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Introduction

One of the more important problems of computer science is to establish precise bounds on
computational complexity and, in particular, to understand the relationship between P, NP,
the polynomial hierarchy, PSPACE, EXPTIMEL, etc. This paper approaches these questions
from the viewpoint of mathematical logic, in the hope that eventually the techniques of
mathematical logic can shed light on the nature of computation.

We define below a set of formal theories of arithmetic called collectively Bounded
Arithmetic. These formal theories are related to computational complexity in that, for each
theory, the functions and predicates definable in a "nice” way in that theory have a certain
computational complexity and conversely every function of that computation complexity is

definable in that way. Thus, we present a theory S; which defines precisely the class of func-
tions in P, another theory S; which defines precisely the class of functions which are polyno-
mial time relative to NP, a theory Ué which defines the PSPACE functions, a theory Vé
which defines the EXPTIME functions, and other theories corresponding to levels of the poly-
nomial hierarchy.

We also discuss the properties of predicates which are definable in these theories. For
instance, if S3 proves that a predicate is in NPNco-NP , then that predicate is already in P.

The theories we discuss are first-order and second-order theories of arithmetic and are
formulated in a manner analogous to Peano arithmetic. The weakest theory, S3, which
defines the polynomial time functions, is related to the equational system PV introduced by
Cook [3). The theories S3 and PV have the same open PV-equations as theorems.

Finally we state some strong versions of the Godel incompleteness theorems and we give
a proof-theoretic principle which is equivalent to NP=co-NP.

Because of space considerations, no proofs are included in this abstract. A detailed discus-
sion and full proofs will appear in [2].

The Polynomial Hierarchy

The Meyer-Stockmeyer polynomial hierarchy is a hierarchy of predicates with domain
the natural numbers. We begin by repeating the usual definition of the polynomial hierarchy
and in the next section we will state an alternative definition, which is more useful for our
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purposes.

Definition: x| is the length of the binary representation of x, ie., lxl=[ log {x+1)]. Note that
10l is 0. 1f X is the vector xy, ..., x,, then |x] denotes the vector |x,f, ..., lx 1.

Definition: We say that a function f has polynomial growth rate iff there is a polynomial p
such that for all ¥, | AN <p(IxD.

Definition: A predicate is a function with range {0,1}. The value O denotes "False" and 1
denotes "True."

De finition: 1.et X be a set of functions with polynomial growth rate. Then PI'C(X), the
polynomial-time closure of X, is the set of functions computable by a Turing machine (ie. a
transducer) with some finite set of oracles Qy, ...,Q,€X.

Definition: The polynomial time hierarchy consists of the following classes defined induc-
tively:

P=A{ is the set of predicates on the natural numbers which are recognized by a polyno-
mial time Turing machine.

NP=L{ is the set of predicates on the natural numbers which are recognized by a non-
deterministic Turing machine.

Z! is the set of predicates Q such that there is a ReA! and a polynomial g, so that for all
X

D) <= Gy<2"™R(F,y).
IT/ is the set of predicates Q such that there is a Re}lf’, so that for all ¥
O(xX) €= = R(%).

A’ | is the set of predicates Q in PTC(Z!).

The Link to Mathematical Logic

We now work in a first order language of N (the natural numbers). We will use the
functions symbols 0, S, +, -, #, Ixl, | 45x | and the predicate symbol <, where

[12x | = the greatest integer S%

lxl = [log(x+1)]
x#y = byt

and the other symbols have their usual meanings. The inclusion of the function # (pro-
nounced "smash", see Nelson [8] and Hook [6]) is very important, as it has the growth rate
needed to define polynomial time functions. In particular, the # function allow us to express
terms 297" in the language of Bounded Arithmetic, where g is any polynomial with nonnega-
tive coefficients.

Definition: A bounded quantifier is a quantifier of the form (Vx<¢) or (3x<t) where ¢ is any
term. A sharply bounded quantifier is a bounded quantifier of the form (Wx<lel) or (Sx<k).
(Vx) and (3x) are unbounded quanti fiers.
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A bounded formula is a formula with no unbounded quantifiers.

We define a hierarchy Ef’, Hf’ of bounded formulae by counting alternations of
quantifiers, ignaring the sharply bounded quantifiers.

De finition: Ef’ and Hf’ are sets of bounded formulae defined inductively by:
(1) 5 = II5 is the set of formulae with all quantifiers sharply bounded.
(2) If AeX? then (Vx<0)A is in I}, and (Wx<k)A and (3x<t)A are in I..

