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Tianyi Zheng

Abstract. – These are notes for the mini-course with the same title given in the

thematic trimester Groups acting on fractals: hyperbolicity and self-similarity, at

Institut Henri Poincaré.

1. Introduction

Let � be a countable group and let µ be a probability measure on �. Take a
sequence of independent random variables (Yn)1

n=1 on � distributed as µ. Let W0 = id,
Wn = Y1 . . . Yn. We refer to the process (Wn)1

n=0 as a (right) µ-random walk on �.
The distribution of Wn is the n-th convolution power µ

(n). We say µ is symmetric if
µ(g) = µ(g�1) for all g 2 �, and say µ is nondegenerate if the support of µ generates �
as a semigroup. Throughout we assume that µ is a symmetric nondegenerate measure
on �.

When � is generated by a finite subset S ⇢ �, consider the Cayley graph of (�, S),
which is a graph with vertex set � and edge set {(g, gs) : g 2 �, s 2 S}. The word
length |g|

S
of a group element is the smallest integer n � 0 for which there exists

s1, . . . , sn 2 S [ S
�1 such that g = s1 . . . sn. A random walk with step distribution µ

supported on S [ S
�1 can be visualized as a random nearest neighbor exploration

process on the Cayley graph.

1.1. Volume growth and random walks. – Kesten’s characterization of amenability
[26] states that when µ is a nondegenerate symmetric probability measure on �, the
spectral radius �(�, µ) = limn!1 µ

(2n)(id)1/2n is 1 if and only if � is amenable. When
� is amenable, one might further ask what is the behavior of the decay of return prob-
abilities µ

(2n)(id) when n goes to infinity. Since the pioneering work of Varopoulos,
such questions are studied using both analytic and geometric tools. In particular,
there are close relations between the behavior of the convolution semigroup

�
µ

(n)
�
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50 TIANYI ZHENG

and geometric properties captured through Sobolev-type inequalities, see the survey
[35] and the monograph [36].

Let µ be a simple random walk on �. The following bound relating volume growth
to the decay of return probabilities plays a key role in Varopoulos’s classification of
recurrent groups. Suppose that there are constants c, d > 0 such that the volume
growth of the group � satisfies v�,S(n) � cn

d for all n, then by [34], there is a
constant c1 > 0 such that µ

(2n)(id)  c1n
� d

2 . In general, one can derive an upper
bound on µ

(2n)(id) from a volume growth lower bound.
Heuristically it is more e�cient to relate volume growth to typical behavior of the

random walk, than returning to the origin. Denote by Hµ(n) the (Shannon) entropy
of Wn:

Hµ(n) = H(Wn) = �
X

g2�

µ
(n)(g) log µ

(n)(g),

where µ
(n)(g) is the mass of the n-th convolution power µ

(n) at g. The limit
hµ = limn!1Hµ(n)/n is called the (Avez) asymptotic entropy of the µ-random walk;
by subadditivity, it always exists.

Denote by
�
�N

, B,Pg

µ

�
the space of µ-random walk trajectories starting at g, where

Pg

µ
denotes the law of the random walk. More precisely,

Pg

µ
(Cg0,...,gn) = Pg (W0 = g0, . . . ,Wn = gn) ,

where Cg0,...,gn is the cylinder set
�
! 2 �N : !0 = g0, . . . ,!n = gn

 
. We often omit g

in the notation if g = e. The tail �-field is defined as

T =
1\

n=1

� (Wn, Wn+1, Wn+2, . . .) .

The space of trajectories carries a shift S(!1,!2, . . .) = (!2,!3, . . .). We say a sub-
�-field of B is nontrivial if it contains an event A with Pµ(A) /2 {0, 1}.

Denote by I the invariant �-field: I =
�
A 2 B : S

�1(A) = A
 
. The Derrennic

0-2 law [13] implies that the Pµ-completions of the tail �-field T and the invari-
ant �-field I coincide. The entropy criterion, due to Avez [1], Derriennic [14] and
Kaimanovich-Vershik [25], states that if µ has finite entropy, then the asymptotic
entropy is 0 if and only if the invariant �-field I of

�
�N

,Pµ

�
is trivial.

Lemma 1.1. – Suppose � admits a µ-random walk with nontrivial tail �-field, where

the probability measure µ has finite entropy H(µ) < 1 and finite weak ↵-moment,

for some ↵ 2 (0, 1). Then there is a constant c > 0 such that the volume function

satisfies

v�,S(r) � exp (cn↵) .

We say a probability measure µ on � has finite weak ↵-moment (with respect to
the word distance) if µ (|g|S � n)  Cn

�↵ for some finite constant C < 1. See [17,
Lem 2.1] for a more general statement.
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Proof. – By an elementary truncation argument, the finite ↵-moment assumption
implies there is a constant p > 0 such that Pµ

�
|Wn|  Cn

1/↵
�
� p.

By the entropy criterion, we have the asymptotic entropy hµ > 0. By Shannon’s
theorem (which follows from Kingman’s subadditive ergodic theorem), we have

lim
n!1

� 1

n
log µ

(n)(Wn) = hµ almost surely.

Take any 0 < ✏ < min {hµ/2, p/2} and let A
✏

n
=

�
g 2 � : µ

(n)(g) < e
�n(hµ�✏)

 
. It

follows then Pµ (Wn 2 A
✏

n
) � 1� ✏ for all n � n0.

Combine the two parts, we have

p� ✏  Pµ

⇣
|Wn|  Cn

1/↵
, Wn 2 A

✏

n

⌘

= µ
(n)

⇣
g 2 B

⇣
Cn

1/↵

⌘
\A

✏

n

⌘


���B

⇣
Cn

1/↵

⌘��� e�n(hµ�✏).

