A SWITCHING LEMMA FOR SMALL RESTRICTIONS
AND LOWER BOUNDS FOR K-DNF RESOLUTION
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Abstract. We prove a new switching lemma that works for restrictions that set only a small
fraction of the variables and is applicable to DNFs with small terms. We use this to prove lower
bounds for the Res(k) propositional proof system, an extension of resolution which works with k-
DNFs instead of clauses. We also obtain an exponential separation between depth d circuits of
bottom fan-in & and depth d circuits of bottom fan-in k + 1.

Our results for Res(k) are:

1. The 2n to n weak pigeonhole principle requires exponential size to refute in Res(k), for k <

V/logn/loglogn.

2. For each constant k, there exists a constant w > k so that random w-CNFs require exponential
size to refute in Res(k).

3. For each constant k, there are sets of clauses which have polynomial size Res(k + 1) refutations,
but which require exponential size Res(k) refutations.
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1. Introduction. This paper studies the complexity of Res(k), a propositional
refutation system that extends resolution by allowing k-DNF's instead of clauses [24].
The complexity of propositional proof systems has close connections to open problems
in computational and circuit complexity [14, 23, 29, 6], as well as implications for the
run times of satisfiability algorithms and automated theorem provers. Resolution is
one of the most studied proof systems, and is used as the basis for many satisfiability
algorithms. Back-tracking algorithms such as DPLL that branch on a single variable
provide tree-like resolution refutations on unsatisfiable formulas. General resolution
proofs correspond to adding a limited form of memoization (previously refuted sub-
problems are saved for reuse rather than refuted again) to DPLL. Res(k) corresponds
to algorithms that branch on more general conditions: the value of any function of
up to k variables.

The Res(k) systems are also interesting as intermediates between previously stud-
ied proof systems. Resolution can be thought of as Res(1) and depth two Frege can be
thought of as Res(n) (where n is the number of variables). The Res(k) systems pro-
vide a transition between these systems. Moreover, statements provable in the theory
T2(a) (a fragment of Peano’s arithmetic that allows induction only on 3 predicates)
correspond to propositional statements with quasi-polynomial size Res(polylog(n))
refutations [24]. T% is the weakest fragment of Peano’s arithmetic known to be able
to use counting arguments such as the weak pigeonhole principle [25]. On the other
hand, these counting tautologies are known to require exponential size resolution refu-
tations. Thus, there must be a critical range for k between 1 and polylog(n) where
these arguments become possible in sub-exponential size. More generally, we can ask:
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when does increasing k give the Res(k) system more power? Is there a reason to
want to branch on more complex functions in satisfiability algorithms? Does such
branching give algorithms better performance in the average case?

We give partial answers to all of these questions. In particular we prove:

1. The 2n to n weak pigeonhole principle requires size 22("°) to refute in Res(k) for all
k < y/logn/loglogn. So having large bottom fan-in is necessary for counting
arguments.

2. For each k, there exists a constant w > k so that random w-CNF's require size
29U%) to refute in Res(k). Therefore, extending DPLL algorithms to branch
on multiple (but a constant number of) variables, will not make run times
sub-exponential on average.

3. Res(k + 1) is exponentially more powerful than Res(k). We demonstrate sets of
clauses that have polynomial size Res(k + 1) refutations, but require size
2947°) to refute in Res(k). Therefore, increasing the complexity of branching
conditions can make proofs exponentially smaller.

Our lower bounds are proved using a new kind of switching lemma. A switching
lemma provides conditions under which a OR of small ANDs can be rewritten as
an AND of small ORs after the application of a random restriction [1, 18, 21, 4].
Our switching lemma differs from previous switching lemmas in that the random
restriction is allowed to set a small number of the variables, even as few as n!~¢ out
of n. The trade-off is that ORs of extremely small ANDs are transformed into ANDs
of modestly small ORs. Therefore, our switching lemma cannot be iterated to prove
lower bounds for proof systems of depth more than two. However, one application
of our switching lemma suffices to prove lower bounds for the Res(k) proof systems,
because each line in such a proof is of depth two with small bottom fan-in.

Our switching lemma also gives an exponential separation between depth d cir-
cuits with bottom fan-in & from depth d circuits with bottom fan-in & + 1. This
refines a previous result of Hastad [21], that for all d there exist € > § > 0 so that
there are functions on n variables, computable with polynomial size, depth d circuits
of bottom fan-in n® but which require exponential size to compute with depth d cir-
cuits of bottom fan-in n®. Our result also refines results of Cai, Chen and Hastad
[12]. They showed that for each constant d, there exist functions computable with
polynomial size, depth d + 1, bottom fan-in 2 circuits that require exponential size to
compute with depth d circuits, and that for each constant k, there exists a function
of n variables computable by depth d circuits of polynomial size and bottom fan-in
O(logn) that requires exponential size to compute with depth d circuits of bottom
fan-in k.

Because resolution may be viewed as Res(1), our results for Res(k) generalize
known results for resolution. The weak pigeonhole principle (for any number of pi-
geons) is known to require an exponential number of steps to refute in resolution
[35, 20, 36, 11, 5, 15, 28, 30, 31], and we generalize these lower bounds for the case
of the cn to n pigeonhole principle. Resolution refutations of randomly chosen sets of
clauses are also known to require exponential size [13, 5, 8]. We extend these results
to general Res(k) systems, although as k increases, so does the width of the random
CNFs for which our lower bounds apply.

Our work also extends previous research on the Res(k) system. The complexity
of Res(k) refutations was first studied by Krajicek [24], who was motivated by the
connection between Res(polylog(n)) and the provability of combinatorial statements
in the arithmetic theory T%(c). Atserias, Bonet and Esteban [3] gave exponential
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lower bounds for Res(2) refutations of the 2n to n weak pigeonhole principle and of
random 3-CNFs. They also proved a quasi-polynomial separation between Res(2)
and resolution; this separation was later strengthened to almost-exponential by At-
serias and Bonet [2]. Esteban, Galesi and Messner [17] showed that that there is
an exponential separation between treelike Res(k) and treelike Res(k + 1), and that
general (DAG-like) Res(k) requires high space to refute random CNFs and the weak
pigeonhole principle.

The lower bounds for Res(k) refutations of the weak pigeonhole principle given by
Atserias, Bonet and Esteban [3] apply only for & = 2; our lower bound works for non-
constant k, up to y/logn/loglogn. On the other hand, Maciel, Pitassi and Woods
[25] give quasipolynomial size refutations in Res(polylog(n)). Our results show that
super-constant bottom fan-in is necessary for sub-exponential size proofs of the weak
pigeonhole principle. Indeed, after the preliminary version of this paper appeared
[33], our techniques were extended by Alexander Razborov to prove that the weak
pigeonhole principle requires exponential size to refute in Res(elogn/loglogn) [32].

Our lower bounds for Res(k) refutations of random w-CNFs are the first such
lower bounds for Res(k) with & > 3. Atserias, Bonet and Esteban [3] gave exponential
lower bounds for random 3-CNFs in Res(2). We extend these results to Res(k),
although the width w increases with k (it is 4k? + 2). At present, the Res(k) systems
are the strongest fragments of bounded-depth Frege systems for which we know there
are superpolynomial size lower bounds for refutations of random sets of clauses.

The separation between Res(k + 1) from Res(k) is the first for k > 2. The earlier

20 separation of Res(2) from Res(1),

work of Atserias and Bonet [2] gave a 29
and our result improves this to 22"

In the time since the preliminary version of this paper appeared [33], we have
extended one of our results. The original separation of Res(k + 1) from Res(k) was
based on clauses of width O(log n), whereas the new separation uses clauses of constant

width. We include proofs for both results.

1.1. Outline of the Paper. Background material, including the basics of the
Res(k) proof system, is given in section 2. In section 3 we prove the switching lemma.
Section 4 applies the switching lemma to prove a separation between constant-depth
circuits of bottom fan-in k& + 1 and constant-depth circuits of bottom fan-in k. In
section 5 we prove that Res(k) refutations of sets of clauses whose lines are represented
by short decision trees can be transformed into narrow resolution refutations. This
conversion is used in combination with the switching lemma to show prove lower
bounds for Res(k) refutations. Lower bounds for Res(k) refutations of the weak
pigeonhole principle are proved in section 6 and lower bounds for Res(k) refutations
of random CNFs are proved in section 7. The separations between Res(k 4 1) and
Res(k) are proved in sections 8 and 9.

2. Background. A literal is a variable or its negation. A term is a constant 0
or 1 or a conjunction of literals. Our convention is that a term is specified as a set of
literals, with 1 corresponding to the empty set and 0 to any literal and its negation.
We say that a term T contains a literal [ if [ € T, and that a term T contains a
variable z if either x € T or —~x € T. We will often identify literals with terms of size
one, and will write [ instead of {I}. A DNF is a disjunction of terms, specified as a
set of terms. A k-DNF is a DNF whose terms are each of size at most k. A clause
is a 1-DNF, i.e. a disjunction of literals. The width of a clause C, written w(C), is
the number of literals appearing in C. The width of a set of clauses is the maximum
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width of any clause in the set. A CNF is a conjunction of clauses, specified as a set
of clauses. A k-CNF'is a CNF whose clauses are each of width at most k. Two terms
t and ¢’ are consistent if there is no literal [ with [ € t and =l € ¢'.

A restriction p is a map from a set of variables to {0, 1, x}. For a formula F', the
restriction of F' by p, F' [, is defined as usual, simplifying only when a sub-expression
has become explicitly constant. For any restriction p, let dom(p) denote the set of
variables to which p assigns the value 0 or 1.

Resolution is a refutation system for propositional logic. The input to a resolution
refutation is a set of clauses C; a resolution refutation consists of a derivation of the
empty clause from the clauses in C using only the resolution inference: ’%7};”3
Notice that every line in a resolution refutation is a clause. wr(C) denotes the mini-
mum width of a resolution refutation of C; if C is satisfiable then there is no refutation
and we use the convention that wg(C) is co.

The Res(k) refutation system is a generalization of resolution that can reason
using k-DNFs.

DEFINITION 2.1. Res(k) is the refutation system whose lines are k-DNFs and
whose inference rules are given below (A, B are k-DNF’s, 1 < j <k, and l,l1,...,;
are literals):

AV --- A\/lj

Subsumption: —— AND-introduction: 5
Avl AV N_
AVN_ i BV, —l; o AVN_ i
Clut: 1V E AND-elimination: —Avi
Let C be a set of k-DNFs. A Res(k) derivation from C is a sequence of k-DNFs
Fy, ..., F,, so that each F; either belongs to C or follows from the preceding lines

by an application of one of the inference rules. For a set of k-DNFs C, a Res(k)
refutation of C is a derivation from C whose final line is the empty clause. The size
of a Res(k) refutation is the number of lines it contains. Sk(C) denotes the minimum
size of a Res(k) refutation of C. If C is satisfiable, then C has no refutation and we
use the convention that Si(C) is co.