(3) If A€Il® then (3x<0)A is in T2, and (3x<ltDA and (Vx<)A are in II’.
(4) The logical connectives A, V, = and D are treated in the usual manner.

The next theorem can be thought of as an alternative definition for the polynomial time
hierarchy. It states that a predicate belongs to certain level of the polynomial hierarchy iff it
is expressible by a formula of Bounded Arithmetic of a certain complexity.

Theorem I: Let i 21. A predicate Q is in L/ iff there is a £’—formula ¢ such that for all 720,
o) <=> NEH#)

This theorem is due to Stockmeyer [11], Wrathall [14], and Kent-Hodgson [7].
Definition: 1 et R be a theory of Bounded Arithmetic and A be a formula. Then A4 is A" with

respect to R iff R proves that A is equivalent to both a Ef—~ and a II)—formula.

Bounded Arithmetic

We next review the usual definition of Bounded Arithmetic. The most important axioms
for Bounded Arithmetic are the induction axioms for bounded formulae.

De finition: The £/—IND axioms are of the form

AWM XA)DAS )NV )A(x)

where A is any Zf’-f ormu la.

We define our first hierarchy of theories of Bounded Arithmetic by restricting the use of
the induction axiom to a subset of the bounded formulae.

De finition: T is the first-order theory with language 0, S, +, -, #, | ¥2x |, lx|, < and with the
following axioms:

(1) A finite set of open axioms defining simple properties of the function and relation
symbols.

(2) The L'—IN D axioms.

75V is the theory with only axioms (1). 7', is the theory UT.

The theory T, is equivalent to the theory called elsewhere JAy+Q; (see [13]). We shall

be interested in subtheories of T, however, the subtheories T'5 are not suitable for our pur-
poses. Instead of the IND axioms, we need to use a modified version of the induction axioms,
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called PIND. By using the PIND axioms we will be able to axiomatize subtheories of 7 with
desirable properties.

De finition: The £{—PIND axioms are of the form

A0)A (\/xXA(I__’/zx_D DA(x))AVx)AK)

where A is any Ef’—formula.

De finition: S5 is the first-order theory with language 0, S, +, -, #, [%x |, Ix| < and with the
following axioms:

(1) The finite set of open axioms of 75, which define simple properties of the function and
relation symbols.

(2) The £'~PIND axioms.

Sé’” is the theory with only axioms (1). S, is the theory US;.

It is not immediately obvious from the definitions that the theory S, is as strong as 7',
however, this is indeed the case. In fact we have:

Theorem 2: If i>1, S)=>T75"" and T5=>S).
Corollary 3: S,=T,.
So the theories Szl, 53, S 3 -+ do form a hierarchy of subtheories of 7> and their union

is all of 75, These fragments of T, are the most natural and useful subtheories of Bounded
Arithmetic for our purposes.

It is an open question whether the theories S; are all distinct, or whether the hierarchy
of theories collapses.

Other Axiomatizations of Bounded Arithmetic

There are a variety of other axiomatizations for Bounded Arithmetic. Among these are
the following:

De finition: The L;—LIN D axioms are:

ANV xXAx) DAS ) AV x)A(x])
where A is any Z’—formula. The L'~MIN axioms are:

(FA(x) DBxXAG)A(Vy <xX= A
where A is any Ef’—f ormula. The Ef»’—LM IN axioms are:

(Fx)A(x) DAV (FxXACIAY y<| Vax = A(y))

where A is any L/—formula. The Ef’-—replacement axioms are:

(V<X 3y<s)Alx, y) = (Gw <SqgBd (¢, s XV x <lt) X Alx, B(Sx, w A B(Sx, w<s)
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where A is any E’—formula, B8 is the Godel beta function and SgBd is a term which depends
on the precise definition of B.

We define the I'—IND, I'—PIND, I'—LIND, and ;=M IN axioms similarly.

Paris and Kirby [10] have carried out a detailed analysis of the comparative strengths of
the various axiomatizations of Peano arithmetic. We present below the analogous results for
Bounded Arithmetic. There are some differences between axiomatizations of Bounded Arith-

metic and of Peano arithmetic. In particular, }:f-’ﬂ—-M IN is equivalent to Hf’—M IN in the
presence of Sé, whereas, Paris and Kirby [10] show that E?—M 1IN is equivalent to H?—M IN
in the presence of P~

Theorem 4: In the presence of the theory S;, the following implications hold: (i >0)

(a) £f,,—IND <> I}, ,~IND <=>I!,,—~MIN <> [I)~MIN
£, —PIND <>}, ,—PIND <>’ ~LMIN <=> !\ ,—LIND <=1}, ,—LIND

Tb—IND

(b) £f, ;—replacement => Ef—PIND => I’—replacement

The Main Theorem

We are now ready to state our main theorem as it applies to first order theories of
Bounded Arithmetic.

