as k — oo. Since z € K, f(z) € f(K). Thus, the subsequence
Yn, = f(xn,) of y, = f(x,) converges in K. We have thus shown that every sequence in f(K)
has a convergent subsequence with limit in f(K); that is, f(K) is compact. O
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COROLLARY 6.19 (Extreme Values Theorem). Let K be a nonempty compact metric space,
and f: K — R. Then f attains its maximum and minimum values on K.

Corollary [6.19] is a standard result stated in calculus classes, usually in the special case that
K = [a,b] is a compact interval in R.

PROOF. By Proposition f(K) is compact. In particular, it is closed and bounded. It is
also nonempty since K is nonempty (so f(K) contains f(z) for any x € K). Thus, by the least
upper bound property of R, the set f(K) C R has a supremum M and and infimum m. Now, for
anyn € N, M — % < M, which means that M — % is not an upper bound for f(K); thus, there is
some y,, € f(K) with M —% < y, < M Hence, by the Squeeze Theorem, y,, — M. By definition
of f(K), there exists some z, € K with y, = f(x,). Since K is compact, there is a convergent
subsequence (x,, ) of (z,), with limit + € K. Since f is continuous, y,, = f(z,,) — f(x).
But y,, is a subsequence of y,, which converges to M; thus f(z) = M. We have therefore
found a x € K for which f(z) = M = sup f(K). Thatis: sup f(K) = max f(K), and the
maximum is achieved at the point . A very similar argument shows there is a point =’ with
f(z") = m = inf f(K), completing the proof. O
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CHAPTER 7

More on Continuity

1. Lecture 1: March 29, 2016

Presently, we return to the definition(s) of continuity, and consider more purely topological
characterizations. As such, we will not be dealing with continuity at a point, but instead continuity
on a set (or most of the time on the whole domain metric space), which simply means pointwise
continuity at each point in the domain. To begin, we note that continuity is well-behaved under
composition.

PROPOSITION 7.1. Let X, Y, Z be metric spaces, and suppose f: X — Y and g: Y — Z are
continuous functions. Then the composite function g o f: X — Z is continuous.

PROOF 1. Here we see very clearly the power of the sequential definition of continuity (Def-
inition [6.8). Let z € X, and let (z,,) be a sequence that converges to z. Since f is continuous
on X, hence at z, it follows that f(x,) — f(z). Since (f(z,)) is a sequence in Y that converges
to f(x), and since g is continuous on Y, hence at f(x), it follows that g(f(z,)) — g(f(z)). But
9(f(zn)) = (g o f)(zn), and g(f(x)) = (g o f)(x). It follows that g o f is continuous at (an
arbitrarily chosen) x € X. U

PROOF 2. It is also possible to prove the proposition using the e-¢ definition of continuity
(Proposition . Fix 2 € X and € > 0. Since ¢ is continuous on Y, hence at f(x), there is some
d > 0 so that g(Bs(f(z))) € Be(g(f(x))). Now, since f is continuous on X, hence at x, there is
some 0’ > 0 so that f(By(x)) € Bs(f(x)). Now, given two subsets A, B C Y with A C B, it
follows that g(A) C g(B) by definition. Thus

(g0 f)(By(x)) = g(f(By(x))) € g(Bs(f(x))) € Be(g(f(x))) = Be((g o f)())-
C

Thus, for each € > 0 we can choose ¢’ > 0 with (g o f)(Bs/(x)) C B((g o f)(x)), which shows
g o f is continuous at (an arbitrarily chosen) x. U

In Proof 2 above, we used a property of set mappings (that A C B — f(A) C f(B)). In
order to state and prove our next theorem, we need a more thorough understanding of the behavior
of set mapping; the following discussion is purely set theoretic.

DEFINITION 7.2. Let X be a set. Denote by 2% the power set of X : the set of all subsets of
X. Let Y be another set, and suppose f: X — Y is a function. Then there is an induced function
(also denoted f) from 2% to 2Y : for any subset A C X, f(A) = {f(z): © € A}. It also induces a
reversemap f~1:2Y — 2%: for BCY, f1(B) ={x € X: f(x) € B}.

Note: it is not necessary for f to be one-to-one in order for f~! to exists as a set mapping: it
always exists. In fact, f~1 generally has better properties than f as a set mapping.

LEMMA 7.3. Let X and Y be sets, and f: X — Y.
(1) Forany BCY, f~%(B°) = f~Y(B)-.
79
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(2) Forany By, B, CY, f~Y(BiUB;) = f~1(By)Uf ! (Bs), and f~'(BiNB;) = f~(By)N
f~1(Ba).

(3) For an; A, Ay C X, f(AL U As) = f(A1) U f(As), while in general f(A; N As) C
f(A) N f(Ag).

PROOF. (1) Anelement z € X isin f~!(B)¢if and only if z ¢ f~'(B). By definition,
this is the same as saying that f(z) ¢ B, which is to say that f(x) € B¢, or equivalently
r € f71(B°), as desired.

(2) Anelement x € X isin f~}(B; U By) iff f(x) € By U By. If f(x) € B; then z €
S Y(B1);if f(z) € By then z € f~!(By); altogether, this means that f(x) € By U By iff
x € f7Y(B;) U f~(By), as desired. The argument for intersections is similar.

(3) For the first statement, let y € f(A;) U f(Ay). So either there is an z; € A; with
f(x1) = y, or there is an x5 € Ay with f(x2) = y. In either case, y € f(A; U As), as
desired. Conversely, if y € f(A; U Asy), then there is some x € A; U Ay withy = f(x).
Then either z € Aj, in which case y = f(z) € f(A;), or v € A, in which case
y= f(x) € f(Ay);thusy € f(A;) U f(As), as desired.

For the second statement, let y € f(A; N As); so there is some = € A; N Ay with
f(z) = y. Since x € Ay, it follows that y = f(x) € f(A;); since z € Ay, it follows that
y= f(x) € f(Ay);thusy € f(A;) N f(As), as desired.

U

REMARK 7.4. Nothing like item (1) holds for the forward set mapping in general. On the
one hand, if f is a bijection with inverse function g, then f(A) = ¢g~!(A) (you should untwist
the definitions to check this), and so in this case the forward set mapping has all the same nice
properties as the inverse. On the other hand, suppose X has more than one element, and f is a
constant map f(z) = yo forallz € X. Then forany A C X, f(A°) = {yo}, while f(A)° = {yo}*,
so the two sets are not only not equal, they are complementary (meaning in general there are not
even any consistent inclusions of one into the other).

Similarly, the inclusion f(A; N As) C f(A1) N f(A2) is, in general, not an equality if f is not
a bijection. For example, take again a constant function f(x) = yo, defined on a set X containing
at least two distinct points z; and zo. Then f({z1}) N f({z2}) = {wo}, but {z1} N {z2} = &, so
FHz1}n{z2}) = @ € {yo}. So, we see, in general the forward set mapping is not as well-behaved
as the inverse set mapping with respect to the Boolean operations; i.e. the inverse set mapping is
always a Boolean homomorphism.

The nice behavior of the inverse setting mapping helps to explain why it appears in the follow-
ing topological characterization of continuity, instead of the forward set mapping.

THEOREM 7.5. Let X and Y be metric spaces. A function f: X — Y is continuous if and
only if the preimage of any open set is open; i.e. for all open sets V C Y, f~1(U) is open in X.

PROOF. First, suppose f is continuous. Let V' C Y be an open set, and let x € f_l(V);
this means that f(x) € V. Since V is open, there is some ¢ > 0 with B.(f(z)) € V. Since
f is continuous, there is some § > 0 with f(Bs(z)) € B.(f(z)) € V. But that means that
Bs(z) € (V). Hence, every x € f~!(V) is an interior point of f~!(V'), and so f~'(V) is
open.

Conversely, suppose we know that f~1(V) is open for every open V' C Y. Let z € X and
fix e > 0. By assumption, f~!(B.(f(x))) is open. Since z is a point in this open preimage, that
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means there is some § > 0 with Bs(z) C f~'(B.(f(x))). Hence f(Bs(z)) C B.(f(x)), which
shows that f is continuous at (an arbitrarily chosen) x € X. U

REMARK 7.6. In the last step of the above proof, we essentially used the fact that f(f~*(B)) C
B, which is left as an exercise for you to verify. The reverse containment f~'(f(A)) 2 A also
holds true in general; in both cases, the containments are generally not equalities.

The above proof is quite natural, and really shows that the e-¢ definition of continuity funda-
mentally says that preimages of open sets are open. However, combining Theorem([7.5|with Lemma
[7.3(1) gives an alternate characterization which is less clear (and therefore more interesting).

COROLLARY 7.7. Let X and Y be metric spaces. A function f: X — Y is continuous if and

only if the preimage of any closed set is closed; i.e. for all closed sets C C'Y, f~1(C) is closed in
X.

PROOF. By Theorem[7.5] it suffices to show the preimages of closed sets are closed if and only
if preimages of open sets are open. But this follows from [7.3[1) together with Proposition [5.15}
the complement of an open set is closed. Precisely: suppose the preimage of any open set is open.
Let C be a closed set in Y. Then C° is open, and so f~'(C) is open. But f~}(C¢) = f~1(C)¢,
and so f~!(C) is a set whose complement is open, meaning that it is closed. The converse is very
similar. U

EXAMPLE 7.8. Consider the metric space S = {e¢?: § € R} C C, the unit circle in the
complex plane. As a subset of C, it inherits the Euclidean C-metric. but this might not be the
most natural metric to use. For example, the distance between the points (1,0) and (—1,0) is 2 in
the C-metric; but if we are thinking of distance as the shortest path in the circle, then the distance
should be 7. To try to define this intrinsic metric, we’d like to have a correspondence between e
and 6. Of course, we cannot do this for all § € R, but we can restrict the allowed 6 to be in [0, 27),
and define

fe®)y =0, 0<6<2m
This is well-defined (by the polar decomposition: every nonzero complex number 2 has a unique
decomposition z = |z|e? for some 6 € [0,27)). But is this a continuous function S — R?
Naively, we might write f(u) = —iInu and expect this means it is continuous. However, consider
the closed set [, 10] C R; the preimage of this set is

£ 10) = £, 2m) = £ ([, 27) U 2, 10]) = £ ([, 27)) U (2, 10)).
Since the image of f does not intersect [27, 10, this second preimage is empty, and so f~!([r, 10]) =
{e": 7 < 0 < 2r}, which is the bottom half of S, including the point (—1, 0) but not including the
point (1, 0). This set is not closed in S: the sequence ¢~™/™ lives in this bottom half, and converges
to (1,0) as n — oo. Thus, f is not continuous.

REMARK 7.9. It is, indeed, possible to define a metric on S that represents this “length of
shortest path” intuition; but this example shows that one cannot draw a global correspondence
between S and an interval in R to make it work. Rather, one must work only locally. This is a topic
for a course in differentiable manifolds.

Example illustrates a very interesting point. The function f in that example is a bijection;
let’s consider its inverse g: [0,27) — S, which is simply g(f) = ¢%. This function is continuous
(although we will not prove this until we study sequences and series of functions, in the next
chapter). So it is possible for a continuous bijection to have an inverse that is not continuous.
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Indeed, in this example, g “glues together” the points 0 and 27 at the boundary of its domain, and
so its inverse must “rip them apart”, which is discontinuous.
This kind of pathology does not happen, however, if the domain of the bijection is compact.

THEOREM 7.10. Let X and 'Y be metric spaces, and suppose X is compact. If f: X — Y is
a continuous bijection, then f~1: Y — X is continuous.

PROOF. To avoid confusing notation, denote the inverse function f~* = ¢g. Let C C X
be closed. The preimage ¢g~*(C) is equal to the forward image f(C'). Since X is compact and
C C X is closed, C' is compact (cf. Proposition [5.27). Now, by Proposition it follows that
f(C) is compact, and therefore closed (again by Proposition [5.27). Thus, g~*(C) is closed for
every closed C', and so by Corollary g is continuous. U

A continuous bijection whose inverse is continuous is called a homeomorphism. The function
g(0) = € from [0,27) onto S is a continuous bijection, but it is not a homeomorphism. In
topology, homeomorphisms are the basic “isomorphisms”; they tell you when two structures are
topologically indistinguishable. The circle S and the half-open interval [0, 27) are topologically
distinguishable (this is intuitively clear, but proving that there exists no homeomorphism between
them requires developing tools beyond the scope of this course).
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2. Lecture 2: March 31, 2016
Before proceeding with more discussion continuity, we return to a purely topological notion.

DEFINITION 7.11. Let X metric space X. Two subsets A and B in X care called is called
separated if AN B = AN B = @; that is, no point in A is in the closure of B, and no point in B is
in the closure of A. The metric space X is called connected if it is not the union of two nonempty
separated sets.

EXAMPLE 7.12. The two intervals (0,1) and (2, 3) are separated in R; in fact, their closures
[0,1] and [2, 3] are disjoint (which is nominally stronger than separation). Similarly, the two in-
tervals (0, 1) and (1, 2) are separated: [0, 1] does not intersect (1, 2), and (0, 1) does not intersect
[1,2]. However, (0, 1) and [1, 2) are not separated: the closure [0, 1] does intersect [1, 2).

Two separated sets are, of course, disjoint, but as the example points out, disjointness is not suffi-
cient to imply separation.

In R, connected sets can be easily characterized; they are precisely the sets we’ve been most
concerned with: intervals.

PROPOSITION 7.13. A subset E C R is connected if and only if it is an interval: i.e. if and
only if it has the property that, forall x,y,z € b, isx < z < yand x,y € E, then z € E.

More precisely, the property in Proposition [/.13[should be called the intermediate value prop-
erty (of subsets in an ordered set). It is equivalent to insisting that £ is an interval (with one or
both endpoints included or not, or possibly infinite). Indeed, it is straightforward to see that inter-
vals have the intermediate value property. The converse is a case analysis. For example, suppose
E # & has finite sup and inf. If sup £ = inf E then F consists of a single point which is an
interval. Otherwise, inf £/ < sup E; let z be in between. Since z < sup F, there exists some point
y € F with z < y < sup F. Similarly, since z > inf F, there exists some point x € £ with
inf £ < x < z. Thus x < z < y, and by the intermediate value property, z € F. This shows that
(inf E,sup F) C E. Of course E contains no points bigger than sup £ or smaller than inf F; so
this shows E is one of the four intervals whose closure is (inf F, sup E) (with neither, either one,
or both of the endpoints included). The argument is similar when one or both of the sup and inf
are infinite.

PROOF OF PROPOSITION[Z.13| First, suppose that F does not have the intermediate value
property: there are points x < z < y with z,y € F but z ¢ E. Define A = (—o0,2) N E and
B = (z,00) N Ej; since z ¢ E, it follows that £ = AU B. Since x € A and y € B, both sets are
nonempty. Now, z is an upper bound for A, so sup £ < z. This means that A C (—oo, z|; this
follows from the squeeze theorem: if a,, € F and a,, — a then, since a,, < z for all n, a < z.
Hence, since B C (z, 00), it follows that ANB=@. A similar argument shows that A N B=0.
Thus £ = AU B with A and B nonempty and separated; thus F is not connected.

For the converse, suppose that £ is not connected, and let £ = AU B with A and B nonempty
and separated. Choose © € A and y € B; we’ll assume x < y (if they’re reverse ordered, just
rename them). Set z = sup(A N [z,y]). By Example z € A, and therefore z ¢ B (since A
and B are separated). Since y € b, z # y. We now consider two cases.

e Suppose z ¢ A. Since x € A, z # x. But z € [z,y], therefore x < z < y. But z ¢ A and
2z ¢ B,soz ¢ E = AU B. Therefore, E does not have the intermediate value property.

e Suppose z € A. Since A and B are separated, z ¢ B, so z € B, which is an open set.
Thus there is some € > 0 so that B.(z) C B andso 2’ = 2+ 5 isnotin B, therefore not
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in B; therefore 2z’ # y. Also 2 > z which is an upper bound for A, so 2’ ¢ A. Thus we
have r < 2z < 2/ <y, and 2’ ¢ E = AU B. Therefore £ does not have the intermediate
value property.

0]

Connectedness is a topological property: it is invariant under homeomorphisms. In fact, it is
invariant under any continuous map.

THEOREM 7.14. Let X and Y be metric spaces, and let f: X — Y be continuous. If E C X
is connected, then f(FE) is connected.

PROOF. We argue the contrapositive: suppose that f(E) is not connected. That is, f(F) a
union of two nonempty separated sets: f(E) = AU B where A, B # and ANB = ANB = 2.
Thenlet G = EN f~Y(A)and H = F N f~(B). Since E C f~Y(f(E)) = f Y (AUB) =
SHA) U f71(B), it follows that E = G U H. We will show that G and H are nonempty and
separated, and therefore ' is not connected.

First, note that G and H are nonempty. Indeed, if G were empty, then f~1(A) would not
intersect £, so no element of F is mapped into A. Since f(F) = A U B, this would mean that
f(F) = B, and since AN B = @&, that would imply A = &, contradicting the hypothesis. A
similar argument shows that H is nonempty.

Now, since A C A, G C f~1(A) C f~*(A). Since A is closed, f~*(A) is closed (this is the
only point in the proof where continuity is used!), and it follows that G C f~'(A), which is to
say that f(G) C A. On the other hand, using Lemma 3), we have f(H) = f(EN f~1(B)) C
f(E)N f(f~'(B)) € (AU B) N B = B. Thus, applying Lemma[7.3|3) once more,

FGNH)C fG)Nf(H)CANB=0.

Since GN H is a setin the domain of f, it follows that GNH = @. An entirely analogous argument
demonstrates that G N H = @.
Thus F is a union of two nonempty separated sets, and so £ is not connected. 0

Combining Theorem with Proposition (characterizing connected sets in R) yields
another big calculus theorem: the Intermediate Value Theorem.

COROLLARY 7.15 (Intermediate Value Theorem). Let a < bbe inR f: [a,b] — R be contin-
uous. For any y between f(a) and f(b), there exists and x € [a, b] where f(z) = y.

PROOF. By Proposition [7.13] the interval [a, b] is connected. Thus, by Theorem[7.14] f([a, b])
is also connected. Note that f(a) and f(b) are two points in f([a, b]); hence, by Proposition[7.13]
if y is between f(a) and f(b), then y € f([a,b]), which is precisely to say that there exists an
x € [a,b] where f(x) =y. O
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It is tempting to think that the Intermediate Value Theorem actually characterizes continuous
functions, but this is not so. To be precise: say that a function f: [a,b] — R has the intermediate
value property if, given any ¢, d with a < ¢ < d < b, and any value y between f(c) and f(d), there
is a point = € [c,d] with f(z) = y. Corollary shows that any continuous function has the
intermediate value property; but there are discontinuous function that do as well (e.g. Example
below). To see how this can happen, we now turn to further discuss what kinds of discontinuities
functions can have, continuing the discussion from Examples and

EXAMPLE 7.16. A piecewise continuous function defined on an interval in R can have a “jump
discontinuity” (see Definition below), where the two functions on the two pieces do not
“match up” at the transition point. For example, take f: [0,2] — [0, 1] to be the functions de-
fined piecewise by f(z) = x for 0 < z < land f(z) = x — 1 for 1 < z < 2. Then f is not
continuous as x = 1: consider the two sequences x,, = 1 — % andy, =1+ %, both of which con-
verge to 1. Then f(z,) = x, — 1 asn — oo, while f(y,) =y, — 1 — 0 as n — oco. It therefore
cannot be true that all sequences converging to 1 have images that converge to f(1), since these
two sequences, both converging to 1, have different image limits. (In this case f(y,,) — 0 = f(1);
we will see below that f is right-continuous.

Any function with a jump discontinuity will fail to have the intermediate value property as
well. In the above example, consider the interval [0.9, 1.1]. The image of f here is f([0.9,1.1]) =
f([0.9,1)) U f([1,1.1]) = [0.9,1) U [0,0.1], which does not include any points in the interval
(0.1,0.9). But f(0.9) = 0.9 and f(1.1) = 0.1. So in this extreme example, no point between
£(0.9) and f(1.1) is in the image of f on [0.9, 1.1].

EXAMPLE 7.17. If we don’t restrict ourselves to a one dimensional domain, there is plenty of
room for weirder discontinuities. For example, consider the function f: R? — R defined by

f(l’ y) = xzﬁ—yy? if (Jf,y) # (0,0)
| 0 if(z,y) =(0,0)

This is a rational function, whose denominator only vanishes at (0,0); therefore, by the limit
theorems, f is continuous on R? \ {(0,0)}. But the function is not continuous at (0, 0). Consider
the two sequences a,, = (1/n,1/n) and b, = (—1/n,1/n). Both converge to (0, 0), but

1 11

= 1 —= . = 1

1
)=t = f(b) = = 2

Flo) = e~ T = e T

Hence, there is no limit, since these two sequences, both converging to (0, 0), have different image

limits. In fact, notice that for any m € R, f is constant along the line y = mx: f(x,mz) =

LISy = 1. The range of the function m — % is [—3, 5] (the endpoints are achieved at

z2+(max)? 1+m?2*
m = £1 as computed above; the function is continuous and so all values between :I:% are achieved
by the Intermediate Value Theorem; and no other values are achieved since 0 < (1 — m)? =
14+ m? — 2m, so 2m < 1 +m?). The graph of the function can be thought of as a “spiral / helical
slide” wrapping around a vertical pole at the origin. While it is difficult to even state what an
“intermediate value property”” should mean in the context of a two-dimensional domain, it is clear
that this function does not have a “jump” discontinuity: there are no gaps in the range of its values
near 0. Below is a rendering of the graph of f on [—1, 1]; you should use software like Maple or

Mathematica to explore this function further.
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EXAMPLE 7.18. We can find examples of non-jump discontinuities for functions of a single
real variable, too. The classic example is f(z) = sin(2) for 2 # 0 and f(0) = 0 (or any value in
[—1,1]). A rendering of the graph of f on [—2, 2] can be found on the following page.

We have not formally introduced the sin function yet; if you want, you can replace it with
f(x) = (%) for any periodic continuous function ¢: R — [—1,1] with ¢(0) = 0 to see a very
similar picture (e.g. ¢(z) = z for =1 < z < land ¢(z) = 2 —x for 1 < x < 3, and then on
any interval of the form [4n — 1,4n + 3] for n € Z define f(z) = ¢(x — 4n)). Since z — = is
continuous on R \ {0}, and sin is continuous on R, f is continuous on R \ {0} by Proposition

However, f is not continuous at 0. For example, let z,, = m and y,, = m Then

x, — 0and y, — 0, but f(x,) = sin(2n7 +7/2) = 1 and f(y,) = sin(2n7 + 37/2) = —1, s0 f
does not have a limit at 0. (Both of these sequences approach 0 from within (0, cc), so f does not
have a “right limit” either.)

However, f does have the intermediate value property on any interval in R. Since f is continu-
ous on R\ {0}, this is only interesting for intervals that include 0 in their interior, so leta < 0 < b.
Consider the point ¢ = wﬁ Then ¢ < b, and f(c) = sin(1/b+ 27) = sin(1/b) = f(b). What’s
more, on the interval [1/b, 1/b+ 2], the function sin achieves its full range of values, [—1, 1], and
so f([c,b]) = [—1,1]. This shows that f([a,b]) D f([c,b]) = [—1,1] as well. Since the range of
fis [—1,1], any value y in between f(a) and f(b) is in [—1, 1] and therefore is also in f([a, b]).
Thus, f is a discontinuous function with the intermediate value property.

Let’s formalize the insights from the above examples into a characterization of different kinds
of discontinuities. First we formally define left and right limits.
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FIGURE 1. The graph of sin(2).

DEFINITION 7.19. Let a < bbe in R, and let f: [a,b] — R be a function. Let x € (a,b). Say
that

if, for any sequence (x,,) in [a, xo) with x,, — o, f(x,) — L. For shorthand, we write f(xo—) =
L. Similarly, we say
lim f(x)=R

T—x0+
if, for any sequence (y,,) in (zo, b| with y,, — xo, f(yn) — R. For shorthand, we write f(xo+) =
R.

Equivalently: f(xo—) = L means that the function f |[a,xo] has limit L as x — xg, and f(zo+) = R
means that the function f |[xo,b] has limit R as © — x. You should verify that lim,_,,, f(z) = Lis
equivalent to f(zo—) = f(xo+) = L.

DEFINITION 7.20. Let a < bin R, and let x € (a,b). A function f: [a,b] — R is said to have
a jump discontinuity at z if f(xo—) and f(xo+) exists, but f(xo—) # f(xo+). In this case, we
say that f has a jump of size f(zo+) — f(zo—).

If f is discontinuous at xq, but does not have a jump discontinuity at xo, we say [ has a
non-jump discontinuity at .

REMARK 7.21. Rudin uses the term “simple discontinuity” for jumps, and “discontinuity of
the second kind” for non-jump discontinuities. This terminology is silly, for two reasons. First,
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no working analyst has used that terminology in at least 60 years. Second, and more importantly,
the distinction between the two kinds of discontinuities is very much like dividing the world into
bananas and non-bananas; jump discontinuities are rare. Thus “jumps” vs. “non-jumps” is a more
accurate division.

REMARK 7.22. It is almost correct to characterize non-jump discontinuities as those where
either the left or the right limit does not exist. The one kind of exception to this is a kind of degen-
erate discontinuity, where lim;_,,, f(¢) exists, but is not equal to f(x,). (For example: f(t) = 0
for all t # xq, but f(xg) = 1.) Such a discontinuity does not count as a jump discontinuity by
the above definition, and indeed it should not: the function is not jumping anywhere. (This is an
important distinction, for example in the theory of paths of stochastic processes.) But it is also
quite a bit milder than the discontinuity of Example Such examples are called removable
discontinuities. So non-jump discontinuities are partitioned into removable ones, and the truly bad
ones, which we might call oscillatory discontinuities.

In example the function has a jump discontinuity of size —1 at 0. In example the
function has a non-jump discontinuity at 0. In Example [6.T1] (Dirichlet’s function, the indicator
function of the rationals), every point is a non-jump discontinuity.

There is one important class of functions (which we will use extensively later in this course,
when we study integration theory) in which only jump discontinuities can occur.

DEFINITION 7.23. Let a < bin R. a function f: [a,b] — R is said to be monotone increasing
or nondecreasing if, for all x < y in [a,b], f(x) < f(y); it is said to be monotone decreasing
or nonincreasing if, for all x < y in |a,b], f(x) > f(y). If f is either monotone increasing or
monotone decreasing, f is called monotone.

The functions in Examples [6.11}[6.12] and [7.18| are not monotone; all of them oscillate wildly.
In all cases, the discontinuities were not jump discontinuities. Example [7.16]is also not monotone,
but it is milder (just one oscillation), and its discontinuity is a jump discontinuity. In general,
monotone functions can be discontinuous (e.g. like Example but with a positive jump: f(x) =
xfor0 <z <land f(x) =z + 1for1 <z < 2), but that’s as bad as they get.

<
>

PROPOSITION 7.24. Let a < bin R, and let f: (a,b) — R be a monotone function. Then
f(x—) and f(x+) exists for each x € (a,b); thus, all discontinuities of [ are jump discontinuities.
If f is monotone increasing, then for all x € (a,b),

sup f(1) = f(z—) < f(z) < f(z+) = inf f(2). (7.1)

a<lt<zx r<t<b

Also f(z+) < f(y—) whenever a < x < y < b. For monotone decreasing f, the inequalities (and
the sup and inf) are reversed.

PROOF. We assume f is monotone increasing; the proof for the monotone decreasing case is
analogous. But assumption, for any ¢ < z, f(t) < f(z). So the set { f({): a <t < '} is bounded
above by f(z), which shows that o = sup,_,, f(t) < f(z). Fix € > 0. Since « is the least upper
bound, there must exist some z’ € (a, ) with« —e < f(z') < a. Since f is monotone increasing,
ife/ <t<uz f(a') < f(t) < a. Combining these last two inequalities yields

|f(t) — o] <e, for ' <t < x.

Hence, if t, € (a,x) and t,, — =z, there is some N so that 2’ < ¢, < z forn > N, and so
|f(t,) — a| < € for n > N; this shows that f(z—) = lim;,,_ f(f) = «, as claimed. The proof
that f(x) < f(z+) = inf,;p f(t) is very similar; thus we have proven (7.1)) true.
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Now, if a < x < y < b, then since f(s) > f(y) for all s > y, we have
flat) = inf f(t)= inf f(t).

r<t<y

Applying the left-hand-side of (7.1)) to the interval (z, y) instead of (a, b) shows that
fla+) = inf f(t) < sup f(t) = f(y—)
r<t<y r<t<y

which concludes the proof of the second inequality. The proofs for monotone decreasing functions
are analogous. 0






CHAPTER 8

Differentiation of Functions of a Real Variable

1. Lecture 4: April 7, 2016

Almost everything that was discussed in Chapters [3] [6| and [7] applied quite generally to func-
tions / sequences in metric spaces. In this chapter, we will focus on concepts that are exclusive
to functions defined on (intervals in) R. Some of these concepts can be extended to more gen-
eral spaces, but not the level of generality we’ve seen so far: taking derivatives involves more
underlying structure than most metric spaces afford.