We do not use the exact definition of the Res(k) system in our arguments; the
main property we use is strong soundness: if F' is inferred from Fi,...,Fj, and
t1,...,t; are mutually consistent terms of Fi,...,F; respectively, then there is a
term ¢ of F implied by AJ_, ¢;. In other words, any reason why Fi,..., F} are true
implies a reason why F' is true. This is stronger than mere soundness.

LEMMA 2.2. Res(k) is strongly sound.

We also use a well-known interpolation property for resolution:

LEMMA 2.3.  Let C; and Co be unsatisfiable sets of clauses on disjoint sets of
variables. If there is a resolution refutation T' of C1 UCa, then there is a refutation T
of either C1 or Ca. Moreover, w(I'") < w(T).

2.1. The Chernoff Bounds. Throughout this paper we will repeatedly make
use of a simplified form of the Chernoff bounds. These formulations come from stan-
dard references on applying such bounds in algorithmics, c.f. [26, 37].

LEMMA 2.4. Let Xy,...,X, be independent random indicator variables. Let
p=E[} ] Xi].

Pryi, X; < 4] <e /8 and PrY | X; > 2u] < e /4,

2.2. Miscellaneous Notation. We will use the notation [k] = {i | 1 <i < k}.
For graphs G = (V, E) and S C V we will write G— S to denote the induced subgraph



on V\S.

3. The Switching Lemma. A switching lemma is a guarantee that after the
application of a randomly chosen restriction, a disjunction of small ANDs can be
represented by a conjunction of small ORs, thus “switching” an OR into an AND.
We use a slightly stronger variation: after the application of a random restriction, a
k-DNF' can be represented by a short decision tree.

DEFINITION 3.1. A decision tree is a rooted binary tree in which every internal
node is labeled with a variable, the edges leaving a node correspond to whether the
variable is set to 0 or 1, and the leaves are labeled with either 0 or 1. Every path from
the root to a leaf may be viewed as a partial assignment. For a decision tree T and
v € {0, 1}, we write the set of paths (partial assignments) that lead from the root to a
leaf labeled v as Br,(T). For a partial assignment p, T' |, is the decision tree obtained
by deleting from T every edge whose label conflicts with p and contracting along each
edge whose label belongs to p. We say that a decision tree T strongly represents a
DNF F if for every m € Bro(T), for allt € F, t [,= 0 and for every m € Br(T),
there exists t € F, t [.= 1. The representation height of F, h(F'), is the minimum
height of a decision tree strongly representing F.

Notice that the function computed by a decision tree of height h can be computed
both by an h-CNF and by an h-DNF.

Our switching lemma will exploit a trade-off based on the minimum size of a set
of variables that meets each term of a k-DNF. When this quantity is small, we can
build a decision tree by querying these variables and recursing on the (k — 1)-DNF's
created. When this quantity is large, the DNF has many disjoint terms and is likely
to be satisfied by a random restriction.

DEFINITION 3.2. Let F be a DNF, and let S be a set of variables. If every term
of F contains a variable from S, then we say that S is a cover of F. The covering
number of F, ¢(F), is the minimum cardinality of a cover of F.

For example, the 3-DNF zyz V -z V yw has covering number two.

The switching lemma is shown to hold for all distributions which satisfy certain
properties. When we apply the switching lemma, we will show that the random
restrictions used satisfy these properties.

THEOREM 3.3. Letk > 1, let sg,...,Sk—1 and p1,...,pr be sequences of positive
numbers, and let D be a distribution on partial assignments so that for everyi < k and
every i-DNF G, if ¢«(G) > s;_1, then Pryep [G [,# 1] < p;. Then for every k-DNF
F:

k

k—1 E—1
Proep {h(F REDIN sl} <y 2lEisay,

Proof. We proceed by induction on k. First consider k = 1. If ¢(F) < s, then
at most sy variables appear in F. We can construct a height < sy decision tree that
strongly represents F' [, by querying all of the variables of F' [,. On the other hand, if
c(F) > sg then Pr,cp [F' [,# 1] < p1. Therefore, h(F [,) is non-zero with probability
at most ])122?511 % = p; (because k = 1).

For the induction step, assume that the theorem holds for all k-DNFs, let F' be
a (k4 1)-DNF, and let sg,...,s; and pi,...,pr+1 be sequences of positive numbers
satisfying the hypotheses of the theorem. If ¢(F) > sg, then by the conditions of
the lemma, Pr,cp [F [,# 1] < pry1. Because ppy1 < Zf;l 92 =i %ip;, we have that
h(F [,) is non-zero with probability at most Zf:ll 9¥ =i % Di.



Consider the case when ¢(F') < si. Let S be a cover of F of size at most sj. Let
7w be any assignment to the variables in S. Because each term of F' contains at least
one variable from S, F' [, is a k-DNF. By combining the induction hypothesis with
the union bound, we have that

Proep [3r € {0,.1}° A((F 1) 1) > T4 s < 2+(f, 250 )y
< Zf;lQ(Z?:ij)pi

In the event that Vr € {0,1}°, h((F ) Ix) < Zi:ol si, we construct a decision
tree for F' [, as follows. First, query all variables in S unset by p, and then underneath
each branch, 3, simulate a decision tree of minimum height strongly representing (F' [,
) Is. For each such 3, let m = (pU ) |g, and note that h((F 1,) I3) = h((F [,) ).
Therefore the height of the resulting decision tree is at most s +max, oo 1ys h((F' T,
) 1) < i i

Now we show that the decision tree constructed above strongly represents F' [,.
Let 7 be a branch of the tree. Notice that 7 = U o, where 3 is an assignment to the
variables in .S\ dom(p) and o is a branch of a tree that strongly represents (F' [,) [3.
Consider the case that 7 leads to a leaf labeled 1. In this case, o satisfies a term ¢’ of
(F'1,) 13- We may choose a term t of F' so that ¢’ = (t [,up), and m = U o satisfies
the term ¢ [, of I [,. Now consider the case that 7 leads to a leaf labeled 0. There
are two cases, (F' [,) [3=0and (F [,) [g# 0. If (F [,) [3= 0, then for every term ¢
of F |,, t is inconsistent with § and hence with . If (F [,) [g# 0 then because the
sub-tree underneath ( strongly represents (F [,) |3, for every term ¢ of (F [,) I3, t
is inconsistent with . Therefore, every term of F' [, is inconsistent with either 3 or
o, and thus with # = fUo. O

We usually use this theorem in the following normal form for the parameters:

COROLLARY 3.4. Let k, s and d be positive integers, let v and § be real numbers
from the range (0,1] and let D be a distribution on partial assignments so that for
every k-DNF G, Pryep [G [, 1] < d270(G)" . For every k-DNF F':

Proep [W(F' T,) > 2s] < drk2="'"

where §' = 2(5/4)F and o' = +*.

Proof. Let s; = (6/4)i(s7"), and p; = d274. Note that s;_1/4 > (6/4)s;_1
(6/4)(5/4) 17" > (6/4)'s7" = s;. Tt follows that 2521 $j < D s ;4070
2s,. Also, for any i-DNF G, with ¢(G) > s;_1, Pryep [G [,# 1] < d2-3(c(@)”
d27%i1 = 2_‘5(‘5/4)1.71(37%1)7 = d27%%¢, Thus, we can apply theorem 3.3 with param-
eters p1,...,Pk; S0, - .-, Sk—1. For every k-DNF F:

IA A I

Proep [B(F I,) > 2s] < Prpep |W(F [,) > 1) si sk a(E5E sy,

= iy 22 (A2 < k272 = dk2

IN

3.1. Switching with Small Restrictions. In this subsection, we show that
small, uniform restrictions meet the conditions for the switching lemma. Using corol-
lary 3.4, k-DNFs can then be converted into decision trees — using restrictions that
set only a polynomially small fraction of the bits. We include it here for comparison
with previous switching lemmas. Later, it will be used to prove the lower bound on
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Res(k) refutations of random CNFs. More complicated distributions are used for our
other results.

DEFINITION 3.5. Letn > 0 and p € [0,1]. Define D, to be the family of random
restrictions which arises by assigning variables * with probability 1 —p, and 0, 1 each
with probability §.

LEMMA 3.6. Let i > 1, G be an i-DNF, and p be chosen from D,. Then

_ e(Gp?

PriG [,#1] <e i

Proof. Because every covering set of G has size at least ¢(G), there is a set of
variable-disjoint terms of size at least ¢(G)/i (such a set can be found by greedily
choosing a maximal set of disjoint terms). Each of these variable-disjoint terms is
satisfied with independent probability at least (p/2)’. Therefore,

Proep, [G [,# 1] < (1 - (g)z)

Combining this with the switching lemma shows that a k-DNF is strongly repre-
sented by a short decision tree when restricted.

COROLLARY 3.7. Let k > 1 be given. There exists v > 0 so that for any k-DNF
F,w>0,p>n"Y@) Prpn (h(F |,)>w] <k27wn 2,

Proof. In the notation of corollary 3.4, set p = n‘l/%Q, d=1,v=1,s=w/2
and § = (log e)% = (log e)%. Combining lemma 3.6 with corollary 3.4 shows
that for every k-DNF F:

i

<852 _ -1t

Pryep, [h(F 1,) > w] < k2-200/26 /4 _ jouwllone)'n™!/2/a"k"2

Because k is fixed, we may take v = (log e)* /4kkk 2k’
a

4. An Application to Circuit Bottom Fan-in. Our first application of the
switching lemma is an exponential size separation between depth d circuits of bottom
fan-in k and depth d circuits of bottom fan-in k£ + 1.

Our circuits are organized into alternating layers of AND and OR gates, with
connections appearing only between adjacent levels. NOT gates may have only vari-
ables as their inputs. The output gate is said to be at level one, the gates feeding
into the output gate are said to be at level two and so forth. The depth of a circuit
is the maximum depth of an AND or OR gate in the circuit. The size of a circuit is
the number of AND and OR gates appearing in it. The bottom fan-in of a depth d
circuit is the maximum number of inputs of a gate at level d. For more detail on the
basics of constant depth circuits, consult the survey by Boppana and Sipser [10].

4.1. The Functions. DEFINITION 4.1. [3/, 10] Let integers d and my,...,mgq
be given, and let there be variables x;, ... ;, for 1 <i; < mj.

mi,...,mMd __ X .
= NV O

i1<my i2<ma ig<mq

Where (O =\ if d is even, and () = \ if d is odd.
The Sipser function f7* is fi"" " withmy = \/m/logm, may = --- =mg_1 =m
and mqg = y/dmlogm/2.

The modified Sipser function g;"’k is fig ik with my = \/m/logm, mg =

s =mg_1 =m, and mg = 4y/dmlogm/2.



Notice that the function fJ* depends on m9~!,/d/2 many variables and it can be
computed by a circuit of depth d and size linear in the number of variables. Further-
more, we will often identify these functions with the circuits defining them.

Our result builds upon the earlier result that it is impossible to decrease the
bottom fan-in of a circuit computing a Sipser function without increasing the size
or the depth. Moreover, an OR of depth d, small bottom fan-in circuits requires
exponential size to compute f7*.