We conclude that
��B

�
Cn

1/↵
��� � (p� ✏)en(hµ�✏).

Exercise 1.2. – Suppose � admits a µ-random walk with nontrivial tail �-field, where

the probability measure µ has finite first moment. Show that � has exponential growth.

To make use of Lemma 1.1 to show volume growth lower estimates, one constructs
a random walk µ with finite entropy, which is designed to guarantee that there exists
a tail event A of the µ-random walk whose probability is not in {0, 1}.

1.2. Estimates on the first Grigorchuk group. – The first examples of groups of inter-
mediate growth are constructed by Grigorchuk in [20], answering a question of Milnor.
These groups are indexed by infinite strings ! in {0, 1, 2}1 : for any such !, four au-
tomorphisms a, b!, c!, d! of the rooted binary tree are associated. The group G! is
generated by S = {a, b!, c!, d!}. By [20], if ! is eventually constant then G! is vir-
tually abelian (hence of polynomial growth); otherwise G! is of intermediate growth.
The group G! is periodic (also called torsion) if and only if ! contains all three letters
0, 1, 2 infinitely often. A special example of such a string is (012)1; the corresponding
group is called the first Grigorchuk group, which was introduced and shown to be
an infinite torsion group by Grigorchuk in [21]. First examples of simple groups of
intermediate growth are constructed in the recent work of Nekrashevych [32, 31].

Theorem 1.3 (Upper bound [4, 30], lower bound [17]). – The volume exponent of the

first Grigorchuk group G = G012 exists and

lim
n!1

log log vG,S(n)

log n
= ↵0,

where ↵0 = log 2
log(2/⌘) ⇡ 0.7674, ⌘ is the positive root of the polynomial X

3+X
2+X�2.
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52 TIANYI ZHENG

The original proof in [20] of sub-exponential growth of Grigorchuk groups is based
on norm contraction properties. Suppose there is a finite index subgroup H < � which
embeds into �d via an injective homomorphism  = ( i)

d

i=1. Let k·k be a norm on �.
A (strong) norm contraction inequality is of the form

(1)
dX

i=1

k i(h)k  ⌘ khk+ C for all h 2 H,

for some constant C > 0 and contraction coe�cient ⌘ 2 (0, 1). Such norm contraction
inequalities typically depend on self-similar actions on rooted trees. In [20] contraction
properties with respect to the word length |·|

S
on G! is considered. Later Bartholdi in

[4] has shown that there are choices of norms that achieve better contraction coe�cient
than the word length, and therefore an improved upper bound for growth.

The most direct way to obtain a growth lower bound is to exhibit distinct ele-
ments within a given radius. For instance, if � contains two elements a, b such that
they generate a free semigroup, then this semigroup provides 2n distinct elements
within radius n max {|a|

S
, |b|

S
}. In general in intermediate growth groups, it can be

challenging to find explicit elements within a given distance, see [28, 5] on the first
Grigorchuk group.

In these lectures we will cover some tools used in the proof of the lower bound
stated in Theorem 1.3, including isoperimetric inequalities and heat kernel estimates.
Along the way we will also illustrate the following bounds on return probabilities and
speed of random walk. The definition of Følner function will be given in Section 2,
see (3).

Proposition 1.4. – The Følner function of G012 satisfies F (n) & e
n
. The return prob-

ability of simple random walk on G012 satisfies

e
�n

1/2 . P (W2n = id) . e
�n

1/3

.

Proposition 1.5. – The speed of simple random walk on G012 satisfies

n
1

2↵0 . E |Wn| . n
3
4 ,

where ↵0 is the exponent as in Theorem 1.3.

Sharp estimates on the asymptotics of the Følner function of G012, return proba-
bilities P (W2n = id) and speed E |Wn| remain open.

1.3. Transience and pointwise convergence of cocycles. – We will consider a specific
type of tail events observed from convergence of certain configurations.

Given an action of � = hSi on X and a point x0 2 X, we can take the orbital

Schreier graph with vertex set V = x0.� = {x0.� : � 2 �}, and for each generator
s 2 S, draw an oriented edge (x, x.s) for x 2 V . The induced random walk on V has
transition probabilities

Pµ (x, y) =
X

�2�

µ(�)1{x.�=y}.
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Since µ is symmetric, Pµ(x, y) = Pµ(y, x). We may regard Pµ as a symmetric (self-
adjoint) linear operator on `

2(V ), where Pµf(x) =
P

y2V
Pµ(x, y)f(y). Sometimes

Pµf is written in convolution notation that Pµf = f ⇤ µ.
Let V = x0.� be an orbit. Suppose H is a nontrivial discrete group and we have a

cocycle
� : �⇥ V ! H,

i.e., � satisfies the identity �(gg
0
, x) = �(g, x)� (g0, x.g). We see that � defines a (left)

action of � on
Q

x2V
H by (g. )(x) = �(g, x) (x.g).

Given a random walk on �, we may read the cocycle along its trajectory (!n).
Denote by (yn) the i.i.d. sequence of increments, that is, yn = !

�1
n�1!n. Since H is

assumed to be discrete, by the cocycle identity we have that for a fixed x 2 V ,
the sequence (� (!n, x))1

n=0 converges if and only if � (yn+1, x.!n) = idH for all but
finitely many n. A basic example for this is from lamplighter groups.

Example 1.6. – Take � = (Z/2Z) o Zd = (
L

Zd Z/2Z) o Zd to be the lamplighter
group over Zd. Write an element of � as (f, x) where f 2

L
Zd Z/2Z and x 2 Zd.