Let a < bin R, and suppose f: [a,b] — R is a function. For any x,y € [a,b] with © # y, we
may define the difference quotient (DQ f)(z,y) as follows:

(DQf)(w,y) = w
EXAMPLE 8.1. If f(z) = x, then (DQf)(z,y) = ;=) = 1forallz # y. If f(z) = z?, we can
factor to find that

-y (2 -y +y)
(DQS)(x,y) = =
r—y r—y
In general, for power functions f(z) = ¥, since 2% — y* = (x — y) ("1 + 2572y + 277392 +
oo+ ayP? + Yk, we see that (DQf)(x, y) is a polynomial (of homogeneous degree k — 1) in
x and y. It is, a priori, only defined when = # y.

=r+y, TFY.

We will use the difference quotient D() f to define the derivative of f, by taking limits, as you
no doubt recall. Before we do so, it is instructive to note a few nice properties that the difference
quotient has. (Note that every function has a difference quotient.)

LEMMA 8.2. Leta < binR, andlet f,g: [a,b] — R be functions. For any x # y in |a, b], we
have the following.

(1) DQ(f + g)(z,y) = DQf(z,y) + DQg(z,y).
(2) DQ(fg)(z,y) = f(2)DQg(x,y) + DQf(x,y)g(y).
(3) If g(x) # O for x € [a,b], then DQ(;)(x,y) =

PROOF. (1) is an immediate consequence of the distributive properties of addition and multi-
plication, and is left to the reader. For (2), we calculate as follows:

f(@)g(z) = f()g(y) = f(x)g(x) — f(x)g(y) + f(2)g(y) — f(y)g(y)
= [(2)(9(x) = 9(y)) + (f(x) = f(y))g(x)-
Dividing through by = — y yields the result. For (3), we compute

N oy - 8@ ) _ 9 —g@) 1 i
DQ(Q)(W) T -y 9(z)g(y)(z —y) mwﬂwDQ“’w'

7 DQg(x,y).

1
g(z)g(y

91
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REMARK 8.3. Since fg = gf, (2) implies that we also have DQ(fg)(z,y) = f(y)DQg(z,y)+
g(x)DQf(x,y). One can see this as well in the proof of (2), by introducing the opposite cross

terms — f(y)g(z) + f(y)g(x).

You should recognize the statements of Lemma@]as versions the usual rules of differentiation;
e.g. (2) is the product rule. It is illuminating to note that these are simply algebraic rules that hold
for difference quotients, having nothing to do with the limits involved in taking derivatives. In
that vain, we can also prove a difference quotient version of the chain rule; this is particularly
instructive, since it highlights a technical difficulty we will have to overcome in proving the chain
rule for derivatives.

LEMMA 8.4. Leta < bin R, and let g: [a,b] — R be a function. Suppose [ is a real valued
function defined on the range of g; then f o g: [a,b] — R is a function. If © # y in |a, b, and if
9(x) # g(y), then

DQ(f o g)(x,y) = DQf(9(x), 9(y)) - DQf (z,y).

PROOF. Since g(x) # g(y), we can multiply and divide through by it, to see that

DO(f o g)(z.y) = 12 9(92 - 5 °og(y) _ f(gg(zs;; :;“((;J)w)) 9(32 - ;J(y)

and, by the definition of D(), this gives the desired result. U

It is possible that g(z) = g(y), even if x # y; in this case, DQ f(g(x), g(y)) is not defined, since
DQ f(u,v) is only defined when u # v. Of course, we would like to define it even on the diagonal
u = v by taking the limit as v — u; we will presently do this to define the derivative. But the
reader should be wary of the above proof: it is possible that g(z) = g(y) for x and y arbitrarily
close to each other, in which case it will take some care to make sense of the limit; we will do this
below in Proposition [8.12]

We now come to the definition of the derivative.

DEFINITION 8.5. Let a < bin R, and let f: [a,b] — R. For any point x € [a,b], say that f is
differentiable at « if the limit lim,_,, DQ f(x,t) exists; in this case, we call this limit the derivative

of f at x, and denote it @ "
! 1 f r)— f l
o) =57 = m == ——

REMARK 8.6. Some authors insist that x € (a,b) for this definition. As stated above, we
highlight the fact that differentiability (like continuity) depends on the domain of the function. At
x = a, the above limit is actually a right limit lim;_,,. DQ f(x,t), and we might call f'(a) (if it
exists) the right derivative of f at a. If f is actually defined on a larger interval including « in its
interior, then it is possible that f is not differentiable at a, even if it is right differentiable there.
Similar comments apply to left differentiability at b.

Differentiability is a regularity property of a function at a point. It is stronger than continuity.

PROPOSITION 8.7. Leta < bin R, and let f: [a,b] — R. If x € [a,b] and f is differentiable
at x, then f is continuous at .

PROOF. Let (z,,) be a sequence in [a, b] \ {x} with 2, — 2. Then we can multiply and divide
by z,, — x, and so

() — (o) = LB =S @n)

T — T,

(x —2n) = DQf (2, 20)(x — zn).
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By assumption, f’(x) exists, which means that lim, ,,, DQf(z,z,) = f'(x). We also have
lim,, o (x — z,,) = 0. Thus, by the limit theorems,

lim [f(z,) ~ f(2)] = lim DQf(x.z,) - lim (x —z,) = /() 0 =0,

n—oo

This shows lim,, ., f(x,) = f(z), for any such sequence. By definition, this means lim;_,,, f(t) =
f(z), which is the definition of continuity of f at . O

REMARK 8.8. In the case x = a, differentiability (which really means right differentiability)
only implies right continuity; similarly differentiability at x = b (which really means left differen-
tiability) only implies left continuity.

The converse of Proposition [8.7]is very false.

EXAMPLE 8.9. Consider the function f(z) = |z| defined on R. This function is continuous on

R, and in particular at 0: if z,, — 0 then |x,,| — 0. Now, for z # 0, DQ f(0,t) = 00_@ = M . This

is either +11f ¢ > O or —1 if ¢ < 0. So take, for example, the sequence ¢,, = (G 1) Wthh tends
to 0. The sequence DQf(0,t,) = (—1)"™ does not converge as n — oc. ThlS means that the limit
1'(0) does not exist, so f is not differentiable at 0.

REMARK 8.10. In Example the function f fails to be differentiable only at a single point.
It was long thought (by Newton and others prior to the 19th Century) that non-differentiable points
of continuous functions were all of this nature: that continuous functions would have to be differ-
entiable except at a discrete set of points. This is extremely far from true. Later on, we will see
examples of functions that are continuous everywhere on R, but differentiable nowhere. In a sense,
such functions are the most important, to the modern theory of analysis and probability.

Let us now state the well-known differentiation rules that follow from Lemma

PROPOSITION 8.11. Leta < bin R, and let f,g: [a,b] — R. Suppose f and g are differen-
tiable at a point x € [a, b]. The following hold true.

(1) f + g is differentiable at x, and (f + g)'(z) = f'(z)

() fygis dlﬁ‘erentlable atz, and (fg) (z) = f'(x)g(x) +

)'(x)

(3) If g(x) # 0, then = is differentiable at x, and ( "(x

_|_

g (x).
(z)g'
g (=

 g(@)

().
)

2

II\

PROOF. (1) follow 1mmed1ately from Lemma 8.2(1), using the limit theorem (a limit of a sum
is the sum of the limits). For (2), using Lemma[8.2(2), we have

(f9)'(x) = lim DQ(f9)(,) = lin[f (x) DQg(x 1) + DQf (. 1)g(1)
= J()lim DQg(r, ) +lim DQ(z 1) - lim (1)

The limits of the difference quotients are, by definition, f'(x) and ¢’(x). By Proposition g is
continuous at x, and therefore lim,_,, g(t) = g(x), yielding the desired formula. For (3), we note
(again by Proposition that ¢ is continuous at z. Since g(z) # 0, it follows that, for some A
g(t) #0forallt € (x — d,z + 0) N [a,b]; indeed, from the e-§ definition of continuity at x, this
follows by taking any € < |g(x)|. Restricting to this neighborhood of z, the function %J is well
defined, and we may apply Lemma(8.23) and the limit theorems to find that

Ing 1 11
<§) () = hm DQg(zx,t) = %1_{% ( MDQg(x,t)) = ——— lim — - lim DQg(x,t).

g(x) t—>:cg(t) t—z
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Since g is continuous and nonvanishing on a neighborhood of =z, é is continuous at x, and the first
limit is ﬁ; the second limit is ¢/(z) by definition. This concludes the proof. U
Part (3) above is a special case of the so-called guotient rule, which states that
([)' (z) = f'(x)g(x) — f(x)g'(x)
g g(x)?
under the conditions stated above. This follows immediately by combining (2) and (3), noting that
% =f- é; the details are left to the reader.
We now come to the chain rule.

PROPOSITION 8.12. Let a < b in R, and let g: [a,b] — R. Suppose x € [a,b] and g is
differentiable at x. Let f be defined on the range of g, and in particular on a neighborhood of g(x),
and suppose that f is differentiable at g(x). Then f o g is differentiable at x, and (f o g)'(x) =
f'(g(@)) - ¢ ().

As mentioned above, the proof is technically more challenging than might at first seem nec-
essary. The straightforward approach would be to take the statement of Lemma 8.4{ and apply the
limit theorems to derive the stated formula:

lim DQ(f © g)(x,t) = lim DQ[(g(), 9(t)) - lim Dg(, 1) = lim DQf(g(z), 9(1)) - ¢'(w)

For the first limit, we would like to say that since ¢ is continuous at z, g(t) — g(z) as t — =,
and so this limit is the same as lim,_,4(,) D f(g(z),s) = f'(g(x)). The problem with this is that
the quantity D f(g(x), g(t)) is only well-defined if g(z) # ¢(t), and it is perfectly possible for g
to have the property that g(t) = g(z) for many ¢s, arbitrarily close to x (e.g. g could be constant
near x; or, technically worse, g could oscillate fast near x). Therefore, lim;_,, DQ f(g(x), g(t))
may not be defined since, for lim,_,, u(t) to make sense, u must be defined on (x — §, 2z + §) \ {z}
(intersected with [a, b]). Therefore, we must be much more careful in proving the chain rule.

PROOF. By definition, lim,_,, DQg(x,t) = ¢'(x); so if we set u,(t) = DQg(x,t) — ¢'(x), we
have u,(t) — 0 as t — x. Similarly, setting y = g(z), we have lim,_,, DQf(y,s) = f'(y); so if

we set v, (s) = DQf(y,s) — f'(s), we have v,(s) — 0 as s — y. Now, unraveling the definition
of the difference quotient, we have

g(x) — g(t) = (x = 1)DQy(x,1) = (x — )[g(z) + us(1)]
f) = f(s) = (y = )DQf(y,s) = (y = 5)[f'(y) + vy(s)].
Here ¢ is in a neighborhood of = (where g is defined) and s is in a neighborhood of y (where f is

defined). Composing, we have fog(x)— fog(t) = f(y)— f(g(t)). Since g is continuous, when ¢
is in a small enough neighborhood of x, s = ¢(t) is in the given neighborhood of y = g(x), and so

foglz)—fogt)=fly)— f(s) = (y—s)f'(y) +vy(s)]
= (9(x) = g®))Lf'(y) — vy(s)]
= (z = )¢ (@) + ua (][ (y) + vy(s)]
For all ¢ # z, we can then divide through by x — ¢ and we see that
DQ(f o g)(x,t) = [g'(x) + ua(O][f'(y) + vy(s)] = [g'(x) + ua (O] [f'(y) + vy(g(t))].

Ast — z, u,(t) — 0. Also, g is continuous at x, so as t — x, g(t) — g(z) = y, and so
vy(g(t)) — 0. It now follows from the limit theorems that lim, ,, DQ(f o g)(z,t) = [¢'(z) +

O[f"(y) + 0] = ¢'(x) f'(g9(x)), as desired. 0
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2. Lecture 5: April 12, 2016

As you’ll recall from calculus, one of the main applications of derivatives is in the study of
extrema.

DEFINITION 8.13. Let X,Y be metric spaces, and let f: X — Y. A point x € X is called a
local maximizer of f if there is a positive radius 6 > 0 so that, for all t € Bs(z), f(t) < f(z); in
this case the value f(x) is called a local maximum. Similarly, = is a local minimizer if there is a
d > 0 so that, for all t € Bs(x), f(t) > f(x); in this case the value f(x) is called local minimum.
The local maxima and minima of f are called its local extrema, and the points at which they occur
are local extremizers.

Fora f: R — R, local extrema of f can be determined by locating the points x where f'(x) =
0.

THEOREM 8.14. Let a < bin R, and suppose f: (a,b) — R be a function. If f has a local
extremum at x € (a,b), and if f'(x) exists, then f'(x) = 0.

PROOF. We will assume x is a local maximizer; the argument for a local minimizer is analo-
gous. By assumption, thereisad > Osuchthata < z —J < z + 0 < band f(z) > f(t) for
all t € (x — d,x + 0). In particular, this means that if z — 0 < ¢ < z, then z — ¢t > 0 while
f(z)— f(t) > 0,and so DQ f(x,t) > 0 in this interval; likewise, if t <t < z+ 0, thenx —¢ < 0
while f(z) — f(t) > 0, so here DQ f(x,t) < 0. Thus, using the squeeze theorem, we have

tl_lgl_ DQf(xz,t) <0 and tl_lg:L DQf(x,t) > 0.

By assumption f'(z) = limy, DQf(x,t) = limy,, DQf(x,t) = limy_,,, DQf(x,1); thus,
this common value is both > 0 and < 0. It follows that f'(z) = 0, as claimed. O

As you’ll recall, points = where f’(z) = 0 are called critical points. The content of Theorem
is that, if a function is known to be differentiable at all points in its domain, then its local
extrema all occur at critical points. This is one of the core tools in calculus, and we will use it in
many theoretical applications as well. In order for it to be useful, of course, we must know that
our function is differentiable not just at certain points but everywhere: for example, the function
f(x) = || attains is global minimum (which is its only local extemum) at the point x = 0, where
f is not differentiable. We will thus be most interested, for now, in functions that are differentiable
everywhere.

Like continuity, differentiability is a local property: we speak of differentiability of a function
at a point z in its domain (and this only depends on the behavior of f in an arbitrarily small
neighborhood of ). Also like continuity, we can then boost this to a global property, by talking
about f being differentiable on a set (i.e. differentiable at all points of a given set). In the case of
derivatives, this produces a new function.

DEFINITION 8.15. Let a < b in R, and let f: [a,b] — R be differentiable (at all points
of its domain). We let f' denote the new function f': [a,b] — R whose value at x is f'(x) =

lim ., DQ f(z,1).

Here are two examples that show how f’ can be poorly behaved (at points) even when f is quite
well behaved. Both examples take for granted the functions sin and cos, which are differentiable
on R and satisfy sin’ = cos and cos’ = — sin. We will formally develop these later this quarter.
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EXAMPLE 8.16. Define a function f: R — R as follows:

_ Jasinl z#£0
o {rm o

First of all, note that f is continuous at all = # 0 since it is a composition of continuous functions
there; and at z = 0, note that |sin 2| < 1 for all z, so | f(z)| < |z — 0 = f(0) asz — 0. So
f is continuous on R. What’s more, using the rules of differentiation, we can compute that f is
differentiable at all points = # 0, and for such points

/ ! 1 1 11 1
fi(z)=sin—+xcos—- | —— | =sin— — —cos—.
T T T T

However, at 0, we have
0—f(t 1
DQf(0,t) = O—fi) = sin;
and this function has no limit as ¢ — 0 (cf. Example [7.18). Thus, f’(0) does not exist. Also,
the formula for f'(x) for 2 # 0 involves terms like sin - and %cos % which are at least as badly
behaved as sin % So there is no way to extend the function f’ to be defined at 0 in such a way that

it will be continuous: f’ has a non-jump discontinuity at 0.

FIGURE 1. The graph of x sin(1); the envelope is given by the lines y = .

EXAMPLE 8.17. Now consider the following function:

w?sint x#0
T) = r
g(x) {0 e

An argument very similar to the one in Example [8.16] shows that g is continuous on R, and differ-
entiable everywhere except possibly at 0; here

1 1
g'(x) = 2xsin — — cos —.
T T
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Now, looking at = = 0 specifically, we have

0—f(t t?sin X 1
DQg(0,t) = 5 f§> =— L :tsinng(t)—>0ast—>0
where f is the function from Example [8.16, which is continuous at 0 as shown above. Thus, g
is actually differentiable on all of R, with f’(0) = 0. But the formula for ¢’ at points other than
0 shows that g is not continuous on R: it has a non-jump discontinuity at 0. Ergo: it is possible
for a function to be continuous and differentiable everywhere, but for its derivative to have a (bad)

discontinuity somewhere.

FIGURE 2. The graph of 22 sin(1); the envelope is given by the curves y = £z2.

T

If we want to use tools like Theorem [8.14] functions like the one in Example are out;
functions like the one in Example on the other hand, are eligible, despite the bad behavior of
the derivative as a function.

We now come to the most important theorem on all of calculus: the Mean Value Theorem.

THEOREM 8.18 (Mean Value Theorem). Let a < bin R, and let f: |a,b] — R be a continuous
function. Suppose also that f is differentiable on (a,b). Then there is a point x € (a,b) such that

() = DQf(a.b); . b
i) = =@,

Notice that we do not even need to assume that f is (one-sided) differentiable at the endpoints; it
need only be continuous there.

PROOF. Define a new function h(t) = (b — a)f(t) — t[f(b) — f(a)]. First, notice that
h(a) = (b—a)f(a) = alf(b) = f(a)] = bf(a) — af(b),
h(b) = (b—a)f(b) = b[f(b) — f(a)] = bf (a) — af(b).



98 8. DIFFERENTIATION OF FUNCTIONS OF A REAL VARIABLE

So h(a) = h(b).

Now, by the differentiation rules, £ is differentiable on (a, b) and A/(t) = (b—a)f'(t) — [f(b) —
f(a)], and so our goal is to show that #'(z) = 0 for some = € (a,b). First, consider the case that
h is constant: then h'(xz) = 0 for all © € (a,b), and we’re done. Otherwise, there is some point
t € (a,b) such that h(t) # h(a) = h(b). Thus, either h(t) > h(a) or h(t) < h(a). For the moment,
we assume the former: there is some point ¢ € (a, b) where h(t) > h(a).

Since f is continuous on [a, b], so is h by the limit theorems. Since [a,b] is compact, by
the Extreme Values theorem, there is a point x € [a,b] where h(x) = max{f(t): t € [a,b]}.
As h(a) = h(b) and this value is not the maximum (by assumption that h(t) > h(a) for some
t € (a,b)), it follows that x € (a,b). As h is differentiable in (a, ), by Theorem it follows
that #’(x) = 0, and this shows the desired conclusion in this case.

For the case that we only know that h(t) < h(a) for some ¢ € (a, b), the argument is analogous,
using the minimum, rather than the maximum, of h. OJ

To demonstrate why we called the Mean Value Theorem the most important theorem in calcu-
lus, note the following corollary which encapsulates most of the material (on curve sketching, etc.)
which follows immediately from it.

COROLLARY 8.19. Leta < bin R, and let f: [a,b] — R be continuous and differentiable on
(a,b).
(1) If f' > O then f is monotone increasing.
(2) If f' = O then f is constant.
(3) If f' < 0 then [ is monotone decreasing.

PROOF. All three parts of the proof follow from the fact that, for any x,, 25 € [a,b], by the
Mean Value Theorem there is a point z € (1, x2) such that

fl@2) = f(z1) = (22 — 21) f'(2).
For example, in case (2) where f'(x) = 0 for all z, this shows f(z3) — f(x1) = 0 for all x1, 25 €
la, b], which is precisely to say that f is constant. The other two cases are similar. 0

In addition to practical applications like curve sketching, the mean value theorem allows us
to see that, while derivative functions f’ can be quite irregular (e.g. Example there are con-
straints. While derivative functions need not be continuous, they always have the intermediate
value property.

PROPOSITION 8.20 (Darboux). Let a < b in R, and suppose [: (a,b) — R is differentiable.
Then f has the intermediate value property on (a,b): for any x1 < xs in (a,b), if y be a real
number between f'(x1) and f'(x3), then there is a point x € (x1, x5) such that f'(x) = y.

PROOF. Without loss of generality, we suppose f’(z1) < y < f'(z2); the reverse ordering case
is very similar. Set g(t) = f(t) — yt. Since f is differentiable on (a, b), it is continuous on [x1, 5],
and so therefore is g. As [x1, 23] is compact, by the Extreme Values theorem, g attains its mimimum
value at some point = € [z1, z3]. Now, g is also differentiable on (a,b), and ¢'(¢t) = f'(t) — y. By
assumption, ¢'(z1) = f'(x1) —y < 0and ¢'(x2) = f'(z2) —y > 0.

We claim that 1 < x < 5. To prove this, we just need to show that neither x; nor z5 is a
minimizer for g. Indeed, consider x;: we have lim,_,,, DQg(z1,t) = ¢'(x1) < 0; i.e.

lim g(t) - 9(951)
t—xy t—l’l

< 0.
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It follows that, for all ¢ sufficiently close to x;, DQg(x1,t) < 0. In particular, for ¢ > x; and
sufficiently small, multiplying through by the positive ¢ — z; yields g(¢) — g(x1) < 0. This shows
that g(z) is not the minimum of ¢ on [z, x2]. An analogous argument at xo, using the fact that
g'(z2) > 0, shows that x5 is not a minimizer for g. Thus, x € (21, x2) as claimed.

Thus, by the Mean Value Theorem (or in fact by Theorem [8.14] which is equivalent to it),
¢'(z) = 0. This shows that 0 = ¢'(z) = f'(z) — y, and so f'(z) = y as claimed. O

REMARK 8.21. This theorem was proved by Darboux in the late 19th Century. Until that point,
it was widely believed that only continuous functions could have the intermediate value property.
But Darboux proved Proposition [8.20, and then gave examples (like Example to show that
this is not the case.

COROLLARY 8.22. If f is differentiable, then ' cannot have any jump discontinuities.

PROOF. As mentioned just after Example any function with a jump discontinuity must
fail to have the intermediate value property (in a neighborhood of the jump). 0
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3. Lecture 6: April 14, 2016

As we saw in the previous lecture, a differentiable function f can have a derivative f’ which is
not very regular. The function f” cannot be arbitrary (as Darboux’s theorem shows, f’ must at least
have the intermediate value property), but f” certainly need not be continuous. In many circum-
stances, it is natural to assume that f’ is continuous. For example, in many calculus applications,
we use the second derivative, meaning we actually assume that the function f’ is differentiable
(ergo continuous).

DEFINITION 8.23. Leta < bin R, and let f: [a,b] — R be differentiable. If f' is a continuous
function on [a, ], we say f is continuously differentiable, and write f € C'[a,b]. More generally,
for a positive integer k, we say f € C*[a,b] if fU) is continuous for 0 < j < k, where f\9) is
defined recursively by fU) = (fU=DY and f© = f.

Example shows that a function f can be differentiable (on all of R, even) without being
C'. The difference is subtle but important. It is analogous to the difference between continuous
and uniformly continuous functions: continuity is a local property boosted to a global property
pointwise, while uniform continuity is a truly global property. Similarly, being differentiable is a
local property boosted to a global property pointwise, while being C! is a truly global property.
(Warning: this is not a perfect analogy. It is, for example, not true that a differentiable function is
continuously differentiable on a compact interval.)

Recall our motivation for introducing differentiability. Continuity of f at a point x is the
statement that f(z + t) — f(x) tends to 0 as b — 0, but at what rate? If f is differentiable, the
answer is that there is a correction factor, the linear function h — f'(x)t, so that

fle+1t) = f(z) = f'(2)t = o(t) (8.1)

where the notation «(t) = B(t) + o(t) means that lim,_,, M = 0. Thus, differentiability
implies that, up to a linear correction, f(x + t) is closer to f(x) than any linear function: the
difference goes to O faster than ¢ as ¢ — 0. This leads us to ask what happens if there are higher
derivatives? Is the difference even smaller, modulo higher order corrections? The answer is yes,

which is the statement of Taylor’s theorem.

THEOREM 8.24. [Taylor’s Theorem] Let a < bin R, let k € N, and let f: (a,b) — R be
C*=1, such that f*) exists (but need not be differentiable) on (a,b). Define the Taylor polynomial
Ty'f by

=1y N b1 N
e

For each t such that v + t € (a,b), there exists a point £ between x and x + t such that
1
fla+8) = (TN + P

The theorem is often stated using the variable y = x + t as f(y) = (TF1f)(y — x) +
LF®(€)(x — y)* for some point £ between = and y. This is natural in the sense that the poly-
nomial y — (T¥1f)(y — z) can be described as the unique degree k — 1 polynomial whose
derivatives of orders < k£ — 1 at = match those of f. Note also that, in the special case & = 1, the
statement is just

(T ))(E) = fz) + f(a)t + %f”(x)tQ NI

fly) = f(x)+ f'(§)(y — x) for some & between x and y
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which is exactly the statement of the Mean Value Theorem. We will see below that the proof of
Taylor’s theorem is just repeated application of Taylor’s theorem.

The last term involving f*)(¢) is called the k-remainder term, often written as (R* f)(x, 1), so
we have

(y — o) + (R*f)(,y).

This says that f is well-approximated by the Taylor polynomial 7*~! f, so long as the remainder
term R* f(z,y) can be shown to be small. From the form of the remainder term in the theorem, this
amounts to having good control on the kth derivative f*) (at arbitrary points, since all we know is
that £ is between x and y). Indeed, we have

th k!

and so, as long as we have good uniform control on f*), this gives us the alluded-to generalization
of (8:1): if, for example, | f*)(£)| < M for all £, then we’ll have

fla+t) =Ty f(t) + o(th).

PROOF OF THEOREM [8.24]. For any ¢, such that = + ¢y € (a,b), define o by the equation
k

Flz+10) = (T ) (k) + %ao.

Our goal is to show that ay = f*)(€) for some ¢ between z and = + t,. Well, on the interval

between 0 and ¢, consider the function

k

t
g(t) = (T f)(t) + 710~ f(z +1t), fortbetween 0 and tg.

As f and T*='f are C*~! and have kth derivatives, the same holds true of g. By definition of
o, g(tg) = 0. Also, (T*1f)(0) = f(x) by definition, so g(0) = 0. Therefore, by the mean
value theorem there is a point ¢; between 0 and ¢, such that ¢'(t;) = %}q(o) = 0. But by
construction of Taylor polynomials, and the fact that £t*kt*~! = 0 at ¢ = 0, we have ¢'(0) =
(TF1£Y(0) — f'(x) = 0, and so we can apply the Mean Value Theorem to ¢’ to find a point ¢,
between 0 and ¢; where ¢”(t3) = 0. We may continue this way finding t1, t5, 3, . .., tg, with tj
between 0 and ¢;_1, such that i )(tj) = 0. At the last step, since 7% f is a polynomial of degree

k — 1, its kth derivative is 0, and also <= 1% — 1, so

dtk k!
0=g®(tx) = (T NV (tk) + a0 — [P @+ t) = ao = FP(z + ).
Setting & = x + t; concludes the proof. U

Taylor’s theorem is one of the most ubiquitously useful results in analysis, and we will use it
frequently. As a first application, we now use it to understand another very powerful computational
tool: I’Hopital’s rule. This deals with limits of the form

i 1 @)

v=e g(y)
where lim,,_,, f(y) = lim,_,, g(y) = 0. (There are some other cases as well, which we will discuss
below.) To understand what happens to such a limit, let us suppose for the moment that f and g are

C? in a neighborhood of . These constraints are much stronger than required, as we’ll see in the



102 8. DIFFERENTIATION OF FUNCTIONS OF A REAL VARIABLE

proof below; but with these assumptions, we can use Taylor’s theorem to understand what happens.
Since f and g are continuous at z, we have f(z) = lim,_,, f(y) = 0 and g(z) = lim,,, g(y) = 0.
We then have, for sufficiently small ¢,

F@ 1) = f@)+ F @)t + ) = Fa)t+ % £

2
oo+ 1) = gla) + g (@)t + 5o ) = ()t + " ()

for some ¢ and 7 between x and = + ¢. Thus

fle+t)  f'@)+ 3"t

glz+1t)  g(@)+ 39" ()t
Since we assumed f, g € C?, the functions f” and ¢g” are continuous. As ¢t — 0, since £ and 7 are
between x and = + ¢, we see that { — z and n — z, and so f”(§) — f”(z) and ¢"(&) — ¢"(z).
By the limit theorems, then we see that if ¢'(z) # 0, then
t /

LS St f@)

v g(y) =0 g(z+t) ()
This is the result of L’Hopital’s rule: the limit of a ratio of functions that is indeterminate is equal
to the limit of ratio of derivatives (provided it is not indeterminate). If f'(z) = ¢'(z) = 0, we
could then apply the same reasoning with higher derivatives (assuming the functions are C?, for

(@)

example) to get IOL and so forth.