THEOREM 4.2. [21] For all d > 1, there exists eq > 0 so that if a depth d, bottom
fan-in k circuit with an AND gate at the output and at most S gates in levels 1 through
d —1 computes f]*, then either k > m® or S > omed

For all d > 1, there exists B4 > 0 so that if a depth d+ 1, bottom fan-in k circuit
with an OR gate at the output and at most S gates in levels 1 through d computes

7', then either S > ot ok > mba,

We use the modified Sipser function g;n’k'H to obtain the exponential separation
between depth d + 1, bottom fan-in k£ 4+ 1 and depth d + 1, bottom fan-in & circuits.
For each iy,...,i4, we say that the variables z;, . i, 1,...,%i,.. i,k come from block
(i1,...,1q). Variables in the same block occur in the same bottom-level conjunction of
g;n’k. Notice that the function g;n’k has 4m?=1,/d/2 many blocks and 4km?~'\/d/2
many variables. Moreover, it can be computed by a circuit of depth d + 1, bottom
fan-in k£ and size linear in the number of variables.

4.2. The Lower Bounds. We will show that depth d + 1 circuits with bottom
fan-in k require exponential size to compute g;"’kﬂ. In light of theorem 4.2, it suffices
to consider only circuits with an AND gate at the output level. Furthermore, we
consider only the case when d is even. This ensures that all gates at depth d are
OR gates. The case for odd d is dual and we simply invert the random restriction
used. Each gate at depth d computes a k-DNF, and we will apply random restrictions
which almost certainly collapse all of the k-DNF's to narrow CNF's and thus collapse
the circuits to depth d circuits with small bottom fan-in. On the other hand, the
random restrictions will probably leave g;"’k'H containing f7" as a sub-function, and
thus we obtain a contradiction to theorem 4.2.

DEFINITION 4.3. Let m, d and k be given. Set my = /m/logm, mg = --- =
Mmg_1 =m and mqg = %/ng/l

Let Bg}ékﬂ be the random distribution on partial assignments given by the fol-
lowing experiment: for each i1 < myq,...,1q < mq, with independent probability %
either set x;, . ;,; = *, for all j € [k + 1], or uniformly choose a 0/1 assignment
to {xiy,.iaj | J € [k + 1]} which sets at least one of the variables to 0. The dual
distribution, B;”ikﬂ, selects a restriction according to B;”ékﬂ and then inverts the Os
and 1s. ’ ’

LEMMA 4.4. Let k > 1 be given. There exists a constant vy, > 0 so that for
every k-DNF F':

Pr

m,k+1
pEBy

[F 1,41 < 9—Vke(F)

Proof. We say that two terms T and T” are block-disjoint if no variable of T shares
a block with a variable of T7'. More formally, whenever a variable z;, . ;,., appears
in T and a variable x;, .. j, , appears in 7', we have that (i1,...,iq) # (j1,--.,Jd)-
Because each term involves at most k variables, there must be a set of ¢(F')/k many
variable-disjoint terms, and hence a set of ¢(F')/(k(k+ 1)) many block-disjoint terms.
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We now show that each term is satisfied with probability at least 6%. Because
the literals of a term come from at most k£ distinct blocks, the chance that every
variable in the term is set to 0 or 1 is at least 1/2%. Conditioned on this event, the
probability of satisfying the term is at least 1/3*. To see this, consider the chance
of satisfying each literal of the term in turn, conditioned on the event of satisfying
the previous literals. If a variable from that block has already been set to 0, then
clearly the probability of satisfying the current literal is 1/2. If not, then suppose
there [ variables in the block of the current variable that have not yet been set to a
value. The probability of satisfying the current literal is at least (2/=! — 1)/(2! — 1).
Because there are k4 1 variables and the term has size at most k, [ > 2, and thus the
probability is at least 1/3.
The events of satisfying block-disjoint terms are independent, therefore we have:

1\ €U/ (k(k+1))
Pr cpmast [ 1,7 1] < (1 - 6_’€>

Set v, = —logy(1 — g5)/(k(k +1)). O

Symmetrically, the dual result holds for k-CNF's when we apply a random restric-
tion from B;nik+1.

LEMMA 4.5. Letk > 1 be given. There exists a constant €x so that for all d, for
all w sufficiently large with respect to k, and for every depth d 4+ 1, bottom fan-in k
circuit C of size S < 2% when p is chosen from Bg_%kﬂ (Bgfikﬂ ), with probability
at least 3/4 , C' [, is equivalent to a depth d, bottom fan-in w circuit with at most S
gates in levels 1 through d — 1.

Proof. We will solve for the particular values of ¢, and w after going through the
calculations.

We consider the case when d is even; the case when d is odd is handled by using
the restrictions B;’?ikﬂ instead of BZ:B’CH, Each gate at depth d is an OR gate and
its inputs are AND gates of fan-in at most k. For each gate g at depth d, we let F,
denote the k-DNF computed by the sub-circuit at g.

Suppose that there is a partial assignment p € Bgf(’)k so that for each depth d gate
g of C, h(Fy ,) < w. For each g at depth d, let T, be the shortest decision tree
representing F, [,. We can compute C [, with a depth d, bottom fan-in w circuit
with at most S gates in levels 1 through d — 1 by starting with C', replacing each level
d gate g with the conjunction of the negated branches of Bry(7,) and then merging
these conjuncts with the AND gate at depth d — 1 to which g sends its output.

We now show that for p chosen according to the distribution B(T(’)k, with proba-
bility at least 3/4, every depth d gate g of C has h(Fy [,) < w.

Let g be a depth d gate of the circuit. By combining lemma 4.4 with corollary
3.4, setting d=1,y=1 s =w/2 and § =~y shows that

—w k k
PrﬂGBZt;ﬁ [h(F,) > w] < k27w/4

Because there are at most S = 2" many gates at depth d, by the union bound,
there exists a gate with h(Fy) > w with probability at most gu(er =71 /4" +logk - We
simply take ¢ sufficiently small so that this probability is less than 1/4. O

THEOREM 4.6. For all k > 1, d > 1, there exists €x,€q > 0 so that for every
m sufficiently large, every size S, depth d + 1 bottom fan-in k circuit for ggl’k+1 has
S > 2eem'e,
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Proof. We will have to take m sufficiently large to apply theorem 4.2 and lemma
4.5, and large enough for an application of the Chernoff bounds. Set w = m* (with €4
from theorem 4.2) and S = 2% (with ¢ from lemma 4.5). Furthermore, we consider
the case when d is even; the case when d is odd is handled by using the restrictions
Bg:”ikﬂ instead of B;’f(’)kﬂ.

Suppose, for the sake of contradiction, that C is a size S, depth d, bottom fan-in
k circuit computing gzl"’k'H.

Fix an OR gate at depth d in gg“k'H. When p is chosen from the distribution

Bgfékﬂ, the expected number of blocks underneath this gate that are left unset is

2y/dmlogm/2. By the Chernoff bounds, with probability at most e~ V4™ logm/2/4
are there fewer than /dmlogm/2 blocks left unset by p underneath this gate.

Because there are m?=3/2/\/logm many depth d gates in g7"**', by the union
bound, the probability that there exists a depth d gate underneath which there are

fewer than y/dm logm/2 many blocks unset is at most (m?—3/2/\/logm)e~V @mlogm/2/4,
This tends to 0 as m tends to infinity.
On the other hand, by lemma, 4.5, with probability at least 3/4 , C |, is equivalent
to a depth d, bottom fan-in w circuit with at most S gates in levels 1 through d — 1.
Therefore we may choose p € Bgf c}k+1 so that underneath each depth d gate of

g(T’kH there are at least y/dmlog m/2 many blocks unset by p, and C' |, is equivalent
to a depth d, bottom fan-in w circuit with < S gates in levels 1,...,d — 1.

Because C [, computes g(T’kH [, a restriction of it computes f}*: set some
blocks to 0 and collapse the other blocks to a single variable. This gives a depth d
circuit with < .S gates in levels 1,...,d — 1, and bottom fan-in w that computes f}*,

a contradiction to theorem 4.2. 0

5. Decision Trees and Res(k) Refutations. All of our lower bounds for
Res(k) refutations use the fact that when the lines of a Res(k) refutation can be
strongly represented by short decision trees, the Res(k) refutation can be converted
into a narrow resolution refutation.

THEOREM 5.1. Let C be a set of clauses of width < h. IfC has a Res(k) refutation
so that for each line F' of the refutation, h(F) < h, then wgr(C) < kh .

Proof. We will use the short decision trees to construct a narrow refutation of
C in resolution augmented with subsumption inferences: whenever A C B, infer B
from A. These new inferences simplify our proof, but they may be removed from the
resolution refutation without increasing the size or the width.

For a line F of the Res(k) refutation, let Tr be a decision tree of minimum height
that strongly represents F'. Notice that for each initial clause C' € C, T¢ is the tree
that queries the (at most h) variables in C, stopping with a 1 if the clause becomes
satisfied and stopping with a 0 if the clause becomes falsified.

For any partial assignment 7 let C; be the clause of width < h that contains the
negation of every literal in m, i.e., the clause that says that branch m was not taken.
We construct a resolution refutation of width < kh by deriving C; for each line F of
the refutation and each = € Bro(TF).

Notice that for m € Bro(Tp), Cr = 0, and for each C € C, for the unique 7 €
BI‘()(Tc), Cﬂ- =C.

Let F be a line of the refutation that is inferred from previously derived formulas
Fi,...,F}, j < k. Assume we have derived all C; € Bro(TF,) for 1 <i < j. To guide
the derivation of {Cy | m# € Bro(TF)}, we construct a decision tree that represents
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J_1 F;. The tree (call it T') begins by simulating, T and outputting 0 on any 0-
branch of Tr . On any 1-branch, it then simulates Tr,, etc. If all j branches are 1, T'
outputs 1; otherwise T outputs 0. The height of T is at most jh < kh, so the width
of any such Cr, with 7 € Br(T) is at most kh. The set of clauses {C, | 0 € Bro(T)}
can be derived from the previously derived clauses by subsumption inferences because
every o € Bro(T') contains some 7 € |JI_; Bro(TF,).

We now show that for every o € Bri(T), there exists a t € F' so that ¢ satisfies
t. Choose 71 € Bri(TF,),...,n; € Bri(TF,;) so that 7 U---U7; = 0. Because the
decision trees Tr,, . .., Tk, strongly represent the k-DNFs Fy, ..., F}, there exist terms
t1 € Fi,...,t; € Fj so that \!_, t; is satisfied by o. By strong soundness of Res(k),
there exists t € F' so that o satisfies ¢.