Let V = Zd, � acts by translation through the quotient Zd. Take H = Z/2Z and
� ((f, x

0), ·) = f(·). In this example, the sequence (� (!n, x))1
n=0 converges if and only

if x.!n 2 suppfyn+1 for all but finitely many n. When µ is of finite support, this
condition is precisely that the trajectory (x.!n) is transient. When µ is of unbounded
support, one needs also to consider the distribution of suppfy1 .

Example 1.7. – For piecewise linear homeomorphisms of the real line, one can define
a natural cocycle in terms of logarithmic increment of the slope at break points. See
[24].

Example 1.8. – Suppose X is a topological space (e.g., a Cantor set) and � acts
on X by homeomorphisms. For x 2 X, denote by �x the stabilizer of x, that is,
�x = St�(x) = {g 2 � : x.g = x}. Denote by �0

x
the open stabilizer of x, which consists

of elements of �x that fix pointwise a neighborhood of x. Then �0
x

is a normal sub-
group of �x. Suppose there is a point x0 2 X such that the isotropy group �x0/�0

x0
is

not trivial, such a point is sometimes referred to as a singular point. Let V = x0.�.
Choose a section ⌧ : �/�x0 ! �. Then we have a cocycle

�̃ : �⇥ V ! �x0

(g, x) 7! ⌧(x)g⌧(x.g)�1
.

Take H to be a nontrivial quotient group of �x0/�0
x0

and denote by ⇡ : �x0 ! H the
quotient map. Then � = ⇡ � �̃ : �⇥ V ! H is a cocycle.

The relevance of such an example is that it applies to groups obtained from frag-

mentation as in [31, Section 3]. Indeed the fragmentation procedure creates singular
points with nontrivial isotropy groups. Grigorchuk groups fit into this setting, as we
will discuss in Section 3.
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Suppose the random walk is nondegenerate, that is, suppµ generates � as a semi-
group; and there is a point x0 2 V such that the set {�(g, x0) : g 2 �x0} has at
least two distinct elements. Under such assumptions, if along the random walk tra-
jectory, the sequence (� (!n, x0))

1
n=0 converges almost surely, we obtain a nontriv-

ial tail events A = {lim� (!n, x0) = idH}. To see this event is indeed nontrivial,
take an element g 2 �x0 such that �(g, x0) = h 6= idH . By the cocycle identity,
�(g!n, x0) = �(g, x0)�(!n, x0.g) = �(g, x0)�(!n, x0). Since µ is nondegenerate, we
can find m 2 N such that µ

(m)(g), µ(m)(g�1) > 0. Then by Markov property, we have

Pe

µ
(lim� (!n, x0) = h) � µ

(m)(g)Pe

µ
(lim� (!n, x0) = idH) ,

Pe

µ
(lim� (!n, x0) = idH) � µ

(m)(g�1)Pe

µ
(lim� (!n, x0) = h) .

These two inequalities guarantee that Pe

µ
(A) /2 {0, 1}.

To summarize, to observe this type of nontrivial boundary behavior, we need a
suitable cocycle � : � ⇥ V ! H, a point x0 2 V with |{�(g, x0) : g 2 �x0}| � 2, and
a nondegenerate random walk step distribution µ such that

Pµ (� (Yn+1, x0.Wn) 6= idH infinitely often) = 0.

We will see constructions of random walks on Grigorchuk groups where these are
fulfilled for some choice of H ' Z/2Z. This is described as stabilization of germs in
[16, 17]. When µ has finite entropy, we have:

Observation of one nontrivial tail event for µ-random walk
m (by the entropy criterion)

Asymptotic entropy of µ-random walk is positive
+ (by Shannon’s theorem)

Volume lower bound from the moment condition satisfied by µ.

2. Isoperimetry

2.1. Spectral profiles and the Coulhon-Grigoryan equation. – Let V be a countable
set, typically the vertex set of a graph, and let P : V ⇥ V ! [0, 1] be the tran-
sition probabilities of a Markov chain on V . Assume that P is symmetric, that is,
P (x, y) = P (y, x). We may regard P as a self-adjoint operator on `

2(V ), where
Pf(x) =

P
y2V

P (x, y)f(y). Denote by E� = 1(�1,�] (P ) the spectral projections
of P . Then the return probabilities can be expressed as:

(2) P
2n(x, x) =

Z

R
�

2n
d hE� (�x) , �xi`2(V ) =

Z 1

�1
�

2n
dNx(�),

where the spectral measure Nx is

Nx((�1,�]) = hE� (�x) , �xi`2(V ) .

One may draw information on the behavior of the spectral measure from the decay
of return probabilities, using Tauberian-Karamata theorems for Laplace transforms.
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The decay of return probabilities P
2n(x, x) is closely related to isoperimetric pro-

files of P , which in the discrete setting can be introduced for more general reversible
Markov operators. Here we restrict to the special case of symmetric transition prob-
abilities, that is, P (x, y) = P (y, x). Consider the Dirichlet form associated to the
Markov operator P , with reference measure the counting measure on V :

E P (f1, f2) =
1

2

X

x,y2V

(f1(y)� f1(x))(f2(y)� f2(x))P (x, y),

which is a symmetric bilinear form on Dom( E P ) =
�
f 2 L

2(V,⇡) : E P (f, f) < 1
 
.

The `2-isoperimetric profile of P , also called the spectral profile, is defined as

⇤2,P : R+ ! [0, 1],

v 7! inf {�P (⌦) : ⌦ ✓ V,⇡(⌦)  v} ,

where �P (⌦) is the lowest eigenvalue of the Laplacian operator I � P with Dirichlet
boundary condition in ⌦:

�P (⌦) = inf
n

E P (f, f) : support(f) ✓ ⌦, kfk
`2(V ) = 1

o
.

