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The first part of these notes follows Stanley’s exposition in [Sta, Chapter 7]. However,
our perspective will be from the character theory of the general linear group rather than
a combinatorial one. So we insert remarks throughout that connect the relevant results to
representation theory.

1. DEFINITION AND MOTIVATION

1.1. Definitions. Let zi,...,x, be a finite set of indeterminates. The symmetric group on
n letters is X,,. It acts on Z[xy,...,x,], the ring of polynomials in n variables and integer
coefficients, by substitution of variables:

o f(@r,...,20) = [(Toq), - s Tom))-
The ring of symmetric polynomials is the set of fixed polynomials:
An)={f€Zlzy,...,z,) |o-f=floraloel,}

This is a subring of Z[z, ..., x,].

We will also treat the case n = co. Let x1,xs,... be a countably infinite set of indetermi-
nates. Let 3, be the group of all permutations of {1,2,...}. Consider the ring R of power
series in @y, xg, ... of bounded degree (this notation R is just for this discussion and we will
not refer to it again later). Hence, elements of R can be infinite sums, but only in a finite
number of degrees. Then Y, acts on R, and we define the ring of symmetric functions

A={feR]|o-f=fforalloce X}
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Again, this is a subring of R. Write m,: A — A(n) for the homomorphism which sets
Tn41 :xn+2:"':0-

Remark 1.1.1. (For those familiar with inverse limits.) There is a ring homomorphism
Tnt1n: A(n+ 1) — A(n) obtained by setting x,11 = 0. Furthermore, A(n) = @ .0 A(n)4
where A(n)q is the subgroup of homogeneous symmetric polynomials of degree d. The map
Tnt1n Testricts to a map A(n + 1) — A(n)g; set

Ad = I%Hl A(n)d

A:@Ad.

d>0

Note that we aren’t saying that A is the inverse limit of the A(n) as rings; the latter object
includes infinite sums of unbounded degree. The correct way to say this is that A is the
inverse limit of the A(n) as graded rings. O

Then

Example 1.1.2. Here are some basic examples of elements in A (we will study them more

soon):
Pr = Zﬁ

i>1

ey 1= E Ty Tiy * " T,
11 <t <---<ip

hy = g Ty Tiy * Ty - 0
11 <t < <i

Sometimes, we want to work with rational coefficients instead of integer coefficients. In
that case, we'll write Aq or A(n)q to denote the appropriate rings.

The main topic of this course is the study of A and some of its bases, and how they interact
with representation theory (of symmetric groups and general linear groups) and algebraic
geometry (Schubert calculus, i.e., intersection theory on Grassmannians).

1.2. Polynomial representations of general linear groups. Let GL,(C) denote the
group of invertible n X n complex matrices.

A polynomial representation of GL,(C) is a homomorphism p: GL,(C) — GL(V)
where V' is a C-vector space, and the entries of p can be expressed in terms of polynomials
(as soon as we pick a basis for V).

A simple example is the identity map p: GL,(C) — GL,(C). Slightly more sophisticated
is p: GLy(C) — GL(Sym?(C?)) where Sym?*(C?) is the space of degree 2 polynomials in x,y
(which is a basis for C?). The homomorphism can be defined by linear change of coordinates,
ie.,

p(9)(az® +bry + cy®) = a(ga)? + b(gz)(gy) + c(gy)*.
If we pick the basis 2, 21,32 for Sym?(C?), this can be written in coordinates as

GL,(C) — GL;(C)

9t 91,1912 9i2
eqn: ; 191, ,
4 ﬂm%lﬁl (91’1 91’2) = 2911921 911922 + G12021 2012922
92,1 g2,2 2 2
921 92,192,2 92,2
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More generally, we can define p: GL,(C) — GL(Sym?(C")) for any n,d. Another impor-
tant example uses exterior powers instead of symmetric powers, so we have p: GL,(C) —

GL(AY(C™)).
An important invariant of a polynomial representation p is its character: define
char(p)(z1,...,x,) := Tr(p(diag(xy, ..., z,))),
where diag(zy,...,x,) is the diagonal matrix with entries x1, ..., z, and Tr denotes trace.
Lemma 1.2.2. char(p)(xy,...,x,) € A(n).

Proof. Each permutation o € ¥, corresponds to a permutation matrix M (o): this is the
matrix with a 1 in row (i) and column ¢ for i = 1,...,n and 0’s everywhere else. Then
M (o) 'diag(z1, ..., x,)M(0) = diag(To 1), - - - » To(m))-
Now use that the trace of a matrix is invariant under conjugation:
char(p)(z1,...,x,) = Tr(p(diag(xy, ..., z,)))
= Tr(p(M ()" p(diag(z1, ..., 2a))p(M(0)))
= Tr(p(M (o) diag(zy, . .., 2,)M(0)))
= Tr(p(diag(zo); - -+ To(m)))
= char(p)(zo(1); - - -, To(n))- O

Example 1.2.3. e The character of the identity representation is xy + x5 + - - - + xp,.
e The character of the representation p: GL,(C) — GL(Sym?(C")) is

ha(zy,...,x,) = Z Tiy - Ty
1<i1 <-<ig<n
e The character of the representation p: GL,(C) — GL(A%(C")) is
eq(ry, ..., x,) = Z Tiy - Ty O
1<i1 < <tq<n
A few remarks that aren’t easy to see right now (though we may revisit):

e The set of characters in A(n) generates all of A(n) as an abelian group.

e If we are more careful about how to define characters in infinite-dimensional settings,
we get that characters of polynomial representations of GL4 (C) are elements of A.

e The character determines the representation up to isomorphism: if char(p) = char(p’),
then p and p’ define isomorphic representations: one can be obtained from the other
by a suitable isomorphism of the underlying vector spaces V and V”.

If we take these remarks as fact for now, this gives one motivation for studying A. This
representation-theoretic interpretation of A will clarify various definitions and constructions
we will encounter. A few basic ones that we can see now:

o If p;: GL,(C) — GL(V;) are polynomial representations for i = 1,2, we can form
the direct sum representation p; @ py: GL,(C) — GL(V; & V3) via

(p1 @ p2)(9) = (pl(gg> pg(()g))

and

char(p; @ po)(z1,...,x,) = char(py)(x1,...,x,) + char(ps)(x1, ..., x,).
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e There’s also a multiplicative version using tensor product. If p;: GL,(C) — GL(V})
are polynomial representations for ¢ = 1,2, we can form the tensor product represen-
tation p; ® pa: GL,(C) = GL(V; ® V3) via (assuming p;(g) is N x N):

p1(9)11p2(9)  pi(g)i2p2(g) - pi(9)npa(g)

p1(9)2102(9)  p1(9)22p2(9) - pi(g)anp2(9)
(p1 @ p2)(g) = :

p1(g)nap2(9) pi(g)napa(g) -+ pi(g)nnvp(9)

(here we are multiplying p2(g) by each entry of p;(g) and creating a giant block
matrix) and

char(p; ® po)(21,...,x,) = char(py)(x1,...,x,) - char(pa)(x1, ..., T,).

Note that subtraction will not have any natural interpretation, and in general, the differ-
ence of two characters need not be a character. In general, the elements of A(n) or A can be
thought of as virtual characters since every element is the difference of two characters.

1.3. Partitions. A partition of a nonnegative integer n is a sequence A = (A1, ..., A\;) such
that Ay > Ao > - > A > 0and A\ +---+ X\, = n. We will consider two partitions the same
if their nonzero entries are the same. It will also be convenient to make the convention that
Ai = 0 whenever ¢ > ¢(\). And for shorthand, we may omit the commas, so the partition
(1,1,1,1) of 4 can be written as 1111. As a further shorthand, the exponential notation is
used for repetition, so for example, 1% is the partition (1,1,1,1). We let Par(n) be the set
of partitions of n, and denote the size by p(n) = |Par(n)|. By convention, Par(0) consists of
exactly one partition, the empty one.

Example 1.3.1.

Par(5) = {5,41,32,31% 2%1,21°, 1°}. O

If A is a partition of n, we write |\| = n (size). Also, ¢()) is the number of nonzero entries
of A (length). For each i, m;(\) is the number of entries of A that are equal to i.

It will often be convenient to represent partitions graphically. This is done via Young
diagrams, which is a collection of left-justified boxes with )\; boxes in row i.! For example,
the Young diagram

[

'In the English convention (which is the one that we will use), row ¢ sits above row i + 1, in the French
convention, it is reversed. There is also the Russian convention, which is obtained from the English
convention by rotating by 135 degrees counter-clockwise.
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corresponds to the partition (5, 3,2). Flipping across the main diagonal gives another parti-
tion A, called the transpose. In our example, flipping gives

So (5,3,2)" = (3,3,2,1,1). In other words, the role of columns and rows has been inter-
changed. This is an important involution of Par(n) which we will use later.
We will use several different partial orderings of partitions:

o \C pif \; < p; for all v.

e The dominance order: \ < pif Ay +---+ X; < pg +--- + p; for all i. Note that
if |\| = |u|, then A\ < p if and only if AT > uf. So transpose is an order-reversing
involution on the set of partitions of a fixed size.

e The lexicographic order: for partitions of the same size, A <% u if A = pu, or
otherwise, there exists ¢ such that \y = puy,..., A1 = p;—1, and \; < p;. This is a
total ordering.

2. BASES

Given an infinite sequence (v, @, ...) with finitely many nonzero entries, we use z® as a
. P
convention for [[,-, z5".

The following lemma will be useful, so we isolate it here.
lem:change-basis

Lemma 2.1. Let ay, be a set of integers indexed by partitions of a fived size n. Assume
that axx = 1 for all X\ and that ay, # 0 implies that p < X\ (dominance order). For any
ordering of the partitions, the matriz (ay,) is invertible (i.e., has determinant £1).

The same conclusion holds if instead we assume that ay i = 1 for all X and that ay , # 0
implies that p < \T.

Proof. Note that if u < A, then u <® X (lexicographic order): suppose that A = py,..., \; =
i but \iy1 # pip1. Using the dominance order, Ay + -+ + A\j 1 > 1 + -+ + fir1, SO we
conclude that \;11 > piiq.

Now write down the matrix (ay,) so that both the rows and columns are ordered by
lexicographic ordering. Then this matrix has 1’s on the diagonal and is lower-triangular. In
particular, its determinant is 1, so it is invertible. Any other choice of ordering amounts to
conjugating by a permutation matrix, which only changes the sign of the matrix.

In the second case, write down the matrix (ay ,) with respect to the lexicographic ordering
A1), A(2),..., Xp(n)) for rows, but with respect to the ordering A\(1)", A\(2)T,..., A(p(n))T
for columns. This matrix again has 1’s on the diagonal and is upper-triangular, so has
determinant 1. If we want to write down the matrix with the same ordering for both rows
and columns, we just need to permute the columns which changes the determinant by a sign
only. 0

2.1. Monomial symmetric functions. Given a partition A = (A1, Ag,...), define the
monomial symmetric function by
my = Z ¢
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where the sum is over all distinct permutations v of A\. This is symmetric by definition. So
for example, m; = > .o, z; since all of the distinct permutations of (1,0,0,...) are integer
sequences with a single 1 somewhere and 0 elsewhere. By convention, my = 1. Some other

examples:
myi = E Xl

1<j

E 3,..2
m37271 = ZL‘iZEjIk.

i7j7k
i£], j#k, 1#k
In general, mx = e and my = pg.
thm:m-basis
Theorem 2.1.1. As we range over all partitions, the m, form a basis for A.

Proof. They are linearly independent since no two m, have any monomials in common.
Clearly they also span: given f € A, we can write f = Y _c,2® and ¢, = cg if both are
permutations of each other, so this can be rewritten as f = ), cxmy where the sum is now
over just the partitions. 0

Corollary 2.1.2. A, has a basis given by {m, | |\| = d}, and hence is a free abelian group
of rank p(d) = |Par(d)|.

Theorem 2.1.3. A(n)q has a basis given by {my(x1,...,x,) | [N =d, €(A) <n}.

2.2. Elementary symmetric functions. Recall that we defined

€L = E Ljy Ly * + * Ty, -

11 <t <--<ig

For a partition A = (Aq,..., \g), define the elementary symmetric function by

EX = EX16Ny "t BN

Note ey € Ay
Since the m,, form a basis for A (Theorem 2.1.1), we have expressions

€\ = E M)\’“m“.
o

We can give an interpretation for these change of basis coefficients as follows. Given an (in-
finite) matrix A with finitely many nonzero entries, let row(A) = (o) A1, D sy A2y )
be the sequence of row sums of A, and let col(A) be the sequence of column sums of A. A

(0, 1)-matrix is one whose entries are only 0 or 1.
lem:M-coeff

Lemma 2.2.1. M, , is the number of (0,1)-matrices A with row(A) = X and col(A) = p.

Proof. To get a monomial in ey, we have to choose monomials from each e,, to multiply.
Each monomial of e), can be represented by a subset of {1,2,...} of size \;, or alternatively,
as a sequence (thought of as a row vector) of 0’s and 1’s where a 1 is put in each place of the
subset. Hence, we can represent each choice of multiplying out a monomial by concatenating
these row vectors to get a matrix A. By definition, row(A) = A and col(A) = p where the
monomial we get is x*. 0

Corollary 2.2.2. M, , = M, .
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Proof. Take the transpose of each (0, 1)-matrix to get the desired bijection.
thm:e-basis

Theorem 2.2.3. If My, # 0, then u < A'. Furthermore, M, x+ = 1. In particular, the ey
form a basis of A.

Proof. Suppose My ,, # 0. Then there is a (0, 1)-matrix A with row(A) = A and col(A) = p.
Now let A’ be obtained from A by left-justifying all of the 1’s in each row (i.e., move all of
the 1’s in row i to the first \; positions). Note that col(A’) = AT. Also, the number of 1’s in
the first ¢ columns of A’ is at least as many as the number of 1’s in the first ¢ columns of A,
SO )\I +-oF )\;r > pig 4+ g, i, AT > g Moreover, if g = AT, A is the only (0, 1)-matrix
with row(A’) = \ and col(A’) = AT,

The second statement follows from Lemma 2.1. thm: e-finite-bas s

Theorem 2.2.4. The set {ex(x1,...,2,) | M1 <n, [N =d} is a basis of A(n)g.

Proof. If \y > n, then ey, (z1,...,x,) = 0, so ex(z1,...,2,) = 0. Hence under the map
mn: A — A(n), the proposed e, span the image. The number of such ey in degree d is
HA | M < n, |\ = d}|, which is the same as [{\ | £(\) < n, |\ = d}| via the transpose T,
and this is the rank of A(n)g4, so the e, form a basis. O

Remark 2.2.5. The previous two theorems say that the elements e, es,e3,... are alge-
braically independent in A, and that the elements ey, ..., e, are algebraically independent
in A(n). This is also known as the “fundamental theorem of symmetric functions”. O

2.3. The involution w. Since the e; are algebraically independent, we can define a ring
homomorphism f: A — A by specifying f(e;) arbitrarily.? Define

w: A=A
by w(e;) = h;, where recall that hy, = >0, _; @ -z

i
thm:omega-inv

Theorem 2.3.1. w is an involution, i.e., w? = 1. Equivalently, w(h;) = e;.

Proof. Consider the ring A[t] of power series in ¢ with coefficients in A. Define two elements

of Aft]:

9% 5 E@) = e,  H(t)=Y hut".
n>0 n>0

Note that E(t) = [[,»;(1 + z;t) (by convention, the infinite product means we have to
choose 1 all but finitely many times; if you multiply it out, the coefficient of " is all ways
of getting a monomial x;, - - - x;, with iy < --- < 4, and each one appears once, so it is e,)
and that H(t) = [],5,(1 — 2;t)"! (same as for E(t) but use the geometric sum (1 — 2;t)~! =
I+ Zd>0 Izc‘ltd)'

This implies that E(t)H(—t) = 1. The coefficient of ¢” on the left side of this identity is
S o(=1)"""e;h,—;. In particular, that sum is 0 for n > 0. Now apply w to that sum and
multiply by (—1)" to get

Z(—nihiw(hn,i) = 0.

This shows that Y - w(h,)t" = H(—t)"' = E(t), so w(h,) = e, O

2Every element is uniquely of the form Yoy cxen; since f is a ring homomorphism, it sends this to

Z)\ c/\f(ez\l)f(e>\2) to f(e/\eo\))'
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Furthermore, we can define a finite analogue of w, the ring homomorphism w,: A(n) —
A(n), given by wy(e;) = h; fori=1,... n.

thm:omega-inv-finite
Theorem 2.3.3. w? =1, and w, is invertible. Equivalently, w,(h;) =e; fori=1,...,n.

Proof. In A, we have expressions h; = szi ciaex. We know that w(h;) = e;, so we also get
e; = ZW:Z. ciow(en).

Using the first relation, we also get wy(mn(hi)) = 2|52 Ciawn(mn(enr)). By definition,
wn(ma(en)) = mp(w(ey)) when Ay < n. This condition is guaranteed if i < n, so we can
rewrite it as wy(m,(hi)) = 32|52 Giama(w(ey)). Finally, applying 7, to the second relation
above, we get m,(e;) = > )\ _; cinma(w(en)), so we conclude that m,(e;) = wp(mn(hi)), as

desired. .
sec:h-basis

2.4. Complete homogeneous symmetric functions. For a partition A = (A1,..., \g),
define the complete homogeneous symmetric functions by

hy=hy, -+ hy,.
Theorem 2.4.1. The hy form a basis for A.

Proof. Since w is a ring homomorphism, w(ey) = hy. Now use the fact that the ey form a
basis (Theorem 2.2.3) and that w is an isomorphism (Theorem 2.3.1). O

Again, we can write hy in terms of my,:

h A = Z N, ATy
o
and give an interpretation for the coefficients. This is similar to M) ,: the N, , is the number
of matrices A with non-negative integer entries such that row(A) = X and col(A) = p (not
just (0, 1)-matrices). The proof is similar to the M), case. However, it does not satisfy any
upper-triangularity properties, so it is not as easy to see directly (without using w) that the
hy are linearly independent.

Theorem 2.4.2. hy,..., h, are algebraically independent generators of A(n), and the set
{hx(z1, ..., 20) | M1 < n, [N =d} is a basis of A(n)g.

Proof. Follows from Theorem 2.2.4 and Theorem 2.3.3. U

sec:p-basis
2.5. Power sum symmetric functions. Recall we defined

Pr = Zxﬁ

n>1
For a partition A = (Ay,...,Ax) (here we assume A\, > 0), the power sum symmetric
functions are defined by
DX =Dx; P
We can write the py in terms of the m,,:
Py = Z R)\”umw
w

Theorem 2.5.1. If Ry, # 0, then A < u. Also, Ry # 0. In particular, the py are linearly
independent.
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. g . A b . . .
Proof. Every monomial in p) is of the form z;' - --z;* for some choice of iy, ..., ik Suppose

this is equal to z* for a partition p. So we get p by reordering the ¢; and merging together
equal indices. In other words, there is a decomposition By IT--- 11 B, = {1,...,k} so that
Wy = Zzij Ai. We use this to show that pu; +--- + pu; > A +--- + \; for each 7. So fix
a value of i. It is immediate from the definition of the B; that Y o s > > .o As Where
S=BU---UB;. f j<iand j ¢ ByU---U B, then j € By for some ¢ > i, and then
fi > py > Aj. Add all of these inequalities up to get pg + -+, > A+ + A, O

Remark 2.5.2. The p, do not form a basis for A. For example, in degree 2, we have
P2 = My
P11 = Mg + 2my

and the change of basis matrix has determinant 2, so is not invertible over Z. However, they
do form a basis for Aq. O

Recall the definitions of E(t) and H(t) from (2.3.2):
E(t)=) eft",  H(t)=) hyt"
n>0 n>0
Define P(t) € A[t] by
P(t) =) put""

n>1

(note the unconventional indexing).

lem:Plog
Lemma 2.5.3. We have the following identities:
d d
P(t) = —log H(t P(—t) = —log E(1).
Proof. We have
PO =YY e
n>1 i>1
i>1
B d 1
g B\ Tt
>1
d 1
=—1
dt® (H 1— m)
i>1
d
= —log H(t
o log H(t)
The other identity is similar. 0

Given a partition A, recall that m;(\) is the number of times that i appears in A. Define

(2.5.4) o= [mOm\), ey = (=),

i>1
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thm:EH-P
Theorem 2.5.5. We have the following identities in A[t]:

E(t) =) axn'pt™,  HE) =) z'path,
A A
en =Y Ex% P, hn =Y 2 'px
[A[=n [A|l=n

Proof. From Lemma 2.5.3, we have P(t) = %log H(t). Integrate both sides (and get the
boundary conditions right using that log H(0) = 0) and apply the exponential map:

H(t) = exp (Z p,;f”)

n>1

~Tew (™)

n>1

dynd
b

The identity for E(t) is similar. Finally, the second row of identities comes from equating

the coefficient of t" in the first row of identities. ) O
cor :p—elgenba31s

Corollary 2.5.6. w(py) = €\py, i.e., the py are a complete set of eigenvectors for w.

Proof. We prove this by induction on A;. When Ay = 1, this is clear since pi» = pi' = e} = AT
and €= = 1. So suppose we know that w(py) = expx whenever \; < n. Apply w to the

identity
€n = Z €>\Z>T1p)n

[Al=n

to get

hy = Z exzy w(pa).

[A|l=n
Every partition satisfies A\; < n except for A = (n), so this can be simplified to

B = €nz;, tw(pn) + Z z/\_lp,\.

[Al=n, Ai<n

hn = Z Z,\AP)\

[Al=n

Compare this to the identity

to conclude that e,z 'w(p,) = 2, p,; now multiply both sides by z,. Now given any other
partition with A\; = n, use the fact that w is a ring homomorphism, that e\ = ey, - - - €x,,
and that py = py, - - - pa, to conclude that w(py) = expa. O

Theorem 2.5.7. py,...,p, are algebraically independent generators of A(n)q and the set
{pr(z1,....20) | M <, [N =d} is a basis for A(n)q.q-
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Proof. By Theorem 2.5.5, we have e;(xy,...,x,) = szi sAz/\_lp,\(xl, .., xy) for all 4. If
i < n, then this shows that pi,...,p, are algebra generators for A(n)q since the ey, ..., e,
are algebra generators. The space of possible monomials in the p; of degree d is the number
of A with A\ < n and || = d, which is dimq A(n)q.4, so there are no algebraic relations
among them. 0

The proof of Corollary 2.5.6 can be adapted to show that w,(p)) = expx whenever \; < n.