Let 0 € Bro(Tx) be given. Because Ty strongly represents F, o falsifies all terms
of F. By the preceding paragraph, for all 7 € Br(T), if 7 is consistent with o, then
7w € Bro(T) (otherwise, o would not falsify the term of F' satisfied by 7). For each
node v in 7', let m, be the path (viewed as a partial assignment) from the root to v.
Bottom-up, from the leaves to the root, we recursively derive Cr, V C,, for each v so
that m, is consistent with . When we reach the root, we will have derived C,. If
v is a leaf, then m, € Bro(T) so it has already been derived. If v is labeled with a
variable that appears in o, call it x, then there is a child u of v with 7, = 7, U {z}.
Therefore, Cr, V Cy = Cr, V C,. By induction, the clause C, V C, has already been
derived. If v is labeled with a variable x that does not appear in o, then for both
of the children of v, call them vy, vs, the paths m,, and m,, are consistent with o.
Moreover, C’m,1 VCy =2V Cr, VO, and C’m,2 VCy =2V Cr, VCs. Resolving these
two previously derived clauses gives us Cr, V C,. O

We will use this theorem after we apply a random restriction which simultaneously
collapses every line of a Res(k) refutation to a short decision tree. Hence, we can use
a width lower bound for resolution refutations of a restricted tautology to give a size
lower bound for Res(k) refutations of the original tautology.

COROLLARY 5.2.  Let C be a set of clauses of width < h, let T" be a Res(k)
refutation of C, and let p be a partial assignment so that for every line F of T,
h(F [,) < h. Then wr(C [,) < kh.

6. Lower Bounds for the Weak Pigeonhole Principle. DEFINITION 6.1.

The m to n pigeonhole principle, PHP]", is the following set of clauses:
1. For each i € [m], V¢ (,) @i;-
2. For each i, € [m] with i # 4, —z; ; V ~xy ;.

THEOREM 6.2. For every c > 1, there exists € > 0 so that for all n sufficiently
large, if k < y/logn/loglogn, then every Res(k) refutation of PHPS™ has size at
least 2™ .

The idea of the proof for Theorem 6.2 is as follows: Suppose there is a small
Res(k) refutation of the weak pigeonhole principle. Then, by applying a random
restriction we obtain a low width resolution refutation of the restricted pigeonhole
principle. By the well-known lower bounds on the width of resolution refutations of
the pigeonhole principle, this is impossible.

In order to make the random restriction method work, we prove lower bounds for
for the pigeonhole principle restricted to a low degree graph. Because these principles
reduce to the pigeonhole principle by setting some variables to 0, this suffices to
prove lower bounds for the pigeonhole principle. The difficulty with applying random
restrictions directly to the clauses of the pigeonhole principle is that there are clauses
of high width which are not satisfied with very high probability. If we were to choose
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a random subset of the holes and place into each hole a randomly chosen pigeon, then
a clause of the form \/", z; ; would be satisfied with probability no better than the
chance that hole j is in the random subset (this will be no better than a constant in
our proof). At the heart of this problem is that each hole j appears in ¢n distinct
variables, 1 j,...,%cn,;, and restricting the principle to low degree graph solves this.
DEFINITION 6.3. Let G = (U UV, E) be a bipartite graph. The pigeonhole
principle of G, PHP(G), is the set of clauses
1. For each u e U

Voo

veEV
{u,v}€E

2. For each u,u’ € [m], with u # v, and each v € V with {u,v} € E and {u’,v} € E
Lu,v \ Ll v

DEFINITION 6.4. Let G = (UUV, E) be a bipartite graph. The maximum degree
of G, A(G), is defined to be max,cy degv.

Furthermore, we assume that all Res(k) refutations have been put into a normal
form in which no term of any DNF asks that two pigeons be mapped to the same
hole. See, for example, [3].

DEFINITION 6.5. Let G = (UUV, E) be a bipartite graph. A term is said to be
in pigeon-normal-form if it does not contain two literals x,, , and x, , with u # u'.
A DNF is said to be in pigeon-normal-form if all of its terms are in pigeon-normal-
form and a Res(k) refutation is said to be in pigeon normal form if every line is in
pigeon-normal-form.

Every Res(k) refutation of PH P(G) can be transformed into a refutation in pigeon
normal form which at must doubles the number of lines in the proof. When there is
an AND-introduction inference that creates a line not in pigeon normal form, say

(AVZyy) (AVaw,) - (AVIE)
AV (xw AZwrw AN_s li)

Replace the inference by a derivation that cuts AV z,/, with -z, , V 22y, to
obtain AV -z, ,. Cut this with AV z,,, to obtain A. We may proceed through the

rest of the proof with A because it subsumes AV x,, , A 2y 5 A /\g:3 l;.

6.1. Random Restrictions. DEFINITION 6.6. For a bipartite graph G = (U U
V,E) and a real number p € [0,1], let M,(G) denote the distribution on partial
assignments which arises from the following experiment:

Independently, for each v € V, with probability 1 — p choose to match v and with
probability p leave v unmatched. If v is matched, uniformly select a neighbor u of v,
set Ty to 1, and for every w # w that is a neighbor of v, set T, to 0. Moreover,
for each v' # v, set Ty, = 0.

Let V, be the set of vertices of V matched by p, let U, be the set of vertices of U
matched by p, and let S, = U, UV,.

These restrictions randomly associate pigeons with holes in an injective way.
While some pigeons can be associated with multiple holes, no two pigeons can be
associated with the same hole. It is easy to check that for any p € M,(G), we have
that PHP(G) [,= PHP(G — S,).
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LEMMA 6.7. Letp € [0,1], i € [k] be given. Let G = (U UV, E) be a bipartite
graph with A = A(G). Let F be an i-DNF in pigeon-normal-form.

_ (oge)(1—p)ie(F)

PTPEMP(G) [F rp# ]-} S 2 iATTT

Proof. For a term T, define the holes of T' as Holes(T') = {v | y,, € T or =2y, €
T}. We say that two terms T and T” are hole-disjoint if Holes(T') N Holes(T") = ().

Because F' contains at least ¢(F')/i many variable-disjoint terms, and each hole
v € V appears in at most A many variables, F' must contain at least ¢(F)/iA many
hole-disjoint terms.

The events of satisfying hole-disjoint terms are independent, and for a given term,
T, the probability that 7" [ ,= 1 is at least (1—p)*/A®. This is because with probability
(1 —p)i, every hole of T is matched, and with probability at least 1/A? the holes are
matched in a way that satisfies T (here we use that F is in pigeon-normal-form).
Therefore, we have the following inequalities:

c(F)

; ) i AL\ A oge)(1—p)ic
Pry [F [, 1] < (1— (1= p)'/Al) & < (em0om'/ar) ™= e

6.2. Width Lower Bounds for Resolution. For the lower bound proof to
work, we need a graph G so that after the application of a random restriction p ,
with high probability, PHP(G) [, requires high width to refute in resolution. We call
such graphs robust, and in this subsection we probabilistically demonstrate robust,
low degree graphs.

DEFINITION 6.8. A bipartite graph G is said to be (p,w)-robust, if when p is
selected from M,(G), with probability at least 3, wr(PHP(G) |,) > w.

All we need for the size lower bound is the following lemma, which is proven
probabilistically in the next sub-subsection. Readers who believe that random graphs
should be robust can skip to the proof of the lower bound.

LEMMA 6.9. For all ¢ > 1, there exists d > 0, so that for n sufficiently large,
there ezists a (3/4,n/24)-robust graph with A(G) < dlogn on the vertex sets [cn] and

[n].

6.2.1. Existence of Robust Graphs. As a starting point, we use a now stan-
dard lower bound of wr(PHP(G)) in terms of the expansion of G.

DEFINITION 6.10. For a vertex u € U, let N(u) be its set of neighbors. For a
subset V! CV, let its boundary be

V' ={ueU||Nuw)nV'|=1}

A bipartite graph G is an (m,n,r, f)-expander if |V| = m, |U| = n, and for all
VICV, V| <r, |0V = fIV].

THEOREM 6.11. [8] If G is a bipartite graph that is an (m, n,r, f)-expander, then
wr(PHP(G)) > rf/2.

DEFINITION 6.12. Let Gy, p be the distribution on bipartite graphs with vertex
sets [m] and [n] in which every edge is included with independent probability p.

The following lemma was proven by Atserias, Bonet and Esteban [3].
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LEMMA 6.13. [3] Let m = c¢n, q¢ = %, a = qu and f = % Let G be
selected according to the distribution G, p.q-

Pr¢ |G is an (m,n,am, f) expander | >

Wl N

LEMMA 6.14. Let m =cn, let ¢ > % and let G be selected according to the
distribution G n.q-

Prg [wr(PHP(G)) = n/12] >

[SUAI )

Proof. Let a = qu and f = 7. Because amf/2 = (1/mq)m(nq/6)/2 = n/12, an
application of theorem 6.11 shows that when G is selected according to G, ,, asc Inm
with probability at least 2/3, wr(PHP(G)) > n/12.

Now consider G selected according to G, p,q, With ¢ > W. Whenever Gy is an
edge-induced subgraph of Gy, wr(PHP(G1)) > wr(PHP(Gy)) because a refutation
of PHP(G;) can always be transformed into a refutation of PHP(Gy) by setting
some variables to 0. Therefore, by increasing the probability of including an edge, the
probability of having no small resolution refutation for PH P(G) only increases. O

We now prove lemma 6.9.

Proof. Set m = ¢n, p = 3/4 and ¢ = W. Consider the joint distribution
that arises by selecting G according to Gm,n,q and p according to Mg/, (G). We will
bound the probability that the degree is too large, that too many holes are matched,
and that the restricted graph is expanding.

By the Chernoff bounds, for each v € [n] the probability that v has degree in
excess of 2mgq is at most e~™%/4. By the union bound, the probability that there
exists some v € [n] of degree in excess of 2mq is at most ne~™%/4, Similarly, the
probability that there exists some v € [m] of degree in excess of 2mgq is at most
me~"9/%, Therefore, the probability that the maximum degree of G exceeds 2myq is
bounded as follows:

ne—mq/4 + me—nq/4 — ne—lechnm/m + me—lechnm/m — O(?’l_lgl)

Remember that V,, is the set of holes matched by the restriction p. By the Chernoff
bounds, the probability that |V,| > 2n(1 — p) = n/2 is at most e= " = e—n/16,

We now bound the probability that G — S, is an expander. First, up to renaming
vertices, G — S, is distributed as Gy, n, 4, With n, = n —[V,| and m, = m — |U,|.
This is because for fixed sets of vertices Vy C V and Uy C U, when we condition
on the event that V, = V and U, = Uy, the edges {u,v} with u € U \ Uy and
v € V'\ 1 are included in G — S, with independent probability ¢. Now, condition
on the event that |V,| < n/2. We have that m, = m — |U,| > m —n/2 > m/2 and
thus ¢ = 192clnm/m > 192clnm,/m > 192c¢lnm,/2m, = 48 -2clnm,/m,. Because
Do < e — 2¢, we can apply lemma 6.14 and deduce that wr(PHP(G — S,)) >

n, — n/2
n,/12 with probability at least % Because n, > n/2, with the same probability,
wr(G —S,) > n/24.