Theorem 5:1et i21 and A be a T'—formula. Suppose
SH-(YIXIWAR, y)

Then there is a function f e PT'C(EL,), a formula BeZ! and a term ¢ so that

(1) S5 (VXY yX B, y) DA, y))

(2) S5 (VEXy<t)B(Z, )

(3) So- (VXX yX V2 XB(Z, y)n B(X, 2) Dy=2z)
(4) For all i, NE B(R, f(7))

Proof: (OQutline.) The proof of Theorem 5 consists logically of two parts.

First, assume we have an Sy—proof P of (V¥X3y)A(X,y). Then by Gentzen’s cut elimina-
tion theorem there is a term ¢ and an Sy—proof P* of (3y<)A(Z,y) which has no free cuts (see
Takeuti [12] for a discussion of Gentzen’s cut elimination). In particular, P* contains only
T/— and T’—formulae. This proof P* is obtained from P by a constructive procedure; how-

ever, the size of P* is bounded only by a non-elementary (superexponential) function of the
size of P.

Second, once we have the proof P* we can obtain a PTC(Z/_ P—algorithm for computing
/. In fact, P* is a direct description of an algorithm to compute f; that is to say, P* embodies
a PTC(Ef_,)—algorithm which computes f.
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A complete proof of Theorem 5 will appear in [2].
Note that when i=1, the function f is in P, ie., f is a polynomial time function.

De finition: 1.et R be a theory of Bounded Arithmetic. The function / is T’—definable by R iff
there is a Ef’—formu]a B and a term 1 so that

(1) R—(VZ)X3y<)BE, y)
2) Ri—(Vi’Xﬂ!y)B(i’, y)
(3) For all /i, NE B(%, f(Z)

For all the theories of Bounded Arithmetic discussed in this paper (indeed, for any
natural theory of Bounded Arithmetic) the condition (1) in the above definition of

T’—definable is superfluous. In fact, for these theories, condition (2) implies that there exists a
term ¢ such that condition (1) holds. See Parikh [9] for a proof of similar results.

We have the following converse to Theorem 5:

Theorem 6: 1f fePTC(XL)), then f is £/—definable by S

Hence the functions L —definable by S, are precisely the functions in PTC(Z!_)). In
particular, the polvnomial time functions are exactly those functions which can be

E’j—deﬁned by Sé.
We can restate the above theorems using predicates instead of functions:

Theorem 7: (i21). Suppose A€X., Bell!, and Si—A<B. Then there is a predicate QcA? so
that for all nonnegative 7,

A7) <=> NEAR) <> NEBR)

Conversely, if Qe Af, then there are A and B so that the above holds.

Corollary 8: If A(X) is a formula such that S proves that A is equivalent to both a Li—and a
II{—formula (i, S3 proves that AeNPNco-NP) then A(X) represents a predicate in P.

Relationship Between S; and PV

Cook [3] introduced a formal system called PV in an attempt to capture the strength of
polynomial time computation in a formal theory. PV is an equational theory (ie. no
quantifiers allowed) which has a function symbol for each polynomial time function and an
induction scheme, called "induction on notation,” which is analogous to AS—PIND. 1t turns
out that there is a close relationship between the theories PV and Szl.

The first thing to notice is that by Theorem 6, 821 can introduce function symbols for
every polynomial time function. In fact, when the proof of Theorem 6 is examined, it is seen

that S5 can introduce all of the function symbols of PV in such a way that the introduced
symbols provably satisfy all the axioms of PV. This extension of S?f by definitions is called
S3PV).

It is immediately obvious that S;(PV) is an extension of PV. In fact more than that is
true:
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Theorem 9: Let t=u be an equation of PV. Then SZI(PV)I—-t=u iff PVit=u.

(Cook independently conjectured that Theorem 9 was true.) We can strengthen
Theorem 9 as follows. If A is II>~formula and S;(PV)—A then there is an open equation A*
of PV such that PVi~A" and such that A* implies A in a natural way. We shall omit the
precise statement of this result for lack of space; but as a general idea of what is involved,
suppose A is (VxX3y<t)B(x,y) where B is an equation of PV. Then A® would be of the form
B(x, fix)A flx)<t where f is some PV function symbol. We can summarize by saying that,

after making allowances for their different languages, S5 and PV have the same —formulae
as theorems.