2.6. A scalar product. Define a bilinear form (,): A ® A — Z by setting
<m>\7 hu> = 6%#

where ¢ is the Kronecker delta (1 if A\ = p and 0 otherwise). In other words, if f =), axmy
and g = > buh,, then (f,g) = >, axby (well-defined since both m and h are bases).
At this point, the definition looks completely unmotivated. However, this inner product
is natural from the representation-theoretic perspective, which we’ll mention in the next
section (without proof).

In our setup, m and h are dual bases with respect to the pairing. We will want a general
criteria for two bases to be dual to each other. To state this criterion, we need to work in
two sets of variables  and y and in the ring Z[z1,z2,...,41,¥2,...] where the 2’s and y’s

are separately symmetric.
lem:basis-kernel

Lemma 2.6.1. Let uy and v, be homogeneous bases of A (or Aq). Then (ux,v,) = 0, if

and only if
Y w@uy) =[] —zy) ™"

i,J
Proof. Write uy = ) a)omq and v, = Zﬁ b, shs. Pick an ordering of the partitions of a
fixed size. Write A = (a),) and B = (b, g) in these orderings. First,

(ux; V) E :a)w et

Hence uy and v, are dual bases if and only if ZV ax~bu~ = O, or equivalently, ABT = T
where T' denotes transpose and I is the identity matrix. So A and BT are inverses of each
other, and so this is equivalent to BTA = I, or Z,y ay by, = 0y . Finally, we have

ZUA(x ZZ@)\ab)\7Bma Z (Z ay ab,\5> ma(2)hs(y).

Since the m,(z)hg(y) are hnearly independent, we see that > a, b, , = 6y, is equivalent

to >\ ua(z)va(y) = D, ma(z)hr(y). Now use Proposition 2.6.2 below. O
prop:kernel

Proposition 2.6.2.

Zm,\(:c)h,\(y) = H(l - 5Ciyj)71~

1,
Proof. We have

HH 1 —zy;)” HZh :za:ha(y)m

j n>0



12 STEVEN V SAM

where the sum is over all sequences oo = (o, (g, . .. ) with finitely many nonzero entries, and
ho(y) = hay (Y)hay (y) - - - ; finally, grouping together terms « in the same ¥ ,-orbit, the latter
sum simplifies to Y, my(z)hx(y), where the sum is now over all partitions . O

cor:omega-symmetric

Corollary 2.6.3. The pairing is symmetric, i.e., {f,g) = (g, f).

Proof. The condition above is the same if we interchange « and y, so (my, h,) = (h,, my).

Now use bilinearity. O
prop:p-orthogonal
Proposition 2.6.4. We have

ZzilpA(I)PA(y) = H(l — ;)"

In particular, (px,pu) = 2x0xu, and py is an orthogonal basis of Aq.

Proof. As in the first part of the proof of Theorem 2.5.5, we can write

1:[1_[( vig) " =D bl

7 n>0

~ITew (Z n)y?>

n>1

_ Pu(2)pn(y)
o H Z Bl dlng

n>1 d>0
= Z 2 'oa(@)pa(y)
A

where the final sum is over all partitions. O
cor:omega-isometry

Corollary 2.6.5. w is an isometry, i.e., (f,g) = (w(f),w(g)).

Proof. By bilinearity, it suffices to show that this holds for any basis of Aq. We pick p,.
Then

<W(pA)7W(pu)> = 5A5M<Pmpu> = EXEp2A0A

by Corollary 2.5.6 and the previous result. The last expression is the same as 2,0y, since
e2 =1, so we see that (w(py),w(p,)) = (P, p,) for all \, p. O

Corollary 2.6.6. The bilinear form (,) is positive definite, i.e, (f, f) >0 for f # 0.
Proof. Assume f # 0. Write f =), axpx with some ay # 0. Then

£ =Y araupap) = a3
Ap A

Since zy, > 0 and a3 > 0, we get the result. O
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2.7. Some representation theory. From what we said before,
e, = char(A"(C™)), h,, = char(Sym"(C*)).
Also, tensor products go to multiplication of characters, so
ex = char(AM(C®) ® - - - @ AM(C™)), hy = char(Sym™ (C*®) ® - - - ® Sym™ (C*)).

The symmetric functions m, and p, are not in general the characters of polynomial represen-
tations. For example, one can show that any polynomial complex representation of degree
2 (its character is homogeneous of degree 2) is a positive linear combination of hy and ey,
while P2 = hg — €9.

Remark 2.7.1. If we allow ourselves to work in positive characteristic, the situation changes
dramatically. For example, in characteristic 2, py is the character® of the Frobenius twist of
the identity representation: this is the map GL,,(F) — GL,(F) (n finite or co) which squares
every entry (F is some algebraically closed field of characteristic 2). The representation
theory in positive characteristic is poorly understood, so we won’t say much about it. U

A representation-theoretic interpretation of p, will be made more clear when we discuss
the connection between A and complex representations of the symmetric group.

In general the ey and h) are not characters of irreducible representations (those which do
not have a nonzero proper subrepresentation), and part of the goal of the next section is to
find the characters of the irreducibles.

The involution w also has an algebraic interpretation. On the level of multilinear opera-
tions, it is swapping the exterior power and symmetric power functors. Recall that the kth
exterior power of a vector space V' (over a field of characteristic 0) can be constructed as

V®k/(0(v1 ® - ®@ug) —sgn(o)(vy @ -+ @ vg))

where the relations range over all permutations ¢ € ¥, and all v; € V. The symmetric
power has a similar construction, except sgn(o) does not appear. The two are related by the
action of the symmetric group, and more precisely, the choice of a symmetry for the tensor
product. The usual oneis V@ W =W @ V via v ® w — w ® v. However, there is another
one defined by v ® w — —w ® v (in categorical language, there are two different symmetric
monoidal structures on the category of vector spaces that extend the monoidal structure
given by tensor product). Abstractly, given a tensor product and a choice of symmetry,
exterior powers and symmetric powers can be defined; if we change the symmetry, then the
constructions get swapped. So w is an incarnation of switching the symmetry of the tensor
product.

Finally, the bilinear pairing (,) has an important representation-theoretic interpreta-
tion, which we will not prove. Given two polynomial representations V,W of GL,(C),
let Homer, (c)(V, W) be the set of linear maps f: V' — W such that f(pv(g9)v) = pw(9)f(v)
for all v € V and g € GL,,(C). When n = oo, we have

(char(V'), char(W)) = dimc Homgr,_ (c)(V, W).

There is also a version for n finite if we define the analogue of (,) for A(n) (in the same way).

3If we define the character as the trace, we get something valued in A @ F, but it is possible to modify
the definition so that it is valued in A.
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The quantity [[; ;(1 — 2;y;) is the character of the GLx(C) X GLo(C) action on the

symmetric algebra €, Sym?(C> ® C>) where the first, respectively second, GLg(C)
acts on the first, respectively second, copy of C.

3. SCHUR FUNCTIONS AND THE RSK ALGORITHM

The goal of this section is to give several different definitions of Schur functions. This
will appear unmotivated. However, at the end, we’ll comment on their central role in the
representation theory of general linear groups. The key point is that they are the characters
of the irreducible representations.

3.1. Semistandard Young tableaux. Let A be a partition. A semistandard Young
tableau (SSYT) T is an assignment of positive integers to the Young diagram of A so
that the numbers are weakly increasing going left to right in each row, and the numbers are
strictly increasing going top to bottom in each column.

Example 3.1.1. If A = (4,3, 1), and we have the assignment

blcld]
flg

ERE

then, in order for this to be a SSYT, we need to have
a<b<c<d,

e<f<y,

a<e<h,

b< f,and

c<g.

An example of a SSYT is

—
w

5] O

’\Il\.’)»—t
w
IS

The type of a SSYT T is the sequence type(T) = (aq, ag,...) where q; is the number of
times that ¢ appears in 7. We set

:L"T = x?lxg@ e
Given a pair of partitions 1 C A, the Young diagram of A/u is the Young diagram of A
with the Young diagram of p removed. We define a SSYT of shape A/ to be an assignment
of positive integers to the boxes of this Young diagram which is weakly increasing in rows
and strictly increasing in columns.

Example 3.1.2. If A = (5,3,1) and p = (2, 1), then

alblc
dle

/]
is a SSYT if
e 0 <b<cg,
e d <e, and
e aq<e. L]
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We define the type of T and 27 in the same way.
Given a partition A, the Schur function s, is defined by

S\ — Z JZT
T
where the sum is over all SSYT of shape A. Similarly, given p C A, the skew Schur function

Sy/p 1s defined by
S\/p = Zl’T
T

where the sum is over all SSYT of shape A/u. Note that this is a strict generalization of the
first definition since we can take y = &, the unique partition of 0.

We can make the same definitions in finitely many variables xy, ..., z, if we restrict the
sums to be only over SSYT that only use the numbers 1,... n.

Example 3.1.3. s1 (21, 22,...,2,) is the sum over SSYT of shape (1,1). This is the same
as a choice of 1 < i < j <m, sosi(x1,...,2,) = Zl§i<j§nxixj = eg(x1,...,2,), and by
the same reasoning, s;; = eg in infinitely many variables. More generally, s;» = e for any
k.

Also, s = hy since a SSYT of shape (k) is a choice of i; < iy < -+ < iy

For something different, consider so;(xy,x2,23). There are 8 SSYT that of shape (2,1)
that only use 1,2, 3:

1] [ [z 12 OB O3 212 23]

2] El 2] El 2] El El El
From this, we can read off that so (21, 22, x3) is a symmetric polynomial. Furthermore, it is
Mo (21, T, 3) + 2my 1,1 (21, T2, 3). 0

Theorem 3.1.4. For any pn C A, the skew Schur function sy, is a symmetric function.

Proof. We need to check that for every sequence a and every permutation ¢, the number
of SSYT of shape A/ and type « is the same as the number of SSYT of shape A/u and
type o(«). Since « has only finitely many nonzero entries, we can always replace o by a
permutation ¢’ that permutes finitely many elements of {1,2,...} so that o(a) = o'(«).
But then ¢’ can be written as a finite product of adjacent transpositions (i,7 + 1). So it’s
enough to check the case when o = (4,7 + 1).

Let T be a SSYT of shape A/u and type a. Do the following: take the set of columns
that only contain exactly one of ¢ or i + 1. Now consider just the entries of these columns
that contain i or ¢ + 1. The result is a series of isolated rows. In a given row, if there are
a instances of ¢ and b instances of 7 4+ 1, then replace it by b instances of ¢ and a instances
of i + 1. The result is still a SSYT, but the type is now (,7 + 1)(«). This is reversible, so
defines the desired bijection. ([l

We now focus on Schur functions. Suppose A is a partition of n. Let K, be the number
of SSYT of shape A and type «, this is called a Kostka number. The previous theorem says
K)o = K) (o) for any permutation o, so it’s enough to study the case when « is a partition.
By the definition of Schur function, we have

S\ = E K/\”umu.

ukn
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An important special case is when p = 1". Then K 1» is the number of SSYT that use each
of the numbers 1,...,n exactly once. Such a SSYT is called a standard Young tableau,

and Ky j» is denoted f*.
thm:kostka-dominance

Theorem 3.1.5. If K, # 0, then u < X (dominance order). Also, Ky = 1. In particular,
the s\ form a basis for A.

Proof. Suppose that K, # 0. Pick a SSYT T of shape A and type p. Each number £ can
only appear in the first £ rows of T otherwise, there is a column with entries 1 < i; <
19 < -+ < 1, < k where r > k, which is a contradiction. This implies that puy +--- 4+ pp <
M A A, so p <A

The only SSYT of shape A and type A is the one that fills row ¢ with the number .

Now the last statement follows from Lemma 2.1. O

Corollary 3.1.6. {s, | |\| = d} is a basis for A,.
cor:s—finite-basis

Corollary 3.1.7. {s)(x1,...,z,) | |A| = d, £(\) < n} is a basis for A(n)y.

Proof. Note that if /(A) > n, there are no SSYT only using 1,...,n, so s)(z1,...,2,) = 0.
Hence the set in question spans A(n)q. Since A(n)q is free of rank equal to the size of this
set, it must also be a basis. O

Remark 3.1.8. For each partition A, there is a multilinear construction, known as a Schur
functor S, which takes as input a vector space V' and outputs another vector space Sy(V),
and given any linear map f: V — W, a linear map Sy(f): Sx(V) — S\(W). Furthermore,
it is functorial: Sy(go f) = Sx(g) o SxA(f). In particular, g — S,(g) gives a representation of
GL,(C) (which turns out is polynomial). The important facts:

e s)\(z1,...,x,) is the character of S)(C"); likewise, s, is the character of S,(C>).
e The Schur functors S)(C™) with £(\) < n give a complete set of irreducible polyno-
mial representations of GL,,(C).

We likely will not prove these (or even give the construction for S,) in this course, but this
is one serious reason why the Schur functions are so important. An important special case

of Schur functors are symmetric powers (S; = Sym*) and exterior powers (S;x = A").
Some references on Schur functors are [Ful, §8], [FH, §6], and [W, §2]. O

3.2. RSK algorithm. The RSK algorithm converts a matrix with non-negative integer
entries into a pair of SSYT of the same shape. This has a number of remarkable properties
which we can use to get identities for Schur functions. The basic step is called row insertion,
which we now define.

Let T'be a SSYT of a partition A\, and let £ > 1 be an integer. The row insertion, denoted
T <+ k, is another tableau defined as follows:

e Find the largest index ¢ such that 77,1 < k (if no such index exists, set ¢ = 1).

e Replace T7,; with k and set k' = T3 ;; we say that k is bumping £'. If i = \; + 1, we
are putting k£ at the end of the row, and the result is T" < k.

e Otherwise, let 7" be the SSYT obtained by removing the first row of 7. Calculate
T’ < k' and then add the new first row of T" back to the result to get T' + k.

Let I(T < k) be the set of coordinates of the boxes that get replaced; this is the insertion
path.
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214[5]5[6] and k = 4.
3/6[(6(8
6[8

Example 3.2.1. Let T' =

o] ][ —

We list the steps below, each time bolding the entry that gets replaced.

1[2[4[5[5[6 (4] _[1[2[4[4]5]6]  _[I[2[4]4]5]6] _[I]2[4[4[5]6]
313/6]6]8 3[3]6]6[8] «[5] [3[3]5]6]8 313[5(6]8
41618 4168 4168 «[6] [4]6]6
7] 7] 7] 78
8] 8] 8] 18]

The insertion path is I(T < 4) = {(1,4),(2,3),(3,3), (4,2)}. O

prop:row-insert-SSYT

Proposition 3.2.2. T« k is a SSYT.

Proof. By construction, the rows of T <— k are weakly increasing. Also by construction, at
each step, if we insert a into row ¢, then it can only bump a value b with b > a. We claim
that if (¢,7), (i + 1,5") € I(T < k), then j > j'. If not, then T}, ; < T;; since otherwise b
would bump the number in position (i + 1, j) or further left instead of bumping the number
in position (i + 1, '), but this contradicts that 7" is a SSYT. In particular, b = T;; < T; »
and also Tj4o ;s > Tj41 7 > b, so inserting b into position (i 4 1, j') preserves the property of
being a SSY'T. OJ

Now we’re ready to give the RSK (Robinson—Schensted—Knuth) algorithm. Let A be an
infinite matrix (whose rows and columns are indexed by positive integers) with non-negative
integer entries (only finitely many of which are nonzero). In examples, we will represent A
by a finite northwestern corner which contains all of its positive entries. Create a multiset
of tuples (i,j) where the number of times that (i,j) appears is A; ;. Now sort them by
lexicographic order and put them as the columns of a matrix w4 with 2 rows.

2
11122223
Example 3.2.3. If A = 8 , then wy = (1 13929 9 3 3). U

o W O
—_ = =

Given A, we're going to create a pair of tableaux (P, Q) by induction as follows. Start with
P(0) = @, Q(0) = @. Assuming P(t) and Q(t) are defined, let P(t+1) = (P(t) < (wa)a.t41)-
Now P(t+ 1) has a new box that P(¢) does not have; add that same box to Q(t) with value
(wa)144+1 to get Q(t+1). When finished, the result is P (the insertion tableau) and @) (the
recording tableau).
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Example 3.2.4. Continuing the previous example, we list P(¢),Q(¢) in the rows of the
following table.

b(t) Q(t)
1] 1]

=
=
=

1]1]2] 1[1]1]
3 2
1[1]2]2] 1[1]1]2]
3 2
1[1]2]2]2] 1[1]1]2]2]
3 2
1[1]2]2]2]3] 1[1]1]2]2]2]
2
L[1]2]2]2]3[3]|[1[1]1]2]2]2]3]
3] 2]
The last row has the tableaux P and Q). 0]

Lemma 3.2.5. P and ) are both SSYT.

Proof. P is built by successive row insertions into SSYT, so is itself a SSYT by Proposi-
tion 3.2.2. The numbers are put into () in weakly increasing order since the first row of w4
is weakly increasing. Hence the entries of () are weakly increasing in each row and also in
each column. So it suffices to check no column has repeated entries, and this follows from
the next lemma. d

Lemma 3.2.6. Let T be a SSYT and j < k. Then I(T <« j) is strictly to the left of
I(T <« j) < k), d.e, if (r,s) € I(T < j) and (r,s") € I(T < j) < k), then s < §'.
Furthermore, #I1(T < j) > #1((T + j) < k).

Proof. When inserting k into the first row of T' <— j, k must bump a number strictly larger
than itself, so gets put in a position strictly to the right of whatever was bumped by j when
computing 7' < 7. The numbers j’ and &’ that got bumped by j and k satisfy j' < &/, so we
can deduce the first statement by induction on the number of rows.

For the second statement, let r = #I(T < j), so that the last move in computing 7" < j
was to add an element to the end of row r. If #1((T < j) < k) > r, then the bump in row
r happens strictly to the right of row r, which means an element was added to the end, and

hence r = #I((T + j) + k) in this case. O
thm:RSK

Theorem 3.2.7. The RSK algorithm gives a bijection between non-negative integer ma-
trices A with finitely many nonzero entries and pairs of SSYT (P,Q) of the same shape.
Furthermore, j appears in P exactly Y . A;; times, while i appears in Q exactly Zj A
times.

Proof. The last statement is clear from our construction, so it suffices to prove that RSK
gives a bijection. We just give a sketch. First, we can recover wy from (P, Q) as follows:
the last entry in the first row of w, is the largest entry in @), and it was added wherever the
rightmost occurrence of that entry is. Remove it to get ). Now, consider the number in
the same position in P. We reverse the row insertion procedure; whatever pops out at the
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end is the last entry in the second row of w,. We can undo the row insertion procedure to
get this entry out of P and get a resulting P’. Now repeat to get the rest of the columns of
wa. So the RSK algorithm is injective. We can do this procedure to any pair (P, @)), though
we don’t know it leads to w, for some matrix A; surjectivity amounts to proving this is the
case. We will skip this check, which amounts to reversing some of the arguments presented

above. O
cor:cauchy

Corollary 3.2.8 (Cauchy identity).

[T = ziy) ™ =D sa(@)saly)
A

i?j
where the sum is over all partitions.

Proof. Given a non-negative integer matrix A with finitely many nonzero entries, assign to
it the monomial m(A) = Hi’j(xiyj)Am'. The left hand side is then ), m(A) since the A, ;
can be chosen arbitrarily. Via the RSK correspondence, A goes to a pair of SSYT (P, Q),
and by Theorem 3.2.7, m(A4) = 29", and so >, m(A) = >, sa(z)sa(y). O

Remark 3.2.9. In finitely many variables z1,...,Z,, Y1, ..., Ym, we can think of Hm(l —
z;y;) " as the character of GL,(C) x GL,,(C) acting on Sym(C" ® C™). A similar remark
can be made with infinitely many variables. The Cauchy identity gives a decomposition into
Schur functors:

Sym(C" @ C™) = @5 S5(C") ® S\ (C™)
A

where the sum is over all partitions (or just those with £(\) < min(m,n)). For an algebraic
approach to this identity (avoiding symmetric functions), see [Ho, §2] or [DEP, Corollary
3.4]. 0

cor:schur-orthonormal

Corollary 3.2.10. The Schur functions form an orthonormal basis with respect to (,), i.e.,
<3>\7 SM> = 5%#'

Proof. Immediate from the Cauchy identity and Lemma 2.6.1. O

cor:h-to-s

Corollary 3.2.11. We have
h'u = Z KA’#S)\.
A

Proof. Write h, = ), a s\ for some coefficients a. By Corollary 3.2.10, ay, = (h,, sx). By
definition, we have sy = > K, ,m,. But also by definition and Corollary 2.6.3, (h,,m,) =
du- Hence, ay, = Ky . O

Remark 3.2.12. Since h, is the character of Sym"' ®--- @ Sym**, this formula explains
how to decompose tensor products of symmetric powers into Schur functors. U

An important symmetry of the RSK algorithm is the following, but we omit the proof.

Theorem 3.2.13. If A — (P, Q) under RSK, then AT — (Q, P). In particular, RSK gives a
bijection between symmetric non-negative integer matrices with finitely many nonzero entries

and the set of all SSYT.
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3.3. Dual RSK algorithm. There is a variant of the RSK algorithm for (0, 1)-matrices
called dual RSK. The change occurs in the definition of row insertion: instead of k£ bumping
the leftmost entry that is > k, it bumps the leftmost entry that is > k. This can be analyzed
like the RSK algorithm, but we will omit this and state its consequences. Below, a tableau
will simply mean an assignment of the positive integers to the boxes of some Young diagram.
Furthermore, if P is a tableau, then P! means the tableau of the transpose of the shape of
P with the obvious correspondence of values.

Theorem 3.3.1. The dual RSK algorithm gives a bijection between (0,1)-matrices A with
finitely many nonzero entries and pairs (P, Q) where P and Q) are tableauz of the same shape,
and PT and Q are SSYT. Furthermore, the type of P is given by the column sums of A and
the type of Q is given by the row sums of A.