Combining the three inequalities from the preceding paragraphs shows that the
probability that G contains a vertex of degree in excess of 192cInm, that V), contains
more than n/2 vertices, or that wp(PHP(G — S,)) < n/24, is at most

1

§ +O(n7191) _i_efn/lG
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For sufficiently large n, this probability is bounded above by % By averaging
over the choices of the edges, there exists a bipartite graph G on vertex sets [cn]
and [n] with A(G) < 2mg = 384cln(cn), so that upon selection of p € Rs/4(G),
wr(G — S,) > n/24 with probability at least 1. O

6.3. Size Lower Bounds for Res(k). To prove the size lower bounds for Res(k)
refutations of PHPS™ we first prove size lower bounds for the weak pigeonhole prin-
ciple restricted to a robust graph, and then we reduce these principles to PHPS™.

LEMMA 6.15.  For any ¢ > 1 and d > 0, there exists € > 0 so that for all n
sufficiently large, if k < y/logn/loglogn and G is a (3/4,n/24)-robust bipartite graph
with vertex sets of sizes cn and n and A(G) < dlogn, then Si,(PHP(G)) > 2™.

Proof. By lemma 6.7, for each i € [k] and every i-DNF F,

_ (oge)(1-3/4) c(F) ___(loge)e(F)
B n)i+1 — i-47 i+1
PrpeM3/4(G) [F fp?é 1] <2 (dlog n)t =2 atdlogn)th,

In the interest of obtaining a better bound, we will not appeal to corollary 3.4,
but directly apply the theorem 3.3. We define sequences sy, ..., s and p1,...,pg for
use in the switching lemma. Set so = ;% (n/24 — 1). For each i € [k], set

o= [ doge )
' 2i47 (dlogn) " o

For each i € [k] set p; = 272%. For any i-DNF F so that ¢(F) > s,_1, we have
the following inequality:

(loge)s; 1 (loge)s; 1

- . = —2 . - _ .
Proc sy, (@) [F 1,7 1] < 27 5 @os T = 7 "5 @os )il = 272% = p,

It can be shown that there exists ¢ > 0 so that for sufficiently large n, s > n®.
To avoid distraction, we show this in in lemma 6.17, at the end of this subsection.
Suppose that T is a Res(k) refutation of PHP(G) of size less than 2"".

By an application of theorem 3.3 and the union bound, we have:

k—1 k

€ k=1

Prpens (@) |FF €T, h(F [,) > Y si| <277 ) pi2o=i ™
=0 =1

k k
<26y p2isis = Y paXis
i=1 i=1

k —
We now bound p;22i=: % for each i > 0. For each i, Sig1 < %s,- S0 Z?:il 55 < %si.
This gives us the following inequality:

piQZf;il 5§ — 22?;3 5i=28i < 9(4/3=2)si _ 9= (2/3)si < 9= (2/3)sk < 9—(2/3)n"

Therefore:

k—1

Prp€M3/4(G) [HF € F7 h(F fp) > (n/24 — 1)/](,‘] < Prp€M3/4(G) dF € F, h(F [p) > Zsi
1=0
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<3 P2 i s < S 2 R < (/I _ lesh—(2/3)n¢
=1 1=1

For n sufficiently large, this probability is strictly less than 1/2. Because G is
(3/4,n/24)-robust, for p € Mj3,4(G), with probability at least 1/2, wr(PHP(G) I,
) > n/24. Thus, there is a p so that wr(PHP(G) [,) > n/24 and VF € T, h(F [,) <
+(n/24 —1). This is a contradiction because by corollary 5.2, there is a resolution
refutation of PHP(G) [, of width <n/24—1. 0

THEOREM 6.16. For each ¢ > 1, there exists € > 0 so that for all n sufficiently
large, if k < y/logn/loglogn, then every Res(k) refutation of PHPS™ has size at
least 27" .

Proof. Apply lemma 6.9 and choose d so that for sufficiently large n, there exists
a (3/4,n/24)-robust graph G on vertex sets cn and n, with A(G) < dlogn. By
lemma 6.15, there exists ¢ > 0 so that for k < y/logn/loglogn, Sy(PHP(G)) > 2",
Because PHP(G) can be obtained by setting some of the variables of PHPS™ to
0, every Res(k) refutation of PHPS™ can be converted into a Res(k) refutation of
PHP(QG) of the same or lesser size. Therefore, all Res(k) refutations of PH PS™ must
have size at least 2. O

Now we prove the lower bound on the number s; that we used in lemma 6.15.
The constants are not optimized.

LEMMA 6.17. There exists € > 0, so that all n sufficiently large, with k <
Vlogn/loglogn and so,. .., sk defined as in the proof of lemma 6.15, sy > ne.

Proof. Unwinding the recursive definition of the s;’s, gives the following equality:

PO St
1 p1(I\Z=T iad 3
= (loge)*— (= 2 ()24 -1
st = gr(loge) k!<4) <dlogn) 24—

k .
Because k < y/logn/loglogn, we have that 5 (log e)k%(i)zﬂ'zl]% =n—o),
sp = nfo(l)(l/dlogn)(k+2)(k+1)/2(n/2471) _ nfo(l)27(10g(dlogn))(k2+3k+2)/2(n/2471)

Because k < y/logn/loglogn and d is a constant, for n sufficiently large,
(log(dlogn))(k* + 3k +2)/2 = (logn)(1 + o(1))/2. Therefore,

Sk = nfo(l)27(10gn)(1+0(1))/2(n/24 _ 1)

and there exists € > 0 so that for all n sufficiently large, s > nc. O

7. Lower Bounds for Random CNFs. It is well-known that, in some cases,
randomly generated sets of clauses require exponentially large resolution refutations,
see [13, 5, 8]. We extend these results by giving exponential lower bounds for the size
of Res(k) refutations of randomly chosen sets of width 4k? + 2 clauses.

DEFINITION 7.1. Let n, A and w be given. The distribution F»* is defined by
choosing A - n many clauses independently, with repetitions, from the set of all (g) 2w
clauses of width w.

Our main result for this section is:

THEOREM 7.2. For any € € [0, %), there exists 6 > 0, so that for n sufficiently
large and for A = n¢,

Procsna  |Sk(F) < 2n‘3} = o(1).

4k242
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The reason that our proof does not give lower bounds for refutations of random
3-CNFs in Res(k) is that on one hand, we want our random restrictions to have a good
chance of satisfying a fixed k-term (so we can apply the switching lemma), but on
the other hand, the restrictions should have little probability of falsifying any of the
initial clauses (this would make the restricted set of clauses trivial to refute). Because
satisfying a k-term is equivalent to falsifying a k-clause, we can only work with initial
clauses width larger than k.

A set of clauses that, with constant probability, requires high width to refute after
random restriction is called robust. Recall the distribution D, from definition 3.5.

DEFINITION 7.3. Let F be a CNF in variables 1, ...,x,. We say that F is (p,r)
robust if
Proep, [wr(F [,) 2] =2 1/2.

It turns out that for sufficiently large w, a random w-CNF is almost surely robust.
We state the result below and prove it in the following subsection.

LEMMA 7.4. There exists a constant ¢ so that for any constants w and t,
w > 2t+2, for every n sufficiently large, and every e € [0,1/2], if we set A = n® then
the following inequality holds:

Prygpna [Fzs not (n_l/t,cn%}mbust} =o(1)

We now prove the size lower bound. We set bits with probability n~=!/ 2k% g0 we

can collapse k-DNFs but still have that most 4k + 2 CNFs are robust. For each
k > 1, let v be the constant of corollary 3.7.

LEMMA 7.5. Letn, r, w, and k be given. For sufficiently large n, if F' is a
(n_1/2k2,r)—7"0bust w-CNF, then Si(F) > ﬁ%““‘l)/kﬁ).

Proof. Suppose that I' is a Res(k) refutation of F' of size at most ;—kQ(W(T*U/k\/ﬁ).

By corollary 3.7, with p = n~1/2¥" and w = (r —1)/k, we have that for every line F'
of T, Prpep, [M(F 1,) > (r —1)/k] < k27 =D/kvn By the union bound we have
that

Pryep, [3F € T W(F [,) > (r — 1)/k] < |T| - k- 27 (r=1/kvn

< Lotut-n/mvm) o gmmr—1/kya _ L
= 1k 1

Because F'is (p, r)-robust, with probability at least 1/2 over choices of p, wr(F [,
) > r. Therefore, we may choose p € D, so that wg(F [,) > r and for all F € T,
hF [,) < (r—1)/k. This is a contradiction because by corollary 5.2 there should be
a width r — 1 resolution refutation of F' [,. O

Combining lemmas 7.4 and 7.5 with ¢ = 2k2, w = 4k?> +2 and r = enT¥2¢ shows
that a random (4k? 4 2)-CNF almost surely requires exponential size to refute in
Res(k).

COROLLARY 7.6. There exists a constant ¢ so that for every k, for every n
sufficiently large and € € [0,1/2], if we set A = n€, then the following inequality
holds.

1—2¢
Prpcpma | Sp(F) < 20len ™2 =D/EVR] — o(1)

4k2 42
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1—-2¢
142¢

This gives an exponential lower bound only when > % This holds exactly

for e € [0, 3).
THEOREM 7.7. For any € € [0, %), there exists § > 0, so that for n sufficiently
large and for A = n¢,

Procpna  |SK(F) < 2%‘5} = o(1)

4k242

7.1. Robustness of Random CNFs. In this section we show that for appro-
priate clause densities, a random w-CNF is almost surely robust.

We begin with a width bound for resolution refutations of random 3-CNF's given
by Ben-Sasson and Wigderson.

THEOREM 7.8. [8] There exists a constant ¢, so that for all n, and all € € [0,1/2]
with A = n€, the following inequality holds.

1—2e

Prpcrya [wa(F) < ent¥ | = o(1)

LEMMA 7.9. There exists a constant ¢ so that for any constants w and t with
w > 2t + 2, for every n sufficiently large and € € [0,1/2], if we set A = n° and
p=n"1t then the following inequality holds:
Pr,_,na [wR(F [p) < cn};—g} =o(1)

FeFq
pEDp

Proof. Let w,t,n, e be given as above and set A = n¢ and p = n~ 1/t

Because the expected size of dom(p) is pn, the Chernoff bounds show that the
size of dom(p) exceeds 2pn = 2n'~% with probability at most e T4 = o(1) .

Let C be a fixed clause of width w that contains no opposite literals. When we
choose p € D, the probability that the domain of p contains at least w — 2 variables
of C is at most (%)p“~2. Because w is a constant, this probability is O (n=(w=2/t).
Because w > 2t + 2, this probability is O (n’Z). For any fixed w-CNF F on An
many clauses, an application of the union bound shows that there is some clause with
> w—2 of its variables in the restriction with probability O(An-n=2) = o(1). Because
this calculation holds for every w-CNF of An many clauses, we have that

Pr,_ na [3C € F, |vars(C) \ dom(p)| < 2] = o(1)

FeFy
pEDp

Fix a restriction p so that dom(p) < 2n'~7% and let n’ = n—|dom(p)|. Conditioned
on the event that Vi € [A], |vars(C;) \ dom(p)| > 3, F [, is subsumed by a random
3-CNF distributed as Fy' A (To see this, consider the distribution on 3-CNFs that
chooses three literals unset by p from each C;.) Choose ¢ so that n¢ = (n/)¢. Adding
up the conditional probabilities and applying theorem 7.8 shows that

1-2¢’

Pr,_na |wr(F [,) <cn'i72d | =o(1)

FeF,,
pEDp

Because n’ > n — 2n'~/t, we may choose ¢’ so that
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rerpa [wa(F 1,) < dniee | =o(1)
ey

Pr

O

From lemma 7.9, an averaging argument yields the following phrasing of lemma
74.