The `1-isoperimetric profile is defined analogously. Using an appropriate co-area for-
mula, ⇤1,P can equivalently be defined more geometrically as

⇤1,P (v) = inf

⇢P
x,y2V

1⌦(x)1V \⌦(y)⇡(x)P (x, y)

⇡(⌦)
: |⌦|  v

�
,

where the quantity
P

x,y2V
1⌦(x)1V \⌦(y)⇡(x)P (x, y) measures the size of the bound-

ary of ⌦ with respect to P .
The Følner function associated with P is defined as

(3) F (n) = inf {v : ⇤1,P (v)  1/n} .

Between the L
1 and L

2-isoperimetric profiles we have the following inequality, often
referred to as Cheeger’s inequality (see e.g., [27]):

(4)
1

2
⇤2

1,P
 ⇤2,P  ⇤1,P .

The non-obvious direction ⇤2,P � 1
2⇤2

1,P
is useful for transferring L

1-expansion in-
equalities to spectral profile lower bounds.

The use of Nash-type inequalities to estimate return probabilities in the discrete
setting was introduced in [34]. It turns out Nash inequalities are equivalent to Faber-
Krahn-type inequalities, where the latter is of the form ⇤2,P (v) � f(v) for some
positive function f . In fact, in very general settings, it is known that various forms of
functional inequalities are equivalent, see [2] and references therein.

Through a series of works by Coulhon and Grigor0yan [10, 11], it is shown that under
some mild conditions, the asymptotic decay of return probability sup

x2V
P

2n(x, x)
and the `2-isoperimetric profile of P determine each other. More precisely:
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Theorem 2.1. – Let  (t) be the function defined by the equation

(5) t =

Z
 (t)

1

dv

⇤2,P (v)v
,

then the return probabilities satisfy

(6) sup
x2V

P
2n(x, x) ' 1

 (2n)
,

the lower bound direction requires a mild regularity assumption.

For the Markov operator Rµ, where µ is a probability measure on a countable
amenable group, a precise formula relating the behavior of the spectral measure NRµ

near 1 and ⇤Rµ near infinity is obtained in [9], under the assumption that ⇤Rµ �exp is
doubling near infinity.

2.2. Isoperimetric test for transience. – In our setting here the state space V is the
orbit x0.�, and Pµ is the Markov transition operator induced by µ, where µ is a
nondegenerate symmetric probability measure on �. Then Pµ is symmetric and re-
versible with respect to the counting measure. The following isoperimetric test for
transience is a consequence of the connection between `

2-isoperimetric inequalities
and on-diagonal heat kernel upper bound. Suppose we have a lower bound for the
`
2-isoperimetric profile of Pµ, of the form

⇤2,Pµ(s) � f(s), s 2 [1,1),

where f is a continuous positive decreasing function on [1,1). If

(7)
Z 1

1

ds

s2f(s)
< 1,

then the Pµ-Markov chain on �.⇠ is transient.

Exercise 2.2. – Apply the Coulhon-Grigor
0
yan Theorem 2.1 to prove the transience

test.

2.3. Comparison of forms. – Comparison of forms, considered in [15] for random walks
on finite groups, is a useful tool to deduce isoperimetric inequalities for a Markov
operator P of interest from known results on other Markov operators. In the simplest
setting, consider two symmetric Markov operators P and Q on the same set V . A
comparison inequality is of the form

E p,P (f) � A E p,Q(f) for all f 2 Dom ( E p,Q) .

Exercise 2.3. – Check by the definitions that E p,P (f) � A E p,Q(f) implies that

⇤p,P � A⇤p,Q.
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Some classical isoperimetric inequalities. – Sharp `
1-expansion inequalities on Zd,

equipped with the standard generating set, can be derived from Loomis-Whitney
inequalities, see e.g., [29, Section 6.6]. Further connections between isoperimetric in-
equalities and entropy inequalities (and consequences such as Loomis-Whitney, Harper
inequalities) are investigated in [22].

On the hypercube {0, 1}d, Harper’s isoperimetric inequality gives precise de-
scription of `

1-expansion, see [23, Chapter 1]. As a consequence, let µ be the
uniform measure on the standard generating set {x1, . . . , xd} of {0, 1}d, where
x1 = (1, 0, . . . , 0), . . . , xd = (0, . . . , 0, 1), then

(8) ⇤1,µ

�
2k
�
� d� k

d
.

The next inequality was originally due to Gromov, and generalized by Coulhon and
Salo�-Coste. We refer to it as the mass-transport lemma. Denote by uF the uniform
measure on a finite set F .

Lemma 2.4. – Let � be a countable group acting on V , ⇠ 2 V be a point such that the

orbit ⇠ · � is infinite. Let F ✓ � be a finite set such that

(9) inf
x2o·�

|x · F | � c0|F |.

Let PF the transition kernel on V = ⇠ ·� induced by the measure
1
2 (uF + uF�1). Then

⇤1,PF (v) � c0

4
for v  c0

2
|F |.

Suppose there is a sequence of finite subsets Fn ✓ � with |Fn|%1 as n !1 and
(9) is satisfied with a uniform constant c0 > 0. Then we can build measures with a
lower estimate on profiles by taking convex combinations, which will be discussed in
Section 3.

Comparison based on distance. – The following inequality, sometimes called a Pseudo-
Poincaré inequality, is based on translation invariance.

Lemma 2.5. – Let � = hSi and � acts on a countable set V . Then for any f 2 `2(V ),

k⌧gf � fk22  |g|2
S

X

s2S

k⌧sf � fk22 .

Exercise 2.6. – Use the triangle inequality to show the `
1
-version:

k⌧gf � fk1  |g|S
X

s2S

k⌧sf � fk1 .