Corollary 3.3.2 (Dual Cauchy identity).
H (14 2y5) ZS)\ x)S\i (y
2, A

Remark 3.3.3. In finitely many variables xi,...,2,,y1,...,Ym, we can think of Hm.(l +

z;y;) as the character of GL,,(C) x GL,,(C) acting on the exterior algebra A*(C"®C™). A
similar remark can be made with infinitely many variables. The dual Cauchy identity gives
a decomposition into Schur functors:

A(C"®Cm) = @SA ) ® Sy (C™),

where the sum is over all partitions (or just those with £(\) < n and A} < m). O
Lemma 3.3.4. Let w, be the action of w on the second copy of A in A® A. Then

H(l + 2y;) = wy H(l — ;)

i, Y]

Proof. We have

where the first equality is Proposition 2.6.2 and the second is Theorem 2.3.1. Now we follow
the proof of Proposition 2.6.2:

[ITIC + i) =TT D enw)a? = 3 S ma(w)ealv)

Combining these two gives the result. 0
cor:omega-s

Corollary 3.3.5. w(sy) = Syt.
Proof. Corollary 3.2.8 yields
Wy Z sx(z)sa(y) = wy H(1 - xiyj)_l = H(1 + 2y;) = ZSA(@S,\T(?J)-
A irj i\j A

The s)(x) are linearly independent, so wy,(sx(y)) = st (y). O
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ss:weyl-char
3.4. Determinantal formula. For this section, we will fix a positive integer n. Let a =

(v, ..., ) be a non-negative integer sequence. Define
aq g Qn
‘/El xl “o 'Tl U
aq g Qn
:E :E DY l’
a; 2 2 2
aq = det(z;”)}';—; = det
aq a9 e (6%

Note that a, is skew-symmetric: if we permute a, by a permutation o € ¥,,, then it changes
by sgn(o). Let p=(n—1,n—2,...,1,0).

lem:skew-sym
Lemma 3.4.1. (a) [[,c; <, (vi—z;) divides every skew-symmetric polynomial in 1, . .., Tp.

(b) a, = H1§i<j§n($i — ;).

Proof. (a) Let f(x1,...,x,) be skew-symmetric and let ¢ be the transposition (¢, 7). Then

of = —f. However, o f and f are the same if we replace z; by z;, so this says that specializing

x; to x; gives 0, i.e., f is divisible by (z; — x;). This is true for any ¢, j, so this proves (a).
(b) a, is divisible by [],;;<,(z; — z;) since it is skew-symmetric. But also note that

both are polynomials of degree 1 +2+4 -+ (n —1) = (;), so they are equal up to some
integer multiple. The coefficient of 7 ‘2572 ..x,_, for both is 1, so they are actually the

same. ]

Define a+ = (a1 + f1,y .- -y + B).
Given v C A, let K/, be the number of SSYT of skew shape A/v and type p.
lem:a-e

Lemma 3.4.2. Let A\, v be partitions with () < n and ¢(v) < n. Then

Ay p€u(T1, .o, Ty) = E Kyt ut 0t
A

Proof. Throughout this proof, all symmetric functions are understood to be specialized to
the variables 1, ..., z,. First, we claim that given a partition u, the coefficient of z*** in
Ay yp€y 18 Kyijpr - To get a monomial in aye,, - - - ey, , we pick a monomial 27 in a,, and
successively multiply it by monomials z*M, ... 2*®) where 22 is taken from e,;- Note that
each partial product a,,,e,, - - - ¢e,, is skew-symmetric, so each of its monomials have distinct
exponents on all of the variables. So, we're only interested in choosing ") so that the
product 2#2*M ... 22+ hag all exponents distinct. Since 21 is a product of distinct
variables, the relative order of the exponents remains the same. Since we're interested in
the coefficient of 2***, whose exponents are strictly decreasing, we can only get to this if
(3 is strictly decreasing and the 2+ is chosen so that the exponents of 2?21 ... g+
are strictly decreasing. The only § that works is v + p, and so the condition is the same as
requiring that y(r + 1) := v+ «(1) + - - - + a(r + 1) is a partition for each r.
Note then we get a sequence of partitions

v=7(0) Cy(1) Cy(2) C--- Cq(n) = A

such that the difference v(r + 1)/v(r) only has boxes in different rows, and that conversely,
given such a sequence, we can find a sequence of monomials that corresponds to this. How-
ever, this sequence is also equivalently encoding a labeling of the Young diagram of A /v which
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is weakly increasing in columns and strictly increasing in rows, i.e., taking the transpose gives
a SSYT of A\T/v' and type p. So the claim is proven.
Finally, consider the difference

AyypCp — § K)\T/VT,#CLA+p-
A

If N # A, then the coefficient of z* in ay, is 0, so the coefficient of each 2*** of this
difference is 0. However, any nonzero skew-symmetric function of degree |\| + (72‘) has a
monomial of the form 2" for some partition ), so we conclude that the difference is 0. O

cor:weyl-char
Corollary 3.4.3. Given a partition \,

a
sa(w1, ..., x,) = vy
ap

Proof. Again, in this proof, all symmetric functions are understood to be specialized to
Zi,...,%,. Take v = @ in Lemma 3.4.2 and divide both sides by a, to get

Ax-p
6# = E K)\T7M .
A

Qp

However, we also have an expression
ey = E Kt ,8x
A

by applying w to Corollary 3.2.11. The sets {s) | £(A\) < n} and {e, | 1 < n} are both
bases of A(n) (by Corollary 3.1.7 and Theorem 2.2.4), so we can invert the matrix (Ky: ,)
to conclude that sy = axi,/a,. d

Remark 3.4.4. (For those familiar with Lie theory.) The formula above is really an instance
of the Weyl character formula for the Lie algebra gl (C) (or actually, sl,(C) since it’s
semisimple, but we’ll phrase everything in terms of gl (C) because it’s cleaner). To translate,
first note that we can evaluate determinants by using a sum over all permutations, and in
our case this gives

Uy = Z sgn(o)o(z®).

oEX,

In the context of gl,(C), (integral) weights are identified with elements of Z™, while dominant
weights are the weakly decreasing ones. Also, p is used here to have the same meaning as
in Lie theory: it is the sum of the fundamental dominant weights. Finally, >, is the Weyl
group of gl (C), and sy(z1,...,x,) is the character of the irreducible representation with
highest weight A. Then our formula becomes

Docs, Sgn(o)o(z)

Y ves, sen(a)o(z)

which is the Weyl character formula, as might be found in [Hu, §24.3]. O

SA(.Tl, Ce ,.In) =
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3.5. Multiplying Schur functions, Pieri rule.
cor:s-times-e

Corollary 3.5.1. s,e, = Y, Kyi/t .51
Proof. By Lemma 3.4.2, we have

a/l/ere,u('rla SR 7:Cn> = E K)\T/VT,;LCL)\er
A

for n > max(¢(X), £(v)). Divide both sides by a, and use Corollary 3.4.3 to get the desired
identity in finitely many variables xy, ..., x,. Since it holds for all n > 0, it also holds when

n = 00. U
cor:s—-times-h

Corollary 3.5.2. s,h, =Y, Ky u8x.

Proof. Apply w to Corollary 3.5.1 and use Corollary 3.3.5 to get the desired identity with
vT and AT in place of v and X. But that’s just an issue of indexing, so we get the desired
identity. O

thm:skew-adjoint

Theorem 3.5.3. For any f € A, we have
(fsvssa) = (fosap)-

Proof. Both sides of the equation are linear in f, so it suffices to prove this when f ranges
over a particular basis, and we choose h,. By Corollary 3.5.2, (h,s,,sx) = K)/,,,. This is
the coefficient of m,, in s,,,. Since (h,,m,) = 6,,, we conclude that Ky, ,, = (hu,sap). O

Of particular note is when f = s,. Since the sy are a basis, we have unique expressions
eqn:L%— f Az
3%43] SuSy, = chjs,\,
A

and the ¢}, , are called Littlewood—-Richardson coefficients. We will see some special cases
soon and study this in more depth later. Since the sy are an orthonormal basis, we get

eqn:LRzggfiﬁl CA ::<$MSV,SA> ::<SM78A/V)

v

In particular, we also have an identity
A
Sxjy = E CrivSu-
o

From the definition, we have

Applying w to (3.5.4), we get

eqn:LR—d%%5§E%| P

JTR% vhut:

We can give an interpretation for the Littlewood—Richardson coefficients in the special
case where u (or v) has a single part or all parts equal to 1. Say that A/v is a horizontal
strip if no column in the skew Young diagram of \/v contains 2 or more boxes. Similarly,
say that A/v is a vertical strip if no row in the skew Young diagram of A\/v contains 2 or
more boxes.
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Theorem 3.5.7 (Pieri rule). o If u = (1%), then

N {1 if |\ = |v| +k and A\/v is a vertical strip

C g
(1%).w 0 otherwise

In other words,
SySik = E Sx
A

where the sum is over all X such that \/v is a vertical strip of size k.

o If u=(k), then

N {1 if || = |v| + k and \/v is a horizontal strip

C =
(k). 0 otherwise

In other words,
SySk = E S
A

where the sum is over all X\ such that \/v is a horizontal strip of size k.

Proof. Since syx = ey, we have 5,50 = ), Kyi 1 15x by Corollary 3.5.1. So ci\k’y is the
number of SSYT of shape AT/vT using k 1’s. There is at most one such SSYT, and it exists
exactly when |\/v| = k and no two boxes of A\f/vT are in the same column, i.e., \/v is a
vertical strip.

The proof the second identity is similar, or can be obtained by using w. U

Example 3.5.8. To multiply sy by s, it suffices to enumerate all partitions that we can
get by adding k boxes to the Young diagram of A, no two of which are in the same column.
For example, here we have drawn all such ways to add 2 boxes to (4, 2):

[ IxIx] [x], [ Ix] , L
X XX X

So

84,282 = Sg2 + S53 T S5.2,1 + Sa.a + Sa31 + Sa22- O
Recall that for [\ = n, f» = K ;» is the number of standard Young tableaux of shape .
Corollary 3.5.9. s7 =", fs\.

Proof. The Pieri rule says that to multiply s7, we first enumerate all sequences A ¢ \(1) ¢
A2 c ... € A where |A\?| = i. Then the result is the sum of s, with multiplicity given by
the number of sequences with A = X\. But such sequences are in bijection with standard

Young tableaux: label the unique box in A® /A0~ with . O
rmk:slambda

Remark 3.5.10. From the interpretation of s, as the character of an irreducible represen-
tation Sy, and the fact that polynomial representations are direct sums of irreducible ones,
we can reinterpret the Littlewood—Richardson coefficient as the multiplicity of Sy in the
decomposition of the tensor product of S, ® S,. From this, it is immediate that cﬁ’y > 0.
This non-negativity is not easy to see from our development so far otherwise.

The Pieri rule describes the decomposition of the tensor product of S, with an exterior

power /\k, respectively, a symmetric power Sym".
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The decomposition of s can be interpreted as a decomposition of the tensor power of
a vector space (C?)®" = P b SA(CH®/* . Hence the multiplicity space of Sy(C%) has
e(N)<d

dimension f*. When we discuss S_Chur—Weyl duality later, we will see that f* is the dimension
of an irreducible representation of . O

Theorem 3.5.11. w(s),) = Sxtjut-

Proof. First, we have

(Suts Sxt/ut) = (84181, Sxt) (Theorem 3.5.3)
= (w(sus,),w(sn)) (Corollary 3.3.5)

= (5,5, 5)) (Corollary 2.6.5)

= (Su: Sa/w) (Theorem 3.5.3)

= (w(su), w(srw)) (Corollary 2.6.5)

= (5,1, w(sam))- (Corollary 3.3.5)

The pairing is nondegenerate, so if we fix A, v and allow p to vary, we get syt /,t = w(sx/,). O

3.6. Jacobi—Trudi identity. Corollary 3.5.2 and Corollary 3.5.1 with v = & explain how
to rewrite the h, and e, bases in terms of the Schur basis using Kostka numbers. The
Jacobi-Trudi identities go the other way around. We’ll do something more general with
skew Schur functions though.

thm:JT
Theorem 3.6.1. Pick u C X\ with {(\) < n. Set h; =0 if 1 < 0. Then
hh —H1 h/\1*u2+1 h)\lfuer? T h)\lfunJrn*l
—q h n —d h)\27/1171 h)\zfuz h)\2,M3+1 e h)\2*un+n*2
Sa/u = det( /\ruriH)i,j:l = det : :
hAn—m—n—i—l h/\n—uz—n+2 hAn—u3—n+3 T hAn_Mn
EXl—pul Xl =41 X =42 EX =l 4n—1
e e e e
— det = det M—pi-1 A —nf M —pdt1 M —ph+n—2
sy =det(eyr 1, 0)i—y =de ) .
T J
L —plont1 OAl—pb—nt2  OX—pl-n+s EXL—uh

Proof. First, note that if we move from n to n+ 1, the determinant does not change because
the new row added is (0,0,...,0,1). Fix g and work in Z[xq,...,ZN,%1,-..,yn] where
N > n. We have

> syul@) ZZ s (by (3.5.5))
= Zsu )5, (y)5,(y) (by (3.5.5))
= su(y) H(l — i) (Corollary 3.2.8)

= s,(y) Z hy(x)m,(y). (Proposition 2.6.2)
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Multiply both sides by ap(y) to get

Z Sx/u(@)arsp(y) = ausp(y Z Ry ( (Corollary 3.4.3)

= (Z Sgn(d)cr(y‘””)) > hal@)y

o€XN aezgo
= 57 3 sgn(o)ha(a)y ),
gEXN «

Now take the coefficient of y***. The left hand side gives sy, (z), while the right hand side
gives

Z Sg(0) oxs p—o(utp) () = det(h/\i—uj—i-‘rj)zz'?fj:l'

oEXN

So we get the desired identity in N variables; let N — oo to get it in general.
The second identity follows from the first by applying w. 0J

Remark 3.6.2. It is possible to give an elegant combinatorial proof of the Jacobi-Trudi
identity by interpreting SSY'T as non-crossing lattice paths and using the Gessel-Viennot
method of enumerating non-crossing lattice paths. The interested reader can find this argu-
ment in [Sta, §7.16]. O

Remark 3.6.3. The Jacobi-Trudi identity can be given an algebraic meaning. First, we
expand it (not the same way used in the proof above):

Z Sg0(0) o (rtp)—(utp) () = det(hkrujfiﬂ')?,j:l'

However, we need a refinement of the left side. Given a permutation o, define its length to

be
Uo)=4{i<jlao(i)>0o(j)}.

A basic fact is that (—1)%?) = sgn(c). So we can rewrite it as

Z Z o Otp)— () (T) = Sa/u

Z>O g, f(o’):

Recall that h, is the character of Sym® := Sym® ®--- ® Sym®". The left hand side can
be interpreted as the (character version of the) Euler characteristic of a chain complex F,

whose ith term is
— @ Syme Ao —(ntp)
Uo)=t

The differentials of such a chain complex aren’t determined by its character, but there exist
a choice that makes F, exact except in degree 0, in which case it is a skew version of the
Schur functor Sy,,. Hence, the Jacobi-Trudi identity is encoding the existence of a certain
kind of resolution of Sy, by tensor products of symmetric powers (a version also exists using
exterior powers). This complex was constructed by Akin [A] and Zelevinsky [Z] when y = &
(the construction of Zelevinsky can be adapted to handle arbitrary u). O
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4. REPRESENTATION THEORY OF THE SYMMETRIC GROUPS

4.1. Complex representations of finite groups. In this section, we recall the basic
results about representation theory of finite groups. A good reference is Serre’s book [Se].
Let G be a finite group. A (complex) representation is a homomorphism

p: G — GL(V)

for some complex vector space V', where GL(V') is the group of invertible linear operators
on V. Equivalently, giving a representation is the same as giving a linear action of G on
V, i.e., a multiplication g - v for ¢ € G and v € V such that g-(v+v) =g-v+g-,
(99) - v=g-(d v),lg-v=wv,and g- (Av) = A(g-v) for any A € C.

We will generally take the perspective that V' “is” the representation, and the information
p is implicit but not always mentioned. So properties of a representation such as dimension,
being nonzero, etc. come from the vector space V. A subrepresentation of V' is a subspace
W C V such that p(g)w € W whenever g € G and w € W. A nonzero representation V' is
irreducible if it has no nonzero subrepresentations other than itself.

We can define direct sums and isomorphisms of representations as we did before.

Theorem 4.1.1 (Maschke). Every finite-dimensional representation of G is isomorphic to
a direct sum of irreducible representations.

The character of p is the function y,: G — C defined by x,(9) = Tr(p(g)). This is
constant on conjugacy classes of G:

Xp(hgh™) = Tr(p(h)p(g)p(h)~") = Tr(p(g)) = x,(9)-

We let CF(G) denote the set of functions G — C which are constant on conjugacy classes
of G. Define a sesquilinear pairing on CF(G) by:

1 _
(0 %)e = 17 > 0(9)d(g)

geG

where the overline means complex conjugation. If we don’t need to specify G, we’ll just

write (, ).
thm:chars-orthonormal

Theorem 4.1.2. e (,) is an inner product on CF(G).
e The characters of the irreducible representations form an orthonormal basis for CF(G).
In particular, the number of isomorphism classes of irreducible representations of G
1s equal to the number of conjugacy classes of G.
o [f two representations have the same character, then they are isomorphic.

Given a subgroup H C G, any representation p of G becomes a representation of H by
restricting the map. This is called the restriction of p, and is denoted Res%p. In fact,
restriction makes sense for any class functions.

On the other hand, given a representation p of H, one can define the induced represen-
tation Indgp which is a representation of G. The construction is probably clearest after
introducing group algebras, but we will omit this. Again, it makes sense for any class func-
tion. The important fact is Frobenius reciprocity, which says that given ¢ € CF(H) and
1 € CF(G), we have

(Ind§e, ¥)a = (p, Res)) .
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Finally, suppose we are given two groups G1, G and representations pi, po on vector spaces
Vi, Va. Then G x Go has a linear action on Vi ® V5, by

(91,92) - Y v(1); @ v(2); = Zgl (1) ® g2 - v(2);.

i
Hence we get a representation p; ® py of G; X G5. Its character is given by

Xor@p2 (915 92) = Xp1 (91) X (92)-

4.2. Symmetric groups. We now focus on the symmetric groups G = ¥,,. A nontrivial
fact? is that all of their irreducible representations can be realized using only rational num-
bers, and hence the characters of its representations are always rational-valued (and hence,
integer-valued®). Given this fact, we define CF,, to be the space of rational-valued class
functions on X,,.

First, every permutation ¢ € ¥, has a decomposition as a product of disjoint cycles (a
cycle, denoted (71,1, ...,%), is the permutation which sends i; to ;41 for j < k and i to
i1), and the lengths of these cycles, including cycles of length 1, arranged in decreasing order

gives a partition of n, which we denote ¢(0) and call the cycle type.
lem:symgp-conjugacy

Lemma 4.2.1. e The conjugacy classes of ¥, are naturally indexed by partitions of n.
In particular, the number of irreducible representations of ¥, is the partition number
p(n).

o The conjugacy class assigned to A has size n!/zy.
Proof. For the first point, use the identity

T(il,ig, Ce ,ik)T_l = (T(’il),T(ig), . ,T(Zk))

Now we prove the second point. Given a permutation o of cycle type A\, we claim that the
centralizer of o has size 2y = [, mi(A)li™™. To see this, note that a cycle (iy, i, . .., i) is
equal to a cyclic shift (i,,4,41,...,%,%1,-..,%—1). So any 7 that sends a cycle of o to any
cyclic shift of another cycle of the same length is in the centralizer, and there are z, such
T. 0

Given a partition A, let 1, denote the class function which is 1 on all permutations with

cycle type A and 0 on all other permutations.
cor:char-orth

Corollary 4.2.2. Given partitions \, i of n, we have (1y,1,)s, = 25 05 .

Proof. If A # p, then the definition of the pairing shows that (1),1,) = 0. Otherwise,
(1y,1)) = %c where c is the size of the conjugacy class of cycle type A, which we just said is
n!/zy. O

Next, given non-negative integers n, m, we can think of 3, x 3, as a subgroup of ¥, ., if
we identify Y,, with the subgroup which is the identity on n+1,...,n+m and if we identify

4which can be proven by providing an explicit construction, such as via Specht modules

A general fact is that the character of a representation of a finite group is valued in algebraic integers,
i.e., its values are are roots of a monic integer polynomial equation: since p(g) is finite order, all of its
eigenvalues are roots of unity, and algebraic integers are closed under addition, so the trace is always an
algebraic integer. The only algebraic integers in the rational numbers are integers.
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Ym with the subgroup which is the identity on 1,...,n. Define an induction product
o: CF,, x CF,, = CF,.,

ETL m
o =Indy"l5 (9 ®).
This turns CF := @,,., CF,, into a commutative ring (though it requires verification). Our
next task is to show that it is isomorphic to Aq.

4.3. The characteristic map. The Frobenius characteristic map is the linear function

ch: CF,, — AQ,TZ
1
ch(p) = ol Z ©(0)Pi(o)
O'EEn

where recall that p is the power sum symmetric function. Alternatively, if we set ¢(\) to
be the value of ¢ on any permutation with cycle type A, then ch(¢) = >, 2;1900\)19,\ by
Lemma 4.2.1. Put these together to define a linear function

ch: @ CF, — Aq.
n>0

Proposition 4.3.1. ch is an isometry, i.e., given @, € CF,,,

(&, ¥)s, = {ch(p), ch(¢)).

Proof. Given that the conjugacy class of A\ has size n!/z,, we have

(ch(e), ch(¥)) = (O =z e(Npas Y 2 b ()py)

I

=D = (VYN

= (()07 w>2n7

where the second equality is orthogonality of the py (Proposition 2.6.4) and the third equality
is the definition of the inner product for class functions (here we use that the class functions
are rational-valued, and hence complex conjugation is unnecessary). 0

Proposition 4.3.2. ch is a ring isomorphism, i.e., given ¢ € CF,, and ¢ € CF,,, we have
ch(p o ¢) = ch(p)ch(v).