LEMMA 7.10. There exists a constant ¢ so that for any constants w and t,
w > 2t + 2, for every n sufficiently large and € € [0,1/2], if we set A = n® and let
p=n"1t then the following inequality holds:

1—2e
Prpcpna [Prpepp [wR(F Ip) < cnm} > 1/2} =o(1)

8. Separation Between Res(k) and Res(k+1). In this section we show that
for each constant k, there is an €, > 0 and a family of unsatisfiable CNFs which have
polynomial size Res(k + 1) refutations but which require size 2" to refute in Res(k).
The unsatisfiable clauses are a variation of the graph ordering tautologies [19, 9].

DEFINITION 8.1. Let G be an undirected graph. For each vertex u of G, let N (u)
denote the set of neighbors of u in G. For each ordered pair of vertices (u,v) € V(G)?,
with u # v, let there be a propositional variable X, .

The graph ordering principle for G, GOP(G), is the following set of clauses: (1)
The relation X is transitive: for all u,v,w € V(G), Xyo N Xow — Xuw (2) The
relation X is anti-symmetric: for all u,v € V(G) with u # v, =Xy V Xy (3)
There is no locally X -minimal element: for every u € V(G), V,en(u) Xvu-

The k-fold graph ordering principle of G, GOP*(G), is obtained by replacing
each variable X, , by a conjunction of k variables, Xiv, . ,Xfiv, and then using the
distributive rule and DeMorgan’s law to express this as a set of clauses.

Notice that for a graph G on n vertices with maximum degree d, the principle
GOP(G) consists of O(n?) many clauses each of width at most max{3,d}. Therefore,
for any graph G on n vertices with maximum degree d, the principle GOP*(G) has
size O(n3k?).

It is readily shown that, for any graph G, the principle GOP(G) has polynomial
size resolution refutations. Furthermore, these refutations can be transformed into
Res(k + 1) refutations of GOP*T1(G), as shown in lemma 8.4. On the other hand,
we will also prove that Res(k) refutations of GOP**1(G) require exponential size for
certain graphs:

THEOREM 8.2.  Let k be a positive integer. There exist constants ¢ > 0 and
ex > 0, and a family of graphs G on n vertices (for n sufficiently large) with mazimum
degree clogn so that Res(k) refutations of GOP*Y(G) require size at least 22("™"),

8.1. The Upper Bounds. We build Res(k) refutations for GOP*(G) from res-
olution refutations of GOP(G).

The resolution refutation of GOP(G) is a slight variation of the resolution refu-
tation of GT,, [19, 9].

LEMMA 8.3. Let G be an n vertex graph. There is a resolution refutation of
GOP(G) of size O(n?).

Proof. To construct the resolution refutation of GOP(G), we iteratively derive
the formulas \/igii,jn] X;,; for all 4,5 with 1 <1 < j < n. The clauses \/ﬂ?] X, ; are
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derived by weakening the hypotheses. We proceed in stages as [ ranges from 1 up to
n. At stage [, for 7 = [, we have \/ie[le] X,,;. For j # 1, we resolve vie[l+1,n] Xy
with the transitivity axioms =X;; V—=X; ; V X; ; to obtain =X, ; V X, \/ie[g;,n] Xij-
This clause is resolved with =X, ; V ~X;; and Vie.[;lé,‘n] X ; to obtain \/?zl_H Xij. At
stage n, with j = n, we have derived the empty clause. This refutation clearly has
size O(n?). O

LEMMA 8.4. For each k, and every G with n vertices and degree at most d > 3,
GOP*(Q) has a Res(k) refutation of size O(n3k?).

Proof. Let T be the operation that replaces X, , by /\f:1 Xqi,v and -X, , by

& .
vi:l _‘X';Ll,,’L)'

Let T be the size O(n?) resolution refutation of GOP(G) given above, and remove
all of its weakening inferences. If we apply the transformation 7 to the refutation, we
obtain a Res(k) refutation of 7(GOP(G)).

From the clauses of GOP*(G) we can derive the k-DNFs of 7(GOP(G)) by a

sequence of O(k?) many AND-introduction inferences per formula. Thus, we have a
Res(k) refutation of GOP*(G) of the claimed size. O

8.2. Random Restrictions. In this subsection we define a distribution on par-
tial assignments so that --DNF's with high cover number are satisfied with high prob-
ability. The idea is to randomly color the graph with 4k many colors, and then
between vertices u and v of distinct color classes, uniformly choose an assignment to
Xiv, cee Xff;l, X;U, e ,Xff";l which makes both /\i:—ll Xf“} and /\?ill Xf,)ufalse.

DEFINITION 8.5. Let k > 1 be given. Let G be a graph. The distribution Pyy1(G)
on partial assignments p to the variables of GOP*TY(Q) is given by the following
experiment.

For each (u,v) € V(G)?, let oy be chosen uniformly among 0,1 assignments to
Xy ooy XA s0 that for at least one i € [k +1], o4 (XL ,) = 0.

Select a random coloring of V(G) by 4k many colors, ¢, : V(G) — [4k].

The partial assignment p is defined as:

- U

(u,v)EV(G)2
Cp(“)#%)(“)

The auziliary total assignment, o,, is defined as:

— u,v
Op = U o)

(u,v)EV(G)?

If we let B, be the set of edges which are bichromatic under the coloring c,, then
GOPFY(@) |, is GOP*1(G \ B,). Moreover, we have the following lemma, which
the reader can easily check.

LEMMA 8.6.  Let G be a graph. Let p € Pry1(G) be given. Let B, be the
set of edges of G that are bichromatic under c,. Let Gi,...,Gy, be the connected
components of G\ B,.

GOPH(G) 1,= | | GOP*(G))

Jj=1
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Formulas with high cover number contain many variable-disjoint terms, but the
events of satisfying these terms with p € Pr11(G) are not necessarily independent.
To obtain independence, we look at the pairs of vertices involved with the literals of
the terms. Remember that in the definition of GOP(G), there are no variables X, .

DEFINITION 8.7. Let X;’v be a variable of GOP*TY(G). The underlying pair of
X}, , is the set {u,v}. The underlying ordered pair of X, ,, is (u,v). Let T be a term.

The set of vertex pairs of T, Pr, is defined as
Pr = {{u,v} | {u,v} is the underlying pair of a variable in T}

The set of vertices of T, St, is defined as St = J Pr.

We use combinatorial sunflowers to obtain independence between the events of
satisfying terms of an i-DNF with high cover number. To guarantee that such a
system exists, we apply the Erdos-Rado lemma.

DEFINITION 8.8. A (p,l) sunflower is a collection of sets P, ..., P,, each of size
<1, so that there exists a set C' so that P, N P; = C for all i,j € [p], i # j. The set
C s called the core of the sunflower.

THEOREM 8.9. ([16], c.f. [22]) Let | be given. Let Z be a family of M distinct
sets, each with cardinality <1. Z contains a (p,l) sunflower where p > (%)%

DEFINITION 8.10. Let Th,...,T; be terms in the variables of GOP*T1(G). We
say that the terms are sufficiently independent if the following conditions hold:

L. Fori,j e [t], if i # j then St, # St,.
2. The family {St, | 1 <i <t} forms a sunflower with core C.
3. For each i € [t], each {u,v} € Pr,, {u,v}  C.

LEMMA 8.11. Let Th,...,T; be a sufficiently independent set of terms. The sets
Pr,, 1 <1¢<t, are disjoint.

Proof. Let 4,75, 1 < i < j <t be given and let C' denote the core of the sun-
flower. Suppose that {u,v} € Pr, N Pr;. We then have that {u,v} C S, N St;, so
{u,v} C C. Therefore, by the third property of sufficient independence, {u,v} & Pr,
— contradiction. O

We begin the task of showing that a DNF with high cover number is likely to be
satisfied by a random restriction. The quality of our bounds is most affected by the use
of the sunflower lemma, and the particular constants we obtain at other points have
limited impact. Therefore, to conserve space and readability, we will not optimize
many of the probabilities involved.

LEMMA 8.12.  Let k be given. There exist a constants B > 0 and ¢ > 0 so
that for every k-DNF F in the variables of GOP**Y(G), F contains a sufficiently
independent set of size at least Bi(c(F))2F — cg.

Proof. F contains a set of s = ¢(F)/k many variable-disjoint terms, T4, ..., Ts.
It is possible that S, = S, for some m # [. However, because all terms have size at
most k, for each 4, |St,| < 2k, and a set of < 2k many vertices can be the underlying

set of fewer than ((k + 1)4k2)k many different variable-disjoint terms (since a variable
X}, , is determined by an ordered pair (u,v) € [St]* and i € [k+1]). Therefore, there
is a sub-collection of of m many variable-disjoint terms whose underlying sets
of vertices are distinct.

Because the underlying sets of vertices have size at most 2k, we can apply the
c(F)
k((k+1)4k2)F (2k)!
whose sets of underlying vertices form an (s, 2k) sunflower. We rename these terms

Ty,...,Ty.

sunflower lemma to find s’ = (m) R ( >ﬁ many terms
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Let C be the core of the sunflower St,...,Sr,. Notice that [C] < 2k. Call a
variable bad if both of its underlying vertices belong to C. There are fewer than 2k2
many unordered pairs of vertices contained in C, and each is the underlying pair of
exactly 2(k+1) many variables. Therefore, there are fewer than 2(k+1)-2k? = 4k?(k+
1) many variables whose underlying vertices are both in C. The terms T, ..., Ty are
variable-disjoint, so each bad variable appears in at most one term, and when we
remove all terms containing a bad variable, we obtailn a sufficiently independent set
of terms of size s’ — 4k%(k + 1) = (W) ¥ _4k2(k+1).0

Before we bound the probability of satisfying a DNF with high covering number,
we make a few observations.

Fact 1. Let T be a term, and let p € Pry1(G) be given. T [,= 1 if and
only if the following two events occur: (i) T [,,= 1 and (ii) For each {u,v} € Pr,
ep(u) # ¢, (0).

For each term T in a Res(k) refutation of GOP*+1(G), because T contains at
most k literals, there is a nonzero chance that it will be satisfied by o, when p is a
random restriction chosen according to Pgy1(G). This is made precise in the following
lemma. Recall that by construction, /\fill X}‘J’v ls,= 0, so the lemma fails for terms
of size k + 1 (as it should, since we are separating Res(k 4+ 1) from Res(k)). The
argument is similar to that in lemma 4.4.

LEMMA 8.13. Let T be a term of size at most k.