Average the LHS on the ball of radius r, we have

1

r

X

g2B(id,r)

k⌧gf � fk1 
X

s2S

k⌧sf � fk1 .

We first compare simple random walk to uniform measures on balls.
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Example 2.7. – Let u be the uniform measure on S[S
�1. Compare u with the uniform

measure ur on the ball of radius r as in the exercise above, then apply Exercise 2.6
to ur. The result is the Coulhon-Salo�-Coste inequality [12], which reads

⇤1,u (2v�,S(r)) � 1

|S [ S�1|
1

2r
,

where v�,S is the volume function function of (�, S). In terms of Følner function, we
have that F (r) & v�,S(r).

Compare to embedded hypercubes in the first Grigorchuk group, we sketch the
exponential lower bound for Følner function of the first Grigorchuk group in Prop
1.4. See [18, Example 1.3].

Sketch of proof of the first claim in Prop. 1.4. – The group � = G012 acts on the
rooted binary tree T. For a vertex v 2 T, its rigid stabilizer, denoted by Rist�(v),
is the subgroup of � that consists of these automorphisms that fix all vertices not
having v as a prefix. By definition, it is clear that automorphisms in rigid stabilizers
of di�erent vertices on a given level commute. It is known that for u in level k, there
is an element gu 2 Rist�(u) such that gu 6= id and |gu|  6 · 2k. To obtain a lower
bound for the Følner function, given a level k, consider the subgroup generated by
such gu. The subgroup is isomorphic to {0, 1}2k

. Compare simple random walk to the
standard random walk on this hypercube and apply Harper’s isoperimetric inequality
(8), we obtain

⇤1,u

⇣
22k�1

⌘
� 1

24

1

2k
.

In terms of Følner function, we have that F (r) & e
r.

The exponential lower bound on the Følner function implies the upper estimate
P (W2n = id) . e

�n
1/3

. The lower estimate P (W2n = id) & e
�n

1/2

follows from ex-
plicit test functions, see [33]. It is an interesting open problem (perhaps di�cult) to
determine the decay of return probabilities, in particular, whether there exists an
exponent � 2 [1/3, 1/2] such that P (W2n = id) ' e

�n
�

.

3. Random walks on Grigorchuk groups

In this section we illustrate some ideas in [17] for constructing random walks on
the first Grigorchuk group with nontrivial Poisson boundary. Since by the main result
of [19] any intermediate growth group admits random walks with nontrivial Pois-
son boundary, the emphasis here is to find “e�cient” measures that provide good
volume lower estimates. The construction presented crucially relies on some special
properties of Grigorchuk groups, in particular a substitution operator on words (see
Subsection 3.5).
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3.1. Fragmentation. – In the recent groundbreaking work of Nekrashevych [32, 31],
first examples of simple groups of intermediate growth are constructed. This class of
groups are obtained by a procedure called fragmentation of a minimal action of the
infinite dihedral group on a Cantor set. Recall that an action is called minimal if every
orbit is dense. It is shown in [32, 31] that properties of the resulting groups are closely
related to the dynamical properties of the original dihedral group action.

In this framework, Grigorchuk groups can be viewed as fragmentations of the fol-
lowing residually finite action of the dihedral group. Consider a rooted binary tree T,
where the vertices are encoded as finite sequences in the alphabet {0, 1}. There is a
natural action of the infinite dihedral group D1 =

⌦
a, b|a2 = b

2 = 1
↵

on the rooted
tree T, where a acts by permuting the two subtrees at the root; and b acts as an au-
tomorphism directed along the 11 ray. In terms of the sequences, the permutations
are defined as

a(0w) = 1w, a(1w) = 0w,

b(0w) = 0a(w), b(1w) = 1b(w).

Denote by @T the tree boundary, which consists of infinite sequences in {0, 1}. Equip
@T = {0, 1}1 with the product topology. Extend the action D1 y T to the bound-
ary @T. On @T the element a has no fixed point; while the element b has fixed point 11.

The fragmentation procedure can be applied to any homeomorphism of order 2
(involution) of a Cantor set. For the dihedral action on @T described above, we now
describe a fragmentation of the b generator which corresponds to Grigorchuk groups
defined in [20]. First consider the cylinder sets in @T directed along fixed ray 11,
where the n-th set consists of infinite sequences with prefix 1n0,

Cn = C1n0 = {x 2 {0, 1}1 : x1 = · · · = xn = 1, xn+1 = 0} , n 2 {0, 1, 2, . . .}.

Note that b(Cn) = Cn and {11} [ (
S1

n=0 Cn) = @T.
Take a sequence ! = (!n)1

n=0 2 {0, 1, 2}1. Then ! gives instructions how to frag-
ment the generator b into a finite group B! of four elements {id, b!, c!, d!}. In words,
the homeomorphism b! has fixed point set {11}[

�S
n:!n=2 Cn

�
and acts as b on the

complement of the fixed point set. Similar description holds for c! (d! resp.) with
!n = 1 (!n = 0 resp.). The Grigorchuk group G! is defined to be the group generated
by a, b!, c! and d!.

To summarize, we may view G! as obtained from the dihedral group action
D1 y @T by keeping the generator a and fragmenting the generator b into
B! = {id, b!, c!, d!} around its fixed point ⇠ = 11. Let � = G! be the Grigorchuk
group with parameter ! 2 {0, 1, 2}1, acting by homeomorphisms on @T. We have
that the �-orbit of ⇠ consists of infinite rays cofinal with 11 (the same as its orbit
under D1). Since a has no fixed point in @T we have that the isotropy group of A

at any point x is trivial. In this example we have the isotropy group of G! at 11 is
isomorphic to B!