Proof. For two partitions A, u, write AU u for the partition with the combined parts of A and
1 sorted in order.
We claim that 1y 01, = %L\Uu- To see this, let v be any partition of n + m. Then by
i

Frobenius reciprocity and Corollary 4.2.2,

En+m . Zn+m B 5)\Up,,1/
(Indg"1%, (I ® 1), L)s, 0, = (@ 14, Resy" 15 1))s, x5, = v
n
Lxoly, Taup) [2\8
Hence 1 (e} 1 = Cl Where c = ( AP s dup — IJ‘.
A K ALk (1/\UM’1>\UH) Z\Zpu

Next, ch(1y) = pr/zx, so we see that ch(1y01,) = ch(1))ch(1,). Since the 1, form a basis
for CF, we conclude that ch is a ring homomorphism. Finally, the 1, map to a basis for Aq,
so we also conclude that it is an isomorphism. O
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We now wish to get a more refined statement. Let R, C CF, be the Z-submodule of
virtual characters, i.e., integer linear combinations of characters, and set R = @, -, Ra.
Our goal is to determine the irreducible characters of %,,. N

prop:orthonormal
Proposition 4.3.3. Suppose p1, 02, ..., 0pm) € Ry form an orthonormal basis with respect
to (,)s,. Then the irreducible characters are €11, €29, . . . s Ep(n)Pp(n) Jor some choices €; €

{1,-1}.

Proof. By definition, the irreducible characters belong to R,, and they form an orthonormal
basis by Theorem 4.1.2. Now write the ¢; as integer linear combinations of the irreducible
characters. These coefficients give an orthogonal matrix (with respect to a positive definite
form) with integer entries. The only orthonormal vectors with integer entries are standard
basis vectors and their negatives, so each row is one of these. Since the matrix is invertible,
we see that the matrix has exactly one nonzero entry in each row and column, and that
entry is 1. 0]

With this in mind, the first step is to find an orthonormal basis of R,,. We know that the
Schur functions form an orthonormal basis of A, so we define

= ch™!(sy).

Our goal now is show that xy* € R and that they in fact are the irreducible characters.

The trivial representation 1y, is the trivial homomorphism ¥, — GL;(C) which sends
everything to 1. Its character just assigns 1 to every permutation, so char(ly,) = >, 1,.
For every partition o = (a, ..., ), define

,r]a — 1Eo¢1 o...o]_zak‘
Lemma 4.3.4. ch(n®) = h,.

Proof. First, ch(lg,) = ", 2 'pa, which, by Theorem 2.5.5, is h,. Now use that ch is a ring
homomorphism. O

Corollary 4.3.5. x* € R and ch restricts to an isomorphism R — A.

Proof. We have n* € R and sy = det(hy,_i;)7;—1 by the Jacobi-Trudi identity (Theo-
rem 3.6.1). This expresses the Schur function as an integer linear combination of kg, so x*
is also an integer linear combination of the n® and hence x* € R.

Since the s, form an orthonormal basis of A and ch is an isometry, we conclude that up
to a sign, the x* are the irreducible characters by Proposition 4.3.3. In particular, every
element of R is an integer linear combination of the y*. Since ch sends them to a basis of
A, we get the second statement. O

Finally, we have to determine which of xy* and —y* is actually the irreducible character.
To do this, we evaluate on the identity element of >,,. The trace of the identity element is
the dimension of the representation, so we just need to determine if this evaluation is positive
or negative. It will turn out that x*(1) > 0, and more generally, the Murnaghan—Nakayama
rule, to be studied next, will determine the evaluation at any permutation.
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ss:murnaghan-nakayama
4.4. Murnaghan—Nakayama rule. Given partitions A, i, let x*(1) denote the evaluation
of x* on any permutation with cycle type p. Then by definition,

X/\ = ZX/\(N)LL'
o
Applying the characteristic map, we get

sv=3_ 2 MWy
I

So to determine these evaluations, we need to determine how the Schur functions can be
written in terms of the power sum symmetric functions. More generally, given v C A, define

XA/V = Ch_l(s)\/u)y
so that
eqn:skew-c _ v
a0 skewroRy s =D 20 XM (1D
o

We will first study the inverse problem of expressing the p’s in terms of the Schur functions
and get what we want using the scalar product.

Define a border strip to be a connected skew diagram with no 2 x 2 subdiagram. (Sharing

only a corner is not considered connected, so 21/1 is not connected.) Here is an example
border strip:
|

The height of a border strip B is denoted ht(B), and is the number of rows minus 1. In the
example above, the height is 5.

Theorem 4.4.2. Given a positive integer r, we have

supr = )_(=1)"1s,

A
where the sum is over all X such that u C X and \/p is a border strip of size r.

Proof. 1t suffices to prove this in n variables where n > 0. Recall the definition of the
determinant a, = det(z}” )ij=1 where a = (ai,...,q,) is any sequence of non-negative
integers. Recall p = (n—1,n—2,...,1,0). Let ¢; be the sequence with a single 1 in position
j and 0’s elsewhere. By Corollary 3.4.3, we have sy = axy,/a,.

We have

n

y pPr = (Z Sgn(o_)xa(lt-i-ﬂ))(z ZE;) — Z Z Sgn(o.)xa(#-i-ﬂ-&-rej) = Z Qptptre s
j=1

o€T, j=1 oES, j=1
where in the second equality, we multiply z7#+¢) by ;) to get xo\ptptre;),

Next, a, = —ag if 8 = (a1,..., 02,04, i1, Qit1, ..., Qp), Le., [ is obtained from « by
swapping two consecutive entries. In particular, aq4, = —a44, Where v = (aq,..., 059, 0; —
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Laj—1+1,041,...,0q) and also aey, = 0 if & + p has any repeating entries. We say that
v is obtained by a shifted transposition at position ¢ — 1.

Suppose that p + re; + p has no repeating entries. Note that p + re;/p is a border strip
of size r and height 0 (1 + re; may not be a partition, but we will draw its diagram in the
expected way). If ;1 + re; is not a partition, then replace it by the shifted transposition at
position j — 1. What happens in rows j — 1 and j is that (p;_1,p; + ) gets replaced by
(uj +7—1,p15-1 +1). This is a new shape that contains p and the complement is a border
strip with two rows, the first of length p; +7—1— ;1 and the second of length p; _; +1—p;.
If this is a partition, we stop, otherwise we apply another shifted transposition at position
7 — 2, and so on.

The end result is a new partition containing u whose complement is a border strip. The
height of this border strip is precisely the number of shifted transpositions we applied, and
all border strips arise in this way by taking j to be the row index of the last row of the
border strip (we will not go into detail on this). Hence we get the formula

n

Z Au+tptre; = Z(_l)ht()\/u)a)\‘f'P

j=1 A

where the sum is over all A containing p such that A/ is a border strip of size r and ¢(\) < n.
If n > £(p) + r, this accounts for all possible border strips. Now divide both sides by a, to
get the desired identity. 0

Example 4.4.3. s1py = S5 — S32 + S221 — S35 corresponding to the following border strips:

[ [XIX[Xx][X] x[X] X
x| x x|
RaS
In the notation of the proof, these come from a,44; for j =1,2,3,5. 0
Given a sequence of non-negative integers o = («q,...,ax), a border-strip tableau of

shape \/p and of type « is a sequence of partitions g = A\> C \! C ... C A\ = X such that
A /X1 s a border strip of size ;. The height of this tableau is the sum of the heights of
the border strips A’/ \"~! (empty border strips have height 0, rather than —1).

Corollary 4.4.4.
SuPa = Z Z(_l)ht(T)S,\
AT
where the inner sum is over all border-strip tableauz T' of shape N/ and type . In particular,

Do = Z Z(_l)ht(T)SA
AT

where the inner sum is over all border-strip tableaux T of shape \ and type .

Corollary 4.4.5. x*"(u) = >, (= 1)) where the sum is over all border-strip tableauz T
of shape A\/v and type p.
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Proof. By (4.4.1) and orthogonality properties of the p,, we get

X)\/UO’L) = <8)\/V7 pu>

= (), Pusv) (Theorem 3.5.3)
= Z(—l)ht(T) (Corollary 3.2.10)
T
where the sum is the one we want. [l

Corollary 4.4.6. Let n = |\/u|. Then x*(1") = fMH the number of standard Young
tableaux of shape \/p. In particular, x (1) > 0, so x* is the character of the symmetric
group Xy of an irreducible representation of dimension .

Proof. By definition, a border-strip tableau of type (1) is the same as a standard Young
tableau, and its height is always 0. The last statement follows from the discussion at the
end of the previous section. [l

Corollary 4.4.7. The Littlewood—Richardson coefficient c;\w 18 non-negative.

Proof. Recall that s,s, = >, cf‘ws,\. Applying ch™, this becomes y” o y* = > C,é,VX/\-
The induction of the character of a representation is again the character of a representation,
so the right hand side is the character of a representation. Since every character is a non-
negative sum of the irreducible ones, and the y* are the irreducible characters, we conclude
that cﬁ},j > 0. OJ

A natural followup: since ¢}, is a non-negative integer, is it the cardinality of some

combinatorially meaningful set? We will give some constructions of such sets coming from
tableaux later.

4.5. Schur—Weyl duality. As we’ve remarked, the Schur functions are characters of irre-
ducible representations of the general linear group, so the characteristic map connects the
irreducible characters of symmetric groups with irreducible characters of the general linear
group. Schur-Weyl duality offers another connection between the two.

Start with the natural representation C" of GL,,(C). Taking tensor products allows us to
build new representations from old. Here we will move away from matrices and use vector
spaces. For our purposes, the tensor product of two vector spaces V and W is denoted V@ W
and consists of linear combinations of symbols v ® w where v € V and w € W subject to
the bilinearity conditions:

e (V+V)RUW=vRw+v w,

e v (w+uw)=vw+uvu,

e Nvew)=(\)w=v& (A\w) for A € C.
If e1,... e, is a basis for V and fi,..., fn is a basis for W, then e; ® f; with 1 <7 <n and
1 <j<misabasis for Vo W.

So we have a representation (C")®? of GL,(C) for all d > 0 (when d = 0, interpret
(C")®% = C to be the trivial representation): the action is given by

Q(Z% ®- @) = Zg(vh) ® - ® g(vy,).
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This space also has a (right) action of the symmetric group ¥, by permuting tensors, i.e.,

U(Z Uiy ® - @ Uy,) = Zvia(l) Q- & Vi -
7 3

From these formulas, it’s clear that the action of ¥; commutes with the action of GL,(C),
i.e., we can permute the tensor factors or do a change of coordinates in either order and get
the same result. In particular, we have a well-defined action of GL,(C) x ¥4 on (C")®4.

Since both groups are semisimple, i.e., their finite-dimensional representations decompose
as direct sums of irreducible ones, we can decompose this space as a sum of irreducible
representations of GL,,(C) x ;. In fact, we get the following:

Cn ®d _ @ S)\ ® M)\,
&
where S, (C") is an irreducible representation (Schur module) of GL,,(C) whose character is
the Schur polynomial sy(z1, ..., z,) and M, is an irreducible representation (Specht module)
of ¥4 whose character is y*.

The same will happen if we take n = oo, so we can get Schur functions instead of Schur
polynomials. In Remark 3.5.10, we said that the multiplicity of Sy(C") in (C")®? is f* by
the Pieri rule. Here we see that f* is the dimension of My and the multiplicity space has
the structure of a ¥ -representation.

Schur—Weyl duality can be used to connect a number of coefficients defined for the sym-
metric group and those defined for the general linear group. One such are the Kronecker
coefficients: these describe the multiplicity of x* in the tensor product y*x” (this is the
usual product of characters, not the induction product). We may return to this later.

5. SCHUBERT CALCULUS

[ Steven: rest of notes still need to incorporate Darij’s errata *|

We have seen symmetric functions as they arise in the representation theory of general
linear groups and symmetric groups. There are several more incarnations of symmetric
functions, and we now explore one in algebraic geometry. For a more detailed exposition,
see [Ful] or [Ma].

5.1. Grassmannians. Given an n-dimensional vector space V and a positive integer r, the
Grassmannian is denoted Gr, (V') and is the set of r-dimensional subspaces of V. We will
primarily work with complex vector spaces for simplicity, though some nice combinatorics
also comes out of considering vector spaces over finite fields.

Consider the space Hom(C", V) of linear maps C" — V. These can be encoded as matrices
if we choose a basis for V. This space naturally inherits a topology from the fact that it is
just C™. Depending on your preferences, this is either the standard Euclidean topology, or
if you are more algebraically inclined, the Zariski topology (everything we say will work for
either). In either topology, the subset Hom®(C", V') of injective maps is an open set (and
thus also inherits a topology). To see that it is open, note that a matrix is not injective if
and only if all of its maximal size square submatrices have determinant 0. So the space of
matrices which are not injective is the preimage of 0 under a map

Hom(C", V) — C(*)
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which sends a matrix to all such determinants, and hence is closed (these determinants are
just polynomials and hence are continuous).

Now, we can think of GL,(C) as acting on Hom’(C", V') by column operations. Since
the linear maps are injective, this action is actually free, i.e., no map has a nontrivial stabi-
lizer. Any two maps in the same GL,(C) orbit have the same image in V, so we have an
identification

Gr,.(V) = Hom°(C",V)/GL,(C).
The right hand side gets the quotient topology, so this can be used to turn Gr,.(V) into a
topological space.

Our object of study is the cohomology ring® of the Grassmannian, i.e., H*(Gr,(V)). We
won’t need the general definition of cohomology here, but will define it in an ad hoc way for
the Grassmannian using the Schubert decomposition.

5.2. Schubert cells. The general linear group GL(V) acts on Gr,.(V): given a subspace
of dimension r, applying g to all of its vectors gives another subspace of dimension r. We
now want to pick an ordered basis eq,...,e, for V, so we can identify it with C". Let
B C GL,(C) be the subgroup of upper-triangular matrices. We are interested in the action
of B on Gr,(C").

Go back to the identification Gr,(C") = Hom°(C",C")/GL,(C). From this, we want
to find a “standard” way to represent each subspace as an n X r matrix. Note that we are
identifying two matrices if they differ by column operations. Start with such a matrix ¢.
Since ¢ is injective, some row must be nonzero, let i, be the largest index so that the ¢,th
row is nonzero. Up to column operations, we can turn this row into the standard length r
row vector (0,0,...,0,1). Next, let i,_; be the largest index so that the i,_;th row is not in
the span of (0,0,...,0,1). Using column operations on just the first » — 1 columns, we can
turn this row vector into (0,0,...,0,1,*) and then using another column operation using
just the last two columns, turn it into (0,0, ...,0,1,0) (the 7,th row remains the same). Now
repeat: in general, we let ¢, be the largest index so that the ¢xth row is not in the span of
the rows after it and turn it into (0,0,...,1,0,...,0) where the 1 is in the kth entry.

Ultimately, there will be unique indices 7; < iy < --- < 7, so that row %; is the jth standard
basis vector and any row vector in between positions i; and ;_; (convention: i; = 0) has 0’s
in positions < j. Also, it is clear that this is a unique way to parametrize injective matrices
up to column operations.

Example 5.2.1. If r = 2 and n = 4, all matrices are one of the following form up to column
operations:

10 10 10 * % X % x %
01 0 = 0 x* 10 10 * %
00 0 1 0 =x 0 1 0 10
00 00 01 00 0 1 0 1
The * are shorthand for an arbitrary complex number. 0

Given a collection of indices i = (i1 < i < --- < i,), we let X{ denote the set of subspaces
whose matrix representatives have indices iy < --- < 4, as above. From the above discussion,
we see that the space X7 is naturally isomorphic to C* where d(i) = >77_, (i; — 7).

STf you prefer the Zariski topology, then you need to use the Chow ring.
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There is an alternative indexing which is convenient, although appears unnatural at first.
Given i, let \j =n—1; —r+j. Thenn—r> X\ > Ay > --- > X\, >0, so A is a partition
sitting inside the 7 x (n — r) rectangular partition, and in this case X3 = Cr»=m-Il,

We summarize what we’ve discussed.

Proposition 5.2.2. The Grassmannian has a decomposition
Grr(cn) = H)\er(nfr)Xi
where X5 = C"==N - Fyrthermore, each X3 is an orbit under the action of B.

The largest cell has dimension r(n — 7), so we can justify saying dim Gr,(C") = r(n —
r). Hence we see that X\ has codimension |A|, which is advantageous when discussing
cohomology.

This decomposition is known as the Schubert decomposition of the Grassmannian.
rmk:size-grass

Remark 5.2.3. The Schubert decomposition makes sense for an arbitrary field. If we use a
finite field with ¢ elements, then we get

Gr(Fl = > = S0 g
ACrx(n—r) ACrx(n—r)

The second equality follows from the involution which sends a partition in a rectangle to its
complementary shape (which is also a partition). The last sum can also be interpreted as

the ¢g-binomial coefficient [ZJ] . 0
q

Proposition 5.2.4. The closure of X3 is the union of all X such that 1 2 .

Example 5.2.5. Before proving this, let’s give an example. Set r = 2 and n = 4 and take
p=(1,0) and A = (0,0). Take the subspace in X7, represented by the matrix

OO~ Q
_ 0 O o

Now consider the family of subspaces (indexed by ¢)

M =
_ 0 O o

0

If € # 0, then this is equivalent, up to column operations, to the matrix

ale b—ac/e
/e —c/e
1 0
0 1

and so belongs to Xg,. If we take the limit € — 0, then this becomes the matrix we started
with, so it’s in the closure. 0
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Proof. The idea of the proof is illustrated by the example. It suffices to show that any matrix
in X is in the closure when |u| = [A[+ 1. Then say y differs from A in the jth entry. Take a
matrix representing a subspace in X ;. Then the entry in the jth column and the (i; 4+ 1)th
row is 0, replace it with e. When € # 0, this is a matrix representing a subspace in X3; now
take the limit ¢ — 0. 0J

The closure of X7 is denoted X and is a Schubert variety.

However, note that everything we did depended on a choice of basis. In fact, it depends
on a little less than that and we want to make this precise now. A complete flag in V is
a choice of subspaces F} C Fy C --- C F,,_1 C V such that dim F; = ¢ for all 7. In our
discussion above, F; is the span of eq, ..., e;.

Recall from above that

ij:n—)\j—r—l—j.
Lemma 5.2.6. We have
Xy ={W € Gr,(C") | dim(W Nspan(ey,...,e;)) > j forj=1,...,r}.

Proof. Given a subspace W, the first j columns of the standard form for its representing
matrix are in the span of ey, ..., e, if and only if dim(W Nspan(ey,...,e;,;)) > j. The first
condition is equivalent to W € X? where p,—j41 > Ar—j11. Taking all j at once, this is
equivalent to u 2 A. U

Motivated by this, given any flag F,, we define
X(Forx={W € Gr,(C") | dm(WNF;,)>jforj=1,...,r}.
Lemma 5.2.7. If A = (k) has a single nonzero entry, then
X(F)r ={W € Gr,(C") [ WN Fyr—i1 # 0}.

Proof. From what we’ve shown, X (F,); is the set of W such that dim(W N F,,_, _4+1) > 1
and dim(W N F,_,1;) > j for j > 2. The first condition is equivalent to W N F,,_,_p41 # 0.
The latter conditions are automatic: recall that given two subspaces E, ' C C", we have

dim(E) + dim(F) = dim(E + F) + dim(E N F).
Take £ =W and F' = F,,_,.; and use the fact that dim(E + F') < n always to get
dm(WNF,_,) >r+(n—r+j)—n=j. O

5.3. Cohomology ring. We will not assume knowledge of algebraic topology, so we’ll just
state the facts about the cohomology ring that we’ll be using. In particular, for each Grass-
mannian Gr,(C"), we have a graded ring H*(Gr,(C")), and it has the following important
properties:
(1) Each Schubert variety X (F,) corresponds to an element in H2* (Gr,(C™)) and this
element does not depend on F,. We just call it o).
(2) {or | A Cr x (n—r)}is an integral basis for H*(Gr,(C")). So as an additive group
H*(Gr,(C")) is free abelian of rank (") and H* = 0 if ¢ is odd.
Furthermore, H*""=")(Gr,(C")) = Z with distinguished basis element o, ().
Given f € H*(Gr,(C")), we will let [ f be the coefficient of o, (—).
(3) The multiplication is commutative.
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(4) If |\ + |p| =r(n—r), and X (F,)rNX(G.), consists of a finite collection of ¢ points
(counted with multiplicity — which won’t be an issue in our computations), then
[ 050, = ¢ for some choice of flags F,, G..

Given a partition A\ C r x (n — ), let \Y be the complementary partition, i.e., \;/ =
n —r — A\y1—. Visually, it just means that we can rotate the Young diagram of \¥ 180
degrees to get (r x (n —7r))/A.

Throughout, we’ll use the standard flag E; = span(ey, ..., e;) (the span of the first i basis
vectors) as well as the dual flag EY = span(e,1-4,...,€,-1,€,) (the span of the last ¢ basis
vectors).

Proposition 5.3.1. If X(E.)\ N X(E)), # &, then ply41—j <n—r—X; forj=1,...,r
If I\ + |u| = r(n —7r), then
/J)\Uu = Oy, V-

Proof. Consider the intersection X (E,)) N X (E,),. If it is nonempty, let W be a subspace
in both sets. By our description, for all 1 < j <r, we have

dim(W N Ep_x,—rv5) > J, dim(WnE)_, ) =T+ 1l—g
Set F'= Ey_»;—ryjand F'=E; ., .. Since dim((WNF) +(WNF)) <dimW <r,

we have

dim(WNFNF') = dim(WNF)+dim(WNF")—dim((WNF)+(WNF")) > j+(r+1—j)—r = 1.
In particular, FFNE’ # 0. However, F is the span of the first n —\; —r+ j basis vectors while
F' is the span of the last n — p, 1 J + 1 — j basis vectors, so this implies that p,1-; +7 <
n—N\ —r-+j,orjust g1 <n—1r—2JA\.