Second Order Bounded Arithmetic

We next will work with second order theories of Bounded Arithmetic by using second
order variables which range over predicates. We could also use second order variables for
function symbols with polynomial growth rate; however, this adds nothing essentially new, so
for simplicity, we shall only use predicate variables. See [2] for a complete discussion of the
definition of second order Bounded Arithmetic.

For our second order theories, we modify the definition of bounded formula to allow
second order guantifiers. A bounded formula is now any formula which has all first order
quantifiers bounded and may include arbitrary second order quantifiers. We define a new
hierarchy of bounded formulae by counting alternations of second order quantifiers and ignor-
ing first order (bounded) quantifiers.

De finitiorn:
Zé‘b = TI'* is the set of bounded formulae with no second order quantifiers.

T} is defined inductively by :
(1) ihomke.
() If Aex}, then (Wx<t)A and (3x<t)A are in £ (x is a first order variable).

(3) If Az}, then (3)A is in T, (¢ is a second order variable).
(4) A, v, =, D are treated in the usual fashion.

II,lfl is defined dually.

De finition: The L;"*—CA comprehension axioms are:
(WEXV BN XVIXY(F)~ AT, Z. &)

where A is any Eil‘b—formula.

De finition: Uy is the second order theory of Bounded Arithmetic with the nonlogical symbols
of 7’5 and the following axioms:

(1) The open axioms of 7>,
(2) The T5°—CA axioms, and
(3) The £H*—PIND axioms.

Vi is defined like U} except that V5 has the E}*—JN D axioms instead of the TM—PIND
axioms.
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Our main theorem for second order Bounded Arithmetic is:

Theorem 10:

(a) The £y°—definable functions of U3 are precisely the PSPACE functions (ie. the func-
tions computable by a pelynomial space bounded Turing machine) which have polyno-
mial growth rate.

(a) The Ti°—definable functions of V3 are precisely the EXPTIME functions (i.e. the func-
tions computable by a exponential time bounded Turing machine) which have polyno-
mial growth rate.

Corollary 11: If U=V then PSPACE=EXPTIME.

Of course, it is an open question whether I/ 3 and V3 are equivalent

Go6del Incompleteness Theorems

One of the most important open questions about Bounded Arithmetic is wWhether or not
the hierarchy of theories

S;3CTICSS;CT5C -

is proper. In many ways this is analogous to the open question of whether the polynomial
time hierarchy collapses. Alex Wilkie has asked whether or not S, is finitely axiomatizable.
This is related to our question since S, is finitely axiomatizable iff the hierarchy of theories
- collapses, that is, iff S,=S5 for some i. Other possibilities include S>=75 for all i, or S5 =T
for all i21. We conjecture that the theories Sj and T4 are all distinct.

Analogous problems arose in a classical setting when fragments of Peano arithmetic were
defined by restricting induction to subclasses of the arithmetic hierarchy. These problems
were solved by, on one hand, using Godel incompleteness arguments to show that each theory
can nat prove its consistency and, on the other hand, showing that each theory can prove the
consistency of the weaker ones. Unfortunately, we have not been able to make these argu-
ments work in the setting of Bounded Arithmetic. However, since the negative results are
somewhat interesting in their own right, we present them below.

LU )

In S we can define Godel codings for metamathematical concepts such as "term,” "for-
mula," "proof," etc. Furthermore, these metamathematical functions can be Ell’—deﬁned and
the metamathematical predicates can be Ai’—deﬁned. (A predicate is Aj~defined iff it is prov-

ably equivalent to both a £3— and a Mi—formula) This refiects the fact that all these
metamathematical functions and predicates are polynomial time. Also, the metamathematical

definitions in S are intensionally correct (in the sense of Feferman [5)).

In particular, S2l can define the following formulae:

Pr{iu,v) <=> "v is the Gddel number of a formula and v is the Godel number of an
S;—proof of v"

PrfBD(u,v) < Prf{u,v)and "the proof v contains no unbounded quantifiers”
PrfFCFu,v) <=> Prf{u,v) and "the proof u is freecut free"
Con(8}) <= ~(EGu)Prfiw,lo=11)

BDCon(S3) <=> -(3uw)PrfBDu,[0=11)
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FCFCon(Sy) <= -G 3wX3T AN Pr fFCF(u,TANAPrfFCFi(w,T= A))

We use [ and 1 as quotation marks meaning "the Godel number of". The last three for-
mulae express the "consistency", the “bounded consistency” and the "free-cut free con-

sistency” of Ss See Takeuti [12] for the definition of free cut. If R is any axiomatizable
theory, then we define the formulae Con(R), BDCon(R), and FCFCon(R) to express the vari-
ous consistency properties for K.