⇠= Z/2Z⇥ Z/2Z.
More generally, starting with a minimal action of D1 on a Cantor set X, one can

fragment a into a finite group A and b into a finite group B and consider the group
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generated by A[B. As shown in [31], the volume growth of the fragmentation group
� = hA [Bi is closely related to the complexity of the original dihedral action and
also the choice of fixed point sets in the fragmentation procedure.

3.2. Inverted orbits. – In the works of Bartholdi and Erschler [6, 7], a technique using
inverted orbits to understand growth is developed. Consider a finitely generated group
� = hSi acting on a space X. Let w = g1 . . . g` be a word in the alphabet S [ S

�1.
Take a point ⇠ 2 X. The inverted orbit of ⇠ under the word w is defined as the set

Ow(⇠) :=
�
⇠, ⇠.g

�1
1 , ⇠.g

�1
2 g

�1
1 , . . . , ⇠.g

�1
`

. . . g
�1
1

 
.

Denote by |w| the length of the word w. A counterpart to the strong norm contraction
inequality (1) is an estimate of the cardinality of the inverted orbit:

(10) | Ow(⇠)|  C
0|w|

log ⌘
log d .

We say the maximal inverted orbit growth at ⇠ is sublinear if 1
n

max {| Ow(⇠)| : |w|  n}
converges to 0 when n ! 1. In [31] the key part in the proof of sub-exponential
growth is a novel argument to show sublinear growth of inverted orbits, using the
geometry of one-dimensional Schreier graphs and special structures called “reflectors”
which are created by the fragmentation procedure. The argument is simplified in [8]
where also stretched exponential upper bounds are obtained.

3.3. A lower bound on speed. – As a side note, we show the following lower bound
for speed of simple random walk on �, in terms of estimates on maximal inverted
orbit growth and the range of induced random walk on the Schreier graph. Recall the
setting of Example 1.8, we say a point ⇠ 2 X is singular for the action � y X, if
the isotropy group �⇠/�0

⇠
is nontrivial. Assume that �⇠/�0

⇠
admits a nontrivial finite

quotient group H. Let � : �⇥X ! H be a cocycle as given in Example 1.8. We may
restrict � to �⇥ (⇠.�), and by supp�(g, ·) we mean in such a restriction.

Proposition 3.1. – Let � = hA [Bi y X where A, B are finite groups. Let ⇠ 2 X be

a singular point and assume that �⇠/�0
⇠

admits a nontrivial finite quotient group H.

Further assume that supp�(�, ·) is finite for any � 2 A[B. Let µ be a non-degenerate

probability measure on � with finite first moment. Suppose:

— f : [1,1) ! R+ is an increasing concave function that bounds the maximal

inverted orbit growth:

max {| Ow(⌘)| : |w|  n, ⌘ 2 supp�(�, ·) for some � 2 A [B}  f(n);

— the range Řn of the induced Pµ̌-chain on the �-orbit ⇠ satisfies

E
⇥
Řn

⇤
� �(n), where µ̌(g) = µ

�
g
�1
�
.

Then there is a constant c > 0 such that the speed function of the µ-random walk on �
satisfies

Lµ(n) � f
�1 (c�(n� 1)) .
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Proof sketch. – Write ⌅ = {⌘ 2 ⇠.� : ⌘ 2 supp�(�, ·) for some � 2 A [B}. By as-
sumption ⌅ is a finite set. Since µ is assumed to be non-degenerate, replacing µ

by a large enough convolution power µ
⇤k if necessary, we may assume that there is

p > 0 such that for each ⌘ 2 ⌅, h 2 H, there is an s 2 �⇠ which projects to h and
µ(s) = p > 0.

Note that for any word w in A, B that represents an element g 2 �, by the cocycle
identity, we have

supp�(g, ·) ✓ [ { Ow(⌘) : ⌘ 2 supp�(�, ·) for some � 2 A [B} .

It follows that

(11) |supp�(g, ·)|  |⌅| f (|g|A[B) .

As before, denote by (Yn) the independent random walk increments with distri-
bution µ and let Wn = Y1 . . . Yn. Next we relate the size of the support of � (Wn, ·)
to the induced random walk on the �-orbit of ⇠. Given a point x 2 ⇠.�, let
⌧

x

⇠
= min {n � 0 : x.Wn = ⇠}, in words, ⌧x

⇠
is hitting time of ⇠ for the µ-induced

random walk starting at x. We claim that

P (� (Wn, x) 6= idH) � p

✓
1� 1

|H|

◆
P
�
⌧

x

⇠
 n� 1

�
.

To see this, by the cocycle identity again,

� (Wn, x) = �(Y1, x)� (Y2, x.W1) . . .� (Yn, x.Wn�1) .

We say a distribution ⌫on H dominates c�, if for every h 2 H, ⌫(h) � c�(h). Since
H is finite, we have that for any product Z1 . . . Zk, if there is an index j such that the
distribution of Zj dominates cuH , then the distribution of Z1 . . . Zk dominates cuH as
well, where uH is the uniform distribution on H. Then for � (Wn, x), since � (Yj+1, ⇠)
dominates puH , we have that the conditional distribution of � (Wn, x) given {⌧x

⇠
= j}

dominates puH . Summing up, we have that the distribution of � (Wn, x) dominates
cuH with c = pP

⇣
⌧

x

⇠
 n� 1

⌘
. The claim follows.