1
Prpepkﬂ(c) [T [o,,: 1] 2 3k

Proof. Order the literals of T" as ly,...,l;. For each j, 1 < j <k, if we condition
on the event that each of [y,...,l;_1 is satisfied, then the probability of I; being

satisfied is at least 1/3. This is because in the worst case, l; is a literal Xf];v and
the other literals are X ,X./»", and in this case, the probability that X,/, is

satisfied by o, is at least71/3. O
LEMMA 8.14. Let G be graph and let k be a positive integer. Let F' be a k-DNF

which contains contains t sufficiently independent terms.
1 t
Proep, ) [F [,#1] < (1 - W)

Proof. Let Ty, ..., T; be the sufficiently independent terms of F'. Let C be the core
of the sunflower St,,...,St,. Fix a coloring of the vertices in the core, x : C — [4k].
Condition on the event that ¢, [c= x.

We now lower-bound the probability that a given term T of the sufficiently inde-
pendent set is satisfied. First, we bound the probability that every underlying edge
of T is bichromatic. Note that by property (3) of sufficient independence, for all
{u,v} € Pr, {u,v} Z C, so it suflices to bound the probability that the vertices in
St \ C receive distinct colors not in the range of x. Therefore, the probability that
every pair in Pr is bichromatic, conditioned on ¢, [¢= ¥, is at least 1/ 22k Because
T contains at most k literals, the probability that 7' [,,= 1 is at least 3% These two
events are independent, so we have Prjep, () [T [,=1]¢, lc=X] > g5

Now we show that (when we condition on the event that ¢, [¢= x) the events
T; [,= 1 are totally independent. Because the terms share no underlying pairs, the
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events T; [, are independent of the satisfaction of other terms. The events “for each
{u,v} € Pr,, c,(u) # c,(v)” are independent of the satisfaction of other terms. This
is because once we condition on the event ¢, [c= Y, the probability that every pair
of Pr, is bichromatic under ¢, depends only on the values that ¢, takes on St, \ C
and, for all ¢ # j, S7, N St; = C.

Combining the results of the previous two paragraphs shows that
Procp, ) [F 1p# 1l c, le=x] < (11— ﬁ)t Because this holds for all colorings

X : C — [4k], we have that Prycp, (o) [F 1,4 1] < (1 — 54) ' O

We now have the lemma relating cover number to the probability that a restriction
satisfies a k-DNF.

LEMMA 8.15.  For each k there exist positive constants 6, v and d so that for
any k-DNF' F':

Proepy .y (c) [F [,# 1] < d27 o)

Proof. By lemma 8.12 F' contains a sufficiently independent set of size at least
1
Br(c(F))zE —cx
By lemma 8.14:

1\ B —e
Prpepk+l(G) [F rp# 1] S (1 — W)

Because k is fixed, this concludes the proof with § = — g log (1 — ﬁ), v=1/2k

and d = (1 — 5b) " "
O

8.3. Width Lower Bound for Resolution. In this subsection we show that
for each n, if G is a graph on n vertices satisfying a certain expansion-like property,
then wr(GOP*1(G)) = Q(n). Combining this with a probabilistic calculation will
that there exist graphs G so that for p € Pyy1(G), with probability at least 1/2,
wr(GOPHL(G) T,) = Q(n).

The proof of the resolution width bound is similar to the one used by Bonet and
Galesi for the GT,, principles [9]. They worked with complete graphs, but we do not
because the principles GOP?(K,,) have size in excess of 2". Fortunately, for the proof
technique to work, G need not be complete but instead have the following property:

DEFINITION 8.16. Let G be an undirected graph on n-vertices. We say that G
is e-neighborly if between every pair of disjoint sets of vertices, A,B C V(G) with
|Al,|B| > en, there exists an edge joining A and B.

We now show that resolution refutations of GOP(G) require large width when G
is a connected, neighborly graph.

LEmMMA 8.17. If G is a connected graph of n vertices that is e-neighborly, then
every resolution refutation of GOP(G) contains a clause of width (%) n

Proof. We begin by defining the “measure” of a clause. A critical truth assign-
ment, or cta, is an assignment to the variables of GOP(G) which forms a total order
on V(G). For each v € V(G), let Cy := V ey, Xuw, and for each I C V(G),
Cr = Nye; Co. Let C be a clause. The measure of C, u(C), is the minimum car-
dinality of a set I C V(G) so that for every cta «, if « satisfies Cy then o satisfies
C.
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Notice that if a clause AV B is the resolvent of AV x and BV —z then u(AV B) <
w(AV x) 4+ p(AV —x). Because of this, we say that p is subadditive with respect to
resolution. If A C B, then we have that u(B) < u(A), so u is decreasing with respect
to subsumption.

We now show that u(f) = n. Suppose otherwise, and let I be a subset of V(G)
with |I| <n — 1. Choose one vertex vo € V(G) \ I and let o be a total order which
arises by taking a depth-first search of G starting with vg. Clearly « satisfies C7 but
a does not satisfy 0.

Because every clause of GOP(G) has measure either 0 or 1, the empty clause
has measure n and the measure is both subadditive with respect to resolution and
decreasing with respect to subsumption, there must exist a clause C so that § <
1(C) < Z*. Suppose for the sake of contradiction that w(C) < 2=2<,

Let I be a minimal subset of V(G) so that for every critical truth assignment «,
if o satisfies Cy then « satisfies C. Let J = V(G) \ I. Notice that |I|,|J] > %.

Let S be the set of vertices mentioned by variables of C. Clearly, |S| < 2w(C) <
2 (n=gen) = n=3n  Therefore, [I\ S| > & — 2=3% = en. Similarly, |J\ S| > en.
Because G is e-neighborly, we may choose v € T\ .S and v € J\ S so that {u,v} is an
edge of G.

Let a be a critical truth assignment so that « satisfies C\ () but a does not
satisfy C, and a does not satisfy C. Let § be the critical truth assignment which
arises by moving v to the front of the order given by a. For w € I, w # u, [ satisfies
C,, because every predecessor of w in « is a predecessor of w in . For u, 3 satisfies
C, because (3 satisfies X, ,,. However, 3 does not satisfy C' because a does not satisfy
C and no variable mentioning u or v appears in C. Therefore, 8 satisfies C; but 3
does not satisfy C, a contradiction to the choice of I. O

A resolution refutation of GOP*(G), k > 1, can be transformed into a resolution
refutation of GOP(G) by setting the appropriate variables to 1. Applying a restric-
tion does not increase the width of a resolution refutation, so we have the following
corollary:

COROLLARY 8.18. If G is a connected graph of n vertices that is e-neighborly,
then for all k > 1, wp(GOP*(G)) > (%) n.

8.4. Robust Graphs. DEFINITION 8.19. We say that a graph G is r-robust if
for p selected at random by Py41(G), with probability at least 3, wr(GOP(G) I,) > r.

To guarantee that the restricted principle will require high width to refute, it
suffices that the graph obtained by deleting the bichromatic edges should consist of
large, neighborly connected components. Random graphs of degree O(logn) have this
property with high probability. This is shown in the following subsection.

LEMMA 8.20. There exists a constant ¢, so that for sufficiently large n, there
exists an ggr-robust graph G on n vertices with degree at most clogn.

The proof of this lemma is a standard probabilistic argument. The reader may
skip its proof in the following sub-subsection, and move directly to the proof of the
lower bound in the next subsection.

8.4.1. Demonstration of Robust Graphs. An easy probabilistic argument
shows that with very high probability, a random graph of expected degree ©((1/¢) logn)
is almost surely e-neighborly.

LEMMA 8.21. Let n and d be positive integer so that d < n and let p =d/n. Let
Gn,p be the distribution on graphs on n vertices in which every edge is included with

2en(1+1In(1/€))—de’n

independent probability p. With probability < e , a graph selected
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according to Gy, is not e-neighborly.

Proof. There are fewer than (;ﬁb)2 < (%)QW = 2n(1+In(1/€) many pairs of

2 2
disjoint sets of en many vertices. Each such pair has a chance of at most (1 —p)® "
2,2 2
of being unconnected. However, (1 —p)*" = (1 - 2)°" < e 4" 50 by the union

bound the probability is at most e2en(1+In(1/€))g=de’n — p2en(1+In(1/e))=de’n

We now show that a random graph will probably have each component large and
neighborly if we randomly partition it into vertex-induced subgraphs.

LEMMA 8.22. For all e > 0, and all integers k > 1, there exists a constant c, so
that for sufficiently large n, there exists graph G with A(G) < 2clogn so that upon
the random partition of G into 4k many vertez-induced subgraphs, with probability at
least 1/2, each component has size at least n/8k and is e-neighborly.

Proof. Let p = Clo%. We will solve for the value of ¢ at the end. Consider the
following experiment: select a graph G according to the distribution G, p, and then
independently color each vertex with one of 4k colors, then remove all bichromatic
edges to form 4k vertex induced subgraphs, G1, ..., Gyk.

Let P be the probability that G has a vertex of degree > 2clogn, or that one of
the induced subgraphs has size < is disconnected or is not e-neighborly. We now
bound this probability.

Consider the probability that G has a vertex of degree > 2clogn. By the Chernoff
bounds, the probability of any one vertex having degree in excess of 2p(n — 1) is no
more than e P("—1)/4 = g—c(logn)(n—1)/4n  Therefore, the probability of there existing
a vertex with degree in excess of 2p(n — 1) is no more than ne—c(logm)(n=1)/4n

The Chernoff bounds also allow us to bound the probability that any of the G;’s
contain too few vertices. The probability that a given color class of the partition
contains fewer than % “ 45 = g5 vertices is bounded by e~ Bir

Once we condition upon all pieces of the partition containing at least g vertices,
we can bound the probability that any induced subgraph is disconnected. Consider
a fixed set of s > g many vertices, and condition upon the event those vertices
receive the same color in the partition. Each edge internal to the set is included with
probability dog” = (es/ ”2 logn ~ (¢/ Sk) 85 By a standard result on the connectivity
of random graphs (c.f. [27]), each color class is disconnected with probability bounded

0] (1/n(c/8k)—l)'
Finally, we consider the probability that each of the components G; is e-neighborly.

For a fixed set of s > g vertices, if we condition on the event that set forms a compo-
clogn > (c/Sk)logs
n

8k7

nent after partition, each internal edge is included with probability
By lemma 8.21, that means that the component is not e-neighborly with probablhty
at most e2es(1+ln(1/e)) (c/8k)(log s)e?s _ efSZ(n logn)'

Therefore,
P S nefc(logn)(nfl)/éln +4k67ﬁ + 9] (4k/n(c/8k)71> + efﬂ(nlogn)

For a sufficiently large constant ¢, dependent only on k and e, this is below i.

Therefore, by an averaging argument on the edge choices, there exists a graph G
of maximum degree < 2clogn so that upon random partition of its vertices into 4k
color classes, its 1nduced subgraphs are each connected, of size > and e-neighborly
with probability > 3 5.0

We now prove lemma 8.20.