4. LECTURE 7: APRIL 19, 2016 103

4. Lecture 7: April 19, 2016

Having used Taylor’s theorem to explore why L’Hopital’s rule makes sense (and prove it for
nice enough functions), we now go about proving that it holds much more generally: we do not
need the functions to be C?, or even C', merely differentiable; and they need not be differentiable
at the point z, only in a (one-sided) neighborhood of .

THEOREM 8.25 (L"Hopital’s Rule). Leta < bin R, and let f,g: (a,b) — R be differentiable
functions, with g(x) # 0 and ¢'(z) # 0 for all x € (a,b). Suppose that

lim f'(w)

=L
wat g'(x)

exists in R. If lim, . f(z) = lim, o1 g(z) =0, oriflim, .y |g(x)| = oo, then

i 1) _p

r—a+ g((l})

The analogous statement holds with lim,,_,, replaced with lim,_.;_.

To prove L’Hopital’s rule in this general form, we first need an extended version of the Mean
Value Theorem that deals with ratios of functions.

LEMMA 8.26 (Extended Mean Value Theorem). Let a < bin R, and let f,g: [a,b] — R be
continuous functions, such that f and g are differentiable on (a,b). Assume that g(a) # g(b). Then
there is a point x € (a,b) where ¢'(z) # 0, and

)~ f(@) _ f()
g(b) — g(a) ~ ga)

The requirement that g(b) # g(a) is simply so that that the ratio on the left makes sense; the lemma
can be stated more generally without this assumption, and without the conclusion that ¢'(z) # 0,
in the form [f(b) — f(a)]g'(x) = [g(b) — g(a)]f'(x). Tt is tempting to try to prove the lemma by
applying the Mean Value Theorem to f and g separately, but this will only show that the ratio on
the left is equal to f'(x)/¢'(y) for two (not necessarily equal) points z, y. Instead, we just follow
the precise outline of the proof of the Mean Value Theorem [8.18

PROOF. Define h(t) = [f(b) — f(a)]g(t)—[g(b) — g(a)] f(t). If h is constant, then its derivative
is 0, and the result is that the conclusion holds at every x. So assume h is not constant, and
wlog assume there is some point ¢ € (a,b) where h(t) > h(a). The function h is continuous
on the compact interval [a, b], so achieves its maximum at some point x in this closed interval;
because there is some ¢ with h(t) > h(a), we know = # a. Also, a quick calculation shows that
h(b) = h(a) = f(b)g(a) — f(a)g(b), and so = # b either. Since h is differentiable in (a,b),
and h achieves its maximum at z € (a,b), it follows that 4'(x) = 0, which yields the desired
conclusion. U

We can now proceed to prove L’Hopital’s rule.

PROOF OF THEOREM [8.25] We first treat the case lim, ., f(x) = lim,_,,. g(x) = 0. Here,
we may extend the functions to be defined on [a,b) by defining f(a) = g(a) = 0, and this (by
definition) makes them continuous on this interval. Let (z,) be a sequence in (a,b) such that
T, — aasn — oo. Then f and g are continuous on [a, z,], and differentiable on (a, z,,),
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with ¢’(x) # 0 for all z in this interval. By the extended Mean Value Theorem, there is a point
tn € (a,x,) such that

f/<tn) _ f(xn) B f(a) _ f(xn)

g(tn)  glwn) —gla)  glwn)
By the Squeeze theorem, ¢, — a, and so by assumption lim,, . f'(¢,)/¢ (t,) — L. Hence,

the function r(x) = f(x)/g(x) satisfies r(z,,) — L for every sequence (z,) in (a, b) for which
T, — a; by definition of right limit, the conclusion follows.

Now consider the case that lim, . |g(z)| = co. The idea here is related but a little more
complicated, and is more amenable to an e- proof. By assumption hmx%at = L; thus, for
any € > 0, there is some dy > 0 so that

f't) ¢
o L)< B forall t € (a,a+ dy). (8.2)

(We freely assume ¢y is small enough that a + dy < b, of course.) Fix some zy € (a,a + dy).
Since |g(x)| — oo as x — a, there is some d; > 0 so that, for z € (a,a + 1), |g(z)| > |g(x0)];
in particular, g(x) # g(zo) for x € (a,a + 6;). Now, both f and g are continuous on [a, o],
and differentiable on (a, x(). It follows from the Extended Mean Value Theorem that for each
x € (a,a + 0y), there is a point tq = t(x, xg) in (z, zo) (and therefore in (a, a + dg)) such that

f(x) — f(xo) _ f'(to)
g(x) — g(zo)  ¢'(to)

(=)
9(@)”
bound, the two are very close. Dividing through top and bottom by g(z) gives

We are interested in not the more complicated quotient above; but since |g(x)| grows without

S@) _ fo)
['(to) 9@ ~ 9@ . f(z) ( B 9(%)) f'(to) | f(zo)
glto) 12w therefore o~ 0@ ) o) Tem s &Y

We now have all the pieces in place Before proceeding formally, let’s outline how this works.
From (8.2 - lg(x)| — oo, for x close to a, 1 — g(( 0)) is close to 1, and f((zo))
is close to 0. Th1s shows that for such z, (( g

is close to L, as desired.

Now let’s make this precise. Working from .3)), if « < = < a + min{d, 01}, then t, €
(a,a + dy), and we have

4= |05 e -4 15
-|(-58) (i =) - =569+ [
e et Ml rore
< (e |5e) 5+ 563+ e &9
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where we used (8.2)) in (8.4). As |g(x)| — oo as z — a+, and since | f(xo)| and |g(z()| are fixed
finite numbers, we can find some d5 > 0 so that, for all z € (a,a + d9),

93| g gl Wl e
92|

g(@)]  g()] 2
The first bound shows that the first term in (8.4) is < §, and the second bound shows that the last
terms in (8.4) are < 5. Thus

% — L‘ < §+ % =e¢ foraz € (a,a+ min{dy, d1,d2}).
As e > 0 was chosen arbitrarily, this shows that lim,,_, . % = L, as desired. O
REMARK 8.27. The same holds true with @ = —oo or b = 400, and the proof is extremely

similar; the details are left to the bored reader.

Let us now conclude our discussion of differentiation by considering how much of what we’ve
developed applies to vector-valued functions of a real variable. First, the definitions are essentially
the same.

DEFINITION 8.28. Leta < bin R, let d € N, and let f: (a,b) — R? be a functions. Call f

differentiable ar ty € [a, ] if
£(t,) = lim f(t) — £(to)
t—to t— 1o

exists. Say that f is differentiable if f'(to) exists for each to in the domain of f; in this case, ' is
a function |a,b] — R? as well. If this function is continuous, we say f € Ct. More generally, for
k € N, we say f € C* if f has k continuous derivatives. If f € C* for all k, we say f € C*, and
call £ smooth.

It is often customary to use the variable name ¢ for vector-valued functions, as we often think
of f as tracing out a curve in space, with ¢ tracking the flow of time. It is then very important to
note that smoothness properties of f are different from smoothness properties of the range f|a, b|:
it is perfectly possible to construct a smooth function f: [0, 1] — R? such that the image £[0, 1] is
a curve with a right angle in it. We may discuss this later, time permitting.

PROPOSITION 8.29. A function f = (f1, fo, ..., fa) is differentiable at t, if and only if each of
its component functions f1, fa, ..., fq is differentiable at t,, in which case

f'(to) = (f1(to), folto), - - -, fa(to))-

More generally, a function f is C* iff its component functions are C*.
PROOF. We just write out that

f(t) — f(to) = (f1(t) — fi(to), fo(t) — fa(to), ..., fa(t) — fa(to))

and so, dividing by ¢ — t;, we see that the difference quotient is a vector whose jth component is
%{O’(to) Since a limit of a vector sequence exists iff the limits of all its components exist, in
which case the limit is the vector of component limits (as proved, e.g., in the case d = 2 in Propo-
sition , the first result follows. The same applies to C* functions by noting that continuity
obeys the same structure (a vector-valued function is continuous iff its component functions are all

continuous), and then iterating. O
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EXAMPLE 8.30. As a special case, consider functions f: R — R?, where we identify R* = C;
then we may write

f(t) = fi(t) +if2(t).

For example, taking it on faith that cos and sin are differentiable functions satisfying sin’ = cos
and cos’ = sin, consider the function

e(t) = cost+isint.

Both component functions are smooth, and therefore e is a smooth function. Indeed, this function
traces out the unit circle at unit angular speed in the counter-clockwise direction. Note that

€'(t) = —sint 4+ icost = i(isint + cost) = ie(t).

Thinking back to your knowledge of differential equations, if u is a smooth functions satisfying
u'(t) = au(t) for some constant a, then u(t) = e*u(0). In our case e(0) = 1+ 0i = 1, so we
should expect that e(t) = €. This is, in fact, true, and we will prove it more satisfactorily later
this quarter.

While the definitions and notation of derivatives apply equally well to vector-valued functions,
the major theorems do not apply. For example, consider the Mean Value Theorem. One might
think that one could show that W = f'(¢) for some £ € (a,b), the usual way one might
approach this (componentwise) fails. The Mean Value Theorem applied to each component f;
asserts that there is some point &; € (a,b) where W = fj(&;); but the point §; can certainly
depend on j, and there is no obvious way to guarantee that a single point £ will work for all 5. In

fact, this is just not true.

EXAMPLE 8.31. Continuing with Example [8.30, notice that e(27) — e(0) = 1 — 1 = 0.
However, €(t) = ie(t), and so ||/(t)||> = sin?t 4 cos?t = 1 for any t. Thus, there is no point ¢
where €'(£) = 0, and so

e(2m) —e(0)

50 #¢€'(§) forany £ € (0,27).

The Mean Value Theorem also featured prominently in the proof of LHopital’s Rule. In general
for vector-valued functions f and g, it does not even make sense to take the ratio é (one cannot
divide by a vector). In the case of C-valued functions, we can divide (in the same sense that we
can for real-valued functions: so long as the denominator itself does not vanish at points where we
are dividing). Even so, LHopital’s Rule fails here.

EXAMPLE 8.32. Consider the two complex-valued functions f(¢) = t and g(t) = te'/*. That
is, f is nominally complex-valued, f(¢) = ¢ + i0, while g(t) = t(cos} + isint). Of course
lim, o f(t) = 0. In Example [8.16, we showed that tsin  — 0 as ¢ — 0; a very similar proof

T
shows that ¢ cos 1 — 0 as ¢ — 0. Thus lim,_,o g(¢) = 0 as well. So % is a § type indeterminate

form as ¢ — 0, where both top and bottom are differentiable away from 0. If L’Hopital’s Rule held
precisely as in Theorem [8.25, we would expect to see lim; % = limy_,¢ g,—((tti. We can compute

these derivatives (for ¢ # 0): f'(t) = 1, while

0= (reos L) +i (1sin ! LN SRS R WA N D
= — COS — 11— SIn— | = | COS — — S1in — 7|1S1m—— —CosS— |.
9 dt t dt t t t t t t t
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Notice that
11 1\’ 11 1\’ 1 1 1 1
g ()] = (cos; + zsin ;) +<sin¥ — 5 cos ;) = (0082 n + sin® ;) (1 + t_2) = 1+t_2 >0
and hence ¢'(t) is never equal to 0. The reciprocal can be computed: since % = %,
[ 1 1 LI SR D S AP B D
= = cos—+ —sin— | —i[sin— ——cos— || .
g gt)  1+1/ tt ot t ot ot

Let’s look at the real part for now. Simplifying, we have

t2 1 1 1 1 9 1 1
2 (cos; + ;smg) = 21 (t cos; —i—tsm;) .
Att — 0, ﬁ — 1, and both terms inside the brackets tend to 0 (cf. Example . Similar
arguments show that the second term in ’;—Eg tends to 0; so lim;_, J;,/—Ett)) = 0.
However, we can compute directly (using computations just like the ones above, or by follow-
ing our nose with the exponential notation) that

) _ t

—i/t 1 .. 1
=— =¢ ""=cos— —isin—
g(t)  teit t t
and as we know (cf. Example|7.18]), this limit does not exists. So the statement of L’Hdpital’s rule
is simply false for complex-valued functions.

We have claimed that the Mean Value Theorem is they key tool of calculus; and L"Hoptial’s
rule is a very powerful computational tool. Are we then lost when it comes to calculus of vector-
valued functions of a real variable? No. The saving grace is that, while the Mean Value Theorem
does not hold, it does hold as an inequality in general, and that is enough for most theoretical
applications.

THEOREM 8.33 (Mean Value Inequality for Vector-Valued Functions). Leta < bin R, d € N,
and let f: [a,b] — R? be continuous, and differentiable on (a,b). Then there exists a point & €

(a, b) where
1£(b) = £(a)]| < (b= a)[IF' ()]

Note that this result does not contradict Example [8.31} in that example, the left-hand-side of
the inequality is 0, which is certainly < the non-negative right-hand-side.

To prove Theorem [8.33] we need one key inequality which is one of the most important in-
equalities in all of analysis.

LEMMA 8.34 (The Cauchy-Schwarz Inequality). Letd € N, and let v,w € R% Then |v-w| <
[vIllwll

PROOF. In this finite-dimensional setting, it is possible to prove the inequality by squaring both
sides and comparing terms directly. But it is instructive to give a cleaner proof even here. Consider
the function p(t) = ||v — tw||?. This function is always > 0. Expanding it out, we have

p(t):(v—tw)-(v—tw):v-v—2tV~W+t2W~w
= [|v|* = 2tv - w + ||w]|?

=at’ + bt + ¢
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where a = ||w|]*>, b = —2v - w, and ¢ = ||v||%. Thus p is a quadratic polynomial, with leading
coefficient a > 0. Since we know p(t) > 0 for all ¢, it follows that p cannot have two distinct
real roots (if so, the function would be strictly negative between those roots). Thus, either p has
no real roots, or a double-root. From the quadratic formula, it thus follows that the discriminant
b?> — 4ac < 0. That is:

0> b* —dac = (=2v-w)* — 4|w]|?||v|?>

This shows that (v - w)? < ||v||?||w]|?; taking square roots yields the result. O

REMARK 8.35. This proof relied on nothing more than the fact that the norm N(v) = ||v]||
“polarizes” in terms of the bilinear form B(v,w) = v-w: N(v)? = B(v, v). Indeed, the theorem
holds in this level of generality: if B is a symmetric bilinear form on any vector space for which
B(v,v) > 0 for all v, then

B(v,w)| < B(v,v)/2B(w,w)/2.
This generalization is especially handy in many infinite-dimensional settings.

PROOF OF THEOREM [8.33] Set v = f(b) — f(a) € R?. Consider the real-valued function
d
p(t) =v-£(t) = vf;(t),  teElab].
j=1
As each component v; f; is a continuous function on [a, b], differentiable on (a, b), the same applies
to the sum, and so ¢ is the kind of function to which the Mean Value Theorem applies. Thus, there

is a point £ € (a, b) where ¢'(§) = %. That is to say

(b—a)¢'(€) = o(b) — p(a) = v - £(b) = v - f(a) = v - [f(b) — f(a)] = v v =|v]*.

Also, note that
d

d
JO = S uhn)] =D ufe =v £
Jj=1 t=¢ J=1
Thus we have
(b—a)v-£(6) = [Iv]*
Taking absolute values and applying the Cauchy-Schwarz inequality,
IVIZ = [V 1% = [(b — a)v - £(E)] < (b= a) VIl (E)]I-

If v = f(b) — f(a) = 0, there is nothing to prove; otherwise we can divide out one factor of ||v/|
to yield

1£(b) — £(a)[| = [Iv]l < (b= a)[[F'(S)]

which is the desired conclusion. ]

COROLLARY 8.36. Iff € C'(a,b), then
1£(s) = £@)] < sup [E(E)llls —tl,  forall s,t € (a,b).
s<e<t

This allows for a vector-valued version of Lipschitz functions (cf. Homework 3): we define the
Lipschitz norm of such a function to be

[f(s) — £

fllii, = su
H HLP s;éIt) |S—t|
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and we call a vector-valued function f Lipschitz if ||f||r;, < oc. Corollary[8.36/shows thatif f € C*
with a bounded derivative then f is Lipschitz, and ||f[|1;, < supg [[f'(£)]]; in fact, these are equal
for the same reason they are in the scalar-valued case covered on the homework exercise (since
|1£'(t)]| is very close to w when s is close to t). One can then follow with a comparable
theory of Holder continuous vector-valued functions as well; this is important, but for now it is left
to the reader’s imagination.

One final remark: since Taylor’s theorem was proved simply by iterating the Mean Value
Theorem, in the vector-valued setting, one cannot expect a Taylor expansion with a remainder
term analogous to the one in Theorem |8.24] One can, instead, formulate a Taylor inequality, where

1
|f(x +1t) — TF ()| < ng(k) (©)|||t|¥,  for some point ¢ between z and = + t.

This is just as useful for approximations; but in truth, most applications of Taylor’s theorem in
the vector-valued setting are just as amenable to applying the Theorem to each component of f
separately and working from there.






CHAPTER 9

Integration

1. Lecture 8: April 21, 2016

You likely saw some version of the actual definition of the integral in your calculus class: it
was presented as a “limit of Riemann sums”. This is not quite accurate: it is not a limit in the sense
that we’ve defined in this course. (It is a much more complicated kind of limit.) There are several
approached to making sense of this rigorously. We are going to present the largely historically-
accurate version here developed by Riemann somewhat non-rigorously, and really properly devel-
oped by Darboux (indeed, in some sources it is called the Darboux integral).

DEFINITION 9.1. Let a < b in R. A partition I1 of [a, b is a finite set of points {to, t1,...,t,}
where
a=ty <t <tag < -+ <t,_1<t,=b
For1 < j <n,denote At; = x; — x;_;.

A word on notation: we will usually have a fixed partition around, and the letter n will be used
consistently to mean the index of the largest partition point (unless otherwise stated).

DEFINITION 9.2. Let a < b in R. Given a bounded function f: [a,b] — R, and a partition
IT = {to,t1,...,t,} of [a,b], we can define upper and lower sums of f on I1:

n

U(f,I)=> " sup f(t) - A

j=1 tj—1St<t;

n

L(f,1I) = Zt; inf_ f(t) - At;.

Note that this only makes sense for bounded f; if f is not bounded, then on at least one partition
interval [t;_1, ;] f is unbounded, and so at least one of the terms in either U ( f, II) or L( f, II) will
be £00; but there could be more than one term that is 00, perhaps with opposite signs, and so the
sums may not even be defined. Thus, we restrict our attention to bounded functions for now; we
will later discuss how to extend integration to some unbounded functions.

DEFINITION 9.3. Leta < bin R, andlet f: [a,b] — R. Define the upper and lower Darboux
integrals of f as follows:

U() = infU(AID), L(f) = sup L(f. TD).

The inf and sup are taken over all partitions of [a,b]. If U(f) = L(f), we say that f is Riemann
integrable (or Darboux integrable), and denote this common value by

/abf:/abf“)thU(f) — L(f).
11

1
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REMARK 9.4. The textbook uses the notation

b b
- / fHydt and  L(f) = / (1) dt.

We will probably never use this notation.

Before continuing, let’s discuss where these definitions come from. U(f,II) and L(f,II) are
approximations of the “area under the curve” of the graph of f: you partition the domain [a, b] into
a finite collection of adjacent intervals, and on each interval you approximate the function f by a
constant one. Which constant should you choose? The upper sum has you choose the largest (or
more precisely supremal) value on that interval, while the lower sum chooses the smallest (or more
precisely infimal) value. There are other possibilities: the original scheme by Riemann is to choose
another set of points ¢7, t2, ooty with £ < t7 < ¢}, and then approximate f by the constant
f(t;) on the interval [t; 1,1;]. If the points {7} are denoted together as I1*, we might denote this
sum as

R(f,1L,11") Zf

which is the kind of “Riemann sum” you saw in calculus. In all cases, we then define an approx-
imate integral to be the (signed) area of the rectangles with base length A¢; and height given by
the appropriate constant approximation of the function. Notice that, by definition of sup and inf
on each interval,

L(f.) < R(f.ILIT*) < U(f,TI)
and so if U(f) = L(f), the Riemann sums must also “converge” to this common value.

How do we compute the area under the actual curve, assuming that even makes sense? In the
Riemann scheme, we then start changing the partition II (and the associated points II*) to make
the maximum width of any At; smaller; this is supposed to give a better approximation, and then
we take the “limit” as this width goes to 0. In the Darboux approach (which we are following),
notice that U(f, P) is definitely an over-estimate for the “actual” area: if you change the partition
IT (for example by refining it to add a new point splitting one of the intervals into two), you can
only decrease the value of the sum, since the sup of f on the two sub-intervals cannot be larger
than the sup on the whole interval: for¢;_; < s <t;,

sup f(t) - (t; —t;—1) > sup f(t) - (s—tj_1)+ sup f(t) - (t; —s). ©9.1)
tj—1<t<t; tj_1<t<s s<t<t;
(You should draw a quick picture to see why this is true.) Hence, replacing IT with a refined
partition II" will yield U(f,II') < U(f,II). A similar argument shows that L(f,II') > L(f,II).
This is why we define the upper Darboux integral to be the infimum of the upper sums over all
partitions, and likewise the lower Darboux integral is the supremum of the lower sums over all
partitions.

Of course, we need to make sure these infima and suprema make sense. Let’s summarize this

with the following lemma.

LEMMA 9.5. Leta < bin R, and let f: [a,b] — R be a bounded function, with |f(t)] < M
forall t € [a,b]. Then for any partitions 111 and 11, of |a, b],

~M(b—a) < L(f,I,) < U(f,IIy) < M(b — a).

Ergo
—M(b—a) < L(f) < U(f) < M(b—a).
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PROOF. LetIl; = {sg < s; < -+ < sy tandIly = {toc < t; <--- < t,}. Since f(t) < M for
all ¢, M is an upper bound for { f(¢): ¢;_1 < ¢ < {;} for each j, and hence sup, ;<. f(t) < M.
Thus

U(f,TL) =Y sup f(t) - A <Y MAt;=M» (t; —t;—1) = M(b— a).
j=1 ti-1Stst j=1 j=1
(The last sum is telescoping.) A similar proof, using the fact that f(t) > —M for all t € [a, ],
shows that L(f,1I;) > —M (b — a). For the middle inequality, we use an important trick: we
introduce a new partition II which is the common refinement of 11, and II,: II = II; U Il =
{S0,51,- -+, Sm,to,t1,--.,t,} (not written in order here). For this common partition (whose points
we’ll refer to as u;), we note that, for each j,
inf t) < su t).
Ujflgtguj f( ) B uj-,lgg)gu]- f< )
Multiplying both sides by the positive number Aw; and summing up yields L(f,II) < U(f,II).
Then, using (9.1)), we see (by induction) that

This concludes the proof of the first chain of inequalities. For the second: since U(f,Il) <
M (b — a) for all I, it follows that U(f) < M (b — a); a similar argument shows that L(f,I1;) >
—M (b — a). For the middle inequality, we hold 11, fixed: since L(f,1I;) < U(f,1ly) for all 11, it
follows that L( f) = supyy, L(f,I1;) < U(f,Il;). Thus L(f) is a lower bound for {U( f,11,): I, },
and so U(f) = infp, U(f,1Iy) > L(f), as desired. O

Thus, U(f) and L(f) are well-defined for any bounded function f, and ordered L(f) < U(f).
The question is whether they’re equal. The answer is: certainly not always.

EXAMPLE 9.6. Consider Dirichlet’s function from Example the indicator function of the

rationals.

0, z¢Q

fz) = :

1, z€Q
Taking this function for x € [0, 1] let us compute the upper and lower integrals. First, fix any
partition IT = {0 =, < t; < --- < t, = 1} of [0, 1]. On any interval [¢;_4,1;], since t;_; < t;,
we know there are both rational and irrational points in the interval. It follows that

sup f(t) =1, . inf f(t)=0.

tj_1<t<t; j—1St<t

Thus . .
UfI) = 1-At;=(1-0)=1,  L(fII)=) 0-At;=0.

So U(f,II) and L(f,II) do not depend on II, and therefore taking appropriate sup and inf, we see
that U(f) = 1 while L(f) = 0. Ergo, f is not Riemann integrable: U(f) # L(f).

The question of when it is true that U(f) = L(f) is a delicate one having to do with the
continuity properties of the function f. We will explore and answer this question fully. Before we
do, it pays to be a little more general right away (without adding any abstraction), and talk about
the Riemann-Stieltjes integral. That is our next topic.
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2. Lecture 9: April 26, 2016

The generalization of the Riemann / Darboux integral we will now develop allows for a “weight-
ing” of the domain. In the construction of the integral, when approximating the area under the
graph of a function by rectangles, we may compute the “area” of each partition rectangle over
[t;—1,t;] by declaring the length of this interval is not necessarly At; but instead some (well-
behaved) function of this width. In fact, a wide variety of weight functions are possible to produce
meaningful theories of integration, but to mimick precisely the upper and lower integral construc-
tion outlined in the previous lecture, we restrict ourselves to monotone increasing weight functions.

DEFINITION 9.7. Let a < bin R, and let a: [a,b] — R be a monotone increasing function.
(In particular, since a([a,b]) = |a(a),a(b)], a is also bounded.) Given a partition 11 = {a =
to <t<1l<---<t,=b} define Aaj = a(t;) — a(tj_1) (Which is > 0 since « is monotone
increasing).

Let f: [a,b] — R be a bounded function. Define the upper sum and lower sum of [ relative
to Il and o as

n

U(f,1,a) = Z sup f(t) - Aqy

j=1 tj—1<t<t;

n

L(f,1,a) = Zt, inf_ f(t) Ao,
=1 =1ty

An argument exactly like the one in Lemma[9.5|shows that, if | f(¢)| < M for all ¢ then for any
partitions II; and Ils, with IT* = II; U I, we have

_M(a<b) - Oé(b)) < L(f7 I, a) < L(fv H*a Oé)
< U(f7 H*7Oé) < U(f7 HQua) < M<a(b) —a(a)). (92)
In particular, the definition / proposition makes sense.

PROPOSITION 9.8. Let a < bin R, let a: [a,b] — R be monotone increasing, and let
f: [a,b] — R be bounded. Define

U(f,a)=infU(f,1I,«), and L(f «)=supL(f,II,«a).
i I

Then

—M(a(b) — ala)) < L(f, o) U(f, @) < M(a(b) — a(a)).
If L(f,a) = U(f, @), we say that f is Riemann-Stieltjes integrable with respect to o, and write
[ € Z(«). In this case, we denote the common value by

b b
/fda:/f(t)da(t)EU(f,a):L(f,a).

REMARK 9.9. We will tend not to use the second notation fab f(t)da(t), since the ¢ is just a
dummy variable and carries no independent meaning here.

Taking o(x) = =, this reduces to the Riemann integral theory discussed in the previous lecture.
In this case, we write simply f € %. We might write the integral in this case as f; f(t)dt, but

more likely just as ff f.
We now give a quantitative charactrerization of Riemann-Stieltjes integrability.
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LEMMA 9.10. Leta < binR, let f: [a,b] — R be bounded, and let «: [a,b] — R be monotone
increasing. Then f € Z(«) if and only if for each ¢ > 0 there is a partition 11 of [a, b] such that

U(f,ILa) — L(f,1L,a) < e. (9.3)
PROOF. First, suppose that holds; so fix € > 0 and let II be a partition verifying that
inequality. By definition L(f,II, ) < L(f, ) < U(f, ) < U(f, 11, ), and so (9.3)) implies that
0 <U(f,a)— L(f,«a) < eforeach € > 0; thus U(f) = L(f), as desired.
Conversely, suppose f € Z(a), and let € > 0. Since [ fda = supy L(f,II, o), there is some
partition IT; so that L(f,II;, o) > [ f dar— 5, and there is some partition I, so that U( f,II5, ) <
[ fdo+ 5. Let II* = II; UTI, be the common refinement. Then by (9.2), we have

5 S
Thus (9.3) is verified by the partition IT*, concluding the proof. O

UIT", f, ) < Uy, f, «) </fdoz+§<L(f,H1,oz)—|—§+£ < L(f, 11", @) + €.

With the characterization of Lemma[9.10] we can now easily see that continuous functions are
always Riemann-Stieltjes integrable.

THEOREM 9.11. Let a < bin R, let f: [a,b] — R be continuous, and let «: [a,b] — R be
monotone increasing. Then f € Z(«).