The expected size of the support then satisfies

E [|supp�(Wn, ·)|] =
X

x

P (� (Wn, x) 6= idH)

�
X

x

p

✓
1� 1

|H|

◆
P
�
⌧

x

⇠
 n� 1

�

= p

✓
1� 1

|H|

◆ n�1X

j=0

X

x

P
�
⇠.W

�1
j

= x
�

= p

✓
1� 1

|H|

◆
E
⇥
Řn

⇤
.
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Finally, combine with (11), since f is assumed to be concave, by Jensen’s inequality
we have

f (E [|Wn|]) � E [f (|Wn|)] �
1

|⌅|E [|supp�Wn |]

� p

|⌅|

✓
1� 1

|H|

◆
E
⇥
Řn�1

⇤
� c�(n� 1).

In the next subsection, we will explain how Grigorchuk groups fit into the setup,
see Example 3.3.

3.4. Isotropy and nontrivial events in the tail �-algebra. – Recall that in Subsection 3.1
we discussed Grigorchuk groups G!, which fit into the setting of fragmentations. Now
we describe a way to observe nontrivial tail events in the following.

Example 3.2. – Let � = hA, Bi be obtained from a fragmentation of a minimal dihe-
dral action on X, where A (B resp.) is a fragmentation of the generator a (b resp.)
of the dihedral group. Suppose ⇠ is a fixed point of b in X. Then we have that the
isotropy group of A at a point in the �-orbit V of ⇠ is trivial; and the isotropy group
of � at ⇠ is naturally isomorphic to B/Stab0

B
(⇠), see [31, Lemma 3.5].

We then have a natural cocycle as discussed in Example 1.8:

� : �⇥ V ! �⇠/�0
⇠

= B/Stab0
B

(⇠).

For g 2 �, the function �(g, ·) is sometimes called the germ configuration of g on the
orbit V .

Let µ be a probability measure on � and (Wn)1
n=0 be a random walk on � with

step distribution µ. We say the germ configuration at x stabilizes along the µ-random
walk if almost surely, the sequence (� (Wn, x))1

n=1 is eventually constant.
It turns out that in some situations one does not expect to see stabilization in

the whole isotropy group at ⇠; but rather in a quotient of it. To explain this con-
sider the Grigorchuk group G!, where the isotropy group at ⇠ = 11 can be iden-
tified as B! = {id, b!, c!, d!}. By the definitions we have that d! = b!c! and
B! = hb!i ⇥ hc!i. We may then take the projection ⇡ : B! ! hb!i and ask whether
the sequence (⇡ (� (Wn, ⇠))) is eventually constant. The reason for passing to such a
quotient will be more transparent soon. In general the finite group B obtained from
fragmenting the generator b is an abelian group of involutions, thus a direct product
of cyclic groups of order 2. Write B = hb1i⇥ . . .⇥hb`i. Fix a choice of bi from the list
and take the projection ⇡i : B ! hbii. Our goal will be to construct a nondegenerate
random walk µ such that the bi-germ configuration (⇡i (� (Wn, ⇠)))1

n=0 is eventually
constant almost surely and to observe a nontrivial tail event of the form

{⇡i (� (Wn, ⇠)) = bi for all n su�ciently large} .

Since � = hA [Bi is obtained from fragmenting a minimal dihedral group action,
the orbital Schreier graphs are either an infinite ray or a line. For a singular point ⇠,
its orbital Schreier graph is a ray. Let Hi be the subgroup of Stab�(⇠) consisting of
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elements such that the projection ⇡i(�) to hbii is trivial. Then the Schreier graph
associated with Hi \ �, which is a line, is a 2-cover of the orbital Schreier graph
of ⇠. The event that ⇡i (� (Wn, ⇠)) stabilizes as bi is the same as the coset random
walk HiWn converges to the end corresponding to bi.

We now see how to apply Proposition 3.1 to prove Proposition 1.5 in the Introduc-
tion.

Example 3.3 (Proof of Prop 1.5). – Let � = G(012)1 be the first Grigorchuk group and
µ a nondegenerate symmetric measure of finite support on �, e.g., µ = 1

2uA + 1
2uB .

At the singularity point ⇠ = 11, the isotropy group �⇠/�0
⇠
' Z/2Z ⇥ Z/2Z

is finite. Moreover, �(a, ·) has empty support and supp�(g, ·) = {11} for g 2
{b, c, d}. For the upper bound on maximal inverted orbit growth, by [6], we have
max {| Ow(⇠)| : |w|  n}  Cn

↵0 , where ↵0 the exponent specified in Theorem 1.3.
For the second condition, the induced random walk on the orbit of 11 is a reversible
finite range random walk on an infinite ray, thus E

⇥
Řn

⇤
' n

1/2. It follows from
Proposition 3.1 that

Lµ(n) & n
1

2↵0 .

The precise asymptotics of the speed function Lµ(n) is not known. The best upper
estimate currently known is from the Varopoulos-Carne bound, which gives

Lµ(n) .
q

nHµ(n) . n
3/4

.

In particular it is open whether there exists an exponent � 2 (0, 1) such that
Lµ(n) ' n

� .

3.5. Construction of random walks with nontrivial Poisson boundary . – We continue
to consider a group � = hA [Bi discussed above. Recall that the isotropy group
B/Stab0

B
(⇠) is isomorphic to hb1i ⇥ . . . ⇥ hb`i for some ` � 2. Fix a choice of

i 2 {1, . . . , `}, say i = 1, and take the projection ⇡1 : B/Stab0
B

(⇠) ! hb1i. By the
Borel-Cantelli lemma, if a µ-random walk (Wn)1

n=0 on � satisfies that

(12)
X

x2�.⇠

1X

n=1

P
n

µ
(⇠, x)µ ({g 2 � : ⇡1 (�g(x)) 6= id}) < 1,

then the sequence (⇡1 (� (Wn, ⇠)))1
n=1 is eventually constant almost surely. If in addi-

tion that µ is non-degenerate, then the event

{⇡1 (� (Wn, ⇠)) = b1 for all n su�ciently large}

is a nontrivial tail event.
Next we explain the construction of such measures on the first Grigorchuk

group G(012)1 in [17]. It is carried out in two steps, first we find an e�cient measure
such that the induced random walk on the orbit V is transient; then the measure is
modified to ensure that the sum in (12) is finite. In both parts we apply tools from
heat kernel estimates: isoperimetric profiles and on-diagonal transition probabilities
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estimates in the first step, and o�-diagonal Green function estimates in the second
step.