Hence if |p]| + || = r(n —r) and p 7é AV, then [ o0, = 0. Furthermore, if 1 = \Y, the
discussion above implies that W contains the basis vector e, _, ,4; for all j, which means
W = span{e, x,—ryj | J = , 1}, 80 X(Ey )y N X(E))\v consists of one point (in fact, it
has multlphclty one, but we dldn t define that, so we omit the verification). 0

Note that since the o) form a basis, the product of two Schubert classes is a sum of other
Schubert classes. The above result tells us that the coefficient of o, in o0, is given by
[ orouov.

Theorem 5.3.2 (Pieri formula). For each integer 0 < k < n —r, we have
O)\NO = Z O
0

where the sum is over all p 2 X such that p/ X is a horizontal strip of size k and p C rx(n—r).

Proof. We need to calculate [ oyo40,v. To do that, we will count the number of points in
the intersection of X (Ee)\NX(EY),v N X (L) for some flag Lo to be chosen later. We may
assume that \; < g; for all ¢; if not, then X(E,)\ N X(E,),v = @ and so [ o o0,v = 0.

We may also assume that |u| = |A| + k, otherwise the integral is 0 for degree reasons.
Fori=1,...,r, define
A =E,_ ri-X; — Span(€1> €2, ..., €n—r+i—>\i);
Bi=E; . Y = span(e,_ituy 41, €n),

Ci=A;N By =span(en—rti—piy - - - s Cn—rti-x;)-
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By convention, set A\g = n —r = p so that Ay = By = 0. By our assumption, C; # 0 for all
7. SetC’:Cl+C’2+---+CT.

Claim 1. C = (_,(4; + B,_;).
First, B,_; = span(e,—y—p;,1+it1,---,€n). We first show C C (\_,(4; + B,—;). Pick
ep€Cisothatn —r+j—p; <p<n-—r+j—X\. Ifi <j, then

n—r—fiptrt+l<n—r—yp+j5<p,
so e, € B,_;. If © > j, then
n—r+i—MN>n—r+j—X\ <p,

so e, € A;. In either case, e, € A; + B,_;, s0 C C (_,(4; + B,_;).

For the other inclusion, suppose e, € (\._,(A; + B,—;). Pick j minimal so that p <
n—r+j—A;. In particular, e, ¢ A;_1, so we must have e, € B,_;;1. But also e, € A;, so
ep € C; and hence ¢, € C.

Claim 2. If W € X (E,)\ N X(E,),v, then W C C.

First start with dim(WW N 4;) > ¢ and dim(W N B,_;) > r —i. If A; N B,_; # 0, then
A; + B,_; = C" since it contains all basis vectors, and hence W C A; + B,_; trivially.
Otherwise, if A; N B,_; = 0, we get that dim(W N (A; + B,—;)) > i+ (r —i) = r, so
W C A, + B;y1 again. In particular, W C C by Claim 1.

Claim 3. The sum C' = C] + --- + () is a direct sum if and only if dim C' = k + r if and
only if A C p and p/\ is a horizontal strip.

First, dim C; = p;— ;41,50 ), dim C; = |pu|—|A|+r = k+r. Note that dim C' = ), dim C;
if and only if C; N C; = 0 for all 7, j, which is equivalent to

1> AL 2> e > Ao 2> 2> e 2> Ay

This last set of inequalities is equivalent to saying that A C p and that p/A is a horizontal
strip. This proves the claim.

Now we finish the proof. Suppose that p/A is not a horizontal strip. By Claim 3, dim C' <
k+r — 1. Let L be a subspace of dimension n — k — r + 1 such that LN C =0 and let L,
be any flag such that L, 4,1 = L. Then X (L,), = {W | W N L # 0}, and so by Claim 2,
X(E)yNX(EY)w NX(La)y = @. This implies [ oyor0,v = 0.

Finally, suppose that /A is a horizontal strip. Again by Claim 3, dimC = k + r, and
we choose L to be any subspace of dimension n — k — r 4 1 such that dim(L N C') =1 (the
minimal possible dimension) and such that a nonzero vector in LN C' has nonzero projection
in each C;. Suppose that W € X (E,), N X(E,),v. Then

dim(W N C;) =dim(W N A; N Bryg—i)
=dim(WNA4;) + dim(W N B,1-;) — dim((W N A;) + (W N Bry1-4))
>it(r+1l—i)—r=1
Since C' is a direct sum of the C;, we must have dim(W N C;) = 1 for all i, let ¢; be any
nonzero vector in W N C;. If W € X(L,); as well, then from Claim 2, dim(L N W) = 1;

let ¢ span L N W. From above, the projection of ¢ to C; must be some nonzero multiple of
¢;. In particular, we have shown that W is uniquely determined by ¢, it is the span of the



40 STEVEN V SAM

projections of ¢ to the various C;. Hence X (E,)\ N X(E,),v N X (L) consists of 1 point
(again, we omit verifying that the multiplicity is 1). O

Define a linear map ¢: A — H*(Gr,(C")) by ¢(s)) = o5 if A Crx (n—r) and ¢(s)) =0

otherwise.
Corollary 5.3.3. ¥ is a ring homomorphism.

Proof. Since the Pieri rule holds in both A and H*(Gr,.(C™)), we have (s h,) = ¥ (sx)v(hy,)
for any partitions A, v. The result now follows since both s, and h, are bases for A. O

Corollary 5.3.4. oo, = ), X 0, where the sum is over all v C 1 x (n—71) and c§ , is
the Littlewood—Richardson coefficient.

Remark 5.3.5. This gives another proof that CK# > 0: it is the number of intersection
points in X (E,)x N X (EY), N X (Le),v for some generic choice of flag L,.

We have already interpreted cf , as the multiplicity of S,(C") in S,(C") ®S,(C") (where
n is larger than the number of rows of A, i, ). This can be reinterpreted as the dimension
of Homgr,(c)(S,(C"),SA(C") ®S,(C")). See [MTV] for a connection between the two. [

Corollary 5.3.6 (Giambelli’s formula).

ox = det(on4j-i)i =1

While this is a direct consequence of the Jacobi—Trudi identity, this identity was indepen-
dently discovered in the context of Grassmannians (hence a different name).

5.4. Chern classes. Much of what we say below will apply to spaces X other than Gr(r, C"),
but we won’t use them, so we keep the discussion just to Grassmannians.
Consider the direct product Gr(r,C™) x C™ and the subspace

R={W,v) |veW}.

This is called the tautological subbundle and it has a map R — Gr(r, C") such that the
preimage over W is just the space W. This is an example of a vector bundle of rank r (r
being the dimension of the vector spaces), but we won’t need the precise definition. For
those unfamiliar with vector bundles, it suffices to know that one can do many of the things
one does with vector spaces: we can take duals, take direct sums, and apply Schur functors.
We will be interested in taking symmetric powers for our applications.

Associated to a rank N vector bundle E are Chern classes c,(E) which are elements in
H%*(Gr,(C")) for k = 1,...,N. We won’t define them precisely, we just discuss how to

calculate with them to get interesting applications.
prop:chern

Proposition 5.4.1. ¢, (R*) = ox.

A section of a vector bundle 7: E — Gr,(C") is a function” s: Gr,(C") — E such that
7o s is the identity. The zero locus of s is denoted Z(s) and is the set of W € Gr,(C")
such that s(W) = 0. The expected dimension of Z(s) is dim Gr,(C") — rank E.

prop:gauss—bonnet
Proposition 5.4.2. Ifrank E' = dim Gr,.(C"™) and Z(s) is a finite collection of points, then
the number of points (counted with multiplicity) is [ cn(E) where N = rank E.

"What kind of function? Depends on the context. In topology, it would be a continuous function, in our
context it will be “algebraic”.
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A very useful device are Chern roots: for any vector bundle E of rank NN, there exists
a larger ring R containing H*(Gr,(C")) and elements xy,...,zx € R such that o (F) is

er(xq,...,xy) the kth elementary symmetric function in the z’s.
prop:chern-plethysm

Proposition 5.4.3. The Chern roots of Sym® E are {x;, + - +x;, | i1 < iy < --- <'ig}.
The Chern roots of/\dE are {x;, + -+ xy, |11 <idp < -+ <ig}.

5.5. Enumerative geometry. We now illustrate a few types of calculations that can be
done with our understanding of the cohomology ring of the Grassmannian.

In our context, projective space P™ is Gr(1, C"™!). Every 2-dimensional subspace of C"*!
can be interpreted as a projective line in P™ by taking the set of 1-dimensional subspaces
lying in it.

The following is the prototypical example of a Schubert calculus problem.

Example 5.5.1. Pick 4 sufficiently general lines ¢4, . . ., 4 in projective space P?. How many
other lines ¢ satisfy ¢ N {; # 27

As mentioned above, each ¢; is the set of lines inside of some 2-dimensional space F; in
C*. A line / as above is the same as a 2-dimensional space W such that dim(W N E;) > 1.
The set

Z; ={W € Gr(2,C") | dim(W N E;) > 1}

is a Schubert variety of the form X;. Hence we want to calculate of. Using the Pieri rule,
we see that O'il = 2099, so the answer is 2.

Technically, this just says that Z; N Zs N Z3 N Z, is O-dimensional and has 2 points when
counted with multiplicity, so it could just be a single double point. But if the ¢; are “generic
enough” it will in fact be two different points. O

Another classical problem is to count lines on the cubic surface.

Example 5.5.2. A cubic surface is the solution set in P? of a homogeneous cubic polynomial
f in 4 variables. How many lines are contained in a sufficiently generic cubic surface? This
can be rephrased as follows: a polynomial as above can be interpreted as a cubic function
f: C* — C. A line corresponds to a 2-dimensional subspace W C C*, and it is contained
in the cubic surface if f is identically 0 when restricted to W.

The function f can be interpreted as cubic function on each subspace, and hence we
can think of it as a section f: Gr(2,C*) — Sym*(R*). Note that rank Sym*(R*) = 4 =
dim Gr(2,C*). So the expected dimension of Z(f) is 0. Note that points of Z(f) can
be identified with the lines inside of the cubic surface defined by f. Assuming there are
finitely many, we can calculate the number of points (counted with multiplicity) of Z(f) as
[ es(Sym®(R*)) by Proposition 5.4.2.

To do this, let’s use Chern roots. Let z,y be the Chern roots of R*. By Proposition 5.4.1,
we know that e;(z,y) = ¢1(R*) = 0y and ez(z,y) = c2(R*) = 011. So in general, s)(z,y) =
ox. By Proposition 5.4.3, the Chern roots of Sym®(R*) are 3z,2x + y,z + 2y,3y, and
c4(Sym?®(R*)) is their product. Let’s simplify:

ca(Sym®(R*)) = (32)(3y) (22 + y)(« + 2y)
= 9011 (227 + By + 2y°)
= 9011(209 + 301,1)
= 2703.
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So [ cy(Sym®(R*)) = 27, and we see that the number of lines, if finite, is at most 27 since
we have to take into account “multiplicity”. For “sufficiently generic” cubics, the number is
exactly 27. U

6. COMBINATORIAL FORMULAS

6.1. Standard Young tableaux. Given a partition A = (\y,...,\;) of n, recall that f*
is the number of standard Young tableaux of shape A\. We gave a representation-theoretic
interpretation in terms of symmetric groups: f* = x*(1") is the dimension of an irreducible

representation. Our goal now is to give some formulas for f*.
thm:flambda-det

Theorem 6.1.1. Pick k > ¢(\) and define {; = \; + k —i. Then
A n!
1<i<j<k
= ZX/\W)S,\
A

Now work in k variables x4, ..., x). Recall from §3.4 that sy = ax;,/a,. Multiply both sides
above by a, to get

Proof. From §4.4, we have

QpPp = Z XA (M)(I)\+p.
A

If \, X are partitions, the coefficient of 2™ in ayr,, is dy y. In particular, we conclude that
x* (1) is the coefficient of 2 in a,p,. We're interested in the case u = 1.
First, by definition, we have

ap = det(ﬂf?_j)f,j:1 = Z Sgn(a)xllc_a(l) " 'ﬂ?ﬁ_a(k)
oEY,

and

n . .
pim = (2122 4+ ap)" = Z (2 i)x?mx;j
1y---50k

U15eenylk

where the sum is over all integers iy, ...,4; > 0 such that ¢; +--- + 4, = n and

is the multinomial coefficient. Hence the coefficient of 2 in a,pin is

n n!
ZSg““’)(el—k+a<1>,...7ek—k+a) ng“ —k+o()l =k +o(k))!

where, by convention, the sum is over ¢ such that the binomial coefficients make sense (i.e.,
l; + o(i) > k for all 7). Define (z), = z(z —1)---(x —r + 1) so that ({; — k + o(i))! =
0!/ (€;)k—o@)- Then we can further rewrite this as

(fl)k—l (El)k—Q (61)2 él 1
(62)2 62 1

':1?@
=
—~
N
N
~
T
_
—~
)
n
~—
T
(]

E‘ngn

SINA i=1

)it e - (B2 6 1
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This determinant is in fact equal to [],,_;-,(¢; — ¢;). To see this, we can either use column

operations and reduce it to the matrix a,({1,..., /). Alternatively, replace the ¢; with
variables z;, and note that (x; — ;) divides the determinant for all ¢ < j and that it has the
same degree and leading coefficient as [[,o;_ ;). (zi — ;). O

We can deduce another nice combinatorial formula from this one using the notion of hook
lengths. Given a box (4,7) in the Young diagram of )\, its hook is the set of boxes to the
right and below it (including itself). Its hook length h(7, j) is the number of boxes in the
book. Below, we list the hook lengths for the partition (6,3,1):
8[6]5[3][2][1]

4121
L]

Theorem 6.1.2 (Hook length formula). If A is a partition of n with Young diagram Y (\),

then
n!

- H(i,j)eY(A) h(iv ]) .

Example 6.1.3. Take A = (6,3,1). From the previous example, the hook length formula
gives

f/\

10!
(6,3,1) _ — 315.
/ 8:6-5-3-2-4-2

The formula in Theorem 6.1.1 gives

10!
JOR = S8 = DE - (- 1) =315, -

Proof. Let ¢* = o#—*— . We will show by induction on the number of columns of X that
[, yev o R(E4)

f* = ¢* using the formula f* = gl!."f.!gkl [Li<icj<i(li = £;) where k = €(X) and £; = \; + k —i.
If the number of columns is 1, then ¢* = 1 and f* = 1 by its definition as the number of
standard Young tableaux.

In general, let i be the partition obtained from A by removing its first column. Note that
the hook lengths in the first column of A\ are f1, /s, ..., {;, but otherwise, the hook lengths
in the other boxes in A are the hook lengths of the boxes in u. Hence,

n—k)!
gu:(n—‘)gl...gng

On the other hand, f* and f* satisfy the same relation, so by induction, we conclude that
fA=g" O
Remark 6.1.4. The hook length statistic appears in an ad hoc way in the above derivation.
For a more natural derivation that uses the hook lengths in an essential way, see [GNW]. O

Remark 6.1.5. Note that >_,, (f*)? = nl, so we put a probability measure on the partitions
of n by choosing A with probability (f*)?/n!. Represent them by their Young diagram
and normalize so that each box has area 1/n. For the following, we will use the Russian
convention. Work of Logan—Shepp and Vershik-Kerov show that there is a limiting curve
for the boundary of our randomly chosen partition, and even give a formula for it:

O(z) = {%(m arcsin(%) + \/W) if 2] < 2

|| if 2] >2°
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We plot 2 as the top curve below. The bottom portion is || and represents the sides of
other boundaries of the partition.

2
1.5 .
1 L |
0.5 .
| |
0—2 —1 0 1 2
See [O] for a survey and further references. This also shows that the largest part of a random
partition \ is A\; ~ 24/n (and symmetrically, £(\) ~ 2/n). O
6.2. Semistandard Young tableaux. Now we derive a formula for the number of semi-
standard Young tableaux of shape A using the numbers 1,... k, i.e., for the evaluation
sx(1,1,...,1) (k instances of 1). This is the dimension of an irreducible polynomial repre-

sentation Sy (CF) of GL;(C).
Theorem 6.2.1.

N
dim$,(CH) = sy(1,...,1) =[] 22 tI=t

L J—
1<i<j<k
where there are k instances of 1 abowve.
Proof. Work in finitely many variables x1, ..., x; and use the determinantal formula in §3.4
Aj+k—
PR Gt v
ATy ) = =
det( Z; J)f,j:1

We can’t evaluate x; = 1 directly since we’d get 0/0, but the following method let’s us get
around that. Let ¢ be a new indeterminate and set x; = ¢*~'. Then

det(g"Poth- J))’l‘fF1
det( i(k— ]))

Now in fact, both determinants become Vandermonde matrices, so we can simplify:

S/\(17 q,... 7qk_1) -
5,5=1

Ait+k—i _ qA]+l<: j )\ —N\jHi—i _ 1

k_l) _ H1§i<j§k<q H q e — L

k—i _ k— ]
H1§i<j§k(q q 1<i<j<k -1

3/\(1»(1’---7(]

Now we can set ¢ = 1 in the final expression (either by dividing the polynomials, or using
I"'Hopital’s rule) and get the desired formula. O

Corollary 6.2.2. Keep k fized. The function n — dim S,(C*) is a polynomial in n whose
degree is the number of pairs i < j such that \; # A;.

Remark 6.2.3. (For those who know some algebraic geometry) The function n +— dim S,,, (CF)
is actually the Hilbert function of a projective embedding of a partial flag variety. More
specifically, let 1 <4y < iy < --- <1, be the indices such that A\;; # A;,y1. Then the collec-
tion of subspaces I} C --- C F,, C C* where dim F; = i; has the structure of a projective
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algebraic variety which admits an embedding into the projective space on S,(C*) giving rise
to the Hilbert function we're talking about. 0

Given a box (4,7) € Y()), define its content to be ¢(i,j) = j — 1.
Theorem 6.2.4 (Hook-content formula).

dimS,\(CH) = sy(1,....1) =[]
(i,5)€Y (N)

k+ (i, j)
h(i, j)
where there are k instances of 1 above.

Proof. Let n = |\| and set £; = \; + k —i. Using the formulas for f* in the previous section,

we have
k+c(i,j) f o o
[[ D ST geivn= o T -t T it
. h(i, j) n! R -
(1.9)€Y (N) (,5)€Y(N) 1<i<j<k (1,1)EY (N)
Next, note that
k
H —i+7)
(i.4)€Y (N) =1

so the above simplifies to

Y

H1§i<j§k(€i_€j) . H )\i—>\j_i+j
(k—1D(k—2)!-..20 j—i

1<i<j<k
and the latter we have shown to be dim Sy (CF). O
Corollary 6.2.5. For each partition X\, the function n +— dim Sy(C"™) is a polynomial in n.

The Jacobi-Trudi identity (Theorem 3.6.1) gives yet another formula. It is easy to see
that h,(1,...,1) = ("+s_1) (k 1’s here, and this is the number of monomials of degree n
with k variables).

Theorem 6.2.6. Ifn > ((\), then

i /\i_. 1 n
dimS,\(Ck)IS/\(L--wl):det(( ’ k—Z—li_J ))

ij=1
6.3. Littlewood—Richardson coefficients. We have encountered Littlewood-Richardson
coefficients ¢§ , in several contexts now:

e The multiplication of Schur functions: sys, = cX #3,,,

e The expansion of a skew Schur function: s,,, = Z NGWEY

e The induction of symmetric group characters: y* o x* =3 X

e The restriction of a symmetric group character: ResE”;'g X' =2, L5 H(XA ® x"),
e The multiplication of Schubert classes: o o, =) 0w

We'll see another instance in the next section. Here we’ll give one way to compute cf ,
(without proof). See [Sta, §7, Appendix 1] for details and more formulas.

Let w = wyws -+ -w, be a sequence of positive integers and let m;(w) be the number of
w; equal to 7. A prefix of w is any subsequence of the form wyws - - w,, for m < n. We
say that w is a lattice permutation (also called Yamanouchi word or ballot sequence) if,
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for every prefix v of w, we have m;(v) > m;;1(v) for all i. Given a tableau T, its reverse
reading word is the list of the entries of 7" in the following order: start with row 1 and list
the entries from right to left, move to row 2 and list the entries from right to left, etc.

Call a Littlewood—-Richardson tableau a SSYT of skew shape whose reverse reading word

is a lattice permutation.
thm:LR-rule

Theorem 6.3.1. ¢ , is the number of Littlewood-Richardson tableauz of shape v/ and type
A

Recall that ¢f , = ¢} ,, so there is a big asymmetry in this description for ¢ ,. This can
sometimes be a good thing: one set of SSYT may be much easier to describe than the other,
even though they must have the same size. It is also possible to give descriptions that are

symmetric in g and A, but we will not discuss that here.

Example 6.3.2. Let A = (4,2,1), p = (5,2), v = (6,5,2,1). Then ¢, = 3; here are all
of the SSYT of shape v/u of type A whose reverse reading words are lattice permutations
together with their reverse reading words:

1] 1] 1]
1[1[1 1[1[2 1[1]2
212 12 I
3] 3 2

1111223 1211213 1211312

Alternatively, we could count the number of SSYT of shape v/\ of type p© whose reverse
reading words are lattice permutations. We list them here:

171 111 171
12 112 1[2[2
1 2 1 O
2 1 I
1121112 1121121 1122111

Remark 6.3.3. If A = (d), then c§ , can be computed by the Pieri rule. In fact, the
description given above directly generalizes this: a SSYT of shape v/u of type (d) cannot
have more than one box in a single column. But given any collection of boxes, no two in a
single column, putting a 1 in each box gives a valid SSYT whose reverse reading word is a
lattice permutation. So we conclude that it’s 1 if v/ is a horizontal strip and 0 otherwise.

Similarly, if A = (1¢), then consider a SSYT of shape v/u of type (1¢) whose reverse
reading word is a lattice permutation. The reverse reading word must then be 123 ---d. But
since it’s a SSYT, no two of these entries can appear in the same row. So we conclude that
it’s 1 if v/ is a vertical strip and 0 otherwise. O

7. HALL ALGEBRAS

Our goal is to discuss another appearance of Littlewood—Richardson coefficients. To do
this, we study the classical Hall algebra of finite abelian p-groups. This notion has been
generalized substantially and plays many important roles in representation theory, see [Sc|
as a starting point. We will also discuss Hall-Littlewood symmetric functions, which are a
certain important class of symmetric functions with a parameter. See [Mac, Chapters II, I11]
for a more detailed treatment.
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7.1. Counting subgroups of abelian groups. Fix a prime number p. A finite abelian
p-group is one of the form @le Z/pMi for some positive integers \;. We may as well assume
that \y > Ay > .-+ > A\ so that its isomorphism class is determined by a partition A, which
we call its type.