PROOF. First, if « is constant on [a,b], then Ao; = 0 on any interval [t;_q,%;], and so
U(f,II,a) = L(f,II,a) = 0 for all IT; thus U(f, o) = L(f, ) = f;fdoz = 0. Otherwise,
we must have a(a) < «(b). Now, since f is continuous on the compact interval [a, b], it is uni-
formly continuous there, so we may choose 0 > 0 such that, for any x,y € [a, b] with |x — y| < 0,
it follows that | f(x) — f(y)| < P OEOR

Now, fix a partition Il = {a =, < t; < --- < t, = b} of [a, ] for which At; =t;, —t;_1 < ¢
for all j; for example, fix n with =2 < § and use the even partition I1 = {a,a + b*T“, a +

n
24 ... Ja+ (n—1)%=% b}. Since f is continuous on each interval [¢;_;, ¢;], there are points z;
and y; such that

sup  f(t)=f(x;) and i f(t) = fly).

tj—1<t<t; tj—1<t<t;
Since t;_1 < x;j,y; < tjand t; —t;_y < 0 it follows thast |z; — y;| < 0, and so f(x;) — f(y;) =
|f(z) = fy;)| < m Thus

n

U(f,T,a) = L(f,TLe) =Y [f(x;) = f(y;)]Aa; < Z mﬁaw

7=1
Factoring out the constant —7-<-, we have just the telescoping sum > A = ab) - a(a),
and so we see that with this partition, U(f,II, ) — L(f,II,) < e. As we can do this for any
e > 0, by Lemma(9.10} it follows that f € Z(«), as desired. O

So, we now know how to integrate continuous functions. In particular, taking o(z) = z, this
gives us the usual Riemann integral of continuous functions, which is the main object of study
in integral calculus. However, the class of functions that can be integrated is much larger than
continuous functions. For example:

THEOREM 9.12. Let a < bin R, let f: [a,b] — R be bounded, and let «v: [a,b] — R be
monotone increasing. Suppose that the set of points in |a, b| where f is discontinuous is finite, and
at each such point « is continuous. Then [ € Z(«).
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PROOF. As in the proof of Theorem 9.11} if « is constant there is nothing to prove, so we
freely assume a(b) < «a(a). Fix € > 0, and let M = sup |f|. Let D = {xy,xs,..., 24} be the
set of points in [a,b] where f is not continuous. By assumption « is continuous at each z;, so
there is some 7; > 0 such that |a(s) — a(t)| < 4575 forall s,t € (z; — n;, x; +n;) N [a,b]. Let
n < min{n, ..., 7.} be small enough that (x; — n,z; + 1) C (a,b) for all j (except if possibly
x; = aor r; = b). Now define points u; < v; as follows: if z; = a then u; = a and v; = a + g; if
x; =bthenwu; = b— I;andif z; € (a,b) then u; = z; — 7 and v; = x; + . By definition ofy, it

follows that a(v;) — a(u;) < 3577 for 1 < j < d, and so

d

Z[a(vj) —a(yy)] < 1M

Jj=1

Now, let K = [a,b] \ U?Zl(uj, v;). This is a closed subset of [a, b] and so is compact. Because
no point in D is in K, f is continuous on K, and hence uniformly continuous there. So we may
choose 6 > 0 so that, whenever s,t € K with |s — t| < ¢, it follows that

€

) = 1O < 5 = ata)

Now form a partition II of [a, b] as follows: II contains all the points v, and v; for 1 < j < d; it
contains no points in any of the intervals (u;, v;); and for any point ¢; in II not of the form v;, we
have t; —t;,_1 < 0.

We now expand U (f,II, o) — L(f, 11, a):

U(fTe) = L(fTLa) =3 [ sup  f(t) = nf_ f(1)]Aas.

ti—1<t<t; ti-1St<ti

We break this sum into two kinds of terms, dividing the indices into ¢ € [; and ¢ € I5: I; consists
of those 7 for which ¢; = v; for some j, and I, consists of all the others. For ¢ € I;, by construction
t;—1 = u;. For these terms we make the estimate that sup, ;<. f(t) — Li—lStSti f(t) <2M and
So we get

Z[ sup  f(t)— inf f(t)]Aw < 2M2Aai

. . ti—1<t<t;
iel, bim1Stst ’ i ich

Now, for those ¢ € I, we have constructed II so that ¢; — ¢;_; < d, which means that for any
s,t € [ticy, U] |f(s) — f()] < 3Ta) —at@y and so this also holds true for the difference between

the supremal and infimal values of f on the interval. Summing up these terms yields

Dol swp 0=, if fO18a; <Y o - falt) — altioa)

) . i—1<t<t;
icly ti—1<t<t; @ i el
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Thus U(f, 11, ) — L(f,1I, ) < § + § = ¢, and so by Lemma|9.10} it follows that f € Z(a). O

REMARK 9.13. If both f and « are discontinuous at a point, it is possible that f ¢ Z(«a),
regardless of how continuous f is elsewhere. You will work with such an example on this week’s
homework.

REMARK 9.14. It is important to note that Theorem [9.12] applies to discontinuities in general,
not just jump discontinuities. In particular, we now know that the function f(¢) = sin % of Example
[7.1§]is Riemann-Stieltjes integrable (with respect to any monotone increasing integrator ) on any
compact interval, including 0 or not. And the proof shows us why. Even though the function
oscillates wildly near 0, it is bounded by 1 in absolute value, and so for any small > 0, the total
contribution of the upper or lower sums over any partition from points in (—d, d) is no bigger than
a(0) — a(—0), which is very small so long as « is continuous at 0.

REMARK 9.15. It is natural to wonder how much further this can be taken, in terms of allow-
ing irregular f to be integrated. For example, the above proof does not immediately generalize to
the case where f has countably infinitely many discontinuities. It is a delicate matter in general
to settle which f are in Z(«) for a particular . The most important case where a(x) = z (the
Riemann integral), however, is completely understood. In that case, even if f has (at most) count-
ably infinitely many discontinuities, it is still Riemann integrable. In that case, the exact criterion
for Riemann integrability is continuous almost everywhere: a bounded function f is in % iff, for
every € > 0, there is a countable collection of open intervals I, I5, I3, ... with j length(/;) < e
such that the set of discontinuities of f is contained in [ ;1;. (Le. the set of discontinuities has
“measure 0)
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3. Lecture 10: April 28, 2016

We now turn to the basic properties of the Riemann-Stieltjes integral, all of which reflect its
nature as a kind of limit sum. We state them as a sequence of lemmas. In all cases, a < b are
real numbers, f, f1, f2: [a,b] — R are bounded functions, and «, a;, ay @ [a, b] — R are monotone
increasing functions.

LEMMA 9.16. If f1, fo € Z(a) and ¢ € R, then f1 + fo € Z(«) and cf, € Z(«), with

/ab(fl+f2)da:/abf1da+/abf2da and /abcflda:c/abflda,

PROOF. Fix a partition II = {a = t; < t; < --- < t, = b}. To save notation, let I; =
[tj—1,t;]. Since
inf fi +inf fo <inf(fi + fo) < Sgp(fl +f2) < S}ljpf + Sup fo
multiplying by Aa; and summing yields
L(fi,IL ) + L(f2, 1L, ) < L(f1 + fo, 11, )
<SU(fi+ fo. lLa) SU(f1, 1L a) + U(f2, 1L a). 9.4)

Since f; € %(a) for j = 1,2, there are partitions II; such that U(f;, I1;, «) — L(f;, 1L, ) < 5.
Letting IT* = II; U II, as usual, we then have U(f;, II*, ) < U(f;,11;, ) and L(f;,I1*, ) >
L(f;,10;, ), so U(f;,11*, ) — L(f;,II*, @) < 5. Adding up and applying (9.4) (with II* in place
of I1) yields

U(fl + fQ,H*7Oé) — L(f1 + fQ,H*,Oé)

<U(fi, 11, @) + U(fo, IT*, @) — L(f1,IT*, @) — L(fo, 1T, @) < §+ % —

Hence f; + fo € %Z(«). What’s more, since L(f;, II*, o) < [ f; da < U(f;,1I*, a), it follows that
U(f;, 11", o) < [ fjda+ 5 and L(f;, IT*, o) > [ f; da — 5. Thus, applying (9:4) again, we have

[hda+ [pdo=c<iin+pit ) < UG+ R0 < [ frdat [ frdate

Taking sup and inf as appropriate shows that [(f, + fa) da is distance < € away from [ f; da +
[ f2 da for each € > 0, and this establishes the first equality.

For the second, we note that for ¢ > 0, we simply have U(cfi,Il,a) = cU(f;,1II, ) and
L(cf1,11, ) = eL(f1, 11, ) for any partition 11, and hence if we choose a I1 so that U ( f1, 1, o) —
L(thaCk) < E’ then U(Cfl,H,Oé) - L(Cfl,H,Oé) = C[U<f17H7Ck) - L(fl,H,Oé)] <€ 80 cfl €
% (o), and moreoever [cfida = Ulcfi,a) = infnU(cfi,I,a) = infrcU(fi,1,a) = c-
inf U(f1,1L, @) = cU(f, ) = ¢ [ f1da. If, on the other hand, ¢ < 0, then multiplication by ¢
interchanges sup and inf and so U(cfy, 11, «) = cL(f1,II, ) and L(cfy, 11, ) = cU(f1,11, ). A
very similar argument now yields the result. If ¢ = 0, there is nothing to prove as both sides are
0. O

LEMMA 9.17. If f1 < fyon[a,b] and f1, f» € Z(), then [ f1da < [ fado

PROOF. The inequality fi(t) < fo(t) implies that supy, fi < supy, f> for all intervals I,
and hence U(f1,II,a) < U(f2,II,«) for any partition II. Taking infy now yields [ fida =
U(fi,a) <U(fy,a) = [ fada. O
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LEMMA 9.18. Ifa < ¢ < band [ € Z(«) on |a,b), then it is in Z(«) on [a,c| and on [c,b),

and
/abfda:/acfda+/cbfda.

PROOF. Set fi = flj,q and fo = fli.p. Then both f; and f, are in Z(«). Indeed, if II
is a partition for which U(f,II, ) — L(f,II, ) < ¢, then we may (possibly) refine it by taking
IT* = IT U {c} and noting that we still have U (f, II*, ) — L(f,II*, ) < €. Let m be the index in
I"={a=ty<t; <---<t,=>b}witht,, =c, andlet [; = [t;_1,;]; then

U(fi, 11, a) — L(f1,1I*, ) = Z[sgpf - %f flAa;

J=1

= [supf—i?ff]Aaj <U(f,II",a) = L(f,II", &0) < €
—" i
Jg=1 7

since the omitted terms are all > 0. A similar calculation shows that U ( fo, IT*, &) — L(f2, IT*, @)
is the sum of terms of index > m which is < the full sum, hence < €. So both fi, f5 are in Z(«),

and by Lemma[9.16]
b b b
/fda:/ fldoz—i—/ fada.

It is left to the reader to establish (using very similar arguments) that fab fida = fac f da and
fab foda = fcb f da, concluding the proof. O

LEMMA 9.19. If f € Z (1) and [ € X () then [ € XZ (a1 + o) and f € X (cay) for ¢ > 0,

with /abfd(alJraz) :/abfda1+/abfda2 » /abfd(cal) Zc/abfdal.

PROOF. Here we simply note that
Alar + az); = (a1 + ag)(t;) — (o1 + aa)(tj—1)
= a1 (t;) — aa(tj-1)] + [ea(t)) — az(tj-1)] = Alaa); + Alaz);,

and similarly A(coy); = c¢A(ayq);, for each j. Since all these increments are > 0, it then follows
that

U(f,Il,oq + ag) = U(f, 11, 1) + U(f, I, 2) andU(f, 11, cay) = cU(f, 11, ).

Taking infyy yields we get U(f,oq + a2) = U(f,ou) + U(f,o0) = [ fdas + [ fday and
U(f,coan) = cU(f,a1) = ¢ fday. Similar considerations with lower sums show that these
two are equal to the given linear combinations, concluding the proof. U

LEMMA 9.20. Let f € %(«). Let M = sup f and m = inf f, and suppose ¢: [m, M| — R is
continuous. Then h = ¢ o f is in Z(«).

PROOF. Fix ¢ > 0. Denote by C' = sup |¢|; we assume it is > 0, otherwise ¢ = 0 and the
statement of the lemma is silly; similarly, we assume a/(b) > a(a). As ¢ is uniformly continuous
on [m, M], there is some 6 > 0 so that |¢(x) — ¢(y)| < STa) atay Whenever |z —y| < 4. For later
convenience, we will make sure to select § < %.
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Since f € Z#(«), there is a partition IT of [a, b] such that U(f, I, o) — L(f, 11, ) < §*. Now
the difference U (h,I1, a) — L(h, 11, &) is equal to

2.

J

AOéj.

suph — inf h
I I
We break up the sum into two parts: j € J; UJ,, where j € Jy iff sup;, J[—infy, f<d,and j € Jy
iff this difference is > 0. The choice of § shows that, for j € J;, sup I h—inf I h < m For
J € Jo, on the other hand, the best we can say in general is that sup I h —inf I h <2sup|h| =2C.
But we’ve arranged things so that the total a-length of the intervals indexed by J5 is small: because
supy, J —infy, f > dforj € Jo,

5ZA%§Z[

JEJ2 JEJ2

supf—i?ff Aa; = U(f,II,a) — L(f,11,a) < §
I i

J

and so > Aa; < 4. Thus, adding up,

jEJ2
U(h,II,) — L(h,I1, ) = Z lsuph— inf h| Aa; + Z suph —inf h| Aq;
jen L1 i jedz L1 i
€
< Ao +2C Aa;
o) —ala)] 2 A0 720 2 A
€
<——— ) Aa; +209
STl — ata] 22
€ €
< 5 +2C - E = €.
This shows that b € Z(«), as desired. O

REMARK 9.21. The above proof shows no simple connection between the value of [ ¢ o f da
and [ f do, and indeed there is no simple connection.

LEMMA 9.22. If f, g € Z(«), then so is fg.

PROOF. By Lemma(9.16] f + g are both in Z(«). The function ¢(z) = 22 is continuous, and
so by Lemma[9.20| (f + ¢g)* and (f — g)? are both in %Z(«). Thus, by Lemma again, so is

[(f+9)° = (f—9)%] = fyg-

A

LEMMA 9.23. If f € Z(«), then | f| € Z(«), and ’/ fda

< [111da

PROOEF. The function ¢(x) = |x| is continuous, and so by Lemma[9.20} | f| € Z(«). Now, let
0 = sgn (f fda) (so 0 = 1 if the integral is > 0 and 0 = —1 if the integral is < 0.) Then by

Lemma[9.16
‘/fdoz za/fda:/(af)da.
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For each ¢, we have f(t) < |f(¢)| and —f(t) < |f(t)|; thus o f < f. Thus, by Lemma/9.17,

‘/fdoz ~ [en)da< [if]da.
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4. Lecture 11: May 3, 2016

We now know how to integrate (or more precisely that we can integrate) a reasonably large
class of functions, against arbitrary monotone increasing integrators. One may then reasonably
ask: what benefit have we gained by including more general integrator weights a? To partly
answer this, consider the following example.

EXAMPLE 9.24. Let a < b in R, and fix some s € (a,b). Let a;; be the monotone function
as(t) = Lsg(t),ie. as(t) =0ift < sand a,(t) = 1ift > s. If f is continuous on [a, b] then

/abfdozszfs

To see this, fix any partition IT = {a = t; < t; < --- < t, = b}. Let m > 1 be the unique index
such that ¢,,_y < s < t,,. For any j # m, «, is constant on [t;_1,t;] and so Aa; = 0, while
Aq,, =1—0=1. Thus
U(fILag)= sup f(t),  L(f,ILa;)= —inf_f(¢).
tm—1<t<tm tm—1<t<tm

Since 5 € [ty_1,tm], infy,_ <i<p, [(t) < f(s) < sup, <<y, f(t). It follows that L(f, a,) <
f(s) < U(f,as). Since f is continuous, Theorem implies that L(f, o) = U(f, as), and so
this common value must be [ f da; = f(s) as claimed. (A more careful argument shows that this
holds true even if we only assume that f is continuous at s.)

Example [9.24] gives a rigorous treatement of a “delta function”. Physicists love to use delta
functions: a “function” §(¢) with the property that, for s € (a, b),

/f 5(t — s)dt = f(s).

In fact, there is no such function 6(¢) which Riemann integrates a function by evaluating it at a
point. Instead, 6(¢ — s) dt must be 1nterpreted as the Riemann—Stieltjes integrator dov(t).

We can use the additivity of the integral to generalize Example [0.24] and put discrete infinite
sums on the same footing as integrals, and treat them all as one kind of object. If (s,)2%, is
an increasing (possibly finite) sequence in (a, b), and if (¢,) is a nonnegative sequence such that
> ¢n < 00, we can define a pure step function

= i Cnevs, (1)
n=1

This is a monotone increasing function on [a, b]. It is constant on [a, a + s], takign value ¢;; its
value on (a + s1,a + S| is ¢ + ¢; and so forth.

LEMMA 9.25. Let «w be the pure step function above. If f is continuous on [a, ], then

b oo
/ fda:chf(sn).
a n=1

PROOF. Since |a,(t)| < 1 for any s, by the comparison test, the series «(t) = Y | cpa, (t)
converges for all £. The function « defined is monotone increasing, since ¢, > 0 for all n, and
as(t) < a4(t') whenever t < t'. Hence, it makes sense to compute fab fda. (Note also that
a(a) = 0 while a(b) = 3 ¢,.) Similarly, since f is bounded on [a, b], the sum Y_>° | ¢, f(sy)
also converges by the comparison test, so all quantities presented make sense.
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Now, let € > 0, and let M = sup | f| (and assume M > 0 to avoid silliness). By the Cauchy
criterian for convergence of ) c¢,, there is some N € N so that } < 7. We then break
up « accordingling: a(t) = oy (t) + an(t), where

n>N Cn

N 0o
- chasn (t)a a2(t) = Z Cnasn (t)
n=1 n=N+1

By Lemma(9.19] we have

/fda:/fda1+/da2.

The first integral, by induction on Lemma (9.19] has the value
N N

/fdm:ch/fdas:chf(sn).

Thus, by Lemma[9.23]and Lemma[9.17]

/fda—/fda1 /fda2 /|f|da2 /Mda2 as(b) — as(a)].

Since (s,) is an increasing sequence, Sy > a, and so g, (a) = 0 for n > N; thus as(a) = 0.
On the other hand o, (b) = 1 for each n, and so a3(b) = >~ ., ¢, < 57 by constructions. Thus

the above inequality shows that
= ’/fda—/fdoq

/fda— nZ]:;cnf(sn)

Since we can do this for each € > 0, and since we know 25:1 cnf(sy) converges as N — oo, it
follows that it must converge to | f do as claimed. O

<i~M:e.

Thus, if we use a pure step function as our integrator, we unify the theory of infinite series and
integration. On the flip side, what happens if « is the opposite of a purely discrete function: what
if « is differentiable? In that case, we will see that integration with respect to « actually involved
the derivative o (and this will motivate the connection afterward to the Fundamental Theorem
of Calculus). As you should be used to by now, anything involving derivatives will involve the
Mean Value Theorem, which will mean evaluating the derivative of the integrand on [t;_;,;] at a
(random) point 1; € (t;_1,%;). As such, it will be convenient in the next several results to connect
our formulation of the integral, in terms of upper and lower sums, to Riemann(-Stieltjes) sums.

LEMMA 9.26. Let f be in Z(«) on [a,b], let € > 0, and let 11 be a partition for which
U(f,II,a) — L(f, 11, &) < € (cf- Lemma|9.10). WithTl = {a =ty < t; <ty <---<t, =b}and
[j = [tjfl,tj], let Uk c [j' Then

< €.

n b
Zf(m)Aozj—/ fda

PROOF. By definition inf;, f < f(n;) < sup 1, [ for each j. Multiplying by the non-negative
numbers Ac; and summing up shows that '

L(f,T,0) <Y f(n)Ac; <U(f,T1,0). 9.5)

i=1
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Of course, we also have
b
L(f,TT,a) < / fda < U(f11, ). 9.6)

So the Riemann-Stieltjes sum in question and the integral [ f do are both in the interval from
L(f,II,a)upto U(f,II, ). By assumption this interval has width < €. Thus, the distance between
the Riemann—Stieltjes sum and the integral is < ¢, as claimed. U

THEOREM 9.27. Let «: [a,b] — R be monotone increasing, and suppose that « is differen-
tiable on [a,b] with o/ € Z#. Then for any bounded f: [a,b] — R, f € Z(«) if and only if

fo' € #, and
[ da= [ ta

This theorem is often summarized by writing da(t) = o/(t) dt.

PROOF. Fix € > 0, and let M = sup|f| (assume M > 0 to avoid silliness). Since o € %,
there is a partition Il = {a =ty < t; < --- < t, = b} of [a,b] such that U (o, IT)— L(a/, 1) < 3%
By the Mean Value Theorem (applied to «), for each j there is a point §; € (¢;_1,t;) such that
Aa; = aftj) — a(tj—1) = o/(§;). Now, fix any points 7; € I;; then the Riemann—Stieltjes sum at
the points 7); can nearly be expressed as a Riemann sum:

Z f(nj)Aa; = Z fn)a (&) At

We would like to convert this to a proper Riemann sum at the points 7;; to do so, we need to
compare the points 7; to §;, which results in a correction factor

Zf 1) A — Zf nj)e’ (n;) At; Zf unll — o/ (n;)] At

< Z |f(ni)lle(&5) — o' (n;)| Aty

<MZ|O‘ (&) — ' (n;)| At;.

Now, since {;,7; € I, it follows that |a/(§;) — o/(n;)| < sup;, o/ — infy; o, and thus

Z|a (&) — o (n;)| At <Z[supoz —mfa

7j=1

€

At; =U(o/, 1) — L(a/,11) < TR

Thus, we see that, for any points n; € I;,

me ) Aaj — me o' (n;) At;

In particular, this shows that

9.7

3

an] Aa]<Zfoz V() At; + = <Zsupf77 At; —|——:U(fo/,H)—|——

j=1 I



4. LECTURE 11: MAY 3, 2016 125

holds for every choice of points 7; € I;, and so taking sup again we find that U(f,1I, o) <
U(fa/,1I) + £. Now, doing the same argument again in the other order shows that

n

D (fa)m) Aty < D7 fn) Aay + 5 <UL TLa) + 5

=1 j=1

andso U(fa/,1I) < U(f,II, )+ as well. Combining these shows that |U(f, I, a) =U(fo/,IT)| <
%+ An entirely analogous argument shows that |L(f,II, o) — L(fo/,IT)| < £ as well.

Thus, we have shown that, for any partition II for which U (o, IT) — L(o/, IT) < 557, it follows
that |U(f,IL, ) — U(fo/,IT)| < § and |L(f,1I, ) — L(fc/,1I)| < 5. If we find such a partition
I1, the antecedent will also hold true for any refinement of II.

Now, to conclude the proof: suppose that f € Z(«); then let II' be a partition for which
U(f,TU',a) — L(f,II',a) < §. If Il is a partition for which U(c/,II) — L(a/,1I) < 53;, take
IT* = IIUII'; then we have U (o, IT*) — L(o/, IT*) < 35;. Thus |U(f,1I*, ) =U(fo/,1I*)| < § and
|L(f, IT*, ) = L(fo/,II*)| < £. Since IT* refines IT', it is also true that U ( f, IT*, o) — L( f, IT*, o) <
<. Thus

U(fo, I1*) — L(fa/, 11%)
<|U(fo!,IT*) = U(f,IT*, )| + |U(f, 11", @) — L(f, 11", )| + | L(f, IT*, &) — L(fa/, IT*)|
€ € €
<-+-+-=¢
3 3737
Thus fo/ € % as well; and the fact that we can find a partition IT* such that |U(f, IT*, o) —
U(fa',1I*)| < £ for each € > 0 shows that | [ fda — [ fa'| < § forall € > 0, thus the two
integrals are equal as claimed.

An entirely analogous argument beginning from the assumption that fo/ € % shows that
f € Z(«) and that the two integrals are the same, concluding the proof. U

This brings us to one of the most important tool for actually computing integrals.

THEOREM 9.28 (The Change of Variables Formula). Let a < b and ¢ < d in R, and let
¢: [e,d] — |a,b] be a strictly increasing surjective function. Let «: [a,b] — R be monotone
increasing, and let [ € %(«). Define 3,q: [c,d| = Rby f = aopand g = fo . Then § is

monotone increasing, g € Z(f3), and
d b
/ gdp = / f da.

PROOF. Since ¢ is strictly increasing, it is one-to-one; since it is surjective onto [a, b], there
is an inverse map ¢~ ': [a,b] — [c,d]. This gives a bijection between partitions IT of [a, b] and
partitions © of [c,d]: the correspondence is ¢ € O iff p(t) € II, and so we write p(0) = IL.
Writing out the definitions, we see that

U(g,0,6) =U(f,1,a)  and  L(g,0,5) = L(f,1L, ).

Thus, finding a partition II so that U(f, I, o) — L(f, 11, o) < € is equivalent to finding a partition
O = ¢ (II) for which U(g, ©, 8) — L(g, 0, ) < ¢, and thus g € Z(3). Because the map IT — ©
is a bijection of partitions, [ fda = infy U(f,II, o) = infe U(g, O, 8) = [ gdp. O
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Theorem |9.28 may not look like the change of variables theorem you remember from calculus,
but it is actually the generalization of it to the Riemann—Stieltjes integral. To restore the theorem
you recall exactly, take the special case a(x) = x. Then 5 = a0 ¢ = . If we further assume that
¢ is differentiable and ¢’ € %, then Theorem [9.27] shows that d3(z) = ¢/(x) dz, and so

/abﬂ“)d“:/abfda:/ffosow:/cdf«o(a:))so%x)dx ©38)

which is the statement you learned in calculus.

REMARK 9.29. In calculus, you may have stated this theorem without the requirement that
is strictly increasing. It is possible to generalize this, by reinterpreting the symbol ff to include
orientation. Suppose, for example, that ¢ is strictly decreasing. Then § = « o ¢ is monotone
decreasing, and therefore not the kind of integrator we know how to use. We could redo everything
in this chapter so far for monotone decreasing integrators, and it would all work similarly, with
appropriate minus signs thrown in. This can be accounted for by introducing the new (familiar
from calculus) notation that if a < b then |, b“ = — f:, this is what we mean by adding an orientation
to the integral. With this in hand, everything works the same for monotone decreasing integrators,
including Theorem[9.28] What’s more, by employing Lemma[9.18] suitably reinterpreted in terms
of the new orientation concept, we can even handle the case that ¢ is piecewise strictly monotone:
there are finitely many points a = z9 < 71 < 2 < --- < x, = b such that ¢ is strictly monotone
on each interval (z;_;,z;). We can even allow ¢ to be flat on some of the intervals (since the
integral will just be O there). These are actually the kinds of functions for which the calculus
change of variables formula works as stated above. Alternatively, one can restrict a little further to
functions ¢ € C" such that ¢’ has only finitely many zeroes (this is true for all the usual functions
studied in calculus).



5. LECTURE 12: MAY 5, 2016 127

5. Lecture 12: May 5, 2016

We now come to the central result of calculus, appropriately called the Fundamental Theorem
of Calculus: the Riemann integral is (more or less) the inverse of the derivative.
THEOREM 9.30 (Fundamental Theorem of Calculus). Let a < bin R, and let f € % on |a,b|.
(@) Fora < x <b, define F(x) by

Flz) = / F(t) dt.

Then F is Lipschitz continuous on [a, b]. Moreover, if f is continuous at a point xy € [a, b],
then F is differentiable at xo, with F'(x¢) = f(xo).

(b) If there exists a differentiable function G : |a,b] — R such that G’ = f, then fab f(t)dt =
G(b) — G(a).

PROOF. For part (a), since f € Z it is bounded, say |f| < M. Then for any z,y € [a, ], say
x < y; then by Lemma[9.18]and 0.23]

F(y)=/ayf=/jf+/:f:F<x>+/:f
/xyf‘é/mylfIS/:MzM(y—x)-

This shows that F' is Lipchitz continuous, with Lipschitz constant < M. (In fact, the Lipschitz
constant is precisely sup | f|.)

Now, suppose f is continuous at xy. Fix ¢ > 0, and choose 6 > 0 so that |f(t) — f(zo)| < €
whenever |t — zg| < d. Then for o <t < 2o + J, we have

PO oty = 2 [ = ) = = [ 1= )

t—$0 t—mo

and so by Lemma[9.17]

[F(y) — F(2)| =

where we have used the fact that f;o f(zo) = f(xo)(t — o). Because |t —zo| < 0, |f — f(zo)| <€

on [z, t], and so
1 I
< _f < — e
< [l -reis = [ =

F(t) — F(xo)
t— ZTo
An analogous argument shows that the difference quotient DQ F'(t, ) is distance less than € from
f(xo) inthe case z9p — 6 < t < x as well. Thus, we have shown that " (x¢) = lim,_,,, DQF(t) =
f(z0), as claimed.

— f(z0)

For part (b), fix e > 0, and let [T = {a =ty < t; < --- < t, = b} be a partition for which
U(f,II) — L(f,II) < e. By the Mean Value Theorem, for each j there is a point {; € (¢;_1,1;)
such that G(t;) — G(t;_1) = F'(&;) At; = f(t;) At;. Thus, reversing the telescoping sum,

n

Gb) = Gla) = )_[G(L) = Gt;)] = D J(&) At;.

=1



128 9. INTEGRATION

By Lemma [9.26] by the choice of II, we have

b n
= / F=) F&) Ayl <e
a ]:1
As this holds for every € > 0, the result follows. OJ
In summary: if f is continuous, then F'(x f f(t) dt is an anti-derivative (a differentiable

function with " = f), and moreover if G is any anti-derivative, then f: f = G(b) — G(a). Any
two antiderivatives differ by a constant: if /' = G’ on [a, b], then (F — G) = F' — G’ = 0. So
F' — @G is a differentiable function whose derivative is 0, which means it is constant by Corollary
B.19(2). So this is consistent: if F' = G + ¢, then F(b) — F(a) = G(b) — G(a).