Step 1: Isoperimetric profiles and transience. – We take µ to be a convex combination
of a sequence of measures (⌘n)1

n=1, µ =
P1

n=1 cn⌘n, where cn 2 [0, 1] and
P

n
cn = 1.

The measures ⌘n are constructed in such a way that we have lower bounds for the
spectral profiles of P⌘n ; and the bounds are transferred to Pµ by the simple comparison
⇤2,Pµ � cn⇤2,⌘n for all n.

Recall the Coulhon-Salo�-Coste isoperimetric inequality explained in Lemma 2.4
in Section 2. Suppose we have a sequence of finite subsets Fn ✓ � with |Fn| % 1
as n !1 and a constant  > 0 such that

(13) inf
x2�.⇠

|Fn.x| � |Fn|.

Let ⌘n = 1
2

⇣
uFn + u

F
�1
n

⌘
where uF denotes the uniform measure on F . Then

⇤1,P⌘n
(s) � 

4
for all s  

2
|Fn| .

By Cheeger’s inequality and simple comparison, we obtain the following piecewise
lower bound for µ =

P
cn⌘n:

⇤2,Pµ(s) � cn

2

⇣


4

⌘2
for s 2

⇣


2
|Fn�1| ,



2
|Fn|

i
.

This bound is suitable to be tested in (7). Recall that for the purpose of obtaining
growth lower bound, as in Lemma 1.1, we would like to control the tail of µ. For the
convex combination µ defined above, its tail µ({g 2 � : |g|S � r}) can be bounded
from above in terms of the coe�cients (cn) and the diameters of the sets (Fn).

Note that if the stabilizer Stab�(⇠) is finite, then condition (13) can be fulfilled
by any sequence of finite subsets of � with growing sizes. For example, this is the
case for a minimal dihedral action. Consider a group � = hA [Bi obtained from
fragmenting a minimal dihedral action. Condition (13) asks for subsets (Fn) in � such
that Fn \Stab�(x) is uniformly bounded for all x in the orbit �.⇠ and all n. The idea
is to look for a sequence (gn)1

n=1 in � as a replacement of the sequence of elements
(ab)`n 2 D1. Heuristically, this is asking for a way to reverse the fragmentation for
a sequence of specific elements. Note that when the maximal inverted orbit growth is
sublinear, it is necessary that |gn|A[B

� `n.
For the first Grigorchuk group G = G(012)1 , the following substitution ⇣

of {ab, ac, ad}⇤ is used to produce words with asymptotic maximal inverted orbit
growth in [6, Proposition 4.7],

⇣ : ab 7! abadac, ac 7! abab, ad 7! acac.

The sequence (gn)1
n=1 in G(012)1 given by

(14) gn =

(
⇣

n(ac) if n ⌘ 0, 1 mod 3

⇣
n(ad) if n ⌘ 2 mod 3.
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can be taken as a replacement for the sequence (ab)2
n

in the dihedral group. What
“replacement” means can be made precise by comparing how these elements act on
the tree, which we do not describe in details here. In particular, the sequence (gn)
satisfies what we call the cube independence property : for every n 2 N and x 2 G.11,
the map

{0, 1}n ! G.11

("1, . . . "n) 7! g
"1
1 . . . g

"n
n

.x

is injective. The length of gn can be estimated by eigenvalues of the matrix associated
with the substitution ⇣. Explicitly, we have that |gn| ⇣ (2/⌘)n, where ⌘ is the positive
root of X

3 + X
2 + X = 2.

Take Fn = {g"11 . . . g
"n
n

: ("1, . . . "n) 2 {0, 1}n}, then by injectivity, (13) is fulfilled
with  = 1. Finally, with the isoperimetric profile bound explained above, we have
that for any ✏ > 0, the convex combination

(15) µ =
1X

n=1

C✏n
1+✏

2n

⇣
uFn + u

F
�1
n

⌘

induces a transient random walk on the orbit of 11.

Step 2: Modification of the measure and Green function estimates. – The mea-
sure µ defined in (15) has near optimal tail decay among measures that induce
transient random walks on the Schreier graph. However One can check that h�i-coset
of � (Wn, ⇠) does not stabilize for any � 2 {b, c, d}, where Wn is the random walk
driven by 1

2 (uS + ⌘0). With the goal to achieve almost sure stabilization of hbi-coset
of �Wn(o) along the random walk trajectory, we want to perform modifications to
the elements used in the construction of ⌘0 that prevent such stabilization. The idea
is to make use of some random conjugates of gn, chosen carefully.

The transition kernels are built with heat kernel estimates in mind: techniques from
Barlow-Grigor0yan-Kumagai [3] based on what is called the Meyer’s construction and
the Davies method for o�-diagonal heat kernel estimates of jumping processes can be
applied. In this way we obtain good enough decay estimate for the induced Green
function in terms of the Schreier graph distance on the orbit of 11. Together with
explicit estimates of the µ-weights at bad locations we show the weighted sum of Green
function over the Schreier graph (12) is finite with appropriate choice of parameters.
The construction provides finite entropy measures on G with near optimal tail decay
and non-trivial Poisson boundary as stated in Theorem 1.3.
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