Define the length ¢(M) of an abelian p-group M to be its length as a Z-module, i.e.,

(M) = Z dimgz,(p' "M /p'M).
= lem:ab-transpose

Lemma 7.1.1. Let M be an abelian p-group of type X\. Then p'~ M /p'M is a Z/p-vector
space for each i > 1, let p; be its dimension. Then (py, po,...) = A. In particular,
O(M/pi M) =X+ + AL

Proof. 1f M = Z/p*, then p = 1*. In particular, pu; = #{\; | \; > i} = AL O

Let M be an abelian p-group of type A and set G;\W(p) to be the number of submodules
N C M of type p such that M/N is of type v. These numbers have remarkable properties
which we summarize in the next result.

Define n(\) = Zi21(i -\ = %2121 )\;r(/\;r —1).

Theorem 7.1.2. There is a unique polynomial g, ,(t) € Z[t] such that G, ,(p) = g, ,(p).

If cf;l, = 0, then gﬁ’y(t) s the 0 pOlynomial.A Otherwise, it is a polynomial of degree
v

n(A) —n(p) —n(v) and its leading coefficient is ¢
Remark 7.1.3. More generally, instead of finite abelian p-groups, we can consider finite
length modules over a local PID. In our setting, we're considering finite length modules over
Z,) (alternatively, over the p-adic integers Z,). The above theorem is still true, and the
polynomial g/’l’y(t) works for all local PID’s, and one substitutes the size of the residue field
instead of p in general. The proofs below go through with little change, but we have focused
on this case for simplicity of exposition. 0
Let’s start with basic properties:
lem:basic-abelian
A _

Lemma 7.1.4. (a) G}, ,(p) = G} .(p)-

(b) If Gy ,(p) #0, then n € X and v C \.

Proof. (a) To show this, we use Pontryagin duality. Let S! be the circle group (the length
1 complex numbers under multiplication). Given a finite abelian group M, let MY be the
group of homomorphisms M — S (the multiplication is given by (ff’)(z) = f(z)f'(z) for
x € M). Then (M, ® My)¥ = MY ® My and (Z/n)" = Z/n since every homomorphism has
to send a generator of Z/n to some nth root of unity. This implies that M = MY always.
More interestingly, if N C M, then we get a surjection MY — NV by restricting homo-
morphisms from M to N, and the kernel is naturally (M/N)Y. In particular, if M is an
abelian p-group of type A, then Pontryagin duality gives a bijection between subgroups of
type pu whose quotient is of type v and subgroups of MY of type v whose quotient is of type
w. But M and MY have the same type.
(b) Using (a), it suffices to show that v C A. Let M have type A and suppose N C M has
type p and M /N has type v. Then
pPHM/N) L pTIM AN pTIM A+ (PM 4 N) pM
pi(M/N) — pM+ N piM + N C pIM N (pPM + N)’
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where the second isomorphism is the “second isomorphism theorem” for modules. Since
p'M C p M N (p'M + N), it follows that

(i) = (ar )

which, by Lemma 7.1.1, implies that 1/2-T < /\;r. In particular, vf C AT, and hence v C \. O

Example 7.1.5. An abelian p-group of type 1™ is just (Z/p)". In particular, G}:V(p) =0
unless ;1 = 1% and v = 1" for some k. In that case, G%: 1n—x(p) is just the number of
k-dimensional subspaces of the n-dimensional vector space (Z/p)". By Remark 5.2.3, this is

the p-binomial coefficient {Z] . Note that it is a polynomial in p. O]
p

Here’s a generalization of this example:
prop:VS-abelian
Proposition 7.1.6. If A/ is not a vertical strip of size k, then G7, H(p) =0.
Otherwise, we have

A= AT
6 = T[]
7/21 (2 (2 p
where
d=§:0&—ub<§:u}—§:¥>>-
i>1 j>itl j>it2
In particular, it is a polynomial in p of degree n(\) — n(pu) — n(1%).
Proof. Let M be an abelian group of type A and let N C M be a subgroup of type 1* and let p
be the type of M/N. Define S = ker(M % M). Then N C S, andso M/S = (M/N)/(S/N).
The type of M/S is easily seen to be A = (A — 1, A2 — 1,..., A, — 1). By Lemma 7.1.4,
A CpuC A so N pis a vertical strip.
Now we count the number of such submodules N. Let S; = SN p'M and N; = NN S,.
Then €(S;) = #{j | \; > i} = A,
Note that N/N; = (N + p'M)/p'M and hence

0(N;_1) — U(N;) = —0(N/N;_1) + £{(N/N;)

N i—1 7
_ (N MY (NEPM
pz—lM pzM

= —U(N +p M)+ 0(p" ' M) + O(N + p'M) — ((p' M)

_6 pi—lM 6 N—i—pi_lM
N piM N + piM

=\ =l

So we see that M /N has type p if and only if £(N;_; /N;) = Al —u!. So to count the number
of N, it suffices to count the number of submodules N; C S; such that N;,_; N.S; = N; and
U(Ni1/N;) = Al = pl.



NOTES FOR MATH 740 (SYMMETRIC FUNCTIONS) 49

To do this, first choose subspaces W;_; C S;_1/S; of dimension )\Z — ,uj». The set of choices
for a given 7 is a Grassmannian, and hence has size

{/\IT_ /\Iﬁ%l} )
ALy »

We first set Ny,—1 = Wy,_1. To get Ny, _o from W), _5, we can take any preimages of a basis
for Wy, _o under the map Sy, o — Sy,—2/S5),—1 and take its span with N,,_;. However, any
preimages that differ by elements in V), _; give the same result, so the number of unique
choices is p raised to the following power:

K(WM*Q)E(SM*l/NM*l)'

Similarly, once we’ve chosen N; in general and W,;_q, to get N;_;, we take any preimages of
a basis for W;_; under the map S;_; — 5;_1/95; and take its span with N;. The number of
unique choices is p raised to the following power:

UWi)e(Sima/Nica) = (A = ) (Z p=> Aj) :
Jj=>i Jj>i+l
So we get a polynomial in p. Finally, we compute its degree. Set L; = /\;r and M; = ,ug.

The binomial coefficient {n} has degree k(n — k), so the degree is

k
p
> (L= M) (M; = Liga) + > (Li = M) (> M;— > L)
i>1 i>1 izt i>it2
=3 (Li—- M) M- > L)
i>1 Jj>t j>i+1
G>i j>i j>i G>i

On the other hand,

n(A) —n(u) —n(1™) = Z @ _ Z MZ(]\42—’L -1 m(m2— 1)'

i>1 i>1

Now use that m = >, (L; — M;) to simplify:

2 <Z Li(Li = 1) = 3 MM = 1) = (3(L = M) (-1 3 (Li - Mi>>>

1>1 1>1 1>1 1>1
-3 (T T - - )
i>1 i>1 i>1
== LiL;— Y MM;+> LM;j+Y ML;
Jj>i Jj>i Jj>i Jj>i

which is what we wanted. L]
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Steinitz, and in later independent work, Hall, used the numbers Gﬁju(p) to define an
algebra. Let H = H(p) be the free abelian group with basis u,, with A ranging over all
partitions. Define a multiplication on H by

uHuV = Z GA,V(p)u)\
A

Proposition 7.1.7. The product just defined is commutative and associative.

Proof. Commutativity is equivalent to the statement G ,(p) = G ,(p) which we’ve shown.
For associativity, consider the products (uqug)u, and u,(ugu,). The coefficient of u, in

each is
> G ()G s(p), ZG )G (p).
I\

Let M be an abelian p-group of type p. Then both sums are counting the number of chains
of subgroups N; C Ny, C M such that

e N has type a,

e N/Nj has type S,

e M /N, has type .
So they are the same. In the first sum, X is the type of N,, while in the second sum it is the
type of M/Nj. O

H also has a multiplicative identity given by ug. This is the (classical) Hall algebra or

the algebra of partitions.
prop:u-gen-H

Proposition 7.1.8. The elements {uyr | r > 1} generate H as an algebra and are alge-
braically independent. Furthermore, there exist unique polynomials giy(t) such that Gﬁ,y(p) =

g;i\,l/(p>
gl’)y(t) is called a Hall polynomial.

Proof. For a partition A, set vy = uyx, - - uyn,. Then
o= Aulp)uy
m

where A, ,(p) is the number of chains of subgroups
M:MQDMlDDMk:O

such that M is an abelian p-group of type p, and M;_;/M; is of type 1% for each i, i.e.,
M;_/M; = (Z/p)Ni. In particular, pM;_; C M;, and so p'M C M; for all i.

In particular, if such a chain exists, i.e., Ay ,(p) # 0, then it implies that ¢(M/p'M) >
¢(M/M;), and so by Lemma 7.1.1, we conclude that ui +-- "F[L;-r > A kA den, uf > A
(dominance order). If A = uf, then we must have M; = p'M, and so A, i(p) = 1. By
Lemma 2.1 (though the inequality is reversed), the change of basis matrix between u, and
vy is lower-unitriangular.

Furthermore, by Proposition 7.1.6, there exists a polynomial ay ,(t) such that A, ,(p) =
ax,(p) and ay+(t) = 1. In particular, by the invertibility of the matrix above there exist
polynomials, which when specialized at p, give the coefficients of u) written in terms of the
v,. Now if we multiply out u,u,, we get a polynomial linear combination of vy, and hence
a polynomial linear combination of uy. 0]
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In particular, we can define a universal Hall algebra H = H®Z]t] where we replace G}, ,(p)

with the polynomial gj’y(t). Each Hall algebra is obtained by specializing the variable ¢ to
the prime p.

Remark 7.1.9. Our proof of the existence of the Hall polynomials relied on one calculation
but was otherwise conceptually simple. The downside is that it is difficult to deduce any
properties about these polynomials. For that, see [Mac, Chapter II]. There, much more
explicit information is worked out at the cost of heavier amounts of calculation and combi-
natorics. 0

Theorem 7.1.10. Let M be an abelian p-group of type \, and let N C M be a subgroup of
type v such that M/N has type p. For each i > 0, let A\ be the type of M/p'N. Then the
sequence

AOT AW C .o \OF
(where p"N = 0) corresponds to a Littlewood—Richardson tableau of shape \'/u' and type 1.

Proof. Since M/p'N is a quotient of M/p"™'N, we have AW C A\(+DT by Lemma 7.1.4 and
Lemma 7.1.1. By definition, A0 = yf while AT = Xf. By Proposition 7.1.6, A\® /A\(=1 is
a vertical strip and hence A®' /XDt is a horizontal strip. Hence we get a SSYT of shape
A /uf and type vf (again by Lemma 7.1.1) by filling in ¢ in the boxes of A®T /\G=D1,

Finally, we have to show that the reverse reading word of this SSYT is a lattice permuta-
tion. Since we already know it is a SSYT, we can reformulate this by saying that the number
of instances of 7 in the first k rows is at least as many as the number of instances of 7 + 1 in
the first k£ + 1 rows for all 7+ and k. Equivalently, for all 7 and k, we have

k k+1

Z(/\EZ)T . )\éi—l)T) > Z(}\Y'Hﬁ o /\gz)T)

j=1 j=1

To show this, first note that by Lemma 7.1.1,

N = 0(p (M /p'N) [P (M[p'N)).
Hence
DN = U(M/PIN) /(M N)) = €M/ (' N + p*M)).
Set Vi; = ("M + p"~*N)/(p*M + p'N) so that

k
O ATI = (V).

i=1

Finally, ¢(Vi;) > €(Vi+1,i4+1) since multiplication by p gives a surjective map Vi; — Vii1i41-
L]

cor:LR-sequence
Corollary 7.1.11. If g} (t) # 0, then ¢}, # 0.

Proof. Follows from Theorem 6.3.1. O
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7.2. Hall-Littlewood symmetric functions. Let zi,...,x,,t be variables and pick a
partition A = (\y,...,\,). Let X} be the stabilizer of X in X,,.

Set
() = > "( 11 %) or(t) = [T omon ().
cES, 1<i<j<n " J i>0
(Note that we include mg(A); ordinarily this is 0, but for the proof below, we use mg(\) =
n — £(A).) This is a polynomial in ¢ which does not depend on xy,...,z,: the denominator
of the o summand is sgn(c) times the Vandermonde determinant, and the expression

Yo ( I @ —mj)>

oEY, 1<i<j<n

is skew-symmetric (and of the same degree).
We will need another formula for v,,(t) later. Given o € %,,, define

| o) =#{i <jlo(i)>a(j)}
Also, define [i]; = =2 and [n];! = [n][n — 1], - - [2];[1];.

lem:t-factorial

Lemma 7.2.1. v,(t) = oy 97 = [n];!.

Proof. From above, we just need to calculate the coefficient of z7 '25~2.. . x,_; in
Z sgn(o)o ( H (x; — twj)> :
0ESn 1<i<j<n

We get one power of t for each o, and it is clear from our definition that the power
is sgn(o)(—t)“"") since we can equivalently find the coefficient of xZi}(l) S Tpoi(po1) I
sgn(o) [1;,(zi — tx;). However, we also have £(0) = £(0~") by definition, and (—1)40) =
sgn(o). This proves the first equality.

We prove the second equality by induction on n; when n = 1 both sides are just 1. We
have [n]! = (1 +¢+ -+ +t"1)[n — 1];!, so it suffices to show that

SO = (Lpttpmh) >

oeYX, TEX -1

Writing permutations in one-line notation a; - - - a,, i.e., (i) = a;, we can construct a per-
mutation o € X, from a permutation in 7 € X, by arbitrarily inserting n somewhere. If
we insert if right before a; then ¢(o) = ¢(7)+n—1i, and if we insert it at the end, ¢(0) = (7).
This proves the desired identity. O

lem:HL-expressions

Lemma 7.2.2. We have

1 T; — tx; T; — tx;
E o xj\l xf‘l" | | =) = E o xi\l . xﬁ" | | P
vA(t) = L<itaey Ti T ) S L — T
oc <i<j<n 0ESL /TN NEA
i>Aj

Proof. Choose coset representatives aq, ao, . .., Qg for ¥,/32. We have

Yol == X Hx “o=nn [T

pex)y i<y (Bxys+P0) 1<J Ai>Aj
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where the second sum is over all tuples in mel(/\) X -+ X Ypmo(n)- 1o see this, we think of
By, as acting on the first my, (\) variables, 8y, -1 as acting on the next my,_1(A) variables,
etc., and each copy of vy,,(\)(t) that we pick up involves different x variables — but the point
is that v is independent of the x’s. Then

1 i — 1 < L P —
m<t>za<ﬁl”'xﬁn 1 x-—;-):vw)zz“’f(ﬁ"'IQ)“”(Hﬁ)

x
€T, ! k=1 Bex)

1<i<j<n
x; —tx;

= E o xi‘lx;\L”H—j . U
: xi—»xj

GGEn/E%

Let P\(z1,...,x,;t) denote either of these expressions. This is the Hall-Littlewood poly-
nomial. Set A(n)[t] = A(n) ® Z[t] and Alt] = A ® Z[t].

Proposition 7.2.3. (a) Py\(x1,...,z,;t) is an element of A(n)[t].
(b) Px(x1,...,2,;0) = sx(x1,...,2p).

(c) Px(z1,...,20; 1) = my(x1, ..., 2p).

(d) Py(x1,...,20,0;t) = Py(x1,...,2,:1).

Proof. Consider the two expressions for P, given by Lemma 7.2.2.

(a) The left expression for Py(x1,...,%,;t) exhibits it as a quotient of a skew-symmetric
polynomial in 1, ..., z, by the Vandermonde determinant, now use Lemma 3.4.1. The right
expression does not involve any division by ¢.

(b) First, v,(0) = 1 since it simplifies to the quotient of two polynomials which are
both the Vandermonde determinant. Now plug in ¢ = 0 into the left expression to get the
determinantal formula for sy(z1,...,z,) from §3.4.

(c) This is clear by plugging in ¢ = 1 into the right expression.

(d) This is clear from the right expression. O

Using (d) above, we can define Py(x;t) € A[t] by taking it to be the unique symmetric
function such that Py(z1,...,2,,0,0,...;t) = P\x(21,...,z,;t) for all n > £(\). This is the
Hall-Littlewood symmetric function. From (b) and (c) above, we see that it interpolates
between monomial symmetric functions and Schur functions.

We think of A[t] as being a Z[t]-module rather than an abelian group. As such, it has a
basis given by the Schur functions. Hence, we have expressions

Prr:t) = 3 wault)su(a)

for some polynomials wy ,(t) € Z[t]. The following can be done by going through our
definitions carefully, but we omit it (see [Mac, §III.1] for proofs):

prop:P-basis-s

Proposition 7.2.4. w, ,(t) # 0 implies that |\| = |p| and X\ > p. Furthermore, wy () = 1.

cor:P-basis

Corollary 7.2.5. {P\(x;t)} is a Z[t]-basis for At].

In particular, the product of two Hall-Littlewood functions is a Z[t]-linear combination of
others:

Pu(x;)P(;t) = Y [, () Pa(x; t).
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Since P,(z;0) = s, we immediately see that

A A

,u,l/(o) - Cu,l/'

Our goal now is to connect these polynomials to Hall polynomials. Since we have a Pieri for-
mula for Hall polynomials, we need to establish the analogue for Hall-Littlewood symmetric

functions.
lem:P=e

Lemma 7.2.6. Pim(z;t) = e,,(x).

Proof. Since Pym(x;t) is a sum of Schur functions s, with |A\| = m, it suffices to check this
in finitely many variables z1, ..., x,,. In that case, Lemma 7.2.2 gives

Pim(zy, .., pmit) =21 Ty = € (21, -0, Tpy)- O

Proof. Recall we said that the left hand side is the number of r-dimensional subspaces of Fy.
Note that the number of pairs (W, (vy,...,v,)) where W is r-dimensional and vy, ..., v, is
an ordered basis for W is (¢" —1)(¢" —q) - - - (¢" — ¢"~'). Each subspace W has (¢" —1)(¢" —

Lemma 7.2.7.

q) -+ (q" — ¢"~1) ordered bases, so we conclude that
m _ @ -D@" —q) ("~
rl, (@-D(@—q-(¢"—qg")
_ (q” — 1)((]”71 — 1) e (qnfrJrl o 1) _ [n]q‘ -
(=Dl =1)---(¢g—1) [rlg![n = rlg!

prop:HL-pieri
Proposition 7.2.8. If |\| = |u| + m, then

A
A _ 7 i+1
,w(t)—H[ f T} :
Proof. By Lemma 7.2.6, we need to find the coefficient of Py(x;t) in P,(z;t)e,,(z). It will
suffice to work in finitely many variables n where n > ¢(u) + m. Set k = py and write
{z1,...,2,} = XoII--- I X}, where z; € X; if u; = 4. In particular, |X;| = m;(u). Let
e-(X;) be the rth elementary symmetric function in the variables in X;. Then

em(r, ) = Y e (Xo) - ep (Xa).

where the sum is over all tuples of non-negative integers r such that r; < m;(n) and ). r; =
m. Note that m;(u) = ul — ,uIH. Hence, given r as above, if we define a partition \(r) by
adding 7;_; boxes to the ith column of p, then A(r)/u is a vertical strip of size m, and these
are all possible ways of adding a vertical strip of size m to pu.

If X;={vy,...,y,} (written in order), then

1 i — Ly,
e, (Xi) = P (Xi3t) = Z o\ yiy2- - Yr, H u

Ur (Bvmi—ri(t) |y G 1<i<i<ma(p)
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In particular,

-1
r)1— z_t .
eTO(XO) erk Xk (H U?"z Umz ) Z J(l‘i\( n-p xz(r)n*lin H Z — j]) )
A

cexh 1<j
1i=H;
If we multiply this by
i — lw;
Puwit)= > 0<x§u el u)
cES, /T i Ti— Tj
i > L
we get
i -1
A(r)1 A(r) x; — ta;
Pu(l‘? t)eTO (X()) te e?"k (Xk) - H /U"'z Umz M) Z g SL’l R In n H m
i=0 gET, i<j Tt J

::»

—1
=< Vr, () Vi (10) > Oa) (1) Pa) (25 1).
=0

-1
This implies that f 1m( ) = <Hf:0 Uy, () Vs () (t)) Ux(r)(t). Finally, we note that

) -1 B Uy (A(r)) (1)
(H Ur; (£)Vims () (t)> v =11 m

1=0 >0

—H{ ZHL 0

i>1 'uz

Recall that n(A) =Y., (i — 1)\
- cor:g-f-comparison

Corollary 7.2.9. We have
Gy (1) = 2O (7).

Proof. Let f(t) = fﬁlm(t) and g(t) = gilm(t). Let D = deg f(t) and EF = degg(t) =
n(A) —n(p) — n(1™). Since f is a product of binomial coefficients, it is palindromic, i.e.,
f(t™Y) =¢"P f(t). From Proposition 7.1.6, g(t) =t~ f(t), so we’re done. O

Now define a linear map
Y: H(p) ® Q = Aq
O(uy) = p "V Py(x;p7h),
Theorem 7.2.10. ¢ is a ring isomorphism.

Proof. 1) maps a basis to a basis, so the isomorphism part is clear. It remains to show it
is a ring homomorphism. Since the wu;r freely generate H(p) by Proposition 7.1.8, we can
define a ring homomorphism ¢': H(p) ® Q — Aq by ¥'(u1r) = p~"e,. We will show by
induction on A (via |A| and then by dominance order) and 1 (uy) = ¢'(uy). When A = &
this is clear.

If X # @, let u be obtained from A by removing its first column, and let m be the number
of boxes of this first column. It is clear that Gi‘m#(p) = 1 since any submodule of type 1™
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of a module of type A must be the kernel of the multiplication by p map. Furthermore, if
v/u is a vertical strip, then v < X in dominance order. Hence,

Uy Ugm = uy + Z Gy (Pt

<A

Apply ¢’ to both sides and use that ¢’ = w on everything involved except possibly wy:
p WP (2 p e (o) )+ G (p)p "B, (2 p7).