8k:’
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Proof. Using lemma 8.22, choose ¢ so that for sufficiently large n, there exists
graph G so that upon the random partition of G into 4k many vertex-induced sub-
graphs, with probability at least 3/4, each component has size at least n/8k and is
(1/6)-neighborly. Therefore we may choose p € Pr11(G) so that for each i € [4k],

wR«3Of*+1«L))2(é%)(k§ﬁ)::é%(bykmnnaSlS)

Let I be a resolution refutation of GOP**(G) |,. By lemma 8.6, GOP**1(G) | ,=
U, GOP*1(G;). However, for each i,j € [4k], i # j, we have that GOP*1(G,)
and GOP*T1(G,) are variable disjoint. Therefore, by lemma 2.3, for some i € [4k],
there exists a resolution refutation of GOP**1(G;) of width is at most w(T"). How-

ever, by the preceding paragraph, each GOP*+1(G;) requires width ;2 to refute in

96k
resolution. Therefore w(I") > 555 O

8.5. The Lower Bound. THEOREM 8.23. Let k be given. There exist con-
stants ¢ > 0 and e, > 0, and a family of graphs G on n vertices (for n sufficiently
large) with mazimum degree clogn so that Res(k) refutations of GOP*+1(Q) require
size at least 22("*).

Proof. Let k be given. Apply lemma 8.20 and choose ¢ so that for sufficiently
large n, there exists a ggz-robust graph G on n vertices with degree at most clogn.
By lemma 8.15, there are positive constants d, § and 7 so that for every k-DNF F
Proep, . o) [F [,# 1] < d2—9((F)” By corollary 3.4, with s = (565 — 1)/k, for every
k-DNF F

o k
PrpE'Pk+1(G) [h(F rp) > (’I’L/96k‘ o 1)/k5] < dk2726k((n/96k71)/k)7 /4
Because d, v and § depend only on k, there exists € so that

2

Prpep [RM(F [,) > (n/96k — 1) /k] <

DN | =

Suppose for the sake of contradiction that T is a Res(k) refutation of GOPX+1(Q)
of size less than 2", By the union bound, with probability at least 1 /2, every line
F of T has h(F [,) < (n/96k —1)/k. On the other hand, because G is (n/96k)-
robust, wr(GOP*1(G) 1,) > n/96k with probability at least 3/4. So we may
choose p € Py41(G) so that wr(GOP*1(G) |,) > n/96k, and for all lines F of
T, h(F [,) < (n/96k — 1)/k. By corollary 5.2, GOP**Y(G) |, has a resolution

refutation of width at most n/96k — 1. Contradiction. O

9. Separating Res(k) and Res(k + 1) with Constant Width Clauses. The
separation between Res(k + 1) and Res(k) given by theorem 8.23 uses sets of clauses
whose maximum width is ©(logn). In this section we present a similar result which
separates Res(k) and Res(k + 1) using constant width clauses.

DEFINITION 9.1. Let Xy, ..., X, be propositional variables. The formula
0dd(X1,...,Xk) is the k-DNF' expressing that the number of satisfied variables of
X1,..., Xk is odd. The formula Even(Xq,...,Xk) is the k-DNF' expressing that the
number of satisfied variables of X1, ..., Xy is even.

The k-parity graph ordering principle of G, GOP®*(G), is obtained by replacing
each literal X, . by Odd(X&,U, e ,X{j,v), replacing each literal =X, , by
Even(Xim,...,Xff,v), and then using the distributive rule and DeMorgan’s law to
express this set of k-DNFs as a set of clauses.

Because every clause of GOP(G) contains at most max(d, 3) literals, every k-DNF

in GOP(G)[Xu, < Odd(X} ,,... X} ), 7 Xy, < Even(X} ,,... Xk )] contains at

u,v? u,v?
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most dk variables. When such a DNF is expressed as a set of clauses using the
distributive rule, the set of clauses has size at most 2°(@) and each clause has width
at most dk. Therefore, GOP®*(G) contains at most 2°(*)n3 clauses, each of width
at most dk.

For any graph G, the polynomial-size refutations of GOP(G) can be transformed
into Res(k + 1) refutations of GOP®*+1) (). On the other hand, Res(k) refutations
of GOP® 1) (@) require exponential size for certain graphs:

THEOREM 9.2. Let k be given. There exist constants d > 0 and e, > 0, and a
family of graphs G on n vertices (for n sufficiently large) with maximum degree d so
that Res(k) refutations of GOP®F+N)(Q) require size at least 22(<k™)

9.1. The Upper Bounds. We build Res(k) refutations for GOP®¥(G) from
resolution refutations of GOP(G).

DEFINITION 9.3. Let k be a positive integer and let X1,..., X, be propositional
variables. Let X{,..., X¥ X3,..., XF be new variables. Let o be the mapping given by
o(X;) = Bven(X},...,XF) and 0(=X;) = Odd(X},...,XF). For a clause C =\/, l;,
let o(C) =V, 0(l;).

LEMMA 9.4. Let k be a constant. There exists a constant ¢ (dependent only on
k) so that for all clauses AV X; and BV =X, be clauses in the variables X1, ..., X,
there is a derivation of 0(A)Va(B) from {c(A)Vo(X;),0(B)Vo(—X;)} of size < c.

Proof. By the completeness of Res(k), there is a Res(k) refutation of the pair of
k-DNFs {Even(Xj,...,X),0dd(Xy,...,Xk)}. Let ¢ be the minimum size of such
a refutation. Because o(X;) = Odd(X},..., XF) and o(=X;) = Even(X},..., X}F),
there is a derivation of 0(A4) V o(B) from {c(A)V o(X;),0(B) V o(=X;)} of size < c.
a

LEMMA 9.5. For each k, there exists a constant ¢ so that for every G with
n vertices and degree at most d > 3, GOP®*(GQ) has a Res(k) refutation of size
90(dk) 3

Proof. With the repeated application of AND-introduction inferences, c(GOP(QG))
can be derived from GOP®*(G) in 2°(%)n3 many inferences. By lemma 8.3, GOP(G)
has a refutation of size O(n?) so by lemma 9.4, 0(GOP(G)) has a Res(k) refutation
of size O(cn®). Therefore, GOP®*(G) has a refutation of size 20(@)p3. O

9.2. Random Restrictions. DEFINITION 9.6. Let k > 1 be given. Let G
be a graph. The distribution Pri1(G) on partial assignments p to the variables of
GOPOF+)(@Q) is given by the following experiment:

For each (u,v) € V(G)?, choose i € {1,...,k+ 1} uniformly and independently.
For each j € {1,...,k}, j #1, set Xﬁﬁv to 0 or 1, uniformly and independently.

LEMMA 9.7. Let k be given, and let F be a k-DNF in the variables of GOP®*F+1)(q).
There exist constants § > 0, dependent only on k, so that Pryep, ., () [F1,#1] <
275-(:(F)

Proof. We will say that two terms T and T’ are underlying-variable-disjoint if
whenever X}, , € T and ng,v/ € T we have that (u,v) # (u/,v’). Because F is a k-
DNF, it contains at least ¢(F')/k(k+1) many underlying-variable-disjoint terms. Each
of these terms is satisfied with independent probability at least 1/4% (consider setting

each variable of a term in turn, the probability that a variable is set to 0 or 1 is always
>1/(k+1—(k—1)) = 1/2). Therefore, Pryep, ., (q) [F [,7# 1] < (1—1/4F)c()/kE+1),
O

When we apply a random restriction from Py 1(G) to GOP®*+1(@), we do not
necessarily obtain an instance of GOP(G). It possible that some of the edge variables
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will become inverted. However, inverting some variables does not affect the width
required for a resolution refutation and we may apply lemma 8.17.

COROLLARY 9.8. If G is a connected graph that is e-neighborly, then for all
k> 1, for all p € Pri1(G), GOPPFHV(G) 1, requires width (252 n.

9.3. The Lower Bound. THEOREM 9.9. Let k be given. There exist constants
d > 0 and €, > 0, and a family of graphs G on n vertices (for n sufficiently large)
with mazimum degree ¢ so that Res(k) refutations of GOP®F+1)(Q) require size at
least 29exn)

Proof. Let k be given. Set p = 15In6/n. Consider a random graph selected
according to Gy, ,; by lemma 8.21, G is almost certainly %—neighborly and by the
Chernoff bounds, it has maximum degree < 2pn = 261n6. Let G be a graph that is
both %—neighborly and has maximum degree < 261n 6.

By lemma 9.7, we have that for every k-DNF F Pr,cp,  (a) [F [,7# 1] < 90l
Now apply corollary 3.4 with s = (n/12 — 1)/k, d = 1. For every k-DNF F"

—9§%((n/12— k
Proep, ) [R(F 1p) > (n/12 = 1)/k] < k2720 ((0/1220/0/4
Because k is fixed and § depends only on k, there exists € so that
Proep [h(F [,) > (n/12 —1)/k] < 27"

Suppose for the sake of contradiction that T' is a Res(k) refutation of GOP®*+1) (@)
of size less than 2™ By the union bound, with probability > 0, every line F' of T’
has h(F [,) < (n/12 — 1)/k. By corollary 5.2, GOP**1(@) [, has a resolution refu-
tation of width at most n/12 — 1. On the other hand, because G is %—neighborly,

wr(GOP(G)) > (%) n = n/12, and therefore wr(GOPEHR+(G) [,) >

wr(GOP(G)) > n/12 — 1. Contradiction.
a

10. Conclusions and Open Problems. Switching with small restrictions seems
to be a promising technique for analyzing the power of bottom fan-in in proof and
circuit complexity. Our results could not have been obtained by switching with larger
restrictions. For example, the lower bounds for random w-CNFs could not be proved
using restrictions that set a constant fraction of the variables because some clause of
the hypothesis would be falsified with high probability. Also, this method is relatively
easy to apply because you do not have to reprove the switching lemma for every lower
bound, but only check that the restrictions in question are likely to satisfy k-DNFs
with high cover number.

However, switching with small restrictions still suffers from the limitations of
random restriction method. In particular, it seems ineffective against random 3-
CNF's and very weak pigeonhole principles. The only techniques for understanding
the refutation complexity of such CNFs seem specific to resolution [8, 7, 30, 31].
Understanding the refutation complexity of these principles in Res(k) is a necessary
step before understanding them in more powerful systems, and the Res(k) systems
might be simple enough for the development of new techniques.

With this in mind, we suggest the following open problems as particularly relevant:
(1) Do random 3-CNF's almost surely require exponential size refutations in Res(k) for
all k7 (2) Does there exist a family of 3-CNFs that require exponential size to refute
in Res(k) but have (quasi-) polynomial size proofs in Res(k+ 1)? (3) Do Res(2)
refutations of PHP]™ require size exponential in n for all m? (3) Do there exist
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polynomial size depth-two Frege refutations PHP2"? (4) Let 0 < € < 1/2. Do there
exist sub-exponential size refutations for PHP™™ * in Res(polylog(n))? or even
in depth-two Frege? (5) Does there exist a family of CNFs that require exponential
size refutations in Res(polylog(n)) but have (quasi-) polynomial size depth-two Frege
refutations? (6) For given ¢ < ¢ < 1, does there exist a family of CNFs that require
exponential size refutations in Res(n¢) but have (quasi-) polynomial size Res(n?)
refutations?
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