One further important function which is Ii—definable in S3 is the unary function

nk—>071,7 where 1, is a term with value equal to n and the length of I, is proportional to
the length Inl of n.

De finition: To improve readability, we use

S)E- 4 and SLEEA
to denote the formulae (Ju)Pr fBDUu," A) and (3u)Pr fFCF(u,l A7), respectively.
Lemma 12:1f A is a Ti—formula, then S3H{A(x)D(SS™VEE A(7 )],

Theorem 13: et i21. Then Syt FCFCon(S5). Hence, SiH BDCon(S5) and ShH Con(S5).

The proof of Theorem 13 follows the usual proof of the Godel incompleteness theorems.

Now that we have seen that $; does not prove its own freecut free consistency or its

own bounded consistency, a natural question is whether S'ZH can prove the free-cut free or
the bounded consistency of S5 If this were the case then S, and S5'!' would not be

equivalent. Unfortunately, the only results we have been able to obtain have been negative.

Lemma 14: Let A be any bounded formula. Suppose S,—(Vx)A(x). Then,
ST (v XSS VB A(7)).

Theorem 15: S,H BDCon(Szl-FBDCon(S(z_l))).

Proof: (Outline.) Use Godel diagonalization to obtain a formula ¢=(vx)b,,(x) such that
Sh-[po(= ST (VX STV ¢,,(1,)))]
and use Lemma 14.

Corollary 16: If Si—BDCon(S5™Y) then S, BDCon(S5).

Corollary 17: S5~ BDCon(S5) can hold for at most one value of i.

~ Thus it is hopeless to try to show that S;"" and S5 are different theories by showing that
st proves the bounded consistency of §5. However, it is an open problem whether S5+
proves the free-cut free consistency of S5. We conjecture that this is not the case.
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A Proof-Theoretic Statement Equivalent to NP=co-NP

Let R be a theorv with a recursively enumerable set of axioms. Then there is a polyno-

mial time function whose range is the set of axioms of R. Hence in S3 we can Aj—define the
predicates Prfr(u,v) and PrfBDgu,v), which assert that u is the Godel number of a
(bounded) proof in the theory R of the formula with Godel number v. As before, we use

RE2- 4 as an abbreviation for (Ju)PrfBDgu,TA .

Definition: 1.et R be a theory and suppose that the language of R includes the language of
Bounded Arithmetic. R is a bounded theory iff all axioms of R are bounded. R is of polyno-
mial growth rate iffl whenever A is bounded and R—(VxX3y)A(X,y) then there is a term ¢ of
the language of Bounded Arithmetic such that R (VIXJy<0)A(X, y).

It is not difficult to see that if R is an extension of Sé_” and R is bounded, then R is of
polynomial growth rate.

Theorem 18: The following are equivalent:

(1) There is a bounded, finitely axiomatized, consistent extension R of S such that for
every bounded formula A,

R o~ (vlAD(RE- AU

(2) There is an axiomatizable, consistent extension R of Sgl of polynomial growth rate
such that for every Hll’—formu la A,

R = (WxXAG)D(R-AL))]

(3) NP = co-NP.

Theorem 18 gives us an interesting reformulation of NP=co-NP. Although this author
has had no success trying to prove or disprove (1) and (2), it seems 1o be a reasonable approach.
In particular, the relativizations of Baker-Gili-Solovay [1] do not apply to (1) and (2). To see
this, let B be a predicate of [1] so that NP?=co-NP2. Then if B is a new predicate symbol in R
it is not at all likely that R—[B(x)D(R+ B(1,))] and R[> B(x)D(R}-- B(I))] both hold.

Theorem 18 is related to a result of Cook-Reckhow [4] on proof systems.

A natural way to try to apply Theorem 18 is by trying to show self-consistency state-
ments are not provably provable. For example, define

Cong(x) <> - (Qy<x)Prfily,l0=11)

Unfortunately, we have

Theorem 19: There is bounded, consistent, axiomatizable theory R extending S; such that
R +— (VxXConp(x) D(RE2-Cong(I,)].
In fact,
R (VxXRE=-Conx(1,)).
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