<A

Now write

Py(a;pem(a) = Pr(z:p™ +Zf,51m P (zp7)

( f;‘ 1m(p~1) = 1 by Proposition 7.2.8). Comparing both equalities and using Corollary 7.2.9
gives ¢ (uy) = p"WHn1™ Py (2;p7 ). From how we defined p, we have n(u) +n(1™) = n(A),
so we're done. U

Corollary 7.2.11. For all primes p, we have
GLlp) = O ),

JT87%
In particular, gﬁ‘y( ) is a polynomial of degree < n(\) — n(p) — n(v) and the coefficient of
)= =n() g ¢, - Furthermore, if ¢, = 0, then g, ,(t) is the 0 polynomial.

Proof. The first identity follows from the fact that v is a ring homomorphism. The second
statement follows from the fact that f/;\ﬂ,(O) = C;/),u' For the last statement, note that if

=0, then G’\ ,(p) = 0 for all p by Corollary 7.1.11. O

Remark 7.2.12. We would like to say that c , 7 0 if and only if G ,(p) # 0 for all primes
p, though the above approach leaves the pOSSlblllty that gw,( ) could be nonzero but have
prime roots. In fact, this does not happen, though I don’t see a way to deduce that from
what we’ve already proven. A much stronger property of the Hall polynomials is shown in
[Mal]: it is a non-negative linear combination of powers of ¢ — 1. O

We can now prove what’s known as the “semigroup property” of Littlewood—Richardson
coefficients:

Corollary 7.2.13. Ifc,,, # 0 and ¢, # 0, then Cﬁii,m # 0.

Proof. By (3.5.6), cﬁﬂ # 0 and cglWT # 0. Let p be prime which is not a root of gl’ﬂ,yf(t)

nor gg:’,YT (t) (by the above remark, any prime will do, though we don’t need this fact). Then
there exist abelian p-groups M C L and B C A such that M, L, L/M, B, A, A/ B have types
put M vt Bt at 4t respectively. Now M x B C L x A is a subgroup of type uf U 81 of a
group of type AT Ua' whose quotient has type vTU~T. Note that in general, 6T Uel = (6 +¢)T.

Hence we've shown that )75, #0. O

Remark 7.2.14. This property is not clear from the rule we’ve given via Littlewood—
Richardson tableaux. However, it did require a lot of work. If we allow ourselves to use
some algebraic geometry, then it is possible to give a conceptually simpler proof using the
representation-theoretic interpretation of Littlewood—Richardson coefficients as multiplicities
of Schur functors inside of a tensor product of Schur functors.
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One consequence of the semigroup property is that C;/\w # 0 implies that c%l’) Ny # 0 for

any positive integer V. Conversely, one can ask if the Littlewood-Richardson coefficients are
“saturated”, that is, if ¢y v, 7# 0 for some N > 0, does it imply that ¢} , # 07 The answer
is yes, and is closely related to “Horn’s problem”. For context, given a Hermitian n X n
matrix A, its eigenvalues are all real, so we can rearrange them into a weakly decreasing
sequence. In particular, we can ask for which triples of partitions A, u, v of length at most
n, does there exist Hermitian matrices A, B, C' such that A = B + C and the spectrum of
A, B,C are \, u, v, respectively? Surprisingly enough, the answer is that this is true if and
only if cfw # 0. See [Fu2] for a survey and further references. O

8. MORE ON HALL-LITTLEWOOD FUNCTIONS
Let A(t) = Alt] ®z Q(t). Define

pr(t) = (L=t)(1—t%) - (1=1"),
and for a partition A, set

ba(t) = [ [ emn (@)

i>1
and
Qx(z;t) = ba(t) Pa(x;t).
Define g = 1; for each r > 1, we also define
Gr(2;t) = Qe t) = (1 = 1) B (a5 2).
In finitely many variables, it will be convenient to use the expression

T; —tx;
oo=(-n ][ 225

1<j<n ™! J
i

In this case, we have

:qr- —
°qn: AT~ EIRY, (1, i t) = Y gl = (1—1) ﬂﬁgnm. -

where the equality is from the second expression for P, in Lemma 7.2.2.
We have ¢.(2;0) = h,(x) and Q,(z;0) = sx(z). The goal in this section is to prove
t-analogues of various identities that we have established for symmetric functions.

8.1. t-analogue of Jacobi—Trudi.
lem:qr-GF
Lemma 8.1.1.

> gl =]] 11__—9;155

r>0 i>1

We define Q(u) =) oo ¢ (x5 t)u".
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Proof. First work in finitely many variables x1,...,z, and set z = 1/u. Applying partial
fraction decomposition with respect to the variable z, the right side becomes

ﬁ Pt [l (z —to) — [Lisi (2 — =)

- Tt [T (2 — )

_ 1+i 1 Lo (2 —tay)
=1 7 T Hj;éi(xi — ;)

The coeflicient of v for r > 0 is

1_tz 1_[:(:’__31j Gr(x1, ..oy T3 t),

i=1 j#i J

where the equality is (8.1). Now take n — 0. O

Given a polynomial or formal power series f in variables z, let ) be the result of setting
x; = 0. The following generalizes the identity (8.1).

lem:Q-recursion

Lemma 8.1.2. Given a partition X\, let p = (Xg, A3, ...). We have
Qx(T1, ..., 205 t) Z:U’\lgl Wy, ..., xnt).

Proof. Set k = ¢(\). Then
Qx(T1,. .., xp;t) = 0n(t)Pr(1,. .., T t)

_ () L T —tx;
71},\(t)z (1 k H xi—xj>

oEY, 1<i<j<n
ba(t) vk (t) x; — tx;
a2 e HH T —
CEX L /En—k =1 j>1 J

where, in the last equality, >, acts on the last n — k variables, and we used the definition of
Up—k(t). By Lemma 7.2.1 and the definition of by (), the leading coefficient can be replaced by
(1—t)*. We can decompose the sum above by writing each coset representative o as a product
o109 where o7 is fixed coset representative of ¥, /%, 1 (where ¥,,_; acts on x,,...,z,) and
09 is a fixed coset representative of ¥, /%, . Hence

k
A T, —tx;
QA(xla-'-axn;t): Z 01 (l’i\lglUZ <x;2xkk H(l_t)l_ll xl_£]])>

UEEn/En,k 1=2 7>
b, (t)v,_r(t i — ta;
— Z o1 [ 2t gios | 232 - -322’“—“< JUn—(t) H I
Uu(t) i i<n L1 T Xj
TESn /S 2<i<j<n
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Fixing o and varying over all possibilities for oy, the inner expression is b, (t) P, (22, . . ., Ty;t) =
Qﬁl)(xl, .o, t), so we get
Qx(xy, ..., xp3t) = Z o (27! ng(l)(xl,...,:cn, Za:)‘lgl Nay, ...z t). O
O'EEn/En 1
For the next result, define

F(u): —1+Z —t" Y

r>1

Proposition 8.1.3. Define

Q(ug,ug,...) HQ U HFu u;).

Then Qx(z;t) is the coefficient of u}'uy? - - - in Q(ur,ug,...).

Proof. We prove this by induction on ¢(\). When ¢(\) = 1, we have Q,(z;t) = ¢,(x;t) and
the coefficient of u] in Q(uq,us,...) is the coefficient of u} in Q(uy), and so this follows from
Lemma 8.1.1. - N

Now assume we have shown it for all partitions with length strictly smaller than A. Set
i = (A2, As,...), so that the result is true for p. Again, by Lemma 8.1.1, we have

QY (u) = F(zu)Q(u),
and this implies

Q(i)(ul,m,...) Q(u1,uy, . .. HF Tiuj).

7j>1
By our induction hypothesis, @, (21, ..., xy;t) is the coefficient of u; ug‘?’ -oin Q(ug, us, - .. ).

Hence the same is true for QS) and Q(i . Now by Lemma 8.1.2, Q(x1,...,2,;t) is the
coefficient of u}'u)? - -+ in

Z u)! Zx?lgig(i)(m,u?,, o) = Q(ug,us,...) Z upt fo‘lgi H F(xu;)
>0 =l >0 =1 i>2

where g; = (1 — ) Hl%g" ?;t;j’ Write [[;5, Fi(ziug) = >°, 50 fma]" where f, is a polyno-

mial in ¢, ug, us,.... Then we have
n
A A1+m
E E xngHquj g E 2" fn

A1>0 i=1 §>2 A1,m>0 i=1
(8.1) 1
= § ul fqu1+m($17"'axn;t)

A1,m>0
= Q ul E fmu
m>0
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Combining everything, we conclude that Qy(zy, ..., 2,;t) is the coefficient of u}'u)? - - - in
Q('LLQ, us, . . . )Q(Ul) H F(Ul_luj) = Q(ub U,y . . . )
Jj=22
Now take n — oo. O

At this point, it is convenient to introduce the formalism of raising operators so that
we can reinterpret the above result in a more compact way. Given an integer sequence
a = (ag,as,...), and i < j, define

RijOé:Oé—l-gi—gj:(Ckl,...,Oéi—l—l,...,C(j—1,...)

A raising operator is any polynomial R in the R;;.
For any integer sequence oo = (ay, ag, . .. ), set

Ga(T51) = oy (73 1) oy (T3 ) - -+ = Quay (75) Qay (w51) - - -

with the convention that ¢, = 0 if any part is negative.
Given a raising operator R, we define®

Rqo(2;t) = qra(w;1).
cor:Q-raising

Corollary 8.1.4. We have

Proof. The coefficient of u®

H F(u; ! uy) HQ(uk) = H (1 + Z(t’" _ tm)uiruj) Zqﬁuﬁ
s

i<j k>1 i<j r>1
is
1—R;
1 tT 1 RT
I (1 e o= (I3 ) o
1<j r>1 1<)
Now use the previous result with a = A. O

Remark 8.1.5. Recall that the Jacobi-Trudi identity (Theorem 3.6.1) says
sx = det(hy,—ivj)i =1

for any n > ¢(\). Set p=(n—1,n—2,...,1,0). If we expand the determinant, we get

> sgn(0)hagpo() = ( I] a- Rij)> ha.

cES, 1<i<j<n

8Warning: this is not an action! For example, RosR12 = Ri3, and R13¢0,01 = ¢1 while Rog(R12¢0,0,1) = 0.
When these are used, we will typically multiply out all of the polynomials, and then apply them to ¢q.
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To see this, first consider the following identity in Z[z7", ..., z]:

Z sgn(o)a o) = gMeg

oEY,
— Me H (:Lfl _ x;l)
1<i<j<n
= 2 H (1 — ;")
1<i<j<n
= ( I] a —Rz‘j)) )
1<i<j<n
where for a raising operator, we define Rz* := 2. Now apply the Z-linear homomorphism
Z[zE', ... ] — A given by 2% i h,. Th1s is also the result of setting ¢ = 0 in the previous
identity, so we can think of it as a t-deformation of the Jacobi-Trudi identity. U

thm:Q-basis-q
Theorem 8.1.6. There exist ay ,(t) € Z[t] such that ay(t) =1 and ay ,(t) # 0 implies that

A < u such that
)= axu(t)gu(z;t).

Furthermore, ay,(t) is divisible by (t — 1)*M=4W _ In particular, {g\(x;t) | A € Par} is a
Q(t)-basis for A(t).

Proof. From Corollary 8.1.4, we have

Q)\(.T; f}) = (H(l + (t — 1)R1J + (t2 — t)RlQJ 4. )) C])\<$; t)
i<j
which implies that Qx(x;t) — g\(z;t) is a Z[t]-linear combination of ¢, (x;t) with g > A
Furthermore, the coefficient of ¢, (z;t) is divisible by one power of (1 —¢) for each different
nontrivial R;; component used in the product above, and at least ¢(\) — £() of them have
to be used, so we get the divisibility statement.

By Corollary 7.2.5, Py(x;t) is a Z[t]-basis for Aft], and hence Q\(z;t) is a Q(t)-basis for
A(t) by their definition. We just showed that the change of basis matrix between @ and ¢ is
invertible over Z[t], so we get the desired result. O

8.2. t-analogue of the inner product. We define a Q(t)-valued bilinear form on A(t) by
(ar(z;t), mu(z))e = O

and extending it to be Q(t)-linear in each variable.
prop:gm-inner
Proposition 8.2.1. We have
1 —tzy;
-t — I
EA (s t)ma(y) ! ]l 1— 2, E ma(z)ax(y; t

Furthermore, if {ux} and {v,} are Q(t)-linear bases of A(t), then

1 —tx;y;
> u@n@) =[]~
A i iYj
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if and only if (ux,vx)r = Oy,
Proof. Use Lemma 8.1.1 with u = y; to get

H 1 _txx;yyj qur T t)y; = ZqA(a:;t)mA(y).

g r>0

Similarly, we can use Lemma 8.1.1 with u = z; to get

H 11 _tzli] = qur y;t Zq,\(y;t)mA(x).

i r>0 A

The second part is formally the same as Lemma 2.6.1, so we omit the details. 0

Corollary 8.2.2. The bilinear form (,); is symmetric, i.e., {f,9)¢ = (g, f)¢ for all f,g €
A(t).

( ) prop:product-PQ
Proposition 8.2.3. We have

AN CHENTHES || ﬂ

In particular,
<P)\(£L', t)a Q,u(xa t))t = 5/\,,u-

Proof. Given two bases uy and v,, write M (u,v) for the change of basis matrix that records
the coefficients of expanding u, in terms of the v,. Also, order the entries by some fixed
total ordering that extends dominance order. Then M (u,v)™' = M (v, u) and if one is upper
(resp., lower) triangular, then the same is true for the other.

Let D = M(m, Q)" M(q, Q). Note that M(q, Q) = M(q, m)M(m, Q) and that M (g, m) is a
symmetric matrix by Proposition 8.2.1, and so the same is true for D. Furthermore, M(Q, q),
and hence M(q, Q), is lower unitriangular by Theorem 8.1.6. We claim that M (m, Q)T
also lower triangular: this follows since

M(Q,m) = M(Q, P)M(P,s)M(s,m),
and M(Q, P) is diagonal by definition, M (P, s) is upper triangular by Proposition 7.2.4, and
M (s, m) is upper triangular by Theorem 3.1.5. In conclusion, D is symmetric and lower-
triangular, so it is actually a diagonal matrix. It shares its diagonal entries with M (P, Q)
since all of the other change of basis matrices involved have 1’s on the diagonal. This implies
that

> " M(m, Q)M (g, Q)aw = bu(t) 0,
A
Now we can finish:

> aa@tymaly) =D M(m, Q) M(q, Q)xQul; )Qu(y3 t)

PWINZ

—Zb “Qul(w1)Qu(y:t)

=Y Pz t)Quly;t) = H teali

i 1 — 2y,
where the last equality is Proposition 8.2.1. O
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Define

OEEN S :H—izw .

i>1 i>1
prop:tdeform-pp

Proposition 8.2.4. We have
1-— t(l,’zyj
Z At " ma@ny) = [[ —
irj L=y,
In particular,

(pa(@), pu())e = 22(t)0r -
Proof. Start With

— tx;y;
1ogH L= "(log(1 — tay;) — log(1 — ;)

11— xzyj i,
_ZZ( tl‘zyj zy] > Zzl—t xly]
1,7 r>1 i,j r>1
= @),
r>1

Now exponentiate both sides to get

1-— txzyj 1t
li_j[ 1_—% = HGXP < , pr(l’)pr(y))

9. SCHUR Q-FUNCTIONS

9.1. Hall-Littlewood functions at t = —1. We now set ¢ = —1 in the functions from the
previous section and use the shorthand:

4 = ¢(z; —1), o = qx(z; —1), Py = Py(z;-1), Qx = Qu(w; —1).
Also define the generating function
-

r>0
Specializing t = —1 in Lemma 8.1.1, we get

This implies in particular that Q(u)Q(—u) = 1, which gives the identity

n

Z(_l)Z%Qn—z =0

=0
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for n > 1. When n = 2m is even, this implies

m—1

e : . _1 m—1
%6?%13] Gom = Z(_1> 1qrq2mfr + %%Zn
r=1
which shows that ¢o,, € Q[q1,q2, ..., ¢2m-1]. By induction on m, we can simplify this to

Qom € Q[QIJ q3,4s, - - - 7q2m71}-
lem:Q,q=r

Lemma 9.1.2. We have Q[p, | r odd] = Qlg. | r odd]. Also, the q, with r odd are alge-
braically independent.

Proof. Recall E(t) = [[,»,(1 + z;t) and H(t) = [[;5,
from §2.5 and that H'(t)/H(t) = P(t) and E'(t)/E(t)
Q(u) above, we have Q(u) = H(u)E(u), and hence

Q'(u)  H'(uwE(u)+H(u)E'(u) H'(u) E'u) . e N
Qu) H(u)E(u)  H(u) + E(u) = P(u) + P(~u) 2zp2r+lt -

r>0

(1= t)~!' and P(t) = Zn>1pntn_1
= P(—t). Then from our identity for

Multiply both sides by Q(u) and take the coefficient of u"~! to get
rqr = 2(p1gr—1 + P3dr—3 + Psgr—s + ),

where the sum ends with p,_1q; if r is even and with p, if r is odd. Hence ¢; = 2p; and by
induction on r, we see that ¢, is in the Q-subalgebra generated by the odd p; and also that

pr with r odd is in the Q-subalgebra generated by the g;. 0
We let I' be the subring of A generated by g1, ¢q2,... and let I'q be the Q-subalgebra of
Aq generated by qi, g2, . ... The previous result gives:
FQ - Q[Ch» 43,45, - - ] - Q[p17p37p57 <. ]

Let OPar(n) be the set of partitions of n such that all parts are odd, and let DPar(n) be
the set of the partitions of n such that all parts are distinct. Set OPar = |J,~, OPar(n) and
DPar = |J,,~, DPar(n). B

lem:qn-p
Lemma 9.1.3.

dn = Z Z)TlQZ()\)p)\-

A€OPar(n)
Proof. Earlier, we obtained the identity

14 2
anu _Hl—?u

n>0

by specializing t = —1 in Lemma 8.1.1. Now specialize t = —1, y; = u, and y; = 0 for ¢ > 1

in Proposition 8.2.4 to get
_ 14+ zu
> & 2@l =]
AEOPar j J

Comparing these two identities and taking the coefficient of u™ gives the desired identity. [J
lem:euler-part

Lemma 9.1.4 (Euler). |OPar(n)| = |DPar(n)|.



NOTES FOR MATH 740 (SYMMETRIC FUNCTIONS) 65

Proof. We have
> DPar(n)ft" = [J(1+¢)=]] = 11 T = > " |OPar(n)|t".

n>0 i>1 i>1 n>0

For the third equality, we cancel each numerator 1 — t* with a corresponding denominator,

and observe that the only remaining terms are what’s written. 0
prop:q-bases-Gamma

Proposition 9.1.5.  (a) {¢\ | A € OPar} is a Q-basis for I'q.
(b) {gx | A € DPar} is a Z-basis for I'. Furthermore, each g, can be written as a Z-linear

combination of gy with X strict and X\ > v such that the coefficient of q,, is divisible by
AN —L(p)

Proof. (a) was already shown in Lemma 9.1.2.
(b) We prove by descending induction on dominance order for all partitions of n that
either p is strict, or else g, is a Z-linear combination of ¢\ for A strict with the required

divisibility condition. The base case is u = (n), which is strict. Now assume that the
induction hypothesis holds for all v > p. If p is not strict, pick ¢ such that u; = ;1 = m.
Use (9.1.1) to rewrite g, as a sum of ¢,1,... where the copies of m in p;, yt;+1 have been

replaced by {0,2m},{1,2m —1},{2,2m —2},...,{m—1,m+ 1}. The coefficient of each ¢,
is 2 and £(v") > ¢(u) — 1. Each of these partitions is larger than u in the dominance order,
so by induction, they are also Z-linear combinations of ¢, with A strict with the required
divisiblity condition. Combining with the extra factor of 2 we picked up, the divisiblity
condition is preserved. Hence {¢\ | A € DPar(n)} spans I',,. (a) shows that I', has rank

|OPar(n)|, which is the same as |DPar(n)| by Lemma 9.1.4. O
prop:Q-basis-2
Proposition 9.1.6. Q, € I'. Furthermore, if A € DPar, then

Q)\: Z axudu

pneDPar

where ay, € Z and ay, # 0 implies that ;n > X. Furthermore, ay = 1 and ay, is divisible
by 26N - In particular, {Qy | X € DPar} is a Z-basis of I.

Proof. First, set t = —1 in Theorem 8.1.6 to get

QA = Z a)\,u<_1)qM
o
where a) »(—1) = 1 and ay ,(—1) # 0 implies u > A. Since each a, ,(t) with A # p is divisible
by 1 —t, we conclude that ay,(—1) is even. If X has all distinct parts, then we can rewrite
each ¢, with 1 > X as a Z-linear combination of ¢, with v > p by Proposition 9.1.5. 0

The bilinear form (,); has poles at t = —1 (e.g., 2)(t) whenever \ has an even part), but
this issue disappears if we restrict it to I'q. In that case, we get:
prop:odd-inner
Proposition 9.1.7.  (a) (Qx,Q,) = 2‘V4, .
(b) If A\, u € OPar, then (px,pu) = 2205,/ 2.

Proof. From Proposition 8.2.3, we have (Qx, Qu)r = ba(t)0y . From its definition, by(—1) =
2/ From Proposition 8.2.4, we have (py,pu)i = 2x(t)dx,. Again, from its definition,
Z)\(—l) = Z)\/QZ()‘). ]
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9.2. Projective representations. We consider now the problem of classifying “projective
representations” of the symmetric group. We've already discussed (linear) representations.
Recall that this can be thought of as either a group homomorphism

p: G— GL(V)
for some vector space V', or equivalently, as a linear group action of G on V. Let C* C GL(V)
denote the subgroup of scalar matrices. This is a normal subgroup, and the quotient is the
projective linear group
PGL(V) = GL(V)/C*.
A projective representation of a group is a group homomorphism
p: G — PGL(V).