In light of Theorem the special case of the Change of Variables Formula in is a
straightforward consequence of the chain rule (under continuity assumptions). Indeed, let f be
continuous and suppose ¢ is differentiable with ¢’ € Z on [c, d]. Let F be an anti-derivative of
f (as in Theorem [9.30(a)), so that F” = f. Then F o ¢ is differentiable, and by the chain rule
(Foyp) =(Fop)y =(fop)y Employing the Fundamental Theorem of Calculus, we get

/ff dx—/XFomwmszow@—Fomd

Note that this holds regardless of whether ¢ is increasing (or even piecewise monotone). So as
long as ¢(c) = a and ¢(d) = b, we then have

/fwmwmmm:ﬂw—ﬂwleWMu

again by the Fundamental Theorem of Calculus. This condition certainly holds if ¢ is strictly
increasing from [c, d] onto [a, b], but this is not required; it could oscillate infinitely often as it
fills out the interval. But this approach required the assumption that f is continuous, rather than
just Riemann integrable; if one wants more general Riemann integrable functions f, the previous
approach (which required ¢ be at least piecewise monotone) is required.

In the same light, let us now use the Fundamental Theorem of Calculus to turn the product rule
into a powerful computational (and theoretical) tool for Riemann integration.

THEOREM 9.31 (Integration by Parts). Leta < binR, andlet f, g: [a,b] — R be differentiable
functions with ', g € Z. Then fq¢' and f'g are both in Z, and

/ f()g'(t) dt = f(b)g(b) — f(a)g(a) — / f'(t)g(t) dt

PROOF. The chain rule gives (fg)' = fg' + f'g. By assumption f’ and ¢ are both in %, and
so are f and g since they are differentiable (hence continuous). Thus, by Lemmal[9.22] f¢’ and f'g
are both in %, and by the Fundamental Theorem of Calculus and[9.16]

NW@—ﬂ)()‘/fg 1) dt = /f ﬁ+/f

Subtracting yields the result. 0
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As with the Change of Variables formula, we can wonder if there is a version for more general
integrators. Indeed, suppose that ¢ is differentiable, and ¢’ is strictly increasing. Then Theorem
9.27|shows that ¢'(t) dt = dg(t), and so we can rewrite Integration by Parts in the form

/ fdg = F(b)g(b) — f(a)g(a) - / F(£)g(t) dt

In fact, this formula holds true even if g is not differentiable, as you will prove on your homework.

To conclude this chapter on integration, we consider an application to curves.

DEFINITION 9.32. Let a < bin R and let d € N. A (parametrized) curve in RY, with parameter
domain |a,b), is a continuous function v: [a,b] — R If y(a) = ~(b), it is called a closed curve.
If 7y is one-to-one on (a,b), it is called a simple curve.

Note: a curve is more than just a path traced out in space (which is the image v([a, b]); it also
includes the information of the parametrization ¢ — ~(t), which is usually thought of as specifying
the position of a particle at time ¢ as it moves through space.

Our present goal is to measure the length of a curve. To that end, we begin by approximating
the curve by pieces whose lengths we know how to measure: line segments. Fix a partition II =
{a =ty <ty <---<t,=>b}of [a,b]. We replace ~ by the path which passes through the points
v(to),v(t1),v(t2), ..., v(t,), and is a straight line segment between successive points. The length
of each such line segment is just the Euclidean length of the difference vector: |y(¢;) — v(t,-1)|.
Hence, we approximate the length of v by

1) = Z Y (t;) = (tj-1))-

Note that if we refine the partition used, the triangle inequality makes this length shrink: for any
point s € (t;_1,t;), then

() = v(t=)| < Iy(t;) = ()] + [7y(s) = (=)l
It follows (by induction) that if IT* is a refinement of II then A(y,II) < A(~,II*). Indeed, this
matches up with the fact (known as the isoperimetric inequality) that the shortest path between two
points is the straight-line path. Thus, if we want to take a “limit” making partitions finer and finer,
we ought to define the length of the curve v by

Ay) = sSup Ay, I0).

This sup may well be infinite. A first guess at such an example would be something like the graph
of the function f(x) = % which has a vertical asymptote. But there is no way to parametrize this
curve continuously on a closed interval, which is needed in our definition of curve. Nevertheless,
there are continuous curves on closed intervals that have infinite length.

EXAMPLE 9.33. Consider the curve 7: [0, 1] — R? which traces out the graph of the function
f(z) = xsin L (with f(0) = 0) of Example
y(t) = (¢ f(1)).
Since f is continuous on [0, 1], as is the identity function, it follows that ~y is continuous on [0, 1],

and hence is a curve according to the above definition. Now, for each n, consider the partition (with
points written in the reverse of the usual order) Il,, = {1 =ty > t; > -+ > t,,_1 > t, = 0} where
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for0 <j <mn,t;=(5+(n—1)m)" So; =%, & =, and so forth through 1 = i
At all of these points, sin(ﬁ) = =+1, with the sign changing from one term to the next. Hence,
.

the lengths of adjacent increments (when neither j nor j — 1 is 0 or n) are given by

[y (t5) = v(ti-0)| = (8, £t5) — (Ej—1, Ftj-1)| = \/(tj —tia)? + (G )P >t o >

— 2 1
Now.1; = @71y > G-

J — 1is 0 or n), we have

for 0 < j < n, and so in the range 2 < 5 < n — 1 (where neither 7 nor

n—1 1n71 1 171721
A(v,11,) > )=t > =y — =232

Since Y7, 1 = +00, it follows that A(y) = supy A(7,IT) = +o0.

So the length of the curve traced out by the graph of our favorite pathological continuous
function is infinite.

We are interested in curves whose length is finite; these are called rectifiable. (The act of
rectifying a curve is to “unravel” it into a straight line without stretching.) There is a large class of
curves that are rectifiable, and with (nominally) computable lengths: C* curves. To prove this, we
first need to briefly extend the integral to curves (i.e. vector-valued functions of a real variable).

DEFINITION 9.34. Let f: [a,b] — RY be a function f = (fy,..., f,) where each component

f; is Riemann integrable on [a,b|; we still denote this by f € %. The integral fab f is the vector
defined by componentwise integration:

[r=(fa[n)

As with derivatives, any theorem about integrals of scalar-valued functions extends immedi-
ately to vector-valued functions, so long as it applies separately to the components. For exam-
ple: the Fundamental Theorem of Calculus still holds: if f € % and F' = f (meaning that
F = (I1,..., Iy) is differentiable and F}j = f; for each j), then f;f = F(b) — F(a). One re-
sult about integrals that does not obviously carry over to the vector-valued case is Lemma [9.23}
| [ fI < [|f]. If we try to apply this componentwise, we get

AL
j=1
but this is not related in any clear way to

Jie= e

Nonetheless, these two are comparable in precisely the same manner.

LEMMA 9.35. Let f € % on [a,b]. Then |f| € Z as well, and

b b
JEEAL

2§ i(/m)Q

Jj=1
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PROOF. By Lemma sz € Z for each j, and then by induction on Lemma If|? =
f2+ -+ f2isin Z. Since x — /7 is continuous on [0, 00), it then follows from Lemma
that |f| = \/ff 4+ -+ f? is in Z as claimed. To prove the inequality, we take a hint from the
proof of the vector Mean Value inequality (Theorem let v = [ f, and note that

vi=v-v=yv- /f_Zv]/f]_/< vjf])—/v-f

where we used Lemma[9.16]in the penultimate equality. Applying the Cauchy-Schwarz inequality,

we have v - £ < |v||f]. that
[ V€< [ IVIIE] = v] [ [£]. Thus [v]? < v =0< JI£)
or we can cancel one |v| > 0 to find |v| < [ |f], which is the desired inequality. O

REMARK 9.36. We can define [ fda for general increasing « in the same manner, and the
above proof shows that the inequality of Lemma[9.35|holds in this general setting; but we will not
have occasion to use it beyond the standard Riemann integral case.

With these facts about integration of vector-valued functions at hand, we can now prove that
C' curves are rectifiable.

THEOREM 9.37. Let v be a C' curve on |a, b], meaning ~' is continuous on |a,b]. Then v is

rectifiable, and
b
- [ ol

PROOF. Let Il = {a =ty < t; < -+ < t, = b} be a partition. Applying the Fundamental
Theorem of Calculus, we have

tj
1(t) =t = [ Ao
ti—1
and thus, applying Lemma we have

n

= Z v(t5) — (1) = Z

j=1

t;
/ 1) dt
ti_1

j—

<Z/ ()] dt — /[’y )| dt.

(The last equality follows from Lemma[9.18| collapsing the telescoping sum.) Hence, f |7/ (t)| dt
is an upper bound for A(~,IT) over all II, and thus A(v) = supy A(y, 1) < f |7/ (t)| dt. We are
left only to prove the reverse inequality.

Fix ¢ > 0. Since 7' is continuous on the compact interval [a, b], it is uniformly continuous,
and so there is some § > 0 so that |7/(s) — 7/(t)| < whenever |s — t| < §. Let I be any

b 2(b—a)
partition with At; < § for each j. Then for any ¢ € [ j—1,t;], since |t — t;| < 4, it follows that
/(8)] = 17 ()]] < s in particular, [+/(1)] < [7/(t)] + s Thus

tj tj
/t YOlde< [ 176+ mE)de = (6] + )t 9.9)

J J=
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For the first term here, we make the following clever estimate:

[ el =| [ o+ -

J Jj—

tj
< / V(8 dt] +
ti_1

e
< |y(t5) = v(t-0)| + 55 A

where we’ve applied the Fundamental Theorem of Calculus again to the first term, and in the

second term used Lemma n 5|and then the fact that |7/(¢;) — /()] < 30— again. Combining

this with (9.9) and summing (using Lemma[9.18)) gives

[ o= }j/ hﬁ<ZXW 3(t0) + 2 Aty ) = Al T + ¢

<A(y) +e

Y (t;)|At; =

1%hw»—vwwt

j—

Since this holds true for all € > 0, it follows that f |7/ ()| dt < A(7), as desired. O

REMARK 9.38. In the above proof, the continuity of 7" was not needed to show that ~ is

rectifiable; indeed, this holds whenever 7/ € %, and the inequality A(~y) < f |7/ (t)] dt holds true.
But this inequality may be strict if 7/ is Riemann integrable but not contlnuous



CHAPTER 10

Sequences and Series of Functions

1. Lecture 13: May 10, 2016

Although we have been tacitly using many of the familiar functions from calculus (like cos,
sin, exp) and assuming regularity properties of them, we have yet to formally define and develop
these functions rigorously. To do so requires an understand of limits of sequences and series of
functions, to which this chapter is devoted.

For each n € N, suppose f,, be a real- or complex-valued function, defined on some set X
which does not vary with n; for us X will usually be an interval in R. We can then talk about
the pointwise limit of these functions (should it exist): for each z € X, we consider the sequence
(fn(x))22,, which is a sequence in R or C. (Indeed, we could consider more general cases where

the f,, take values in some common metric space Y'.)

DEFINITION 10.1. Let (f,,) be a sequence of functions as described above. If the sequences
(fu(x)) converge for each x € X, we define a new function f(x) = lim,_, fn(x). The function f
is called the pointwise limit of f,,.

The questions that will be important to us concern whether common properties of the functions
fn carry over to the limit function f, should it exist; e.g. continuity, differentiability, integrability,
etc. In all cases, the answer will be a resounding no without further assumptions. Let’s consider
some examples.

EXAMPLE 10.2. Forx € R and n € N, define
1
Inlo) = gy
This is a rational function, and the denominator vanishes nowhere, so f,, is C> on R. Note that

f(0) = 1 for all n, so lim,, .o f,,(0) = 1. But forz # 0, 1 + 2% > 1, and so m — 0. Thus

f(e) = Jim fu(x) = {(1) o

Thus, (f,) has a pointwise limit, but even though the functions f,, are all smooth, the limit function
is not even continuous.

EXAMPLE 10.3. Taking for granted that sin and cos are differentiable functions with sin’ =
cos, define functions f,, on R by
sin(nx)
n(x) = )
fula) = =2
These functions are smooth, and since sin is bounded, lim,, ., f,(z) = 0 for all x, so the limit
function is also smooth. But note that

fulz) = V/ncos(nz).

133
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FIGURE 1. The function f,(z) = m, forn = 1,5, 10, 50.

The behavior of these functions is not nearly as nice. For example, f/(0) = /n — 400 as
n — oo. Even worse, f/ (m) = y/n(—1)" oscillates without bound. Evaluating at other points can
produce even worse behavior. So, while f, is differentiable and f,, — 0 pointwise, the derivatives

fn do not converge pointwise to anything.

__ sin(nz)

FIGURE 2. The function f,(z) = N forn = 1,5, 10, 50.

EXAMPLE 10.4. Let f,(z) = nz(l — 2*)" for 0 < z < 1. Note that f,(0) = 0 for all
n. For 0 < z < 1, the sequence x(1 — 2%)" converges to 0 exponentially fast, and therefore even
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multiplying by n, we still have f,,(z) — 0 asn — oo (cf. Proposition 4)). Thus, the pointwise
limit of ( f,,) is the constant function 0 on [0, 1]. Nevertheless, we may easily compute that

1 1 ) 1 n
(2) dz = 1 —a®)de=n | ~udu=-—"r
/Of(x) x n/o z(l—2)"dx n/o Su" du St 1)

where we made the change of variables u = 1 — 2. Thus

1 1

1
0:/ lim f,(z)dz # lim/ fo(z)de = 5
0 n—oo n—oo 0

So although the functions f,, are all integrable, as is their pointwise limit function, the limit of the
integrals is not the integral of the limit. Using similar arguments, note that g,,(x) = nf,(x) still

satisfies lim,, . gn(x) = 0 for all z, and yet following the above we have fol gn(z) dx = 2(2—?&) —

+00 as n — 00; so we can even have the total area blowing up, even as the function converges to
0.

FIGURE 3. The function f,(z) = nz(1 — 2*)*, forn = 1,5, 10, 100, 500.

What’s going on in all these examples? To understand at a lower level, let’s consider the
question of continuity of the limit function: when is it true for continuous function f, with
pointwise limit function f that lim,,, f(¢) = f(x) for each x? Writing this out further, since
limy ., f.(t) = f.(x), we are asking that

lim lim f,(t) = }im f(t) = f(z) = lim f,(x) = lim lim f,(¢).
—x n—oo

t—x n—o0 n—oo t—x

L.e. we are asking whether we can interchange the limit. One might néively expect to be able to
change the order of limits at will, but this is not so. Indeed, a limit is characterized by a quantified
sentence “for all ¢ > 0, there exists a0 > 0 or N € N...”. Thus, a double limit involves two
such sentences in order, and we know that changing the order of quantifiers can really change
the meaning of the sentence. Indeed, we can easily exhibit examples of double limits (even for
sequences of real numbers) where the order matters big time.



136 10. SEQUENCES AND SERIES OF FUNCTIONS

EXAMPLE 10.5. Consider the double sequence a,, , = —, form,n > 1.

m+4n’
m

For fixed m, lim a,,, = lim = 0. Forfixedn, lim a,,, = lim = 1.
n—00 ’ n—oo M + n m—oo ’ m—oo 1M, + N

Thus
0= lim lim ap, # lim lim a,,, = 1.
m—r00 N—r00 n—o0 mMm—0o0
It is actually not surprising that regularity properties of functions do not generally survive under
pointwise limit. If ( f,,) is a sequence of functions, and f(z) = lim,,_,~ f,(x) for each z, the limit
has no way of “seeing” any properties (local or global) of the functions; it is only paying attention
to each x separately, decoupled from the others. If we want the limit function f to reflect any

properties of the functions f,,, we will need a stronger form of convergence. In fact, we already
introduced it in Example [5.2[4).

DEFINITION 10.6. Let (f,,) be a sequence of real-valued functions defined on a common set
E. We say that (f,) converges to f uniformly, f, —, f, iff sup,cp |fu(z) — f(x)| converges to
0Oasn — oo. Le. f, =, [ iff for each € > 0, there is an N € N so that, for alln > N and all

z € B, |fulr) = f)] <e

Like comparing continuity to uniform continuity, uniform convergence differs from pointwise
convergence by a reordering of quantifiers: here we must be able to choose /N independently of
x, so we have Ve > 0 9N Vn > N Vz, as opposed to the pointwise definition which beings with
Vx Ve > 0dN Vn > N.

REMARK 10.7. If the functions (f,) in the sequence are all bounded, then we are talking
about metric convergence here: on the space B(F) of bounded real-valued functions defined on F,
du(f,9) = sup,ep | f(z) — g(z)| is a metric, as discussed in Example[5.2(4); then f,, —, f simply
means d,(f,, f) — 0, meaning that f,, — f in the metric space. However, functions f,, need not
be bounded in order to converge uniformly. For example, f,,(z) = = + % converges uniformly to
f(z) = =, since f,(z) — f(x) = £ which converges to 0 uniformly in z. But d(f,,0) = oo for
all n, so d, is not a well-defined metric on any space containing the functions f,, (and 0).

Motivated by the above remark, the following result essentially says that d, is a Cauchy-
complete metric.

PROPOSITION 10.8. A sequence (f,) of real-valued functions on E converges uniformly to
some function if and only if the sequence is uniformly-Cauchy: for each ¢ > 0, there isan N € N
so that, for alln,m > N and forall x € E, |f,(x) — f(2)]| < e

PROOF. First suppose we know there exists a function f on £ with f,, —, f. Choose N so
that, foralln > N and all x € E, |f,(z) — f(2)| < §. Thenforn,m > N, and all v € E,

|fu(2) = fin(@)| = [ ful2) = f(2) + f(2) — f(z) = fin(2)]
< | falz) = f(@)| + | fml2) — f2)] < % T %

Hence, ( f,,) is uniformly Cauchy, as claimed. For the converge, suppose ( f,) is uniformly Cauchy.
Fix any t € E. Then |f,,(t) — fi(t)| < sup,ep |fu(z) — fim(x)], and since the latter is Cauchy, it
follows that (f,,(t)) is a Cauchy sequence in R. Since R is Cauchy complete, it follows that there
is a real number f(t) such that f,(¢t) — f(¢). Thus we have found a pointwise limit for (f,,). We
must prove that f, —, f. To that end, fix ¢ > 0, and let N be chosen so that | f,(z) — fi(7)] < §

= €.
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for all n,m > N. Since f,,(x) — f(x), there is some N, so that |f,(z) — f(z)| < § for all
m > N,. Thus, taking n > N and m > max{N, N, }, we have
€

(@) = f(2)] < [fal2) = fn(2)] + [fm(2) = f2)] < §+ 5

Although the set of allowed m depends on x, this makes no difference to the final statement: we
see that when n > N (which is independent of z) | f,,(z) — f(x)| < €. Thus f,, —, f. O

= €.
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2. Lecture 14: May 12, 2016

In Example we saw that a sequence of continuous (even smooth) functions can have a
pointwise limit that is discontinuous. That is: pointwise limits of functions do not preserve limits
in general. The following theorem shows that uniform convergence does preserve limits, and hence
continuity.

THEOREM 10.9. Let E be a subset of a metric space, and let [, —, fon E. Let x € F', and
suppose that the following limits exist for all n:

}1_{2 fn(t) = ay.

then the sequence (a,) converges to lim, ., f(t). In particular, if f, are all continuous at a point
x, then their uniform limit f is also continuous at x.

PROOF. Fix € > 0, and choose N so that | f, () — f.(t)| < 5 forallt € E and all n,m > N.

By the Squeeze Theorem, it follows that |a,, — a,,| < § < € for all n,m > N. Thus, we have
proved that (a,) is a Cauchy sequence in R, and therefore converges to some limit a. Then we

have, foreach ¢t € F,

[f(t) = al <[f(E) = fal®)] + [fult) = an| + |an — al.
Since f, —, f, we can choose N; such that |f(t) — f.(t)] < §foralln > Nyandt € E.
As a,, — a, we can choose N so that |a, — a|] < § for all n > N,. Now, for any given n >
max{ Ny, Ny}, since lim,_,,. f,,(t) = a,, we can choose some § > 0 so that for all t € Bs(z) \ {z},
| fa(t) — an| < §. Thus, for this choice of J, we see that |f(t) —a| < §+ § + § = € when
0 < |t — x| < J, and we have shown that lim;_ ., f(t) = a as claimed.

For the final statement: if f,, is continuous at z, then a, = lim;, f,(¢) = f.(x). The
conclusion is then is that f,(z) converges to lim,,, f(¢); but by definition f,(z) — f(x), so
f(z) = lim;_,, f(t), and ergo f is continuous at x. O

We can now put together Proposition [I0.§] and Theorem [10.9] with Example [5.2(4), to yield
the following.

COROLLARY 10.10. Let X be a metric space, and let Cy(X) denote the set of real-valued

bounded continuous functions on X. Then d,(f,g) = sup,cx | f(x) — g(f)| is a complete metric
on Cyp(X).

PROOF. We know that d,, is a metric on the set of bounded functions, and therefore on the
subset C,(X). Let (f,,) be a Cauchy sequence in this metric space. By Proposition (fn)
converges uniformly to some function f. Since the f, are all continuous, so is f by Theorem
Moreover, since f, —, f, there is some N so that sup, |fn(x) — f(z)| < 1, and so
|f(z)] < |fn(x)] 4+ 1forall z € X. But fy is bounded by, say, M, and so |f(z)] < M + 1, so
f is also bounded. Thus there is a limit f of (f,,) in Cy,(X), proving that this is a complete metric
space. U

REMARK 10.11. The set Cy,(X) plays a central role in analysis and probability theory. It is
also worth noting that it is a vector space: if f,g € C,(X) then sois f + g, and A\f € Cy(X) for
all A € R. The metric d,(f,g) = sup, |f(x) — g(z)| comes from a norm on this vector space: the
uniform norm || f||, = sup, | f(z)]; then d,(f, g) = ||.f — g|l.. (Another common notation for the
uniform norm is || f||.) In addition to the properties of a metric, the norm also has homogeneity:
IAflle = [AlIl f .- We will discuss this and other norms on functions further in later lectures.
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Let us examine again Example , where a sequence f,(x) = m of continuous functions
converges pointwise to a discontinuous function f = 1;9;. By Theorem[10.9] it must be true that
the convergence is non-uniform. Indeed, let ¢ > 0. For x # 0, we want to find the smallest NV, so

that | f,,(x) — f(z)| = fu(z) < e. So we want

1 In(1/e)
- - 1 AL e
a x2>n<e<:>(+x) >€<:>n>1(1 3)

Hence, the smallest NV, is
N o— { In(1/e) -‘

In(1 + 22)

As z approaches 0, 1 + 2 — 1, and In(1 + 2?) — 0; hence N, — oo as & — 0. Therefore, there
can be no uniform N that works for all z. We see directly that ( f,,) does not converge uniformly.

On the other hand, it is entirely possible for a sequence of functions (f,,) to converge point-
wise but non-uniformly to a continuous function. Example demonstrates this: the functions
fn(z) = nz(1 — 2*)™ tend to 0 for each x, so the limit is continuous; however, using calculus,
we can easily check that the only critical points of the polynomial f, are x = +—=— m, and that
furthermore the maximum value of f,, on [0,1] is achieved at the critical point in that interval,
where the value is

W(me) = v (o)
"\V2n+1) Von+i1\2n+4+1) °

2n " 1 "
— 1 — —-1/2
<2n+1) ( 2n—|—1> e

and — 00, s0 we see that sup<,<;, fn(z) — 00 as n — oo (which is suggested by Figure

B3). Thus supm | fn(x) — 0| = oo, which means that f,, /4, 0, even though the limit O turns out to
be continuous. We can see this phenomenon with a simpler example.

Now

EXAMPLE 10.12. Let f,,: (0,1) — Rbe givenby f,(z) = #ﬂ For each n, f,, is a continuous
function (it is continuous on R except at —1/n which is not in (0, 1)). For each fixed z, f,,(z) — 0
as n — 00, so the pointwise limit of these continuous functions is, again, continuous. Nevertheless,
note that f,,(1/n) = § for all n, s0 sup,¢ (o1 |fu(x) — 0| > §; in fact, f, extends continuously to
[0,1], and on this interval the maximum is f,,(0) = 1, so sup,¢ (1) fu(z) = 1. In any case, this
means that f,, /4, 0 uniformly on (0, 1).

There is one situation where the converse of Theorem [10.9] does hold: that pointwise conver-
gence of a sequence of continuous functions to a continuous function implies uniform convergence.
This next result is “Dini’s monotone convergence theorem”.

THEOREM 10.13 (Dini’s Monotone Convergence Theorem). Let K be a compact set, and let
(fn) be a sequence of real-valued continuous functions on K. Suppose that the pointwise limit
f = lim, ., f. is continuous, and furthermore that f,(x) > f,i1(x) for all v+ € K. Then
fn —=u fon K.

Note: since f,, —, f iff —f, —, —f., we could instead assume that f,, < f,. and get the same
conclusion.

PROOF. Set g, = f, — f. Then g, — 0 pointwise, g, is continuous, and g, > ¢n.1. Our
goal is to prove that g, —, 0. Fix ¢ > 0, and let K,, C K be the set of points K,, > = where
gn(7) > € ie. K,, = g, (e, 0)). Since g, is continuous and [¢, 00) is closed, it follows that K,
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FIGURE 4. The function f,(z) = —5 onz € (0,1), forn = 1,2, 5,10, 100.
is a closed subset of the compact set K, so K, is compact. Now, since ¢, > gn11, if gni1(z) > €,
then g,(z) > €, meaning that K,,;; C K,,. So (K,,) is a nested sequence of compact sets. If they
were all nonempty, Proposition would imply that ("), K, is nonempty. However, given any
fixed x € K, we know that g,(z) — 0, which means that g,(z) < € for all large n, which means
that x ¢ K, for all large n. Thus, (), K,, = @, and so it follows that the K,, = @ for some n;
since they are nested, this means there is some N so that K,, = @ for all n > N. This means that,
forall x € K, g,(x) < € for all n > N; note that this N is uniform in z. As g,(z) is a decreasing
sequence with limit 0, it follows that g, (z) > 0, and so we have |g,(z) — 0] < e foralln > N and
x € K. This says precisely that g, —,, 0. U

REMARK 10.14. Note that the sequence f,(z) = —5 of Example [10.12]is actually a de-
creasing sequence of continuous functions, with a continuous limit, and yet the convergence is not
uniform; this highlights the necessity of the compactness of the domain. Indeed, in that example,
the functions f,, all extend continuously to the compact set K = [0, 1], but the pointwise limit
function on that domain is lim, . f, = Loy (since f,(0) = 1 for all n), which is not continuous.

Now we have a good idea of when continuity passes to the limit, and why Example [10.2]
failed to transfer continuity to its limit: in general, one should have uniform convergence to pass
continuity to the limit. Let us now reconsider Example[10.4} f,,(z) = nz(1—2?)", which converges
pointwise to 0 on [0, 1], a perfectly integrable function, but fol fn 7 fol 0. As we saw above, the
convergence isn’t uniform. In fact, if we don’t have uniform convergence, it can be worse still: it’s
possible for the pointwise limit of a sequence of integrable functions to be non-integrable.

EXAMPLE 10.15. The rational numbers Q are countable; in particular, it is possible to enu-
merate those rational numbers in [0,1]: Q N [0,1] = {¢1,¢2,¢q3,...}. Consider the function

fo =211 g,y Thatis:

1, z€ L an
fn(x) _ y T {q%aq% » g }
0, otherwise
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The function f, is continuous at all points other than {q1, ¢s, . . ., ¢, }, which is a finite set; there-
fore, by Theorem[9.12] f,, € Z. Also, for any ¢ > 0, build the partition II,, containing the points
0, 1, and all points g; & o (possibly shrinking smaller if any g; is closer to 0 or 1 than ). Then
on the n intervals [g; — 5 @+ i] the supremum of f,, is 1 and the infimum is 0; on all the other
intervals, f,, is constantly 0, and so we have

€ —€

U(fn,11,) =n <2n 2n) =€, L(fn,11,,) =0.
Since we can do this for any € > 0, it follows that U(f,,) = L(f,) = 0, so fol fn = 0 for each n.

However, notice that lim,, . f,, = Lgno,1] is Dirichlet’s function of Example Indeed,
for any rational number ¢ € Q N [0, 1], there is some m € N with ¢ = ¢,,,, and so f,(¢) = 1 for
all n > m; on the other hand, if « is irrational, f,,(z) = 0 for all n. As we showed in Example
the limit function lim,, .., f,, is not Riemann integrable, even though all the functions f,, are,
with integral 0. So this is not a matter of “mass escaping to infinity” as in Example[T0.4} pointwise
limits simply do not preserve integrability in general.
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3. Lecture 15: May 17, 2016

As with continuity, to avoid the kinds of pathologies in Example [10.15] in general we require
uniform convergence for integrals to play nicely with limits.

