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Abstract

We consider the satisfiability problem on Boolean formulas in conjunctive normal form. We
that a satisfying assignment of a formula can befound in polynomial time with a success probabil
of 2−n(1−1/(1+logm)), wheren andm are the number of variables and the number of clauses o
formula, respectively. If the number of clauses of the formulas is bounded bync for some constantc,
this gives an expected run time ofO(p(n) · 2n(1−1/(1+c logn))) for a polynomialp.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The satisfiability problem of Boolean formulas in conjunctive normal form (CNF-S
is one of the best known NP-complete problems. The problem remains NP-complet
if the formulas are restricted to a constant numberk > 2 of literals in each clause (k-SAT).
In recent years several algorithms have been proposed to solve the problem expon
faster than the 2n time bound, given by an exhaustive search of all possible assignme
then variables. So far research has focused in particular onk-SAT, whereas improvemen
for SAT in general have been derived with respect to the numberm of clauses in a
formula [2,7]. The best known time bound for unbounded clause size with respect
number of variables is 2n−ε

√
n for a constantε > 0 [6]. The result is derived from the muc

stronger time bound 2n(1−1/k) known fork-SAT [5].
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Theorem 1 [5]. There exists a randomised algorithm such that for every formula F ∈ SAT

(1) The algorithm on input F outputs a satisfying assignment with probability at least
2−n(1−1/k), where k is a bound on the number of literals in each clause.

(2) The running time of the algorithm is polynomially bounded in the size (number of
literals) of the formula.

The question arises whether time-bounds of the formO(2n(1−α)), for someα > 0,
are possible for formulas with unbounded clause size. A partial answer in this dire
was given in [1]. If the number of clauses is linearly bounded, i.e., less thancn for some
constantc > 1, then satisfying assignments can be found in time 2n(1−α) for some constan
α > 0 depending onc. (It suffices to chooseα such that

H(α) � 1/6c,

whereH(α) is the entropy function.)

2. A probabilistic algorithm for CNF-SAT

As usual, we usen to denote the number of variables of a formulaF andm to denote
the number of clauses. The size of a clause is the number of literals it contains. Lec > 1
be some constant. A satisfiable formula is in SAT(nc) if the number of clauses is bound
by nc . We use logn to denote the smallest integer larger than the logarithm with ba
of n.

Input CNF-FormulaF on variablesx1, x2, . . . , xn

choose uniformly at random
a permutationπ of 1,2, . . . , n

a stringy ∈ {0,1}n

let F0 = F

for i = 1 to n do
let x denote theπ(i)th variablexπ(i)

if Fi−1 containsx in a unit clause
set the truth value ofx to 1

else if Fi−1 contains the negation ofx in a unit clause
set the truth value ofx to 0

else set the truth value ofx to theith bit of y
let Fi denote the formula which is derived fromFi−1 by

deleting all literals set to 0
deleting all clauses which contain a literal set to 1

if Fn contains the empty clauseoutput fail
else (Fn is empty)output truth assignment ofx1, x2, . . . , xn

Fig. 1. Algorithm of Paturi, Pudlák and Zane (PPZ-Algorithm).
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Theorem 2. There exists a randomised algorithm A such that for every formula F ∈ CNF-
SAT

(1) The algorithm A on input F outputs a satisfying assignment with probability at least
2−n(1−1/(1+logm)).

(2) The running time of A is polynomially bounded in the size (number of literals) of the
formula.

Proof. Using a probabilistic polynomial-time algorithm of Paturi, Pudlák, and Zane [5
a satisfying assignment of a formula can befound with success probability of at lea
2−n(1−1/k), if every clause of the formula contains at mostk literals. In the following we
use PPZ-algorithm to refer to this algorithm (see Fig. 1).

Let F denote some satisfiable formula in CNF,n denote the number of variables a
m0 denote the number of clauses ofF . The algorithm to find a satisfying assignment
defined as follows.

Input CNF-FormulaF

Let C1, . . . ,Cm denote the clauses ofF

for i = 1 to m do
if the size ofCi is larger than 1+ logm0

let clauseDi contain the first 1+ logm0 literals ofCi

else let clauseDi be equal toCi

Run the PPZ-algorithm on inputG = ∧m
i=1 Di

if the PPZ-algorithm yields a (satisfying) assignmenta output a

else if all clauses are of size at most logm0 output fail
else

uniformly at random choose a clauseDi of size 1+ logm0
set the truth value of all literals inDi to 0
let F ′ denote the formula which is derived fromF by

deleting all literals set to 0
deleting all clauses which contain a literal set to 1

recursively call the algorithm with formulaF ′

First we note that any assignment satisfyingG = ∧m
i=1 Di also satisfiesF . The

converse, however, is not true.
Let a∗ denote some (unknown) satisfying assignment ofF . We distinguish two cases

Either G is satisfiable or not. IfG is satisfiable, then the PPZ-algorithm will find
satisfying assignment with the required probability.

Now assumeG is not satisfiable, i.e., at least one clause ofG of size 1+ logm0 evaluates
to false undera∗. Let i be the smallest index such thatDi evaluates to false. The probabili
thatDi is selected by the algorithm is at least 1/m0. In this case the truth assignments giv
to the 1+ logm0 variables ofDi is identical to the truth assignments undera∗. Hence, the
derived formulaF ′ is satisfiable anda∗ restricted to the remaining variables is a satisfy
assignment ofF ′.
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Let j denote the number of recursive calls, until all clauses inG are true undera∗. If
we require that in each iteration the first clause of size 1+ logm0 which is false undera∗
is selected, thenj is a fixed number for every formulaF and assignmenta∗. This follows,
since in this case, the literals which are set to 0 are determined deterministically
that the number of clauses which evaluate to false undera∗ in, e.g., the initial call of the
algorithm might be larger or smaller thanj .

Let p denote the probability that afterj recursive calls the formulaG is satisfiable.
Thenp can be estimated by

p �
(

1

m0

)j

� 2−j logm0.

Since in each recursive call, the PPZ-algorithm is used to find a satisfying assignment ofG,
the probability that a satisfiable assignment will be found in thej th recursive call is at leas

p · 2−(n−j (1+logm0))(1−1/(1+logm0)).

The success probability of the algorithm is therefore at least

2−j logm0 · 2−(n−j (1+logm0))(1−1/(1+logm0))

= 2−j (1+logm0)(1−1/(1+logm0)) · 2−n(1−1/(1+logm0))+j (1+logm0)(1−1/(1+logm0))

= 2−n(1−1/(1+logm0)) �
The probability to find a satisfying assignment can be amplified by running

algorithm several times. The expected number of iterations until a satisfying assignm
found (with some constant probability) is the inverse of the success probability.

Corollary 3. Satisfying assignments of formulas in CNF-SAT can be found in expected
time

O
(
p(n + m) · 2n(1−1/(1+logm))

)
,

where p is some polynomial and n an m are the number of variables and clauses of the
formula, respectively.

A special case occurs when the number of clauses is polynomially bounded
number of variables.

Corollary 4. Let c > 1 be some constant. Satisfying assignments of formulas in SAT(nc)

can be found in expected time

O
(
p(n) · 2n(1−1/(1+c logn))

)
,

where p is some polynomial.

It remains an open question, whether a similar time bound can be achieved
deterministic algorithm. Further, it would be interesting to know whether the time b
could be improved to 2n(1−α) for some constantα > 0 [3,4].
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