Note that by composing with the quotient map GL(V) — PGL(V), every linear represen-
tation gives a projective representation. Naturally, one can ask if the converse is true: does
every projective representation come from a linear representation, i.e., can we linearize it?
To give a sense for what this means, suppose p is a projective representation of G. Then
arbitrarily choose coset representatives p'(g) € GL(V) for p(g) for each g. Then for every
g,h € G, there is a scalar a(g, h) € C* such that

P (9)p'(h) = alg, h)p'(gh),
and we are asking if there is a choice of p’ such that a(g, h) =1 for all g, h.
Remark 9.2.1. Since p'(f)(p'(g9)p'(h)) = (p'(f)p'(9))p'(h) for any f,g,h € G, we have

a(f,gh)a(g, h) = a(f, g)a(fg,h).

Also, a(1l,g9) =1 = a(g,1) for all ¢ € G. This means that « is a 2-cocycle on G in the sense
of group cohomology. Note that for any function 6: G — C*, we could have modified the
choice of p/(g) by replacing it with §(g)p’(g) and this would replace our 2-cocycle by another
one defined by

Blg, h) = 8(9)6(h)d(gh) " a(g, h).
These cocycles are cohomologous, and in fact, p having a linearization is equivalent to «
being cohomologous to 0, i.e., defining a trivial cohomology class (in H?(G; C*)). U

In general, it is not possible to find such a choice of p/, and the previous remark makes
the obstruction precise. However, Schur proved that there exists a central extension

1 - HG;C)—G—G—1

such that any projective representation of G can be lifted to a linear representation of é,
i.e., the dashed arrow in the following diagram can always be filled in:

G- - =GL(V)
L—’% PGILJ(V)

The group G is called the representation group of G. We will not discuss its construction,
however, we note that H?(G; C*) is always a finite group.
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We are concerned with the case G = ¥,,. Then

1 if n <3
H2(S,,; C*) = P
Z/2 ifn>4
The group 5, can be given the following presentation. It has generators 2,14, ...,t,_1 subject
to the relations:
2 =1
2ty =tz 1<57<n—-1
2 .
t; =2 1<57<n—-1
(tjthrl)S:Z 1§j§n—2
tjtk = Ztktj if |] — k?| > 1.

The third relation implies that z is redundant as a generator, but it will be useful to have
a name for this element. If we set z = 1 in the above relations, then one gets the usual
presentation for ¥, (where ¢; is the transposition that exchanges j and j+ 1). In particular,

Z = {1, z} is a normal subgroup of ¥,, and we have a central extension
1—>Z—>§n—>2n%1.

So this is a finite group of order 2n! and is a representation group for 3, for n > 4. We let

! in — X, be the quotient map.
lem:conj-split

Lemma 9.2.2. Let A be a partition of n and let ¢\ be the set of permutations with cycle type
A
e If \ has no even parts (and hence cy contains even permutations), then 7=1(cy) is a
union of two conjugacy classes.
e If ¢y contains odd permutations (i.e., n—{(\) is odd) and every part of A is different
(i.e., mi(\) < 1 for all i), then 7=1(cy) is a union of two conjugacy classes.
o In all other cases, 7 1(cy) is a single conjugacy class.

We will omit the proof; see [HH, Theorem 3.8] for a proof.

Recall that OPar(n) is the set of partitions of n such that all parts are odd numbers and
that DPar(n) is the set of partitions of n such that all parts are distinct. Furthermore, let
DPar*(n) denote the subset of DPar(n) consisting of partitions such that n — £(\) is even,
and similarly, let DPar™(n) be the subset of partitions such that n — ¢()) is odd.

We need a way to label the conjugacy classes in ¥,,. Given a partition A of n, define
Tj = tatitar2 - tapr,—1 (a=A+-+ A1),
o =TTy Ty

Then 7(c*) € cy. In the case that 7= !(cy) is two conjugacy classes, o* and z0* are
representatives for the two conjugacy classes. We define

¢f ={ro’r |1 e},
ey ={rze*r |1 € S}

The + convention has been chosen so that the trace of ¢} in a certain representation, to
be constructed in the next section, is positive.
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At this point, we could forget all about projective representations and focus on the problem
of classifying irreducible representations of >,,. If V' is an irreducible representation of ¥,
then since z is a central element, it must act by a scalar on V' by Schur’s lemma. But it has
order 2, so it either acts as 1 or —1. In the first case, V' can be thought of as a representation
of ¥,, and we have already studied this case. Hence, we’ll just be interested in the case
when z acts by —1, which we will call the negative representations. Alternatively, we
study modules over the twisted group algebra

Clx.)/(z+1).

Proposition 9.2.3. The number of irreducible negative representations of %y, is |OPar(n)|+
|DPar™(n)].

Proof. From Lemma 9.2.2, the number of conjugacy classes of 3, minus the number of
conjugacy classes of ¥, is |OPar(n)UDPar™(n)|, so this is the number of irreducible negative
representations. To finish, we observe that OPar(n) N DPar™ (n) = @: if A € OPar(n), then
n—L(A) =", (N —1)is even, so A ¢ DPar™(n). O

9.3. Clifford algebras and the basic spin representation. The trivial representation
provides a basic example of a linear representation of the symmetric group and was used to
essentially get the characters of all of the others in our approach using the Frobenius charac-
teristic map. This is not a negative representation of ¥,,, and hence we need a replacement
for it. This will be done using Clifford algebras.

Given a positive integer n, let Cl, be the associative unital C-algebra with generators
&1, ..., &, and relations

&=1, &&= =& (1 #7).

Given an increasing sequence A = a1 < --- < a; of integers between 1 and n, define

€A = 5(115(12 te gak

(we allow k£ = 0, in which case 4 = 1).
Let M5(C) be the algebra of 2x 2 complex matrices. Let i = v/—1, and define the following
elements in M,(C):

10 1 0 01 0 i
T E O O o R !

They form a linear basis for M(C).

Below, we will consider the k-fold tensor product M,(C)®*. Elements are linear com-
binations of a1 ® -+ ® ay with a; € My(C) and multiplication is defined componentwise:
(a1 ®- ®ap)(by @ @b) = arby @ - -+ @ azby.

Proposition 9.3.1. If n = 2k s even, then there is an algebra isomorphism
p: Cly, — My(C)%*
defined by
p(Eaj_1) = U @ r @169, p(&s) = U @ ¢ @ 1%,

Furthermore, {p(£4)} forms a basis for My(C)®* and {£4} forms a basis for Cly, as A
ranges over all increasing sequences.
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Proof. First, we need to show that p is well-defined: this means showing that p(&)? = 1 and
p(&)p(&;) = —p(&5)p(&) for i # j. The first follows from the fact that e = 2% = y? = I,.
The second follows from the fact that xe = —ez, ye = —¢cy, and zy = —yz.

We leave the claim that p(£4) forms a basis as A ranges over all possible increasing
sequences as an exercise.

Finally, it is clear from the relations that &4 span Cly;. Since their images under p are
linearly independent, they themselves must be linearly independent. U

We now use this to understand Clgi, 1. Let p’ denote the map Cly, — MQ(C)@"“ just
defined and we think of Cly; as a subalgebra of Cly ;.

Proposition 9.3.2. If n =2k + 1 is odd, then there is an algebra isomorphism
p: Clyer — My(C)®* & My(C)=*
defined by
p(&) = (0(&), 0" (&) (<5 <2k),
p(Ear1) = (0 (an) -+ p/(&2)0/(&1), =i (€an) -+ (&) (&1)).

Furthermore, {p(€a)} forms a basis for My(C)®* & My(C)®* and {£a} forms a basis for
Clopiq as A ranges over all increasing sequences.

Proof. First, we check this is well-defined: (p/(&a1) -+ - p'(&1))% = (—1)* where s = (2k — 1) +
(2k —2) + ---+ 1 = k(2k — 1), which is the same as (—1)*. Hence p(&y11)> = 1. Also,
we have p(&)p(€art1) = (—1)* L p(Earr1)p(&;) for j < 2k. Next, for each B C {1,...,2k},
p(Ep&aks1) = £(p(Epe), —p(€pe)) where B¢ = {1,...,2k}\ B, which proves the last claim. [

It will be convenient to define { = & & - &uy1 and use the basis {€4,(4 | A C
{1, ceey 2]{3}} for Cle+1.

Next, we have an isomorphism
MQ(C)®k = MQk(C)a

which can be seen by picking a total ordering on the set of vectors {e;, ®- - -®e;, | i; € {0,1}}.
Hence, when n = 2k is even, Cly;, has a 2¥-dimensional module that we call A, and when
n = 2k + 1 is even, Cly,;; has two non-isomorphic 2*-dimensional modules that we call A

and A_. We'll use Tra(v) to denote the trace of v € Cly, on A, and similarly for Tra_ (v).
prop:spin-trace

Proposition 9.3.3. (1) For n = 2k, we have

(2) Forn=2k+1, we have

Tea, | D (caba +daCéa) | = 2%y £ (20)d.
AC{1,...,2k}

Proof. (1) If A # &, then p(€4) is a tensor product of 2 X 2 matrices, some of which are a
non-empty product of some subset of {e,x,y}. All such products have zero trace, and the
trace of a tensor product is the product of the traces. On the other hand, the trace of 1 is
just the dimension of the module, which is 2*.
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(2) The trace of ({4 on Ay is the trace of the first component of p(C€4), which is i*p'(£4),
and hence has trace 0 unless A = @. Otherwise, the trace is ik . Likewise, the trace on A_

is the trace of the second component of p((€4). 0

Let CL, denote the group of invertible elements in Cl,, under multiplication.
Proposition 9.3.4. Pick complex numbers aq, ..., a,_1,b1,...,b,_1 such that a? + b? =—1
and aji1b; = % Then we have a group homomorphism ry,: X, — CL* defined by

Tn( z) = azg@ + b; €z+1a TH(Z) =—-L
In particular, if b,_1 = 0, this gives a group homomorphism in — CL

Proof. 1t suffices to show that r, preserves all of the relations among the generators ty, ..., ¢, 1.
Namely, r,,(t;)? = =1, (ro(ti)r(tiv1))® = —1, and r, (6;)r0(t;) = =1 () (t:) if 7 > i+ 1.

For the first one, the definition of the Clifford algebra gives r,(¢;)* = a?+0b?, so the relation
follows from our assumption. For the second, we note that r,,(t;)r,(tiv1) + rn(tiv1)ra(ts) =
2a;a;41 = 1. So we can replace 7, (t;11)rn(t;) by —rn(ti)rn(tiz1) + 1 which we do below
(underlining the part that we replace):

()T (i )70 (8) 70 (B 1) 70 (870 (i)
= _Tn<ti)2rn(ti+1>2rn(t )Tn(tigr) + 70 ()70 (g ) (8) 70 (Big)

= —1p(ti)rn(tiv1) — Tn(ti)Q n(t H—l) +ra(ti)ra(tivn) = —1.

Finally, the last relation follows directly from the Clifford algebra, and does not use the
relations on the a; and b;, since there are no repeating &; in the relation. O

We can find several choices of a;, b; satisfying the above relations and b, _; = 0, pick any
such one and denote the resulting homomorphism
W: %, = CI* |
When n = 2k + 1 is odd, we can compose with the map Cl};, — GLyx(C) coming from the

module A. This is a negative representation of ¥y;,1, and we let ?**1 be the corresponding
character.
Likewise, when n = 2k is even, we can compose with either of the maps Cly,_;, —

GLQk ! (C) coming from the modules A.. These are negative representations of o, and we

let ©2* be the corresponding characters and let ¢ = go2k + .
thm:spin-char
Theorem 9.3.5. We have

P (gN) = 2WN=D/2ir X € OPar(2k + 1),
(o) = 2/N/2 if A € OPar(2k).
In all other cases, " () = 0.

See [Ste, Theorem 3.3] for a more refined calculation of the values of ¢©2*, though we won’t
need it.

Proof. Recall the definition of o*. It is a product Ty 15 - - - Tyny where Ty =t 1t yo -ty 1
where r = Ay + -+ 4+ A\;_1. Applying ¢ to T}, we get

(ar+1£r+1 + br+1£r+2)<ar+25r+2 + br+2£r+3) o (ar+)\j71£r+)\jfl + err)\jflngr)\j)-
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Each & appears in at most one ¥(7}), so the constant term (the coefficient of &) of ¥(o?)
is the product of the constant terms of the (7}). Furthermore, there is no constant term
of (T}) if there is an odd number of factors, so there is only a constant term if each \; is
odd, i.e., A € OPar. In that case, the constant term of ¢(7j) is

(=172 — 9(1-X)/2.

(br41@ri2)(bri3ar1a) - -+ (bryin,—2Gria;,—1) = (1/2)

and hence the constant term of (o) is 2(6(N=)/2,

Now we finish with Proposition 9.3.3. If n = 2k+1, then ¢***1(0?) is 2¥ times the constant
term of ¥(c?), so ?FF1(o*) = 2¢V=1/2 If p = 2k, then p*(0*) + p*(0?*) is 2 - 2571 times
the constant term of (), so we get 26(V/2, O

9.4. Character ring. Recall that for symmetric groups, we identified ¥, x 3, as a subgroup
of ¥, m. This allowed us to build an induction product: given representations V, W of
Yin, 2m, Tespectively, we constructed Indgz;’gmv @ W.

We want an analogue for negative representations. However, the problem is that the
tensor product of two negative representations is no longer negative. To get around this, we
introduce a formalism.

We let ¢ be the collection of triples (G, z,0) such that G is a finite group, z € G is a
central element of order 2, and o: G — Z/2 is a homomorphism. Our primary example is
(3, z,sgn). Given two such triples (G, z1,01) and (Gy, 22, 02), first define G; XG5 to be the
product GG; x G with the multiplication

(Zfz(m)al(yl)

($17$2)<ylay2) = $1?J17$2y2)‘

This has a central subgroup {(1,1), (z1,1), (1, 22), (21, 22)} and we define G; XG5 to be the
group (G1xG5)/{(21, 22)). Then in the quotient, (21,1) = (1, z3) and we define ¢ by o (x, y) =
01(z) + o2(y). This gives another triple in .

Of interest to us is that §n§§m C imm.

There are several approaches to starting with negative representations of G; and G5 and
building one for G; X G,. However, they are either very intricate or require one to work with
Z/2-graded representations. We will skip this and state one result at the end of this section
that we will use later. In the case of Gy = ,, and Gy = %,,, the construction in [J] gives us
a form of induction which is easy to describe on character rings.

Via 7, we get a sign function ¥,, — 3,, — {1, —1}, which is a 1-dimensional representation
(not a negative one). Given a representation V' of in, we can twist it by the sign character
by defining a new action of g on v to be sgn(g)gv. This twist is called the associate
representation, and a representation is self-associate if it is isomorphic to its associate. If
X is the character of a representation, then it is self-associate if and only if x(g) = 0 whenever
7(g) is odd.

We let ©,, be the Z-span of the negative characters xy on 3, such that X(g) = 0 whenever
the cycle type of 7(g) has an even part.

Lemma 9.4.1. ©,, is the space spanned by the characters of the self-associate negative rep-
resentations of ,.

Proof. Let x be the character of a negative representation of in. For any g € in, we have
X(9) = —x(zg). As mentioned above, the preimage of every conjugacy class ¢y C ¥, either
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splits into two in in, or remains a single conjugacy class. In the second case, we have
x(9) = x(z9), so x(g) = 0 for any g in such a case.

Now suppose x is the character of a self-associate negative representation and pick g € i]n
such that 7(g) has an even part. If 7(g) is odd, then by self-association, x(g) = 0. Otherwise,
7(g) is even, and so by Lemma 9.2.2, the preimage of the conjugacy class of 7(g) is a single
conjugacy class, so by the above paragraph, x(g) = 0. Hence x € O,,.

Conversely, suppose x € ©,, and pick g such that 7w(g) is odd. Then 7(g) has at least one
even cycle, so x(g) = 0 by definition of ©,,. O

o=e..

n>0
The product is defined like in the case for symmetric groups. Given f € 6,, and g € ©,,, we
have f - g € ©,,,, defined by

(F-a)ch)= >

y=aJp

Now set

2y

e f(e)gled)

For the following facts (which we will not explain here), see [J, §4A and Lemma 4.29]:
lem:clifford-prod

Lemma 9.4.2. (1) If f and g are characters of representations, then so is f - g.
(2) If n and m are even, then %gpm - " is the character of a representation.

9.5. Odd characteristic map. We define the odd (Frobenius) characteristic map by
och: 0, -1, ®C

Fre D 2R

AeOPar(n)

The class functions on 3, have an inner product defined as before:

(.95, = 5 O o))
oEY,
This restricts to an inner product on ©,, which we will also denote by (, )5 . Recall that we
have a bilinear form on I';, ® Q by specializing the bilinear form (, ), to t = —1. We extend
it to a Hermitian bilinear form on I',, ® C by (af, Bg) = aB(f, g) for a, 8 € C.

thm:och-isometry

Theorem 9.5.1. och is an isometry, i.e., for all f, g, € ©,, we have (f, g)s, = (och(f),och(g)).

Proof. By Proposition 9.1.7, we have
_ WIS - BERY
(och(f),och(g)) = Zf?“”f(Ci)g(Ci)W = Y A feh)g(ed).
AeOPar(n) AeOPar(n)

On the other hand, since f,g € ©,,, they take the value 0 on ¢ if 7(o) has an even part in
its cycle type. Also, |cf| = |¢y | = n!/z) by Lemma 9.2.2, so

1 n! —_ o
) =3 2 (DIl + e)9E)
AeOPar(n)
Finally, use that f(c{) = —f(cy) and g(cf) = —g(cy) (since the conjugacy classes differ by
multiplication by z, which acts as the scalar —1 on a negative representation). 0J
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Proposition 9.5.2. och s a ring homomorphism.

Proof. This follows from the definitions. For f € ©,, and g € ©,,, we have:

och(foch(g) = | Y 2722 f(ch)pa > g 2OPf(eh)ps

ac€OPar(m) BeOPar(n)

= Y Y g2 O g(eh)p,

~€OPar(m-+n) y=aUp

= > ZRORF (),

~v€OPar(m+n)

= och(f - g). O
Define the parity of a partition A to the parity of |A| — ¢(\) and set
{1 it X\ is odd

0 if X\ is even

e\ =
d(\) = 2EN=E)/2

Proposition 9.5.3. d(\)q, is in the image of och.

Proof. We do this by induction on ¢(\). When ¢(\) = 1, we have A = (n). If n =2k + 1 is
odd, then d(n) = 27"/ and by Theorem 9.3.5, we have

d(n)floch(wﬂﬁrl) — 21/2 Z 2;126(/\)/22(2(/\)71)/2p)\ _ Z 2;122()\)2))\.
AeOPar(2k+1) AeOPar(2k+1)

By Lemma 9.1.3, this is the same as ga5,11, so we conclude that och(p* ) = d(2k + 1)qax11
in this case.
If n = 2k is even, then d(n) = 1 and again by Theorem 9.3.5, we have

OCh(QOa_k + S02_1’9) _ Z Z;l2ﬁ()\)/22€()\)/2p/\ _ Z 2;12“)\)]3)\.
A€OPar(2k) AeOPar(2k)

Again, by Lemma 9.1.3, this is the same as gog, 50 och(p?*) = gox.
In general, suppose A has a even parts and b odd parts, so that £(\) = a+b. If a is even,
then £(\) = |A\| (mod 2), so A is even. Also, by Lemma 9.4.2,

2_a/2(p>\1 . e ('0>\0+b

is the character of a representation. From above, och(p") = 2-12¢, if n is odd, and
och(¢™) = g, if n is even, so

och(2_“/2<p)‘1 - go)‘awLb) _ 2—15(/\)/2% = d(\)ga
The case when a is even is similar. [l

Corollary 9.5.4. d(\)Q, is in the image of och.

Proof Write Qr = ¢\ + Z/DA ax,qu. By Proposition 9.1.6, a,, an integer divisible by
2!N=tW) - So it suffices to know that d(\)ay,/d(1) € Z, and for that, we need that (s(\) —
e(p) + é()\) —{(p))/2 is a non-negative integer, but this is clear from the definition of e. [
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Now set
X = och ™ H(d(\)Q,).

Theorem 9.5.5. If \ is even, then X is an irreducible negative self-associate character.
If X is odd, then Y = XM 4+ XM is a sum of two irreducible, non-isomorphic, associate
characters.

Proof. First, we have
(AN Qx, d(1) Q) = 278y
By Theorem 9.5.1, och is an isometry, so the Y* are orthogonal. In particular, since they are
Z-linear combinations of characters, we conclude that Y* = £[)\] where [)\] is an irreducible
negative self-associate character when ) is even, and that Y* = &[\, +] £ [\, =] where [\, £]
are irreducible non-isomorphic, associate, negative characters when A is odd.
Recall £ = och™'(d()\)gy) is the character of a negative representation. Then

5/\ = )?‘ + Z b X"
u>A

for some integers by ,. First suppose A is even. If x* = —[)\], then <§/\755/\>§1n < 0, but we
know that

(€N, = @5, =270
by orthogonality, so we conclude that Y* is an irreducible character when ) is even. Similarly,
we can conclude that Y* = [\, +] + [\, =] when X is odd. O

In particular, we have
Q) = Z z;12(é(’\)+£(”)_5“))/2>~(\(c:)pu.
neOPar(n)

This is enough when \ is even since Y* vanishes on any conjugacy class which has an even
part. This approach will not give us the values of Y»* on other conjugacy classes (though
we know they sum to 0). See [Ste, §7] for the values. Once they are given, we can verify
that they are correct by using the orthogonality relations.

APPENDIX A. CHANGE OF BASES

In the table below, we summarize the change of bases we have discussed. For instance,
the column for hy and row m,, describes the coefficient of m,, in the expansion of h,.

my | ex hx j2) 5)

my | Oy, | My, (Lemma 2.2.1) | Ny, (§2.4) Ry, (82.5) | Kostka numbers K ,
eu W Jacobi-Trudi identity
hy, W Jacobi-Trudi identity
Pu Theorem 2.5.5 Theorem 2.5.5 | 65, M) /2,

Sy Pieri rule Pieri rule X*(N) I
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