THEOREM 10.16. Let a < bin R, let a: [a,b] — R be monotone increasing, and suppose
fn € Z(a) for each n. If f,, —, f on[a,b], then [ € %#(«), and

b
lim/ |fn — flda = 0.
n—00 a

In particular, it follows that

n—0o0

lim fndoz—/ fda.

PROOF. For each n, let €, = sup (. |fu(z) — f(2)]; — 0asn — oo.

Note that

Jul@) = en < f(@) < fule) 4 e V€ [ab].

Since f; is bounded, this means f is bounded, so its upper and lower sums are well-defined. Given

any partition II, taking sup and inf of all terms on each subinterval and multiplying by Aa;, we
et

: L(fo —€n, 1L a) < L(f, 1L ) S U(f, 1L ) S U(f + €0, 11, ).

Also, since L(g, I, «) is clearly linear in g, using the usual telescoping sum we find that Taking

supy in the first inequality, infy; in the third inequality, and using the fact that L(f, o) < U(f, «),

we have

L(fn = €n, ) S L(f,0) SU(f, ) S U(fo + €n, ). (10.1)
Since f, + ¢, € Z(a), the upper and lower integrals are equal, and by linearity of the integral we
have

b b
/ (fnten)da= / foda e, [a(b) — a(a)]. (10.2)
Putting (I0.T]) and (10.2) tggether, we see thataL( f,a) and U(f, ) are both in the interval
b b
{/ frnda — e, ]a(b) — a(a)],/ fn,da + €,]a(b) — a(a)]] . (10.3)

In particular, it follows that the difference between these two is < the length of the interval, so

0 <U(f, o) = L(f, o) < 2en[ax(b) — a(a)].
This is true for all n, and ¢, — 0 as n — oo, so it follows that U(f,«) — L(f,a) = 0, i.e.
f € Z(«). Now, since f fda =U(f,«)is in the interval in (10.3]), we have

‘/fda—/fnda < eala(b) — a(a)].

Since €, — 0, it follows that fa frnda — fa f da as claimed. But we also easily see the stronger
claim: since | f,(z) — f(z)| < ¢, for all z,

/’fn — flda < /en da = €,[a(b) — a(a)] — 0.

This concludes the proof. 0




3. LECTURE 15: MAY 17, 2016 143

REMARK 10.17. Referring to Homework 7, this means that the metric distance d; (f,,, f) — 0,
provided that f,, —, f; i.e. uniform convergence is stronger than %' convergence.

As we noted before proving Dini’s monotone convergence theorem, continuity can be pre-
served under limits even without uniform convergence. Similarly, it is possible for the integral to
be preserved under pointwise limits even if uniform convergence fails. In general, uniform conver-
gence is the best tool to prove that the integral interchanges with limits, but there are some tools
that work in a more general framework. We state a result here that is due to Arzela, originally
proved in 1885.

THEOREM 10.18 (Arzela’s Montone and Dominated Convergence Theorems). Let (f,,) be a
sequence of functions in % on [a, b], and suppose that there is a pointwise limit f, — f such that
f € % on [a,b]. Suppose additionally that either

(@) (fn) is monotone: (f,(x))52, is either monotone increasing for all x or monotone de-
creasing for all x; or

(b) (fn) is uniformly bounded: there is some constant M so that |f,(z)| < M for all x €
[a, b].

b b b
Then / |fn — fldao — 0 as n — oo, and inparticular/ fonda — / f da.

Theorem can be a powerful tool for analyzing limits of integrals, but it is important to
note that you must know that the pointwise limit function is integrable a priori. As Example[10.13|
shows, this can fail, even when the sequence f,, is monotone or uniformly bounded (both of which
are true for that example). Theorem [[0.16] with stronger conditions, gives the integrability of
the limit function for free, and so we will rely on this in most cases (when uniform convergence
actually holds).

We will not prove Theorem [[0.18] presently. Although it is possible to give a proof based
only on what we have developed so far (essentially a complicated iterative argument using Dini’s
monotone convergence theorem), it is quite intricate and tricky. More’s the point, this theorem
really belongs in the domain of measure theory: in the theory of the stronger Lebesgue integral,
both the statement and the proof of the theorem are much easier (the Lebesgue integrability of the
limit function comes for free, and the proof is only a few lines long once one has the power of
measure theory at hand).

Now that we have seen that continuity and integration behave well under uniform limits, we

turn our attention to derivatives. However, let us consider again Example (10.3} f,(z) = %

We saw that this sequence tends to 0, and in fact it tends to 0 uniformly: | f,(x)| < —=, so we can

make |f,,(x)| < e for all z by choosing n (uniformly in x) bigger than %. But, as we saw in that
example, the derivative f) is very badly behaved, not having a pointwise limit as n — oo. So, it
will certainly not be true that f,, —, f tells us much about the limit of f/, or even whether the
limit exists.

In fact, more or less the best we can do in general is to cheat and do it backwards: if we already
know that f/ converges uniformly, then it nearly follows that f,, converges uniformly to some
differentiable f, and then f’ is the uniform limit of the f/. Even this is not true as stated, though:
for example you could have f,, = n is constant for each n; then f/ = 0 certainly converges
uniformly to 0, but f,, does not converge at all. If we rule out this kind of uniform blow up by
insisting that f,(xo) converges at least at one point x(, we do get a true theorem.
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THEOREM 10.19. Let f, € C'[a,b] be a sequence of continuously differentiable functions.
Suppose there is at least one point xy € [a,b] where f,(xo) converges. If f| —., g on |a,b], then
there is a C" function f on [a,b] with f, —, f, and ' = g.

In fact, a stronger theorem holds true: we need not assume that the functions f, are C*, only
differentiable; then the conclusion is that the function f is differentiable and f’ = ¢g. The proof of
this stronger theorem is much more complicated (though still reasonable); we choose the slightly
weaker statement to give a very nice proof based on the Fundamental Theorem of Calculus.

PROOF. Let us agree to the convention that fts f=- f: f if s < t. By the Fundamental
Theorem of Calculus, for each x € [a, b] we have

/ L8 dt = fula) — fulzo).

Since f; —, g on [a, b], we also have f/ —, g on [zg,x] (or [z, z¢] if 2 < x(), and so by Theorem
10.16} it follows that [* f; — [ g. By assumption lim,, . f,(o) = o exists. Thus, we have

nmzn@wﬁfﬁ@ﬁﬁ%+/2@ﬁ. (104)

o

By Theorem [10.9] since f;, is continuous so is the uniform limit g. Hence, by the Fundamental
Theorem of Calculus, the function F'(x f g(t)dtis C* with I’ = g. Set f = yo + F, which

is also C! with f' = F' = ¢, and (10.4 - says that fn — f pointwise.
Thus f,, converges pointwise to a C'! function f with f* = g. We are left to show that the
convergence is uniform. Again we apply the Fundamental Theorem of Calculus: for each z,

Fulw) — fla) = VWo!/f ﬁ}{m5/<wﬂ:uwm—m+éﬁ

/
o

The first term tends to 0 by assumption; for the second term, let €, = sup,¢(, 4 |fn(2) — g(2)].

Then
/[fé—g]‘é/ !fé—g\S/ €n = €nlx — 20| < (b— a)ey,
o xo x0

This is true uniformly in z. So, since €, — 0 by assumption, we have

sup |fu(x) = f(2)] < |fa(x0) = yo| + (b —a)en = 0.

z€la,b]

fr =gl

sup |fn(2) = f(2)| < |fa(20) — Yol + sup
z€[a,b] z€[a,b]

f;—g]‘-

Thus f,, —, f, concluding the proof. U

Theorem [10.19]1s really a theorem about antiderivatives, not derivatives. In general, without a
priori knowledge of the uniform convergence of the derivative f/, we cannot use converge prop-
erties of f,, to conclude anything about f;. (We will see a little later how extreme this statement
is: we can construct a sequence of C'> functions f,, that converges uniformly to a function that
is nowhere differentiable!) There is one important large class of functions for which we can use
Theorem @ to conclude smoothness. To get there, we must firs talk a little about series of
functions.
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DEFINITION 10.20. Let f,: E — R be a sequence of real-valued functions defined on a
common set E. For each x € E, let s,(v) = >, fi(z). If the sequence s,,: E — R converges
pointwise, we denote the limit im,_,o. S, = Y fn. If s, converge uniformly, we say that the
series ) f, converges uniformly.

EXAMPLE 10.21. Consider the functions f,,(x) = (Hfﬁ%)n; these are the same as Example|10.2}

modified with a factor of 22. We showed in that Example that m
except at 0, where it converges to 1; hence, here f,,(x) — 0 pointwise for all x, so there is a chance
that the series converges. Consider the series >~ f,. For z = 0, this is just the sum of 0, so
we get 0; for x # 0, we have x? times a geometric series with ratio r = ﬁ < 1, so the series

converges:

- - IR 1
nzzofn(l‘):ﬁz(l—i—ﬁ) =$2'1_—1:1+I2, for x # 0.

n=0 1+x2

converges to 0 pointwise

Thus, the series converges pointwise to the function (1 + 22)1,.. From Theorem (10.9} it follows
that the series does not converge uniformly: the functions f,, are all continuous, hence so are the
partial sums s,,, but the limit function is discontinuous at 0.

EXAMPLE 10.22. On the other hand, consider the straightforward geometric series: let f,,(z) =

z™. For |z| < 1, we know that > | f,(z) = == = s(z). The limit function is not continuous

at 1, and so we can conclude that the convergence of ) | z" is not uniform on the whole interval
(—1,1). Indeed, we have

n o0 o
s(z) — Zx” = Z rl = " Zxﬂ = 2" s(z)
j=0 k=0

j=n+1
and so
n
) ‘x|n+1
_ Jl —
s(x) Z x T
J=0

The supremum of this function on (—1, 1) is oo for all 7, so the series does not converge uniformly.
However, if we restrict the domain to (—1,1 — 4] for any 6 € (0,1), we have 1 — z > ¢ and
lz|™ < (1 —4)", so

s(z) — Z !

and this uniform bound tends to 0. Thus, the series ) ;, 2™ converges uniformly on (—1, 1 — 6] for
each 9.

—1<z<1-6

Example [10.22] demonstrates an important, simple technique, which goes under the name he
Weierstrass M -test.

LEMMA 10.23 (Weierstrass M-test). Let f,,: E — R be real-valued functions. Suppose that,
for each n, there is a constant 0 < M,, < oo so that f,(x) < M, forallxz € E. If Y M, < oo,
then )  f, converges uniformly.

PROOF. Let s,(z) = > 7_, f;(x). For any m > n, we have

[sm(@) = sa(@)| = | Y fi@)| < D i@l < Y M
j=n+1 j=n+1 j=n+1
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Since the sequence .S, = Z?Zl M; converges, it follows that it is Cauchy, so for any € > 0 there is
some N such that |S,, — S,,| < eform >n > N.ButS,, — S, = Z;”:nﬂ M;, and so we see that
the sequence of functions (s,,)> ; is uniformly Cauchy (since /N was chosen independently of z).
The result now follows from Proposition [10.8] O

In Example [10.22} the functions f,,(z) = 2" are bounded only by 1 on (—1, 1), and the series
>, 1is not convergent, so the Weierstrass A/-test does not apply. But if we restrict the domain to
[—1+46,1 — 6], we have |f,(x)| = |z|* < (1 — )", and the series ) (1 — )" = ﬁ = 1is
convergent for § > 0; so we do get uniform convergence on this interval. (The explicit computation
in Example @ showed that we can even include the interval close to —1; this does not follow

from the Weierstrass M -test.)
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4. Lecture 16: May 19, 2016

Example gives a case where a uniform limit of smooth functions is smooth. We will
shortly explore what features of this example make that possible, but it is important to stress that
smoothness of a uniform limit is not guaranteed by smoothness of the sequence of functions. To
demonstrate just how far from true that would be, we have the following example which shocked
the mathematical world when it was discovered by Weierstrass in 1872.

THEOREM 10.24. Let 0 < a < 1, and choose a positive odd integer b large enough that
37” ). For example, take a = % and b = 11. Define the function W: R — R

= Z a" cos(b"mzx).
n=0

Then W is uniformly continuous on R, but is differentiable at no point.

by

A complete proof of Theorem [I0.24] (which is 3 pages long) is posted to the course website as
a separate document. It gets a little involved in the precise details, but the key idea is as follows:
first, W is continuous because the partial sums (n = 0 up to n = V) are continuous (in fact they
are C'°), and the series converges uniformly because |a™ cos(b"7x)| < |a|™ which is summable
(cf. the Weierstrass )M -test); hence the uniform limit function W is continuous by Theorem [10.9]
However, the terms have very high frequency oscillations (with amplitudes damping out), which
makes the derivative larger and larger, much like in Example[10.3]

Rudin presents a simplified example of a continuous, nowhere-differentiable function which is
also constructed as a uniformly convergent series. Its disadvantage is that the terms in the series
are not differentiable: they have increasingly dense sets of sharp corners which might lead one to
believe it is this proliferation of non-smooth points that results in the non-smoothness of the limit
functions. This is not the case; the problem is the oscillations, which can be accomplished with
smooth functions, cf. Theorem [10.24] above. We will nevertheless present Rudin’s example here
for completeness.

THEOREM 10.25. Let ¢: R — R be the continuous function defined by p(x) = |x| for
—1 < x <1, and extended periodically to satisfy o(x + 2) = p(z) for all x € R. Then define

R(z) = f: G)n o(472).

n=0

The function R is continuous on R, but nowhere differentiable.

PROOF. The continuity of ¢ yields the continuity of all the partial sums, and then the uniform
convergence of the series via the Weierstrass M -test yields continuity of R, as described above for
Weierstrass’s function /. We will now show, for any given x € R, that R is not differentiable at
x. To do so, we will construct a sequence 9,, — 0 so that

R(z +6,,) — R(x)
5m

i( ) 4n:p+5? o(4m7)] .

lim

mM—00

= 00. (10.5)

Well, for any 0 € R,
R(zx + 5
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Denote this inside difference quotient as ,,(9):

_ p(dtr 4470) — p(4"x)
'Yn((s) = S .

If 40 is an even integer, then since ¢ is 2-periodic, we’ll have v, (d) = 0. In fact, for a given m,
we define

1 1
O =E£= - —
2 4m
(where the sign + will be chosen depending on z in a moment). Then |4"6,,| = 22"~™~1 5o
4"9,, is an even integer for all n > m, and so v,,(d,,) = 0 for n > m. This means that

Rla +dn) = Rlw)| _ |§> G)n%((sm) 3 G)n%(ém) -

5 =
m n=0 n=0

We now apply the reverse triangle inequality to get

'R(:c—irém)—ﬁ’(:v) . (3)”|7m » ’”Zl( )"m 6., (10.6)

Om “—
For the positive term |7,,(6,,)|, note that 4™4,, = +1, so
(4™ £ 3) — p(4™7)]
Y (0m)| = :
[0m]

Since the interval [4™z — ,4™x + 1] has length 1, it contains at most one integer in its interior.
We now choose the sign of 9,, so that there is no integer between 4™z + % and 4™z. Note that
the function ¢ is linear with slope +1 on any interval between two integers; thus, with this choice,
4™z £ 1) — p(4™x) = +1. Thus
ES
[V (0| o 4m.
For the other (negative) terms in (10.6)), we use the following fact: for all s,t € R, |p(s) — ¢(t)| <
|s — t|. When there is no integer between s and ¢ this is true with equality (as noted above); if there

is an integer between them, this follows from the reverse triangle inequality ||s| — |t|| < |s — ¢t|.
Thus, in general, we have

|p(4"z + 476) — p(4"z)| _ 479

()| = < = 4™,
() 5 5

So the negative terms in (10.6)) all satisfy
— 1 (Om)| = —4"
Thus, (10.6) yields
R(x + 0,) — R(x)
Om

3 m m—1 3 n m—1 1
_(4) 2(4) D S AT CLRRY

n=0 n=0

In summary, there is a sequence d,, — 0 so that \M—R(ﬂ — oo0. It follows that R'(x) does

not exist. 0
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Let us turn back, now, to a setting where uniformly convergent series of smooth functions do,
in the end, turn out to be smooth. We can generalize the idea of Example [10.22| to study power
series, the biggest and most important class of functions in Calculus.

DEFINITION 10.26. Let (a,) be a sequence of real (or complex) numbers. The associated
power series is the function defined by

o
= E anx”

n=0

defined on the set of those x for which the series converges.

Of course, the definition might be silly: it might be that there are no = (other than 0, for
which the series becomes finite f(0) = ag) converges. For example, f(z) = > - n"z" has
this property: no matter how small |z| is, n"|z|" = (n|z|)" — oo as n — oo (since, by the
Archmidean property, n|z| > 1 for all large n). However, making use of the Root Test, we can
find a huge collection of nontrivial power series.

THEOREM 10.27. Let (a,) be a sequence in R or C, and let R = llmsup|a i > 0 (defined

to be oo if the lim sup is 0). Then the power series y , c,x™ converges uniformly on any compact
subset of (—R, R).

The number R is called the radius of convergence of the power series.

PROOF. Let K C (—R, R) be a compact subset. Since K is closed and bounded, there is some
o < Rsothat K C [—0,0] (this follows from the fact that || is closed and bounded, and since
(=R, R) is open, 0 = sup |K| < R). For all z € K, we therefore have |a,2"| < |a,|0". Note
that lim sup |a,0"|"/" = o limsup |a,|"/". If R = oo, this is 0; otherwise it is & < 1. Hence,
by the Root Test, the series ) |a,|o™ converges. The result now follows from the Weierstrass
M -test. U

We can now prove the power series are differentiable, and in fact C*°.

THEOREM 10.28. Let f(x) = >~ a,z" be a power series with radius of convergence R.
Then f € C(—R, R), and for all k f*) is given by the following power series, which also has
radius of convergence R:

Znn—l c(n—k+ Dayaz™", (10.7)
n=~k

PROOF. We begin with the case k = 1. Define

o0
= E na,x™
n=1

for those x for which the series converges. (We can reindex to make this an explicit power series,
but it’s more convenient not to do so at the moment.) Applying the Root Test, the series converges
provided lim sup |na,z"*|"/" converges. If x = 0 this is clear; if |#| > 0, then by Proposition
2.30,

nflll/n ’H‘n T |l’|

n—1
|z = | = a
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By the same proposition, n'/" — 1. Thus, applying Proposition

n—1|1/n 1/n _ m

lim sup |na,x < limsupn!™ - limsup |z 71 - lim sup | a,|

Hence, if |z| < R, the the Root Test guarantees that the series defining g(x) converges. What'’s
more, following the proof of Theorem[10.27} if o < R, for any = € [—0, 0] we have |na,z" 1| <
nla,|o™t, and since o/ R < 1, the above shows that the series >, na,o™ ' converges. Thus, by
the Weierstrass M -test, the series g converges uniformly on [—o, o]. Thus g is the uniform limit
of the partial sums g,,(z) = > 7, ja;xzi~'. These are polynomials; note that that g, = f, where
falz) = 377 _aa’. By Theorem fn converges uniformly to f on [—0,0]. So we have
C'[—o0, o] functions f, that converge at many points to f, and f, € C'[—0, 0] with f/ —, g. By
Theorem[10.19) it follows that f € C'[—a, o], with f/ = g.

We can now proceed by induction. Suppose we have shown that f € C*, with f*) given by
(10.7). Let us reindex the sum to give

FO@) =3 nn = 1)+ (m+ Dapa™
m=0

by assumption having the same radius of convergence R. Setb,, = n(n—1)--- (m-+1)a,,,; then
h = f*) is a new power series h(z) = > bmx™ with radius of convergence R, and so applying
the base case above to h, we find that i is C'! on (— R, R) with derivative &/ (z) = > °_, mb,,z™ .
But this means that f is C**1 on (- R, R) with derivative

FEFD () Z m-nn—1) - (m+ Dappz™ "

and reindexing again this gives

fED(z) = Z n(n—1)---(n - k)a,z"**
n=k+1
which is precisely (10.7) at K — k£ + 1. This concludes the induction, and the proof. 0J

REMARK 10.29. Theorem [10.28] says that power series can be differentiated “term by term”:
we can pretend the series terminates finitely and differentiate it precisely as if it were a polynomial.

Functions that are given by a convergent power series are called analytic. Actually, we are
being too restrictive here: everything above is for power series centered at 0; we can just as well
discuss power series like ) a,(z — x)" centered at any point z, € R. A function is called
analytic on a domain if, at each point z( in the domain, it has a power series expansion centered at
xo with positive radius of convergence. The preceding two theorems are about functions analytic
at 0. It is a theorem (which we could cover at this point, but won’t) that if f has a power series
centered at o with radius of convergence R, then f is analytic on (o — R, 2o + R) (and perhaps
beyond): i.e. we can “re-center” the power series. For our present purposes, we will be content
only with power series centered at 0.
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5. Lecture 17: May 24, 2016

Theorem [10.28] says that analytic functions are C*°. The converse is generally false: there are
(many) C* functions that are not analytic. To see examples, we first need to connect analyticity
with Taylor’s theorem.

COROLLARY 10.30. If f is analytic in a neighborhood of 0, then it is given by its Taylor series

O fn)
fay =3 U

In particular, analytic functions have unique power series expansions.

PROOF. Let f be given by a convergent power series f(z) =Y a,z". By Theorem|10.28|
we may compute f*)(0) = klay. This yields the result. O

REMARK 10.31. Regarding uniqueness: the above shows that if two power series agree on
a neighborhood of 0, then they have the same coefficients and so are equal everywhere on their
common domain of convergence. In fact, much more than this is true: it turns out that if two
power series agree on any set that has a limit point, then they are equal everywhere. This is a
connectedness result that we could cover here, but is best left to a course on complex variables.

Combining this with Taylor’s theorem, we can get a sense of what should be true in order for a
C function to be analytic.

PROPOSITION 10.32. Let f € C™°(—R, R). Suppose that, for each o € (0, R),

1
— sup |fP)z* -0 as k— oo
ke jel<o
Then f is analytic on (—R, R).
PROOF. By Taylor’s theorem, for each z € [—0, o] and each k € N, there is some point &(z, k)
between 0 and x such that

k—1 (n)
fle)=>" ! n,(o)x" + % F® (2, k).
n=0 : :

Subtracting, taking absolute values, and taking sup over |z| < o yields

/(=) kif(n)(o) ol < L sup [FO (e k)t < - 1F®(©)ak| = 0
sup T) — " < — sup r, k))x"| < — sup T .
|z| <o =0 n! k! |z|<o k! |z] || <o

Thus, the Taylor polynomials Té“’l f converge uniformly to f on [—o, 0] for any 0 < R. Since

Téc_l f also converges to the Taylor series, it follows that f is given by its convergent Taylor series
on (—R, R) as claimed. O

The condition of Proposition [I0.32]is stronger than absolutely necessary for a function to be
analytic, but in practice it is the easiest way to verify that a given function is analytic.

EXAMPLE 10.33. Suppose that E: (—R, R) — R is a function which satisfies
E(x+y)=E(x)E(y) forallxz,y € (—R, R) suchthatz +y € (—R, R).

Note then that for any € (—R, R), E(x) = E(xz + 0) = E(x)E(0), so E(z)(£(0) — 1) = 0 for
all z. Thus, either F(z) = 0 for all z, or £(0) = 1. In the latter (non-boring) case, let us make the
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additional assumption that £ is differentiable at 0. (This assumption must be added: it does not
follow from the functional equation E(z + y) = E(z)E(y).) Then E'(0) = lim,_,o Z (tt)*l exists.
We can then compute for any z € (—R, R), taking ¢ small enough that x + ¢t € (—R, R),

() = limg ZEHD =By EWEO) ~B@) _ gy O =1
t

t—0 t t—0 t t—0

= E'(0)E(z).

So E is differentiable at all points in its domain, and setting A = E’(0), E satisfies the differential
equation E'(x) = AE(x) for all z. Iterating this, we see that E”(x) = A\2E(x), E" (z) = M3 E(z),
and in general E*)(z) = \*E(z). Since E is defined on (— R, R), this shows that £ € C*(—R, R)
for all k, so in fact £ € C*°(—R, R). What’s more, for any 0 < R, we have

1 _AF (IAlo)*

= sup [ = Ln sup [B(@)at| = 5T sup |B(E)]
*zllgl<o © =] lél<o © [E<e

Since E is C°(—R, R), it is certainly continuous on the compact interval [—o, o], hence bounded
there. What’s more, the sequence (M,L—‘,’)k tends to 0 as k — oo (this follows from arguments similar
to the proof of Lemma 4.20). Hence, by Proposition|10.32} F is analytic in (—R, R).

We can now compute the Taylor series expansion of E: we have E™(0) = A" E(0) = A", and

SO

)\n
E(z) = E —a"
=0 n.
ant1 .\t n! — A

Note that the coefficients a,, = 2—’,1 satisfy == = = SRV s 0, and hence by Lemma
, lim sup |a,|"/" = 0 as well. By Theorem |10.27, it follows that the power series expansion
for E actually converges uniformly on all of R (i.e. the radius of converge R can be taken to be
R = o00).

In the special case A = 1, we thus define the exponential function

o n

exp(x) = Z %

n=0

This function is analytic on R; the more general function E above is then simply E(z) = exp(\x).
Comparing to Example note that the number e is given by e = exp(1l). We began this
discussion with the property F(z +y) = E(x)E(y), and we concluded that any function with this
property that happens to be differentiable at 0 must be analytic on R and have the form E(x) =
exp(Az) for some A\ € R (or, recalling that we discarded the boring case E(z) = 0, we could
have the constant 0 function as well). That doesn’t prove that the function exp has this property
(a priori, it could be true that there is no such differentiable function); but actually, exp does have
the given property. It is possible to prove this by manipulating power series, but it is much more
elegant to prove this using a differential equation approach; this is an exercise on Homework 9.

Hence, we do know that exp(z+y) = exp(z) exp(y) forall z,y € R. From this, it then follows
that exp(n) = e” for positive integers n; then exp(—n)e™ = exp(—n+n) = 1,soexp(—n) = e ™;
and moreover (exp(1/m))™ = exp(m - 1/m) = exp(1) = e, so exp(1/m) = e'/™. Combining
these shows that if ¢ € Q then exp(q) = e?. Since both exp and = — e* are continuous functions,
that agree on the dense set QQ in R, we see that exp(z) = e”.

EXAMPLE 10.34. The functions cos and sin are defined geometrically as follows: for § &
0,27), (cos @, sin @) is the point on the unit circle such that the arclength of the circle curve from
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(0,0) to (cos @, sin ) is 6. (This is how angles are actually defined: angle # means arclength ¢ on
a unit circular arc.) From this definition, it is fun and not difficult to prove the following facts:

e |sinf] < 1and|cosf| < 1,and cos?f +sin? § = 1 (by definition: (cos @, sin f) is a point
on the unit circle).

e limy_,(cosf,sinf) = (1,0). (Follows from the fact that the circle is a continuous curve.)

5120 = 1, and limy_, —1_‘;‘)59

applied to the inequality cosf <
triangle diagram.)

= 0. (The first follows by the Squeeze Theorem

Sig‘g < 1 for 6 small, which can be deduced from a

e limy_,o

o If6+¢ € [0,27), then sin(6+¢) = sin 6 cos ¢p+cos 0 sin ¢ and cos(0+¢) = cos O cos ¢p—
sin # sin ¢. (These follow from more intricate triangle diagrams.)

e Extending cos and sin to all of R by declaring them to be 2m-periodic, all of the above
properties continue to hold for the extended functions.

From these facts (whose fun proofs have been known since Ancient Greece, and you should lookup
on the interwebz), it is straightforward to deduce that sin and cos are differentiable functions on R,

with sin” = cos and cos’ = — sin. For example, we have
. . sin(0+¢) —sinf . sinfcos¢ + cosfsing — sind
sin’(f) = lim = lim
$—0 [0} $—0 )
) . cosp—1 . sin
= sinf lim ————— + cos @ lim —— = cos 0.
»—0 ¢ »—0 ¢

We therefore have a repeating pattern of derivatives: sin'®) and cos*) are all among the four func-
tions {# sin, + cos}. In particular, this means that all derivatives exist, so sin and cos are C*°, and
moreover all the derivatives are bounded by 1. Thus, applying Proposition |10.32] we have for any
ceR

E sup |sin®(&)z¥] < U—k — 0, and 1 sup | cos® (&)aF] < U—k -0

K el =R K e =T

|z],[€|<e |z],[¢| <o

Thus, sin and cos are analytic on R. We can then compute their Taylor series: since sin(0) = 0
and cos(0) = 1, this gives the familiar

) 1.3 ZL’5 0 . $2n+1
332 1'4 o . xQn
cosx:1—§+z— zg(—) on)l

In both cases, the coefficient a; of z* is either 0 or :I:%, and it follows that lim sup |ak|1/ k= 0; so,
as with the exponential function, the Taylor series of the trigonometric functions cos and sin have

radius of convergence oc.

REMARK 10.35. Power series make sense for complex variables as well, since the series
>, anz" can be made sense of (in terms of the complex modulus) as a limit in a metric space.
In that wider context, the power series of exp z, cos z, and sin z all make perfect sense as conver-
gent series in C. Using the fact that the sequence " follows the pattern (1,4, —1, —¢) repeated,



154 10. SEQUENCES AND SERIES OF FUNCTIONS

which mirrors the derivative pattern of cos and sin, it is easy to check from the power series that
¢ = cosf +isin6.

The special case § = 7 gives Euler’s famous formula '™ = —1, or ¢/™ + 1 = 0. More generally,

one can check from the power series that, for all z € C, exp(iz) = cos(z) +isin(z). Manipulating

this, one can express cos and sin in terms of exp:

cos(z) = %[exp(iz) + exp(—iz)], sin(z) = %[exp(z’z) — exp(—iz)].

Thus, the trigonometric functions and the exponential function are really just different (complex)
linear combinations of the same function. A full understanding of this topic requires a deeper
development of complex variables, which we leave to a separate course on the subject.

EXAMPLE 10.36. Consider the function

e/ >0
fle) = {O z < 0.

This function is C* on (0, 00) and (—00,0). For x < 0, f®(z) = 0 for all k, of course. For
x > 0, it is a little messy to compute all the derivatives; the first few are

f/(fﬂ) _ ée—l/m7 f”(l') _ (_3 + 1 > —1/1‘7 f(g)(l') _ (E . E + i) 6_1/96.

3 [ 7 R 7

In general, there is a polynomial p; of degree 2k so that f*)(z) = p;(1/x)e"/*. This is easily

proved by induction. The base case k£ = 0 is immediate, and the cases k = 1,2, 3 are explicitly
done above. Assuming we’ve proved it up to level k, we compute that f*+1)(z) is equal to

i[pk<1/.’l?)€_l/x] _ _we—l/x _'_pk(l/.%') e~/ _ pk(l/x) —pﬁc(l/x) €_l/x.

k) () —
d:Cf (z) = dx x? x?
Set pry1(t) = t2[pr(t) — pi(t )] then we’ve shown that f*+Y(z) = pp,1(1/x)e/*. Since py is
a polynomial of degree 2k, p; is a polynomial of degree 2k — 1, and so py1 is a polynomial of
degree 2k + 2 = 2(k + 1), demonstrating the inductive claim.
Thus, we have seen that f(*)(z) is a (finite) linear combination of terms of the form z
for x # 0. Now, from the power series expansion for exp, we have for t > 0

-m,—1/z

(&

. > tm tn+1
=) —> .
‘ ; ml ~ (n+ 1)

Thuse ™ = & < (?f:ﬁ) for any m, when ¢ > 0. Taking ¢ = 1/x shows that

—1/z 1) 1
—m fl/x:e <(m+ L 1)
e e ()T o (m+1)lx

and this tends to 0 as # — 0+. This lim,_,o, f*)(2) = 0 for all k; also, since f*)(x) = 0 for
r < 0,limg_o_ f®(2) = 0. In addition

®(z) -0 1
) .

xli{(gl-‘r x N xli{(gl-i- FPe(t/z)e”

using the same argument as above; and of course the left limit of the difference quotient is also 0.
Thus, f*) is actually continuous at 0, with value 0, for all k.
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So we see that f € C*(R), and that f*)(0) = 0 for all k. Its Taylor series centered at 0 is
thus (7of)(x) = 0. But this does not converge to the function’s value for any 2z > 0: f(z) > 0 for
all x > 0. Thus, although the radius of convergence of the Taylor series is 0o, it does not actually
converge to the value of the function on any interval around 0 — the remainder term does not tend
to 0.

There are several important points to glean from this example. First, we see f is an example of
a C'*° function that is not analytic. Second, this demonstrates that it is very important, when trying
to prove that a function is analytic, to show that the remainder term in Taylor’s theorem tends to 0;
it is not enough to check that the Taylor series has positive radius of convergence, as it may not in
fact converge to the function! Third: there exist C'* functions that are 0 on an interval; this was not
clear before this example. In fact, we can finesse this and produce an example of a C'>° function: a
function which is C'*° smooth, and also “compactly-supported”, meaning that it is 0 outside some
compact interval. Indeed, with f as above, just take

() = f(x)f(1 = ).

When z <0, f(z) =0so¢(x) =0; whenz > 1, f(1 —x) = 0o ¢)(x) = 0; on the other hand,
(xz) > 0forz € (0,1), and of course 1) € C'*°. This is a typical example of a “bump function”,
and the existence of such smooth, compactly supported functions is of utmost important to analysis
and geometry.

0.0181

0121 0.016

0.10 0.0144

0.012+
0.08 1
0.0104

0.06+ 0.008

0.04 ] 0.006 -
0.004-

0.002 1

0 . . . . ) 0 ; ; . . )
0 0.1 0.2 0.3 0.4 0.5 0 02 04 0.6 0.8 1

FIGURE 5. The function f on [0, 5] (left), and the bump function ¢ on [0, 1] (right).
Notice that f(x) is extremely flat as z — 0.

REMARK 10.37. Example gives a function that is C'*° but fails to be analytic at a point.
It is, however, analytic at all other points, as the function

1 1 1 1 & y e I "
E:X.mzxnzo(px/x) :;(—1” (z =N

has a convergent power series expansion with radius of convergence % centered at any point A > 0;
and since exp is analytic, so is the composition exp(—1/x) (as can easily be proved by manipulat-
ing power series algebraically).
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In the spirit of pathologies we’ve studied in this class, we might wonder if one can produce a
function that is C'*° but not analytic at any point. Indeed, such functions exist, and they are abun-
dant (there is a precise sense in which “most” C'*° functions are nowhere analytic). For example,
it can be shown that the series

o0
f(z) = Z e 2" cos(2"z)
n=0
converges to C*° function on R such that the radius of convergence of the Taylor series of f
centered at any point is 0. For a non-contrived example from probability theory, let X, be an
infinite sequence of independent random variables each having the uniform distribution on [0, 1].

Set .
X=> 27X,
n=1

Then X is a random variable taking values in [0, 1]. In 1966, J. Fabius showed that the cumulative
distribution function F'(z) = P(X < z) is a C* function which is analytic nowhere. Indeed, he
showed that F is differentiable on (0, 1) with F'(z) = 2F (2z) when 0 < z <  (and F(1 — z) =
1 — F(z) for § < z < 1). Iterating this shows that F' is C*°, similarly to how we showed exp
is C'°°; but the scalings by 2 inside and outside the function have the effect that the Taylor series
coefficients of /' centered at any point (other than 0 and 1) blow up so fast that the radius of
convergence is always 0. You can find a nice picture of Fabius’s function on Wikipedia.
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6. Lecture 18: May 26, 2016

We’ve now seen a large class of functions (analytic functions) that are uniform limits of smooth
functions, and are themselves smooth. This is to be contrasted with Weierstrass’s function, cf.
Theorem [10.24] which is a uniform limit of smooth functions, yet is itself nowhere differentiable.
Now, analytic functions are uniform limits of polynomials, so you might be tempted to believe
that polynomials are somehow special with regard to uniform limits. In fact, nothing could be
farther from the truth: we will soon see that every continuous function (including Weierstrass’s
nowhere differentiable function) on a compact interval is a uniform limit of polynomials. To prove
this, we will first develop a ubiquitous and useful tool called convolution which is widely used to
approximate functions by smoother functions. Convolution is built using integration; as a first step,
we present the following results on continuity and differentiability of functions given by integrating
a two-variable kernel.

LEMMA 10.38. Let K C R? be a compact set, a < bin R, and a: [a,b] — R be monotone
increasing. Let f: K X [a,b] — R be a continuous function. Define F': K — R by

b
Flz) = / @ t) dat).
Then F' is a continuous function.

The proof of this Lemma is an exercise on Homework 9.

Now, consider the special case that K is also a compact interval, and suppose that f(x,t)
is differentiable in the x variable. Under mild additional conditions, it turns out that F' is then
differentiable in the x variable, and we can compute its derivative by differentiating under the
integral sign.

THEOREM 10.39. Let u < vand a < binR, and let a: [a,b] — R be monotone increasing.
Let f: [u,v] X [a,b] — R be a continuous function. Suppose also that for each fixed t € |a,b|,
the function s — f(s,t) is differentiable on (u,v), and that the function f,(s,t) = 2 f(s,t) is
continuous. Then F(s) = fab f(s,t) da(t) is differentiable on (u,v), and F'(s) = fab fs(s,t) da(t).
Le.

%/a f(s,t)da(t):/a % (s,t) dat).

PROOF. For s € (u,v), choose § > 0 small enough that [s — 0, s + 6] C (u,v). Then for
|h| < &, f(s+ h,t) is well-defined, and we have for 0 < |h| < §

F(s+h)—F(s) b f(s+h,t) — f(s,1)
Y :/a Y da(t).

Now, define a function g: [s — J, s + J] X [a,b] — R by

1
g(h,t):/o fs(s+rh,t)dr.

Notice that g(0,t) = fs(s,t), while for 0 < |h| < 0, since fs is continuous, we may apply the
Fundamental Theorem of Calculus and the chain rule to compute that

f(s+h,t)— f(s,t)
h

g(h7 t) =
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The function (h,t,r) — fs(s+ rh,t) is continuous, and so Applying Lemma [10.38| with 7 as the
integration variable, we conclude that g is continuous. We can then apply Lemmalf|l once more,

this time to g with ¢ as the variable of integration, with the conclusion that i — [’ (h t)da(t) is
continuous, and in particular at ~ = 0. Thus

. F(s+h)—F(s) . (" N
;ILIE% h = }ILILI(I) i g(h,t)da(t) /a (0,%) do(t / fs(s,t) da(t
This concludes the proof. U

Now, let us define the convolution of two functions.

DEFINITION 10.40. Let f,g: R — R be functions that are both Riemann integrable on all
compact intervals. Then for each fixed y, the function y — f(x —y) and y — g(xz — y) are
also Riemann integrable on all compact intervals, as can be readily checked. Thus the function
y — f(x—1y)g(y) is Riemann integrable on all compact intervals. Since one of f and g is 0 outside
some compact set, the same is true of the function y — f(x —y)g(y). If this integrand is 0 outside
la, b], the convolution f x g: R — R is defined by

(f * 9)a /fa:—

The value of (f+g)(x) does not depend on which a < b are chosen, provided that y — f(x—y)g(y)
is 0 outside [a, b).

The (closure of) the set where a function is nonzero is called its support. The last comment is that
we are really just integrating over the support of y — f(x — y)g(y); if we integrate over a larger
interval, it makes no difference to the value since the integrand is 0 outside its support.

One property of convolution that may not be obvious from the definition is that it doesn’t matter
what order you convolve the functions.

LEMMA 10.41. For f, g as in Definition and any x € R, (f * g)(z) = (g * f)(z).

PROOF. Fix z, and choose a < b so that f(z — y)g(y) = 0 for y ¢ [a,b]. In the integral
defining (f * ¢g)(z), we make the change of variables ¢ = z — y. Then dt = —dy, and we have

z—b T—a
( *g)( / fa =gty = [ fogle—o) (~dy= [ gt~ )
r—a z—b
Since f(x — y)g(y) = 0 when y ¢ [a, b], it follows that g(t — z) f(t) = O when t ¢ [x — b,z — a.
Since the definition of convolution does not depend on which interval outside the support of the
integrand is used, it follows that the last integral is equal to (g * f)(x). O

So convolution is a symmetric operation on functions, which produces a new function. The
question is: what kind of function is f * ¢g? Let’s consider a few examples.

EXAMPLE 10.42. For § > 0, let fs = 2—1511[_5’5]. This function is 0 outside the compact interval
[—9, 4], and is Riemann integrable on all compact intervals. If ¢ is any Riemann integrable function,
we compute that

e = [ ate=npitdn= [ sla=ngsdi=g5 [ o

5 -6
where we have made the change of variables x — y = t in the last step. So: fs * g is the “running
average” of g: for each z, it replaces g(z) with the average value g takes on [—d, §]. Notice that if
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g is continuous, the Fundamental Theorem of Calculus shows that f5 * g is differentiable at all x:
letting G(z) = [ g(t) dt, we have

(s % g)(2) = G(x+5)2—6G(:c—5)‘

It follows then that lims_,o(f5 * g)(x) = g(x) for all x. In fact,

z+0
5 [ o)~ gt a

z—0

g(t)dt — g(x)| = sup

1 T+
20 =5 zeR

sup |(f5 * g)(x) — g(x)| = sup
zeR z€eR

1 T+

<o [ latt) ~ gla)lde.
20 zeR Jo—s

Now, suppose that ¢ is uniformly continuous. Fix ¢ > 0, and let 5y > 0 be (uniformly) small

enough that |g(t) — g(s)| < € whenever |s — t| < dy. Then for all § < §y, we have

z+0

sup |(fs * g)(z) — g(x)] S%sup/ edt =e.
Tz€R z€R Jzx—6

Thus, we see that (fs * g) —, g as 6 — 0 in this case. (We have thus far only defined uniform

convergence for a sequence of functions, but the definition makes sense with the natural modifi-

cations for a family of functions depending on a continuous parameter like J. Alternatively, you

could interpret the above as saying that the sequence, say, fi,, * g converges uniformly to g.)

Note, in this example, that if we start with a continuous g, the convolution fs * g is actually
differentiable, even though f;5 is discontinuous, and g need not be differentiable. While we don’t
always get a “step up” like this, it is true that the convolution of two functions is always at least as
smooth as the smoothest of the two.

LEMMA 10.43. Let f: R — R be a C* function, and let g: [a,b] — R be continuous; extend
g to R by setting g = 0 outside [a,b]. Then f x g is C* on R, and (f * g)*) = f®) x g,

The proof of Lemma[I0.43]is an exercise on Homework 10.

Example [10.42] shows that convolution can be used to produce an averaging operation on a
function, and this is more or less the way we will always use it. In fact, we can generalize the same
properties to a wide class of function sequences called approximate identities.

LEMMA 10.44. Let v,,: R — R for n € N be a sequence of functions that are non-negative,
all supported in a given compact interval, such that [ 1, (y) dy = 1 for all n, and such that

foreach § > 0, lim Un(y) dy = 0. (10.8)

(Such sequences are called approximate identities.) If f is a continuous function on R, then i, x f
converges uniformly to f on compact subsets of R.

One easy way to achieve the conditions of an approximate identity sequence is to let the support
interval of v, shrink to 0, and then normalize the functions to each have integral 1, such as in
Example[10.42] But, as we will see below, it is sometimes convenient not to assume this; we only
need that the total mass of 1, is asymptotically concentrated in an arbitrarily small neighborhood
of 0.
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PROOF. Let r > 0 be large enough that all the supports of all the v,, are contained in [—r, 7].
Since [* 1, (y) dy = 1, we can write f(2) = [* f(2)1,(y) dy for any n. Then

(W * (@) — f(2)] = / ba)f (@ — ) — f(@))dy| < / ba)lf (& — ) — ()| dy.

Now, let K C R be compact; then K C [—s, s] for some s > 0. For all x € K, therefore, x — y is
contained in [—r — s, 7 + s| for all |y| < r. Since f is continuous on R, it is uniformly continuous
on [—r — 5,7+ s]. Fix € > 0, and select a uniform § > 0 (with § < 7+ s) so that [ f(s) — f(¢)] < §
for |s —t| < 0 with s,t € [—r — 5,7 + s]. Then we can breakup the integral

/ )| (@—y)—f(2)| dy = / ) a=y)= )| dy+ / )| f (r—y)— ()] dy.

s<lyl<r
For the first term,  — y and x are contained in [—r — s,7 + s] and |(x — y) — x| = |y| < 4. Thus,
|f(z —y) — f(z)| < § in that term. For the second term, let M/ = max{ f(t): |t| < r + s}; then
|f(x —y) — f(x)] < 2M for |y| < r. Intotal, then, we have

0
sup (= £)) @< [ ) Gy [ i) 20y

rzeK

€
< - +42M Un(y) dy
2 lyl>6
By (10.8), we may choose N (uniform in ) large enough that the remaining integral is < 5; for
n > N. This shows that ¢, * f —, f on K, as desired. U

By Lemma(10.43] if the approximate identity sequence v, consists of all smooth functions (say
(), then the functions 1, * f will all be C'*° as well, no matter how rough f is. This is a very
important technique: it is always possible to approximate any continuous function f uniformly by
smooth functions.
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7. Lecture 19: May 31, 2016

We will momentarily use Lemma to approximate any continuous function uniformly
by polynomials. To see how, we note that convolving any function f with a polynomial p yields a
polynomial. In fact, we only need p to be equal to a polynomial on a certain compact set determined
by the support of f; p can be anything we like outside this. To makes things simple, we take the
support of f to be [0, 1].

LEMMA 10.45. If f is Riemann integrable and supported in [0,1], and if p: [—1,1] — R is
equal to a polynomial on this domain, then p x f is a polynomial on [0, 1].

PROOF. Because p is a polynomial on [—1, 1], by applying the binomial theorem, we see that
forz,y € [-1,1], (z,y) — p(x —y) is a polynomial in two variables. In particular, we can expand

d
=3 auly)et
k=0

where d is the degree of p, and ay, are single-variable polynomials. Now, by definition (p* f)(x) =
fo x —y) f(y)dy; for z,y € [0, 1], the difference z — y is in [—1, 1], where p is a polynomial.
Then using the linearity of the integral, we have

(p*f)(-%’):/Olp(w—y)f(y)dyz/ Zak )z f(y) dy—z /ak

The polynomial a(-) is Riemann integrable on [0, 1], as is f, so it follows that these integrated
coefficients are finite real numbers, and this shows that for « € [0, 1] = — p* f(x) is a polynomial
function. N

REMARK 10.46. In general, if f is supported in a given compact set K, for this proof to work
we see that p has to equal a polynomial on K — K: the set of all points of the form x — y where
x,y € K. If pis simply a polynomial everywhere, this is certainly true, but it will be advantageous
to allow p to equal a polynomial in some interval and be identically 0 outside that interval.

Combining Lemmas [10.44] and [10.45] allows us to prove the Weierstrass approximation theo-
rem.

THEOREM 10.47 (Weierstrass Approximation Theorem). Let a < bin R, and let f € Cla,b|.
There exists a sequence of polynomials p, with p, —. f.

PROOF. We will use an approximate identity sequence, and invoke Lemma [[0.44] To do so
requires extending f to be continuous on all of R. We take care of this, at the same time shifting
all the action into the unit interval, by translating and dilating. Indeed, if we define

f(z) = fla+z(b—a)) = (f(a) +2[f(b) — f(a)]),

then f is continuous on [0, 1] and f(0) = f(1) = 0. Hence we can extend f continuously to R
by setting it equal to 0 outside [0, 1]. Once we find polynomials p,, uniformly approximating 1.
it follows that the polynomials G,(z) = pn(z) + f(a) + z[f(b) — f(a)] uniformly approximate
f(a+ (b — a)), and by translating and dilating back, p,(z) = ¢,(7=>) uniformly approximate f,
as the reader and easily verify. We will henceforth replace the notation f with f, and assume that
f is continuous on R and supported in [0, 1].
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The proof now simply consists in showing there exists an approximate identity sequence con-
sisting of polynomials on [—1, 1]. There are many; the most well known is the sequence of Bern-
stein polynomials, defined by

1 1
Up(z) = —(1 — xZ)”]l[_Ll}(x), where ¢, = / (1 —2*)"dx.

C, 1

By Lemma|10.45} 1, * f is a polynomial function on [0, 1] for each n. It is immediately verifiable

—‘1 —65 0 0‘.5 i
FIGURE 6. The Bernstein polynomials v, for n = 1,2, 5, 10, 100.

than ,, is non-negative, supported in [—1, 1] for all n, and normalized so that ffl Un(y)dy = 1.
To show that {¢,,} is an approximate identity, we need to show all the mass of 1,, concentrates
near 0. To that end, fix € (0,1). We note that

1 5 5.
/ (1—2*)"dx > / (1—2*)"dx > / (1 —2*)"dx
0 0 0 0

since § < 1for x € [0, 6]. By the same reasoning, we have

1 1,
/6(1—352)"d:v§/5 g(l—xQ)”da:.

Since ¥, (z) = ¥, (—x), we therefore have

1 9 [l
Up(z)dr = 2/ —(1—2*)"dx < —/ (1 — 2*)" da.
|z|>6 § Cn ocn Js

Similarly
1 1 5
Cp = / (1 —2*)"dx = 2/ (1—a2*)"dx > 2/ %(1 — )" dx.
- 0 0

1
Putting these together gives

/1 (1 — 2?)"dx
I\(s%@>§ 65 '
z|> 1 — 2nd
/Ox( )" dx
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Making the change of variables u = 1 — 2% gives du = —2x dz, and so this ratio becomes

1 1-62
_ 2\n n
/5“”“ ") dx_/o S s

0 1 _ — H2\n+1"
/ z(1 — 2" dw / u" du 1= {1=9)
0 1-62
The reader can now quickly check that this tends to 0 as n — oo.
Thus, we have shown that ¢, is an approximate identity sequence. Invoking Lemma [10.44] it
follows that p,, = 1, * f converges to f uniformly on [0, 1]. But, as shown above following Lemma
10.45| p,, is a polynomial function on [0, 1]. This completes the proof. 0

The Weierstrass approximation theorem is a very useful tool for theoretical computations. But
in many instances it would be better to work with a different class of functions more adapted to
the problem at hand. The question then becomes: what’s so special about polynomials that allows
them to uniformly approximate continuous functions? Can we find other families of nice functions
that uniformly approximate continuous functions?

This was answered with a resounding yes/, by Marshall Stone in 1937. Stone was a towering
intellect at the University of Chicago who attracted other world-class faculty there and turned that
department into one of the best in the country; the period when he was most active there was called
the “Stone Age”.

Here are the properties of the family of polynomial functions on a compact set that turn out to
be responsible for their uniform density in the continuous functions.

DEFINITION 10.48. Let .# be a collection of real (or complex) valued functions all defined on
some set X.

e .7 is an algebra if it is closed under pointwise addition, scalar multiplication, and point-
wise multiplication. That is: given f,g € F and \ € R (or C), the functions f + g, \f,
and fg are also in F.

o [fthe functions in % are C-valued, say that 7 is self-adjoint if it is closed under complex
conjugation: for each f € Z, f is also in F.

o We say .7 separates points if, for any pair x # y in X, there is some function f € F
such that f(x) # f(y).

e 7 is said to vanish nowhere if there is no single point x € X such that f(x) = 0 for all
fez.

These properties all hold for polynomials: polynomials are in fact the smallest algebra of
functions that contain both constant functions and the function f(z) = x; they separate points
since the function f(x) = x does this for any pair of distinct points; and they vanish nowhere since
they contain constant non-zero functions. Stone realized that these properties are all that is needed
to guarantee that a family .# of functions can be used to uniformly approximate all continuous
functions on a compact metric space X. His original proof was quite complicated; here we will
present a simplified for of his proof that he published in Mathematics Magazine in 1948. First, let
us use the language of metric spaces from the beginning.

Let X be a compact metric space. By the extreme values theorem, any function f: X — R (or
C) is bounded (for the complex case, just consider the real-valued function | f|, which is continuous
as well, so achieves its maximum on X). Thus, the uniform “metric”
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is a genuine metric on C'(X). Then saying that a sequence f, of functions in C'(X) uniformly
approximates a function f € C'(X) means that d,(f,, f) — 0 as n — oo; in other words, f,, — f
in the metric space (C'(X), d,). Hence, in this language, the Weierstrass approximation theorem
says that every function f € Cfa,b] is the uniform limit of some sequence p,, of polynomials
on [a,b]: i.e. in the metric space (Cla,b],d,), the set of polynomials is a dense set. We usually
summarize this by calling them wuniformly dense. In other words, if #|a,b] denotes the set of

polynomial functions, then the uniform closure of &[a,b] (the closure of this set in the metric
space (C|a, b],d,) is call of Cla, b].

THEOREM 10.49 (Stone—Weierstrass Approximation Theorem). Let <7 be an algebra of real
(or complex) valued functions on a compact metric space X. Suppose that < is self-adjoint,
separates points, and vanishes nowhere. Then < is uniformly dense in C'(X).

Note: if .7 consists of real valued functions, it is automatically self-adjoint, since f = f for any
real valued function. In fact, the complex case follows fairly easily from the real case, as follows.

PROOF OF C-VALUED STONE-WEIERSTRASS, ASSUMING R-VALUED CASE. Let &7 satisfy
all the conditions of the theorem. Consider the set of real valued functions in .&7:

g = {u € o7 uis real valued}.

Since .27 is closed under sum and product, so is 27z (because the sum and product of real valued
functions are real valued), and .o is also closed under scalar multiplication by R: if A € R and
u € 9, then u € &/ so A\u € &7, but this function is also real valued, so it is in .o%; thus <% is an
algebra.

We will now show that .oz separates points and vanishes nowhere; to do so, we need to use
the self-adjointness of .<7. Since f € &7 for each f € 7, and since <7 is a vector space, .27 also
contains Ref and Im f for each f € o/:

—f

20
Thus o7 contains Ref and Im f for all f € o7. (Without this assumption, 7% could be very small;
indeed, it could consist only of the 0 function.) Now, let z # y in X; then there is some [ € o/
such that f(z) # f(y). This means that either Ref(x) # Ref(y) or Imf(z) # Imf(y); in either
case, there is some element of .27 that assigns different values to = and y, so 27z separates points.
Similarly, given any x € X, there is some f € ./ with f(xz) # 0; thus one of Ref(z) and Im f(z)
is non-zero, and so some element of %% does not vanish at x. Thus %% vanishes nowhere.

Hence .o is a real algebra that separates points and vanishes nowhere; once we have proven
the Stone—Weierstrass approximation theorem for such real algebras, it will follow that .o% is uni-
formly dense in the real-valued continuous functions on X. But then for any continuous function
f: X — C, taking v = Ref and v = Im f, we can find u,, € % with uv,, —, v and v,, € o with
Up —y U; thus f,, = u, + v, =, u+ v = f, and since < is a C algebra containing u,, and v,,,
fn = uy, +iv, € <. Hence < is uniformly dense in the continuous complex valued functions on
X. 0J

Ref = ) Imf =

—
Nk
|

This leaves us to prove the real case: that any algebra of functions that separates points and
vanishes nowhere is uniformly dense in C'(X'). We will prove this in a series of lemmas. The first
is that the uniform closure of an algebra is, itself, an algebra.

LEMMA 10.50. Let o/ be an algebra of bounded real-valued functions on a compact set X.
Then the uniform closure </ of </ is also an algebra.
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PROOF. Let f,g € <7, and let A\ € R. By definition of uniform closure, there are sequences
fn,gn € & with f,, —, f and g, —, g. Since 7 is an algebra, f,, + A\g, € & for each n. Now

u(Fn+ Agns 4 29) = SUD[(fn(%) + Agn(@)) = (f(2) + A9 ()]

< sup [ fn(x) — f(2)] + Asup |gn(2) — g(2)]
zeX reX

= du(fm f) + /\du(gn7 g)

Since d,(f., f) — 0 and d,(gn,g) — 0, it then follows that d,(f, + Agn, f + A\g) — 0; hence
f + Ag is in the uniform closure of 7. This shows that 7 is closed under addition and scalar
multiplication.

For pointwise multiplication, we first make the following observation: there is a uniform (in n)
constant M so thatsup,, | f,| < M. Indeed, since f,, —, f, thereis some N so thatsup |f,—f| <1
for all n > N thus |f,(z) — f(z)| < 1 and so using the reverse triangle inequality | f,,(x)| <
1+ |f(z)|, so in fact sup |f,| < 1+ sup|f|. Thus, since all the f,, and f are by assumption
bounded, we can take M = max{sup |fi|,sup |fa|,...,sup|fn]|, 1+ sup|f|}. With that in hand,
we estimate

|fngn_fg| = |fngn_fng+fng_fg| < |fngn_fng|+ ’fng_fg| < |fn||gn_g|+|fn_f|’g|'

Fix a constant M as above so that sup | f,,| < M for all n; then

sup | fugn — fg| < Msup |g, — g| +sup |f, — f|sup|g|.

Since ¢,, —, g and f,, —, f, and since M and sup |g| < oo, it follows that sup |f,g, — fg| — 0,
and so f,g, —. fg. As & is an algebra, f,g, € & for each n, and this proves that the product
fg is in the uniform closure of .<7. Thus <7 is closed under pointwise multiplication, and we have
completed the proof that o7 is an algebra. U

REMARK 10.51. The above proof applies equally well to complex valued functions, but we
will only need the statement for real valued functions.

The real part of Theorem is the statement that a real subalgebra of C'(X) that separates
points and vanishes nowhere is dense in C'(X). In light of Lemma[10.50| we can rephrase this as
follows: If o C C(X) is a uniformly closed algebra that separates points and vanishes nowhere,
then o/ = C(X). This is the statement we will now aim to prove. We need two more lemmas first.

LEMMA 10.52. Let X be a compact metric space, and let of C C(X) be a uniformly closed
algebra. Then for each f € o, |f| € o as well. Consequently, if f,qg € </, then max{f, g} and
min{ f, g} are in <7 as well.

A brief note on notation: max{ f, g} is the function max{ f, g} (x) = max{ f(x), g(z)}; similar for
min. These functions are continuous whenever f and g are; this is not hard to see directly, but it
will also follow easily from their representations in the following proof.

PROOF. Let M = sup,.y |f(x)|. Applying the Weierstrass approximation Theorem to
the function a(z) = |z| on the compact interval [—M, M|, we can find a sequence of polynomials
pn such that sup, <, |[t| — pn(t)| — 0. Note that, since [0] = 0, it follows that p,,(0) — 0; hence,
replacing p, with p,, — p(0) if necessary, we may assume that p,,(0) = 0 for all n. It follows that
ppo fisin &: indeed, if p,(t) = ayt + ast? + -+ - +a,t", thenp,o f = a1 f +asf?+ - -+ an f"
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and since <7 is an algebra containing f, this is also an element of /. Moreover, for any x € X,
f(x) € [=M, M], and so [pn(f(x)) — [ f(2)|| < supjy<ar [[t] — pa(t)]; hence

sup [pa(f () = | (@) < sup [[t] = pu(t)] = 0.
zeX t|I<M

[¢]
So | f| is the uniform limit of the function p,, o f, which are all in <7 since < is uniformly closed,
it follows that | f| € <7 as claimed.

The second statement follows from the fact that

maX{f,g}:f—i_g—;V_gl and min{f,g}:f+g_2|f_g|
which can be easily checked with a case analysis. 0

REMARK 10.53. An algebra of functions which is also closed under the max and min opera-
tions is sometimes called a lattice. Note that | f| = max{f,0} — min{f, 0}, so being a lattice is
equivalent to being closed under absolute value.

We need one final lemma about spaces of functions that vanish nowhere and separate points.

LEMMA 10.54. Let of be an algebra of functions that separates points and vanishes nowhere.

Then for any x # y in & and any a,b € R, there is a function f*7¢ € o with [ (x) = a and

y—b y—b
s (y) =b.

PROOF. Let V = {(f(x), f(y)): f € &/} C R?; our goal is to show that V' = R?. First note
that, since .27 is a vector space, so is V: for any points v and w in V' and any A\ € R, there are
functions f, g € o withv = (f(z), f(y)) and w = (g(x), g(y)), and so

v+ Aw = (f(2), f(y) + Mg(x),9(y) = ((f +Ag)(x), (f +Ag)(y)) -

As o/ is a vector space, f + A\g € &/, andsov + \w € V.
Thus V' C R? is a vector space. We assume for a contradiction that it is a strict subspace. Since
2/ vanishes nowhere, there is some function f € ./ with f(z) # 0 and also some function g with
g(y) # 0; hence V is not contained in either coordinate axis of R?, and V' is not the 0 space. If V' #
R?, it is therefore 1 dimensional, and is spanned by some vector V' = span{(s,t)} where s, ¢ # 0.
In particular, there is some function f € & with (f(z), f(y)) = (s,t). Since <7 is an algebra,
f? € o as well, and notice that V' 3 (f?(z), f*(y)) = (s% t?). Thus (s% ¢*) € span{(s,t)}. It
follows that
0 = det { ;2 ttz
Since st # 0, it follows that s = ¢. But that means that (f(x), f(y)) € span{(s,s)} forall f € o/
in particular, f(z) = f(y) forall f € 7. This contradicts the assumption that . separates points.
Hence, it must be that in fact V' = R?, as claimed. OJ

} = st? — %t = st(s —t).

We are finally in a position to complete the proof of Theorem [10.49]

PROOF OF THE REAL PART OF THEOREM [[0.49] Fix some F' € C'(X). Fix a point z € X.
For any point y € X, by Lemma|10.54} there is a function f; = f;:g((;)) € < that takes the same
values on z,y as F. Fix € > 0. Since /" and f; are continuous at y, there is a neighborhood V), of

y so that f7(u) > F(y) — 5 and F(u) < F(y) + § forall u € V,,. In particular
fy(u) > F(u) —e  forall ueV,.
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Now, X is compact, and {V},: y € X} covers X, so there is a finite subcover V,,, V,,..., V..
Now, define
fo=max{f), fr, - fu. )

By (induction on) Lemma [10.52] f* € /. By construction, f;j > F — e onV,, and hence
fr> f;j > F —eon ‘@j for each j; since the Vyj cover X, it follows that

fo(y) > F(y) —e  forally € X.

All the function f; satisty f;(x) = F(x), and so also f*(z) = F'(z). Since f* and F’ are continu-
ous, there is a neighborhood V;, of x such that f*(u) < F'(z) + ¢ for all u € U,. Now, again, since

{U,: x € X} form a cover of X, and X is compact, there is a finite subcover U,,,U,,, ..., Us,,.
Define

f=min{f*, fo2 ... fo}.
Again by (induction on) Lemma[10.52} f € <. Since f* < F + € on U,, for each j, it follows
that f < f* < F' 4+ eon U, for all j. Since the U; cover X, it follows that

fly) < F(y) +e¢ forall y € X. (10.9)
But also f(y) = min{f*'(y),..., f*(y)} and f* (y) > F(y) — € for each j, so we also have
fly) > F(y) —e forall y € X. (10.10)

Combining (10.9) and (10.10), we see that for each ¢ > 0, there is a function f € & with
|f — F| < e. Taking this for each ¢ = %, we can therefore construct a sequence of functions
fn € & with d,(fn, F) < %; hence f, —, F. But f, € «/, and &/ is uniformly closed; thus
the uniform limit F' is in 7. As F' was an arbitrary function in C'(X'), we have thus proven that
C(X) C &, the reverse containment is clear (since .27 is assumed to be an algebra of continuous
functions), and the proof is complete. U

EXAMPLE 10.55. Let d € N, and let X C R¢ be a compact set. Then the set (X)) of
polynomial functions (in d variables) on X is a real algebra (it is the smallest algebra containing
the functions 1 and z; for 1 < j < d) that vanishes nowhere (since it contains all constants) and
separates points (since it contains the functions x1,z9, ..., 2z4). Thus, by the Stone—Weierstrass
approximation theorem, &?( X ) is uniformly dense in C'(X'). This can be proved directly following
a multivariate generalization of our proof of the Weierstrass Approximation Theorem with
an approximate identity sequence of d-variable polynomials. But it is not necessary to do this now
that we have the Stone—Weierstrass theorem.

EXAMPLE 10.56. Let [a,b] be a compact interval, and let x: [a,b] — R be any continuous
one-to-one function. Then ~ alone separates points: for any x # y in [a,b], k() # k(y). Let
o/ = {po k: pisapolynomial}. Then .o is an algebra (it is the smallest algebra containing 1
and x) which separates points (since « does) and vanishes nowhere (since it contains the constant
function 1). Hence, by the Stone-Weierstrass theorem, .27 is uniformly dense in Cfa,b]. For
example: the set of all functions of the form ag + a;e*® + a2e®* 4 - - - + a,,e™* for some \ # 0
and aq, ..., a, € R can be used to uniformly approximate any continuous function on compact
interval, because = — e** is one-to-one for any \ # 0.

EXAMPLE 10.57. Consider the set .7 of trigonometric polynomials defined on [—7, 7):

f:{xr—> Z akeikz:akEC}

k=—m
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This set can be expressed as the set of complex polynomials in e and e, and is therefore an
algebra. It vanishes nowhere since it contains the constant function 1, and it separates points of
[—, ) since the function z +— € = (cos z, sin z) is one-to-one on this interval. This algebra is
also self-adjoint: for f(z) = D)L are™™, f(z) = Y00 age v =S G ja*t e T.
Hence, by the Stone—Weierstrass approximation theorem, .7 is uniformly dense in C[—, t] for
any t < m. It is not, however, uniformly dense in C[—m, 7|, since all elements f € 7 satisfy
f(=m) = f(m). Infact, 7 is uniformly dense in the continuous 27-periodic functions on R: those
continuous functions f satisfying f(z) = f(z + 27) for all z € R.

Noting that the map x — ¢ is continuous from [—, 7] onto the unit circle S, and is one-to-
one except at the endpoints, we should really think of .7 as an algebra of functions on S, which is
compact; the fact that S “wraps around” takes care of the periodicity requirement automatically. It
might be tempting to think that .7 is then just the restriction of the algebra of 2-variable polyno-
mials on the plane to the compact subset S C R?, but this is not so: .7 must contain both positive
and negative powers of € in order to be closed under conjugation. If this is omitted, and we
consider the subalgebra .7, of those functions of the form >";"  a,e’*, the resulting algebra is not
uniformly dense in C(S), as Homework 10 asks you to show.

REMARK 10.58. The trigonometric polynomials of the last example are uniformly dense in
C(S). The uniform metric is stronger than the “L?-metric” discussed in some homework exercises:
if f,, is a sequence of trigonometric polynomials uniformly approximating f € C(S), we also have

dy(fus f)? = /_7r | fulx) — f(2)|* dz — 0.

The nice thing about this metric is that it respects the structure of the trigonometric polynomials
very nicely. It turns out that, in the ds metric, approximating functions using .7 closely resembles
power series: one can find an approximating sequence f,, € .7 where f,, is of “degree” n (meaning
containing e** for |k] < n) and such that f,, — f,_; contains only scalar et This leads the
way to series representations of continuous (and more general) functions on S using trigonometric
polynomials: these are called Fourier series, and form a powerful underpinning of huge swaths of
analysis, and applied science (e.g. signal processing). Unfortunately, we will not have time to do
this subject justice in this course, and it will have to be left to a future course.
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8. Lecture 20: June 2, 2016

We began these notes with the construction of R: a complete metric space. One of our earliest
results was that the field Q of rational numbers is dense in R. Later, we defined compactness (in a
general metric space), and proved that compact sets are closed and bounded; and then we proved
the Heine—Borel theorem: that the compact subsets of the metric space R are precisely those that
are closed and bounded.

In the last few lectures at the end of these notes, we’ve been considering the metric space C'(X)
of continuous functions on a compact metric space X, equipped with the uniform metric d,. In
Corollary we showed that this metric space is complete. (In fact, we showed a more general
result: even if X is not compact, the metric space Cj,(X') of bounded continuous functions on X is
complete in the d,, metric; when X is compact, C,(X) = C(X) by the extreme values theorem.)
In the previous lecture, we proved the Stone—Weierstrass approximation theorem, which gives a
characterization of a class of dense subsets of C'(X): like Q in R, they have an algebraic character.

The topic of this, our final lecture, is the analog of the Heine—Borel theorem for the metric
space C'(X). Since C'(X) is a metric space, we know that compact subsets must be closed and
bounded. To be clear: this means closed and bounded in terms of d,,; for emphasis, we may refer
to these properties as uniformly closed and uniformly bounded.

DEFINITION 10.59. Let X be compact, and let % C C(X) be a subset. Say .7 is uniformly
bounded if there is a constant M so that, for all f € F, sup,cy |f(x)] < M. Say that F is
uniformly closed if, given any sequence (f,) in F such that there is a function f € C(X) with
fn —u [, it follows that f € F.

Again, these are just the usual metric space notions of “bounded” and “closed” with respect to the
metric d,. (Since C'(X) is complete, we can also characterize uniformly closed as equivalent to
uniformly Cauchy: any Cauchy sequence in .% has a uniform limit in .%.)

Propositions and show that any compact set in C'(X) must be uniformly closed
and uniformly bounded. However, unlike the the case of compact sets in R (cf. the Heine—Borel
theorem), these two conditions alone are not enough to guarantee compactness in C'(X). We can
show this using an example similar in spirit to Example [5.32]2).

EXAMPLE 10.60. Let B, (X) = {f € C(X): sup,cx |f(z)] < 1} denote the closed unit ball
in C(X). This set is uniformly bounded by 1, and it is closed: if f, € B,(X) and f, —, f,
then f,,(z) — f(z) for each x, and since | f,,(x)| < 1, it follows from the Squeeze Theorem that
|f(z)| < 1foreachz € X, sosup,cx |f(z)] < 1and f € B,(X).

However, for most X, B, (X) is not compact. Take the example X = [0, 1], and let f,,(z) =
—Lasin Example@ These functions are all in B, (X) since SUD,eio1] | fu(®)] = fn(0) = 1.
But (f,) has no uniformly convergent subsequence. Indeed, if it did, say f,, —., f, then by
Theorem [10.9] the uniform limit f would be continuous on [0, 1]. However, we have shown (cf.
Example :10.12) that f,, converges pointwise to the function 1o, on [0, 1], and hence the subse-
quence f,, also converges pointwise to this discontinuous function. Since uniform convergence
implies pointwise convergence, it follows that f = 14, which contradicts Theorem

So in C'(X), even closed balls tend not to be compact; being closed and bounded is simply not
enough to imply compactness. It turns out that there is one additional, natural condition which is
needed: equicontinuity.
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DEFINITION 10.61. Let % C C(X) be a collection of functions. We say .7 is equicontinuous
if, for each € > 0, there is a § > 0 so that forall v,y € X and all f € Z, |f(x) — f(y)| < €
whenever d(x,y) < 6.

Equicontinuity is the ultimate in uniformity of continuity. We upgraded the definition of continuity
of a function to uniform continuity by insisting that the 6 window for each e tolerance can be chosen
independently of the point x under consideration; this new notion of equicontinuity says that, not
only that, we must be able to pick the same § window for all functions [ € ¥ simultaneously.

REMARK 10.62. Some textbooks refer to the property of Definition|10.61|as uniform equiconti-
nuity. One might also define equicontinuity of a family .# C C(X) at a point x € X to mean that,
for each € > 0, there is a § = J(¢, x) so that, forall y € Bs(z) and all f € .7, |f(y) — f(2)] < ¢
then .%# could be called equicontinuous on X if it is equicontinuous at each point. If X is not a
compact metric space, this is strictly weaker than our definition, as it allows ¢ to vary with x (with
no necessary positive lower bound), while it is uniform in .. However, since we are primarily
concerned with compact X, it will turn out to make no difference: just as continuity implies uni-
form continuity on a compact set, so too pointwise equicontinuity implies uniform equicontinuity
on a compact set.

EXAMPLE 10.63. () If # C C(X) is a finite collection of uniformly continuous func-
tions, % = {fi, fo,..., fm}, then Z is equicontinuous: for each ¢ > 0, and each
1 < j < m, we can choose a §; > 0 so that |f;(z) — f;(y)| < e whenever d(x,y) < §;;
then § = min{d, da, ..., 0, > 0 works for all the functions in .# simultaneously.

(2) Fix a € (0,1], and consider the set C*(X) of a-Holder continuous functions on X:
[ e CYX)iff || fllcax) < 00, where

@) = )l
[ flleex) = S )

(When o = 1, this gives the Lipschitz functions on X; this should not be confused with
continuously differentiable functions, also denoted C!, which don’t even make sense on
a general metric space X.)

The set C*(X) C C(X) is generally not equicontinuous. For example, taking X =
[0, 1], for each A > 0, the function f)(x) = Az is Lipschitz with Lipschitz constant A,
hence also C* for all a € (0,1]. (The reader should compute that || f;||cao,) = A for
all @ € (0,1].) However, we can compute the largest § that works for fy: in order for
e > |fa(z) — faly)| = Az — y|, we must take |z — y| < €/, and so the largest ¢ for f
is 0 = ¢/ . Since infy~¢ €/ = 0, there is no uniform ¢ that works for all f € C'*[0, 1].

However, if we uniformly bound the size of the a-Holder norm, the set becomes
equicontinuous. For fixed M € (0,00), let C¢,;(X) denote the set of functions f €
C*(X) with || f||ce(xy < M. Then for f € C3(X), |f(z) — f(y)| < Md(x,y)* for all
z,y. Hence, for any € > 0, take § = (=)"/®, which is uniform over X and C§;(X). For
any z,y € X and f € C%(X), if d(z,y) < J then

(@) — ()] < Md(z,y)* < M&* = M [(%)”“r e

This shows C;(X) is equicontinuous.
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(3) The collection of functions { f,,} on [0, 1] with f,(z) = —L< is not equicontinuous. It is
possible to show this directly, by computing the modulus of continuity (the largest ¢ that
works uniformly for a given € > 0) of f,, and showing that it tends to 0 as n — co; but
this is really quite complicated. In fact, we will soon prove our main theorem relating
equicontinuity to compactness in C'(X), and from this and Example it will follow

that { f,,} is not equicontinuous.
Our final main theorem is the following characterization of compact sets in C'(X).

THEOREM 10.64 (Arzela—Ascoli). Let X be a compact metric space, and consider the metric
space C(X) equipped with the uniform metric. A subset K C C(X) is compact if and only if K is
uniformly closed, uniformly bounded, and equicontinuous.

This theorem was first proved in the context of the metric space X = [0, 1] (or any compact
interval in R). The sufficiency of equicontinuity was proved by Ascoli in 1884; in 1895, Arzela
proved that equicontinuity is also a necessary condition, and gave the first complete proof that
would be considered rigorous by today’s standards. Theorem [10.64]as stated, on a compact metric
space, was first proved in this level of generality by Fréchet in 1906.

We begin by proving the “only if” direction: if £ C C'(X) is compact, then it is uniformly
closed, uniformly bounded, and equicontinuous. We know the first two conditions must hold since
compact sets are closed and bounded in any metric space; hence, we need only show equicontinu-
ity.

PROOF OF (—) IN THEOREM . We argue by contradiction: suppose K is compact, but
not equicontinuous. This means there is some ¢ > 0 so that, for all 6 > 0, we can find points
z,y € X and some function f € K such that d(z,y) < ¢ and yet |f(z) — f(y)| > €. We let
6 = X forn € N, and select such z,,, Yy, f,; so (z,) and (y,) are squences in X, and (f,) is a
sequence of functions in IC. Now, X is compact, so the sequences (z,,) and (y,,) have convergent
subsequences; by choosing them successively, we can find a common subsequential index set {ny }
so that z,,, — x and y,,, — y for some z,y € X. Since d(z,,, Yn,) < n—lk — 0, it follows that in
factz = y.

Now, K is compact in (C(X),d,), and so the sequence (f,,) has a uniformly convergent

subsequence fnkm = ¢,,; that is, there is some ¢ € K with ¢,, —, ¢g. Let u,, = Tp, —and
Um = Yn,, s then u,, — x and v, — x, and we have
|9 (tm) = Gm(vin)| = | fun,,, (@ns,,.) = Far,,, (Uny,, )| 2 € forallm.
It then follows that
€ < [gm(um) = gm(vm)| < |gm(um) — g(x)| +9(x) — gm(vi)|  forall m. (10.11)

Since ¢,, —, ¢ and w,, — =, it follows (from a homework problem) that g,,(u,,) — g(z).
Similarly ¢,,,(vy,) — g(x). Thus |gm (um) — g(x)| + |g(x) — gm(vim)| — 0; this contradicts (10.11),
concluding the proof. U

We now proceed to prove the “if”” direction of Theorem[I10.64] To do so, we need two general
lemmas. The first, which could have been done back in Chapter [5| shows that compact metric
spaces have countable dense subsets, generalizing the density of the rationals in any compact
interval.



172 10. SEQUENCES AND SERIES OF FUNCTIONS

LEMMA 10.65. Let X be a compact metric space. There exists a countable set 2 C X such
that E = X.

PROOF. For each n € N, consider the collection %, = {B1/,(z): * € X}. Each %, is an
open cover of X (as each z is contained in, for example, B/, (x)). Since X is compact, there is a
finite subcover By, (), B1jn(22), ..., Bin(zk).

Let E = {2z/:n € N,;1 < j < k,}. Then E is countable: it is a countable union (over n) of
the finite sets {2, 22, ..., 2% }. Now fix e > 0, and let z € X. If n € N with + < ¢, then since
{Bi/n(27): 1 < j < ky} cover X, there is some j with 2 € By, (27). Thatis: d(z,27) < + <.
This shows that, for each ¢ > 0 and x € X, there is some point ¢ € E (¢t = z7}) with d(z,t) < e.
Thus £ is dense in X. O

The second required lemma is one of the several general results that go under the name ”Cantor
diagonalization”.

LEMMA 10.66. Let (f,,) be a sequence of real (or complex) valued functions on a countable set
E. Suppose that (f,) is pointwise bounded: for each t € E, the sequence (f,(t))nen is bounded.
Then there is a uniform (over E) increasing index set {ny}ren of positive integers such that the
subsequence (f,, (t)) that converges for all t € E.

PROOF. The only tricky thing about this proof is making the notation readable. To do so,
we slightly reformulate how we think about a subsequence. A sequence (a,) in R is a function
a: N — R, where we write a(n) = a,. A subsequence of (a,) is usually thought of as a new
sequence (by) (meaning a function b: N — R) which is defined by b = a,,, for some increasing
infinite sequence of integers n; < ny < ng < ---. We could just as well think of this subsequence
as the restriction of the function a to the infinite subset I' = {ny,ns,n3,...} C N. This is the
perspective we take presently.

To begin, enumerate the countable set & = {ti,t5,t3,...}. By assumption, (f,(¢1)) is a
bounded sequence in R (or C), so it follows from the Heine—Borel theorem that it has a convergent
subsequence: this means there is an infinite subset 'y C N so that the function I'y 3 n — f,,(¢1) is
a convergent sequence. Now, consider the subsequence I'y 5 n +— f,,(t2). This is a subsequence
of the full sequence (f,(t2)), which is bounded; hence it is a bounded sequence, and again by
the Heine—Borel theorem, it has a convergent subsequence. This means there is an infinite subset
'y C Ty so that the function I's > n +— f,(t2) is a convergent sequence. Proceeding this way, by
induction, we produce a nested sequence of infinite sets N O 'y D I'y D I's O --- so that the
function I'y, 2 n — f,(x) is a convergent sequence.

Now, we define an increasing sequence of positive integers {n} as follows: n; = minT',
ny = min(I's N (ny,00)), ng = min(I's N (ng, 00)), and in general n; = min(I'y N (ng_1,00)): i.e.
ny, is the smallest element of ', that is strictly bigger than nj_1; such an element exists since I'y, is
infinite (otherwise, n;_; would be an upper bound for I';, which means I';, would be finite). (Note:
since 'y, C 'y, minI['y > minI';_q, but it is possible that the two have the same minimum, and
we must have n, > n,_; for each k.)

Now, by construction, n; € 'y, and since the sets are nested, this means n; € I',,, form < k.
For any t € FE, there is some m with t = ¢,,; thus, for all £ > m, n, € I';,. This means that
(frr (tm))52,, is a subsequence of I',,  n — f,(t,,), which is convergent; thus (f,, (tm))5 is
convergent for each m, as desired. O

REMARK 10.67. The only way pointwise boundedness of the (f,,) on E was used was to
guarantee that each of the successive subsequences had a convergent subsequence. In fact, we
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could have simply stated this weaker condition as the premise to the lemma: it holds whenever
each sequence (f,,(¢)) has the property that every subsequence of it has a further subsequence that
is convergent. Since we will only need this lemma in the context of (uniformly bounded) functions,
we are content with the stronger hypothesis.

We are now in a position to prove the forward direction of the Arzela—Ascoli theorem.

PROOF OF (<=) IN THEOREM[10.64] Let (f,) be a sequence in K. By Lemma[10.65] there
is a countable dense subset &/ C X. Since K is uniformly bounded, the functions f,, are uniformly
bounded and hence pointwise bounded on E. Thus, by Lemma(I0.66] there is a fixed subsequence
(fn,) that converges on all of E. Let gx = f,, ; we will prove that (gj) is uniformly Cauchy on X.
It then follows, since C'(X) is complete, that g, —,, g for some g € C'(X), and since K is assumed
to be uniformly closed, g € K; this will thus conclude the proof that K is (sequentially) compact.

Fix € > 0. By equicontinuity of C, choose a uniform ¢ > 0 so that forall z,y € X and f € K,
|f(z) — f(y)| < § whenever d(z,y) < §; in particular, for all k [gx(z) — gr(y)| < 5 in this case.
Now, consider the collection { Bs(t): t € E'}. This is actually an open cover of all of X: since F
is dense in X, for any x € X there is some ¢ € E with d(z,t) < J, and thus ¢ € Bs(t). Since X
is compact, there are finitely many points ¢4, ..., ¢, € E with {Bs(t;): 1 < j < m} covering X.
Since g converges on F, (gx(z)) is Cauchy for each z € FE, so there are Ny, Ny, ..., N,, so that
|9k () — ge(;)| < § for k, £ > Nj; take N = max{Ny,..., Ny }.

Now, let z € X, and let k,¢ > N. There is some j € {1,...,m} with d(z;,z) < J, and it
follows that |gx(7) — gr(z;)| < § for all k. Hence

19x(2) = 9e(2)| < |gr(x) = gr(x;) + gr(25) — ge(5) + ge(2;) — ge()]
< lgr(x) = gr(z;)| + lgr(z;) — ge(;)| + |ge(z;) — ge()]
€ €
<37 |9k(5) — gelz;)] + 3
for all k, ¢. The middle term is also < £ whenever k,¢ > N. This is true for all z, and so in

fact sup, |gx(z) — ge(z)| < € whenever k,¢ > N. This shows that (gi) is uniformly Cauchy,
completing the proof. U

As asside note: the Arzela—Ascoli theorem is often stated with weaker conditions: X is compact
in C'(X) iff it is equicontinuous, uniformly closed, and pointwise bounded: the last condition
means that, for each z, the set of numbers { f(z): f € K} is bounded. (In other words: there is
a function ¢: X — [0, 00), not necessarily bounded, so that |f(z)| < ¢(x) for each z € X and
each f € K.) In fact, in the context of an equicontinuous family of functions on a compact metric
space, this already implies uniform boundedness.

PROPOSITION 10.68. Let % C C(X) be an equicontinuous family of functions that is point-
wise bounded. Then in fact ¥ is uniformly bounded.

PROOF. Using equicontinuity with ¢ = 1, let 6 > 0 be chosen uniformly so that for all f € .7
and all z,y € X, d(z,y) < ¢ implies that |f(x) — f(y)| < 1. Now, the collection {Bs(z): = €
X} is an open cover of X, and hence contains a finite subcover: there is a finite set of points
Z1,T2, ..., Ty With U;”:l Bs(z) = X. Now, since .# is pointwise bounded, there are constants
C1,Cs, ..., C < ocosothat [f(x;)] < Cjforall fe.Z. Let C = max{C,...,Cy}. Then for
any x € X, there is some j with d(z;, ) < ¢, and so by equicontinuity | f(x) — f(z;)| < 1 for all
f € Z. But this means that |f(z)| < |f(z;)|+1 < C;j+1<C+1forallz € X andall f € .7,
thus .# is uniformly bounded by C' + 1. O
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EXAMPLE 10.69. Consider again the functions f,(z) = mlH on [0, 1]. They are continuous

and uniformly bounded. But, as shown in Example there is no uniformly convergent sub-
sequence of (f,,). It then follows that the set { f,,} is uniformly closed: for let (g) be a sequence
in the set { f,,} that converges uniformly to some g € C'(X). Since g € {f.}, there is some n
with g, = f,,. Suppose that lim sup,,_, . ny = oo; then there is a subsequence of the n;, that tends
to oo, which means there is a subsequence of f,, that converges uniformly to g — a contradiction.
Thus lim sup,,_, ., nx < 00; but since the ny, are integers, this means that the set {n,: k € N} is
finite. As the uniform distance between any two elements of f,, is strictly positive, it follows that
if gr — ¢, we must have n; eventually constant, in which case g € {f,}. Thus {f,} contains all
its uniform limits, and so it is uniformly closed.

Hence, the set { f,,} is uniformly bounded and uniformly closed, and yet there is a sequence in
this set (namely the full sequence ( f,,)) that possesses no uniformly convergent subsequences. By
the Arzela—Ascoli theorem, it follows that { f,,} is not equicontinuous.

REMARK 10.70. The argument in the preceding example actually shows in great generality
that, to prove a set of uniformly bounded functions is not equicontinuous, it suffices to show that
it contains a sequence with no convergent subsequences. That sequence will then be uniformly
closed and uniformly bounded, and ergo not equicontinuous by the Arzela—Ascoli theorem.

EXAMPLE 10.71. Let X be a compact metric space, let 0 < o < 1and M > 0, and let C¢,(X)
be the space of a-Holder continuous functions with Holder constant < M, cf. Example 2).
Since X is compact, it has finite diameter; thus, fixing some z(y € X, we have for all z € X

[F(@)] < [f(wo)| + | f(2) = f(wo)| < [f(wo)| + Md(x, 20)" < [f(w0)| + Mdiam(X)®.

This shows that C§,(X) is uniformly bounded. It is also uniformly closed: if f, € C¢,(X) and

fn —u f (orevenif f, — f just pointwise), we have |f(x) — f(y)| = lim, o0 | frn(2) — fu(y)| <
Md(z,y)* by the Squeeze Theorem. Thus f € C¢(X). We also showed, in Example [10.63(2),
that C'{,(X) is equicontinuous. Hence, by the Arzela—Ascoli theorem, this set is compact.

In particular, this shows that if (f,,) is any sequence of Holder continuous functions with uni-
formly bounded Hoélder constants, then (f,,) possesses a uniformly convergent subsequence.
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